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This book of problems is intended as a textbook for students at 
higher educational institutions studying advanced course in physics. 
Besides, because of the great number of simple problems it may be used 
by students studying a general course in physics. 

The book contains about 1900 problems with hints for solving the 
most complicated ones. 

For students' convenience each chapter opens with a time-saving 
summary of the principal formulas for the relevant area of physics. As a 
rule the formulas are given without detailed explanations since a stu- 
dent, starting solving a problem, is assumed to know the meaning of the 
quantities appearing in the formulas. Explanatory notes are only given 
in those cases when misunderstanding may arise. 

All the formulas in the text and answers are in SI system, except in 
Part Six, where the Gaussian system is used. Quantitative data and 
answers are presented in accordance with the rules of approximation and 
numerical accuracy. 


The main physical cons 
the book. 

The Periodic System of Elements is printed at the front end sheet 
and the Table of Elementary Particles at the back sheet of the book. 

In the present edition, some misprints are corrected, and a number 
of problems are substituted by new ones, or the quantitative data in 


them are changed or refined (1.273, 1.361, 2.189, 3.249, 3.97, 4.194 and 
& 78 
-a f Safe 

In conclusion, the author wants to express his deep gratitude to col- 
leagues from MIPhI and to readers who sent their remarks on some prob- 
lems , helping thereby to improve the book. 


I.E. Trodov 
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PART ONE. PHYSICAL FUNDAMENTALS OF MECHANICS 
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The Fundamental Equation of Dynamics . . 
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PART TWO. THERMODYNAMICS AND MOLECULAR PHYSICS . 


Equation of the Gas State. Processes . e. 

The First Law of Thermodynamics. Heat Capacity . 

Kinetic Theory of Gases. Boltzmann's Law and Maxwell's 
Distribution e 

The Second Law of. Thermodynamics. Entropy . 

Liquids. Capillary Effects . 

Phase Transformations . 

Transport Phenomena 
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PART THREE. ELECTRODYNAMICS 


. Constant Electric Field in Vacuum . . 

. Conductors and Dielectrics in an Electric Field . 

. Electric Capacitance. Energy of an Electric Field . 

. Electric Current . . oos 

. Constant Magnetic Field. “Magnetics . 

. Electromagnetic Induction. Maxwell's Equations o 

. Motion of Charged Particles in Electric and Magnetic Fields 


PART FOUR. OSCILLATIONS AND WAVES . 


4.4. Mechanical Oscillations 

4.2. Electric Oscillations 

4.3. Elastic Waves. Acoustics 

4.4, Electromagnetic Waves. Radiation 


PART FIVE. OPTICS ..... 
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Dispersion and Absorption of Light . 
Optics of Moving Sources 
Thermal Radiation. Quantum Nature of Light . 
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. Seattering of Particles. Rutherford-Bohr Atom . 
. Wave Properties of Particles. Schródinger Equation . 
. Properties of Atoms. Spectra . . 

. Molecules and Crystals 

. Radioactivity o 

. Nuclear Reactions . . 

. Elementary Particles 
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. Permittivities 
. Resistivities of Conductors Lo 
. Magnetic Susceptibilities of Para- and Diamagnetics e. 
. Refractive Indices . . 

. Rotation of the Plane of Polarization 

. Work Function of Various Metals . 

. K Band Absorption Edge . . 

. Mass Absor tion Coefficients 


. Fundamental Constants ZEE 


. Basic Trigonometrical Formulas . 


Sine Function Values . 


Tangent Function Values 
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. Exponential Functions 
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. Derivatives and Integrals . 
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THE PROBLEMS 


t SOLVING 


1. First of all, look through the tables in the Appendix, for many 
problems cannot be solved without them. Besides, the reference data 


. quoted in the tables will make your work easier and save your time. 


2. Begin the problem by recognizing its meaning and its formula- 
tion. Make sure that the data given are sufficient for solving the 
problem. Missing data can be found in the tables in the Appendix. 
Wherever possible, draw a diagram elucidating the essence of the 
problem; in many cases this simplifies both the search for a solution 
and the solution itself. 

3. Solve each problem, as a rule, in the general form, that is in 
a letter notation, so that the quantity sought will be expressed in 
the same terms as the given data. A solution in the general form is 
particularly valuable since it makes clear the relationship between 
the sought quantity and the given data. What is more, an answer ob- 
tained in the general form allows one to make a fairly accurate judge- 
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“ment on the correctness of the solution itself (see the next item). 


4. Having obtained the solution in the general form, check to see 


if it has the right dimensions. The wrong dimensions are an obvious 
indication of a wrong solution. If possible, investigate the behaviour 
of the solution in some extreme special cases. For example, whatever 
the form of the expression for the gravitational force between two 
extended bodies, it must turn into the well-known law of gravitational 
interaction of mass points as the distance between the bodies increases. 


Otherwise, it can be immediately inferred that the solution is wrong. 


5. When starting calculations, remember that the numerical values 
of physical quantities are always known only approximately. There- 
fore, in calculations you should employ the rules for operating with 
approximate numbers. In particular, in presenting the quantitative 
data and answers strict attention should be paid to the rules of 
approximation and numerical accuracy. 

6. Having obtained the numerical answer, evaluate its plausibil 
ity. In some cases such an evaluation may disclose an error in the 
result obtained. For example, a stone cannot be thrown by a man 
over the distance of the order of 1 km, the velocity of a body cannot 


surpass that of light in a vacuum, etc. 


Vectors are written in boldface upright type, e.g., r, F; the same 


letters printed in lightface italic type (r, F) denote the modulus of 
a vector. 


i, 3, k are the unit vectors of the Cartesian coordinates x, y, z (some- 
times the unit vectors are denoted as ex, e,,. e;), 

ep, €, €; are the unit vectors of the cylindrical coordinates p, q, z, 

n, t are the unit vectors of a normal and a tangent. 


Mean values are taken in angle brackets ( ), e.g., (v), (P). 


Symbols A, d, and 6 in front of quantities denote: 
A, the finite increment of a quantity, e.g. Ar = r, — r; AU = 
= U, — Uis 
d, the differential (infinitesimal increment), e.g. dr, dU, 
5, the elementary value of a quantity, e.g. 5A, the elementary work. 


Time derivative of an arbitrary function f is denoted by dj/dt, 
or by a dot over a letter, f. 


Vector operator V ("nabla"). It is used to denote the following 
operations: 
Vo, the gradient of p (grad p). 


V.E, the divergence of E (div E), 
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Integrals of any multiplicity are denoted by a single sign | and 
differ only by the integration element: dV, a volume element, dS, 
a surface element, and dr, a line element. The sign denotes an 
integral over a closed surface, or around a closed loop. 


PHYSICAL FUNDAMENTALS 
OF MECHANICS 


1.1. KINEMATICS 


e Average vectors of velocity and acceleration of a point: 


Ar o AV 
(w)c cT ; (1.12) 


where Ar is the displacement vector (an increment of a radius vector). 
e Velocity and acceleration of a point: 


dr dv 


=a Yar (1-1b) 
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e Acceleration of a point expressed in projections on the tangent and the 
normal to a trajectory: 


dv v? 
wy = — Un =n., (1.1c) 
` dt RC 
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e Distance covered by a point: 
s = | v dt, (1.1d) 
where v is the modulus of the velocity vector of a point. 
e Angular velocity and angular acceleration of a solid body: 
de p do (4.1e) 
w = = » . " 
dt ’ dt 


e Relation between linear and angular quantities for a rotating solid 
body: 


v = [or], w, = oR, |w,| = BR, (1.1.f) 


where r is the radius vector of the considered point relative to an arbitrary point 
on the rotation axis, and A is the distance from the rotation axis. 


an t 

t — 60 min later it turned back and after some time passed the raft 
at a distance 1 = 6.0 km from the point A. Find the flow velocity 
assuming the duty of the engine to be constant. 

1.2. A point traversed half the distance with a velocity v,. The 
remaining part of the distance was covered with velocity v, for half 
the time, and with velocity v, for the other half of the time. Find 
the mean velocity of the point averaged over the whole time of mo- 
tion. 
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1.3. A car starts moving rectilinearly, first with acceleration w = 
=: 5.0 m/s? (the initial velocity is equal to zero), then uniformly, and 
finally, decelerating at the same rate w, comes to a stop. The total 
time of motion equals t = 25 s. The average velocity during that 
time is equal to (v) = 72 km per hour. How long does the car move 
uniformly? 

1.4. A point moves rectilinearly in one direction. Fig. 1.1 shows 
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the distance s traversed by the point as a function of the time f. 
Using the plot find: 

(a) the average velocity of the point during the time of motion; 

(h) the maximum velocity; 

(c) the time moment £y at which the instantaneous velocity is 
equal to the mean velocity averaged over the first tẹ seconds. 


1.5. Two particles, 7 and 2, move with constant velocities v, and 
və At the initial moment their radius vectors are equal to r, and ro. 
How must these four vectors be interrelated for the particles to col- 
lide? 

1.6. A ship moves along the equator to the east with velocity 
vo = 30 km/hour. The southeastern wind blows at an angle q = 60° 
to the equator with velocity v = 15 km/hour. Find the wind velocity 
v' relative to the ship and the angle q' between the equator and the 
wind direction in the reference frame fixed to the ship. 

1.7. Two swimmers leave point A on one bank of the river to reach 
point B lying right across on the other bank. One of them crosses 
the river along the straight line AB while the other swims at right 
angles to the stream and then walks the distance that he has been 
carried away by the stream to get to point B. What was the velocity u 
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of his walking if both swimmers reached the destination simulta- 
neously? The stream velocity v, = 2.0 km/hour and the velocity v’ 
of each swimmer with respect to water equals 2.5 km per hour. 

1.8. Two boats, A and B, move away from a buoy anchored at the 
middle of a river along the mutually perpendicular straight lines: 
the boat A along the river, and the boat B across the river. Having 
moved off an equal distance from the buoy the boats returned. 
Find the ratio of times of motion of boats t4/vg if the velocity of 
each boat with respect to water is n = 1.2 times greater than the 
stream velocity. 

1.9. A boat moves relative to water with a velocity which isn = 
== 2.0 times less than the river flow velocity. At what angle to the 
stream direction must the boat move to minimize drifting? 
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one, straight up, and the other, at an angle of 0 = 60° to the hori- 
zontal. The initial velocity of each body is equal to vg = 25 m/s. 
Neglecting the air drag, find the distance between the bodies t = 
— 1.70 s later. 

1.11. Two particles move in a uniform gravitational field with an 
acceleration g. At the initial moment the particles were located at 
one point and moved with velocities v, = 3.0 m/s and v, = 4.0 m/s 
horizontally in opposite directions. Find the distance between the 
particles at the moment when their velocity vectors become mutu- 
ally perpendicular. 

1.12. Three points are located at the vertices of an equilateral 
triangle whose side equals a. They all start moving simultaneously 
with velocity v constant in modulus, with the first point heading 
continually for the second, the second for the third, and the third 
for the first. How soon will the points converge? 

1.13. Point A moves uniformly with velocity v so that the vector v 
is continually "aimed" at point B which in its turn moves recti- 
linearly and uniformly with velocity u < v. At the initial moment of 
time v | u and the points are separated by a distance l. How soon 
will the points converge? 

1.14. A train of length 7 = 350 m starts moving rectilinearly with 
constant acceleration w = 3.0-107? m/s?; t = 30 s after the start 
the locomotive headlight is switched on (event 7), and t = 60 s 
after that event the tail signal light is switched on (event 2). Find the 
distance between these events in the reference frames fixed to the 
train and to the Earth. How and at what constant velocity V rela- 
tive to the Earth must a certain reference frame K move for the two 
events to occur in it at the same point? 

1.15. An elevator car whose floor-to-ceiling distance is equal to 
2.7 m starts ascending with constant acceleration 1.2 m/s?; 2.0 s 
after the start a bolt begins falling from the ceiling of the car. Find: 

(a) the bolt's free fall time; 

(b) the displacement and the distance covered by the bolt during 
the free fall in the reference frame fixed to the elevator shaft. 
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1.16. Two particles, 7 and 2, move with constant velocities v 
and v, along two mutually perpendicular straight lines toward the 
intersection point O. At the moment t = Q the particles were located 
at the distances /, and l, from the point O. How soon will the distance 
between the particles become the smallest? What is it equal to? 

1.17. From point A located on a highway (Fig. 1.2) one has to get 
by car as soon as possible to point B located in the field at a distance l 
from the highway. It is known that the car moves in the field y 
times slower than on the highway. At what distance from point D 
one must turn off the highway? 

1.18. À point travels along the z axis with a velocity whose pro- 
jection v, is presented as a function of time by the plot in Fig. 1.3. 
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Fig. 1.2. Fig. 1.3. 


Assuming the coordinate of the point z = 0 at the moment t = 0, 
draw the approximate time dependence plots for the acceleration w,, 
the z coordinate, and the distance covered s. 

1.19. A point traversed half a circle of radius R = 160 cm during 
time interval t = 10.0 s. Calculate the following quantities aver- 
aged over that time: 

(a) the mean velocity (v); 

(b) the modulus of the mean velocity vector |(v)]; 

(c) the modulus of the mean vector of the total acceleration |(w?| 
if the point moved with constant tangent acceleration. 

1.20. A radius vector of a particle varies with time ¢ as r = 
= at (1 — at), where a is a constant vector and « is a positive factor. 
Find: 

; the velocity v and the acceleration w of the particle as functions 
of time; 

(b) the time interval Af taken by the particle to return to the ini- 
tial points, and the distance s covered during that time. 

1.21. At the moment ¢ — 0 a particle leaves the origin and moves 
in the positive direction of the z axis. Its velocity varies with time 
as v = vo (1 — t/t), where v, is the initial velocity vector whose 
modulus equals v, = 10.0 cm/s; v = 5.0 s. Find: 

(a) the z coordinate of the particle at the moments of time 6.0, 
10, and 20 s; 

(b) the moments of time when the particle is at the distance 10.0 cm 
from the origin; 
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(c) the distance s covered by the particle during the first 4.0 and 
8.0 s; draw the approximate plot s (t). 
1.22. The velocity of a particle moving in the positive direction 


of the z axis varies as v = «|/z, where a is a positive constant. 


point z = 0, find: 

(a) the time dependence of the velocity and the acceleration of the 
particle; 

(b) the mean velocity of the particle averaged over the time that 
the particle takes to cover the first s metres of the path. 


1.23. À point moves rectilinearly with deceleration whose modulus 


depends on the velocity v of the particle as w = aẸ\ v, where a is a 
positive constant. At the initial moment the velocity of the point 
time will it take to cover that distance? 

1.24. A radius vector of a point A relative to the origin varies with 
time ¢ as r = ati — bt*j, where a and b are positive constants, and i 
and j are the unit vectors of the z and y axes. Find: 

(a) the equation of the point's trajectory y (zr); plot this function; 

(b) the time dependence of the velocity v and acceleration w vec- 
tors, as well as of the moduli of these quantities; 

(c) the time dependence of the angle œ between the vectors w and v; 

(d) the mean velocity vector averaged over the first ¢ seconds of 
motion, and the modulus of this vector. 


1.25. A point moves in the plane zy according to the law z = at, 
y = at (1 — at), where a and « are positive constants, and ¢ is 
time. Find: 

(a) the equation of the point's trajectory y (x); plot this function; 

(b) the velocity v and the acceleration w of the point as functions 
of time; 

(c) the moment t at which the velocity vector forms an angle 1/4 
with the acceleration vector. ` 
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1.26. A point moves in the plane zy according to the law z = 
= asin of, y = a (1 — cos wt), where a and o are positive constants. 
Find: 

(a) the distance s traversed by the point during the time v; 

(b) the angle between the point's velocity and acceleration vectors. 

1.27. A particle moves in the plane zy with constant acceleration w 
directed along the negative y axis. The equation of motion of the 
particle has the form y = ax — bz?, where a and b are positive con- 
stants. Find the velocity of the particle at the origin of coordinates. 

1.28. À small body is thrown at an angle to the horizontal with 
the initial velocity v,. Neglecting the air drag, find: 

(a) the displacement of the body as a function of time r (t); 

(b) the mean velocity vector (v) averaged over the first £ seconds 
and over the total time of motion. 

1.29. A body is thrown from the surface of the Earth at an angle « 
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to the horizontal with the initial velocity vy. Assuming the air drag 
to be negligible, find: 

(a) the time of motion; 

(b) the maximum height of ascent and the horizontal range; at 
what value of the angle « they will be equal to each other; 

(c) the equation of trajectory y (x), where y and z are displacements 
of the body along the vertical and the horizontal respectively; 

(d) the curvature radii of trajectory at its initial point and at its 
peak. 


1.30. Using the conditions of the foregoing problem, draw the ap- 
proximate time dependence of moduli of the normal w, and tangent ux 
acceleration vectors, as well as of the projection of the total accele- 
ration vector w, on the velocity vector direction. 

1.91. A ball starts falling with zero initial velocity on a smooth 
inclined plane forming an angle « with the horizontal. Having fall- 
en the distance A, the bail rebounds elastically off the inclined plane. 
At what distance from the impact point will the ball rebound for 
the second time? 


1.32. À cannon and a target are 5.10 km apart and located at the 
same level. How soon will the shell Iaunched with the initial velocity 
240 m/s reach the target in the absence of air drag? 

1.33. A cannon fires successively two shells with velocity vg = 
= 250 m/s; the first at the angle 0, — 60° and the second at the angle 
0, = 45° to the horizontal, the azimuth being the same. Neglecting 


the air drag, find the time interval between firings leading to the 
collision of the shells 
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1.34. A balloon starts rising from the surface of the Earth. The 
ascension rate is constant and equal to vy. Due to the wind the bal- 
loon gathers the horizontal velocity component v, = ay, where a 
is a constant and y is the height of ascent. Find how the following 
quantities depend on the height of ascent: 

(a) the horizontal drift of the balloon z (y); 


(b) the total. tanvrential. and normal accelerations of the balloon. 
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1. 35. Á particle moves in the plane zy with velocit ity v = ai + bzj, 
where i and j are the unit vectors of the x and y axes, and a and 6 
are constants. At the initial moment of time the particle was located 
at the point z = y = Q. Find: 

(a) the equation of the particle's trajectory y (xz); 

(b) the curvature radius of trajectory as a function of z. 


1.36. A particle A moves in one direction along a given trajectory 
with a tangential acceleration wą = at, where a is a constant vector 
coinciding in direction with the z axis (Fig. 1.4), and v is a unit vector 
coinciding in direction with the velocity vector at a given point. 
Find how the velocity of the particle depends on x provided that its 
velocity is negligible at the point z = 0. 

1.37. A point moves along a circle with a velocity v = at, where 
a = 0.50 m/s?*. Find the total acceleration of the point at the mo- 
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ment when it covered the n-th (n — 0.10) fraction of the circle after 
the beginning of motion. 

1.38. A point moves with deceleration along the circle of radius R 
so that at any moment of time its tangential and normal accelerations 


T 


Fig. 1.4. 


are equal in moduli. At the initial moment t = O the velocity of the 
point equals v,. Find: 

(a) the velocity of the point as a function of time and as a function 
of the distance covered s; 

(b) the total acceleration of the point as a function of velocity and 
the distance covered. 

1.39. A point moves along an arc of a circle of radius R. Its velocity 


depends on the distance covered sas v = a) s, where a is a constant. 
Find the angle « between the vector of the total acceleration and 
the vector of velocity as a function of 8. 

1.40. A particle moves along an arc of a circle of radius R according 
to the law l = a sin wt, where / is the displacement from the initial 
position measured along the arc, and a and œ are constants. Assum- 
ing R = 1.00 m, a = 0.80 m, and w == 2.00 rad/s, find: 

(a) the magnitude of the total acceleration of the particle at the 
points l = 0 and l = +a; 

(b) the minimum value of the total acceleration Wmin and the cor- 
respon no janlanamant ] 
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1.41. A point moves in the plane so that its tangential acceleration 
w, = a, and its normal acceleration w, = btt, where a and b are 
positive constants, and f is time. At the moment t = 0 the point was 
at rest. Find how the curvature radius R of the point’s trajectory and 
the total acceleration w depend on the distance covered s. 

1.42. A particle moves along the plane trajectory y (x) with velo- 
city v whose modulus is constant. Find the acceleration of the par- 
ticle at the point z = 0 and the curvature radius of the trajectory 
at that point if the trajectory has the form 

(a) of a parabola y — 

(b) of an ellipse (z/a)* + E. (y/by? = 1; a and b are constants here. 

1.43. A particle A moves along a circle of radius R = 50 cm so 
that its radius vector r relative to the point O (Fig. 1.5) rotates with 
the constant angular velocity œ = 0.40 rad/s. Find the modulus of 


the velocity of the particle, and the modulus and direction of its 
total acceleration. 
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1.44. A wheel rotates around a stationary axis so that the rotation 
angle @ varies with time as  — at?, where a = 0.20 rad/s?. Find the 
total acceleration w of the point A at the rim at the moment t = 2.5s 
if the linear velocity of the point A at this moment v — 0.65 m/s. 

1.45. A shell acquires the initial velocity v — 320 m/s, having 
made m = 2.0 turns inside the barrel whose length is equal to 1 = 
— 2.0 m. Ássuming that the shell moves 
inside the barrel with a uniform accelera- A 
tion, find the angular velocity of its axial 
rotation at the moment when the shell 


escapes the barrel. H 
1.46. A solid body rotates about a station- 
ary axis according to the law o — at — 0 


— b, where a = 6.0 rad/s and b = 2.0 


rad/s?. Find: NI 
(a) the mean values of the angular velo- — 


city and angular acceleration av Fic. 4.5 
the time interval between t = ES 
complete stop; 

(b) the angular acceleration at the moment when the body stops. 

1.47. A solid body starts rotating about a stationary axis with an 
angular acceleration B = at, where a = 2.0-10-? rad/s?*. How soon 
after the beginning of rotation will the total acceleration vector of 
an arbitrary point of the body form an angle a = 60° with its velo- 


matey vantnr? 
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1.48. A solid body rotates with deceleration about a stationary 
axis with an angular deceleration B CX V o, where o is its angular 
velocity. Find the mean angular velocity of the body averaged over 
the whole time of rotation if at the initial moment of time its angular 
velocity was equal to po. 

1.49. A solid body rotates about a stationary axis so that its angu- 
lar velocity depends on the rotation angle q as w = ©») — aq, where 
© and a are positive constants. At the moment t = Ô the angle 
q = Ô. Find the time dependence of 

(a) the rotation angle; 

(b) the angular velocity. 

1.50. A solid body starts rotating about a stationary axis with an 
angular acceleration B = B, cos q, where B, is a constant vector and @ 
is an angle of rotation from the initial position. Find the angular 
velocity of the body as a function of the angle @. Draw the plot of 
this dependence. 

1.51. A rotating disc (Fig. 1.6) moves in the positive direction of 
the x axis. Find the equation y (x) describing the position of the 
instantaneous axis of rotation, if at the initial moment the axis C 
of the disc was located at the point O after which it moved 

(a) with a constant velocity v, while the disc started rotating coun- 
terclockwise with a constant angular acceleration p (the initial angu- 
lar velocity is equal to zero); 
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(b) with a constant acceleration w (and the zero initial velocity), 
while the disc rotates counterclockwise with a constant angular velo- 
city ©. 

1.52. A point A is located on the rim of a wheel of radius R = 
= 0.50 m which rolls without slipping along a horizontal surface 
with velocity v = 1.00 m/s. Find: 

(a) the modulus and the direction of the acceleration vector of the 
point A; 

(b) the total distance s traversed by the point A between the two 
successive moments at which it touches the surface. 

1.53. A ball of radius R = 10.0 cm rolls without slipping down 
an inclined plane so that its centre moves with constant acceleration 


gh 
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Fig. 1.6. 


w = 2.50 cm/s?; £ = 2.00 s after the beginning of motion its position 
corresponds to that shown in Fig. 1.7. Find: 

(a) the velocities of the points A, B, and O; 

(b) the accelerations of these points. 

1.54. A cylinder rolls without slipping over a horizontal plane. 
The radius of the cylinder is equal to r. Find the curvature radii of 
trajectories traced out by the points A and B (see Fig: 1.7). 
|. 4.55. Two solid bodies rotate about stationary mutually perpen- 
dicular intersecting axes with constant angular velocities o, = 
= 3.0 rad/s and w, = 4.0 rad/s. Find the angular velocity and angu- 
lar acceleration of one body relative to the other. 

1.56. A solid body rotates with angular velocity © = ati + 5t5j, 
where a = 0.50 rad/s?, b = 0.060 rad/s?, and i and j are the unit 
vectors of the z and y axes. Find: 

(a) the moduli of the angular velocity and the angular acceleration 
at the moment ? — 10.0 s; 

(b) the angle between the vectors of the angular velocity and the 
angular acceleration at that moment. 

1.97. A round cone with half-angle a = 30° and the radius of the 
base R = 5.0 cm rolls uniformly and without slipping over a hori- 
zontal plane as shown in Fig. 1.8. The cone apex is hinged at the 
point O which is on the same level with the point C, the cone base 
centre. The velocity of point C is v — 10.0 cm/s. Find the moduli of 
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(a) the vector of the angular velocity of the cone and the angle it 
forms with the vertical; 
(b) the vector of the angular acceleration of the cone. 
1.58. A solid body rotates with a constant angular velocity œ 
t 


= 0.50 rad/s about a horizontal axis AB. At the moment L0 


Fig. 1.8. 


the axis AB starts turning about the vertical with a constant angu- 
lar acceleration fiy = 0.10 rad/s*. Find the angular velocity and 
angular acceleration of the body after t — 3.5 s. 


1.2. THE FUNDAMENTAL EQUATION OF DYNAMICS 


e The fundamental equation of dynamics of a mass point (Newton's sec. 
ond law): 


m == == F, (1.2a) 


e The same equation expressed in projections on the tangent and the 
normal of the point's trajectory: 


d 2 
ZU C p. m- = Fs. (1.2b) 


e, The equation of dynamics of a point in the non-inertial reference frame 
K' which rotates with a constant angular velocity wœ about an axis translating 
with an acceleration wo: 
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where R is the radius vector of the point relative to the axis of rotation of the 
K' frame. 


1.59. An aerostat of mass m starts coming down with a constant 
acceleration w. Determine the ballast mass to be dumped for the 
aerostat to reach the upward acceleration of the same magnitude. 
The air drag is to he neglected. 

1.60. In the arrangement of Fig. 1.9 the masses mẹ, m,, and m, 
of bodies are equal, the masses of the pulley and the threads are 
negligible, and there is no friction in the pulley. Find the accel- 
eration w with which the body m comes down, and the tension of 
the thread binding together the bodies m, and m,, if the coefficient 
of friction between these bodies and the horizontal surface is equal 
to k. Consider possible cases. 
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1.61. Two touching bars 7 and 2 are placed on an inclined plane 
forming an angle « with the horizontal (Fig. 1.10). The masses of 
the bars are equal to m, aud m;, and the coefficients of friction be- 


Fig. 1.9. Fig. 1.10. 


tween the inclined plane and these bars are equal to k, and kg re- 
spectively, with k, > ka Find: 

(a) the force of interaction of the bars in the process of motion; 

(b) the minimum value of the angle æ at which the bars start slid- 
ing down. 

1.62. A small body was launched up an inclined plane set at an 
angle a = 15° against the horizontal. Find the coefficient of friction, 
if the time of the ascent of the body is  — 2.0 times less than the 
time of its descent. 

1.63. The following parameters of the arrangement of Fig. 1.11 
are available: the angle æ which the inclined plane forms with the 
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horizontal, and the coefficient of friction k between the body m, 
aw] 4 L. — ew malian Alanmn Tha CAR RO nf than wneizllaxs ana tha th»anrla 
ana tile inciincG plidilCc. Like 1indssv5 Ul vic pulloy alu vuv dicatis, 
as well as the friction in the pulley, are negligible. Assuming both 
bodies to be motionless at the initial moment, find the mass ratio 
Mm, at which the body m, 

(a) starts coming down; 

(b) starts going up; 

(c) is at rest. 

4 64. The inclined 
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the horizontal. The mass ratio m,/m, = yn = 2/3. The coefficient of 
friction between the body m, and the inclined plane is equal to k = 
= 0.10. The masses of the pulley and the threads are negligible. 
Find the magnitude and the direction of acceleration of the body m, 
when the formerly stationary system of masses starts moving. 

1.65. A plank of mass m, with a bar of mass m, placed on it lies on 
a smooth horizontal plane. A horizontal force growing with time t 
as F — at (a is constant) is applied to the bar. Find how the acceler- 
ations of the plank w, and of the bar w, depend on t, if the coefficient 
of friction between the plank and the bar is equal to k. Draw the ap- 
proximate plots of these dependences. 

1.66. A small body A starts sliding down from the top of a wedge 
(Fig. 1.42) whose base is equal to / = 2.10 m. The coefficient of 
friction between the body and the wedge surface is k = 0.140. At 
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what value of the angle æ will the time of sliding be the least? What 
will it be equal to? 


1.67. A bar of mass m is pulled by means of a thread up an inclined 
plane forming an angle a with the horizontal (Fig. 1.13). The coef- 
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Fig. 1.44. Fi 


ficient of friction is equal to k. Find the angle P which the thread 
must form with the inclined plane for the tension of the thread to be 
minimum. What is it equal to? 


1.68. At the moment £ = 0 the force F = at is applied to a small 


body of mass m resting on a smooth horizontal plane (a is a constant). ` 
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Fig. 1.13. Fig. 1.14. 


The permanent direction of this force forms an angle a with the hori- 
zontal (Fig. 1.14). Find: 

a) the velocity of the body at the moment of its breaking off the 
plane; 

(b) the distance traversed by the body up to this moment. 

1.69. A bar of mass m resting on a smooth horizontal plane starts 
moving due to the force F — mg/3 of constant magnitude. In the 
process of its rectilinear motion the angle a between the direction of 
this force and the horizontal varies as a = as, Where a is a constant, 
and s is the distance traversed by the bar from its initial position. 
Find the velocity of the bar as a function of the angle a. 

1.70. A horizontal plane with the coefficient of friction k supports 
two bodies: a bar and an electric motor with a battery on a block. 
A thread attached to the bar is wound on the shaft of the electric 
motor. The distance between the bar and the electric motor is equal 
to l. When the motor is switched on, the bar, whose mass is twice 
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as great as that of the other body, starts moving with a constant ac- 
celeration w. How soon will the bodies collide? 
1.71. A pulley fixed to the ceiling of an elevator car carries a 


asses m, and mg. 
thread whose ends are attached to the loads of masses m, 2 


The car starts going up with an acceleration Wo: Assuming the masses 
of the pulley and the thread, as well as the friction, to be negliginie 
nd: 
i (a) the acceleration of the load m, relative to the elevator shaft 
and relative to the car; u 
(b) the force exerted by the pulley on the ceiling of the car. 
1.72. Find the acceleration w of body 2 in the arrangement shown 


in Fig. 1.15, if its mass is ņ times as great as the mass of bar 7 and 
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Fig. 1.45. Fig. 1.16. 


he inclined plane forms with the horizontal is equal 
the angie aces of the pulleys and the threads, as well as the fric- 
tion, are assumed to be negligible. Look into possible cases. 
4.73. In the arrangement shown in Fig. 1.16 the bodies have masses 
mo, My, Mg, ihe friction is absent, the masses of the pulleys and 
the threads are negligible. Find the acceleration of the body m}. 

i ossible cases. 

NW the arrangement shown in Fig. 1.17 the mass of the rod M 


exceeds the mass m of the ball. The ball has an opening permitting 
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it to slide along the thread with some friction. The mass of the pulley 
and the friction in its axle are negligible. At the initial moment the 
ball was located opposite the lower end of the rod. When set free, 
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both bodies began moving with constant accelerations. Find the 
friction force between the ball and the thread if t seconds after the 
beginning of motion the ball got opposite the upper end of the rod. 
The rod length equals 2. 


1.75. In the arrangement shown in Fig. 1.18 the mass of ball 7 
is  — 1.8 times as great as that of rod 2. The length of the latter is 
L = 100 cm. The masses of the pulleys and the threads, as well as 
the friction, are negligible. The ball is set on the same level as the 
lower end of the rod and then released. How soon will the ball be 
opposite the upper end of the rod? 

1.76. In the arrangement shown in Fig. 1.19 the mass of body 7 
is 1 = 4.0 times as great as that of body 2. The height k = 20 cm. 
The masses of the pulleys and the threads, as well as the friction, 
are negligible. At a certain moment body 2 is released and the arrange- 


ment set in motion. What is the maximum height that body 2 will 


go up to? 

1.77. Find the accelerations of rod A and wedge B in the arrange- 
ment shown in Fig. 1.20 if the ratio of the mass of the wedge to that 
of the rod equals y, and the friction between all contact surfaces is 
negligible. 

1.78. In the arrangement shown in Fig. 1.21 the masses of the 
wedge M and the body m are known. The appreciable friction exists 


Fig. 1.20. Fig. 1.21. 


only between the wedge and the body m, the friction coefficient being 
equal to k. The masses of the pulley and the thread are negligible. 
Find the acceleration of the body m relative to the horizontal surface 
on which the wedge slides. 

1.79. What is the minimum acceleration with which bar A (Fig. 1.22) 
should be shifted horizontally to keep bodies 7 and 2 Stationary 
relative to the bar? The masses of the bodies are equal, and the coef- 
ficient of friction between the bar and the bodies is equal to k. The 
masses of the pulley and the threads are negligible, the friction in 
the pulley is absent. 

1.80. Prism 7 with bar 2 of mass m placed on it gets a horizontal 
acceleration w directed to the left (Fig. 1.23). At what maximum 
value of this acceleration will the bar be still Stationary relative to 
the prism, if the coefficient of friction between them k< cot a? 
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. Prism Z of mass m, and with angle « (see Fig. 1.23) rests on 

a Sintal surface. Bar 2 of mass m; is placed on the prism. Assum- 
ing the friction to be negligible, find the acceleration of the prism. ; 
1.82. In the arrangement shown in Fig. 1.24 the masses m of th 
bar and M of the wedge, as well as the wedge angle a, are known. 


Fig. 1.22. Fig. 1.23. 


he pulley and the threa 


i ent. Find the acceleration of the wedge M. l 
i (83. A particle of mass m moves along a circle of radius R. Find 
the modulus of the average vector of the force acting on the particle 
over the distance equal to a quarter of the 
circle, if the particle moves _ 
(a) uniformly with velocity v; l 
(b) with constant tangential acceleration 
w,, the initial velocity being equal to zero. 
1.84. An aircraft loops the loop of radius 
R = 500 m with a constant velocity v = | 
= 360 km per hour. Find the weight of the Fig. 1.24. 
flyer of mass m — 70 kg in the lower, upper, 
d middle points of the loop. l 
^ 4.85. A small sphere of mass m suspended by a thread is first taken 
aside so that the thread forms the right angle with the vertical a 
£l released. Find: l 
(a) the total acceleration of the sphere and the thread tension as 


* 1. 
f 0, ti le of deflecti f the tl 1 from the vertical; 
function of 0, the angle of deflection of the thread Irom 
Í (b) the thread tension at the moment when the vertical component 
of the sphere's velocity is maximum; 

(c) the angle 0 between the thread and the vertical at the moment 
when the total acceleration vector of the sphere is directed horizon 
tally. 

"1.86. A ball suspended by a thread swings in a vertical plane so 
that its acceleration values in the extreme and the lowest position 
are equal. Find the thread deflection angle in the extreme position. 

1.87. A small body A starts sliding off the top of a smooth sphere 
of radius R. Find the angle 6 (Fig. 1.25) corresponding to t point 
at which the body breaks off the sphere, as well as the break-oit ve 
ity of the body. i 

4.88. A device (Fig. 1.26) consists of a smooth L-shaped rod locat 
ed in a horizontal plane and a sleeve A of mass m attached by a weight- 
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less spring to a point B. The spring stiffness is equal to x. The whole 
system rotates with a constant angular velocity œw about a vertical 
axis passing through the point O. Find the elongation of the spring. 
How is the result affected by the rotation direction? 

1.89. A cyclist rides along the circumference of a circular horizontal 
plane of radius R, the friction coefficient being dependent only on 
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distance r from the centre O of the plane as k= ko (1—r/R), where 
kə isa constant. Find the radius of the circle with the centre at the 
point along which the cyclist can ride with the maximum velocity. 
What is this velocity? 

1.90. A car moves with a constant tangential acceleration W = 

= 0.62 m/s? along a horizontal surface circumscribing a circle of 
radius R = 40 m. The coefficient of sliding friction between the 
wheels of the car and the surface is k — 0.20. What distance will 
the car ride without sliding if at the initial moment of time its veloc- 
ity is equal to zero? 

1.91. À car moves uniformly along a horizontal sine curve y — 
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friction between the wheels and the road is equal to k. At what veloc- 
ity will the car ride without sliding? 


1.92. A chain of mass m forming a circle of radius R is slipped on a | 


smooth round cone with half-angle 0. Find the tension of the chain 
if it rotates with a constant angular velocity œ about a vertical axis 
coinciding with the symmetry axis of the cone. 

1.93. A fixed pulley carries a weightless thread with masses m, 
and m, at its ends. There is friction between the thread and the pul- 
ley. It is such that the thread starts slipping when the ratio m,/m, = 
= no. Find: 

(a) the friction coefficient; 

(b) the acceleration of the masses when mam, =.) > ùo 

1.94. A particle of mass m moves along the internal smooth sur- 
face of a vertical cylinder of radius R. Find the force with which the 
particle acts on the cylinder wall if at the initial moment of time 
its velocity equals v, and forms an angle « with the horizontal. 
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1.95. Find the magnitude and direction of the force acting on the 
particle of mass m during its motion in the plane zy according to the 
law z = asin wt, y = b cos wt, where a, b, and œ are constants. 

1.96. À body of mass m is thrown at an angle to the horizontal 
with the initial velocity va. Assuming the air drag to be negligible, 
find: 

(a) the momentum increment Ap that the body acquires over the 
first t seconds of motion; 

(b) the modulus of the momentum increment Ap during the total 
time of motion. 

1.97. At the moment ¢ = 0 a stationary particle of mass m expe- 
riences a time-dependent force F = at (x — t), where a is a constant 
vector, T is the time during which the given force acts. Find: 

(a) the momentum of the particle when the action of the force dis- 
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1.98. At the moment t = 0a particle of mass m starts moving due 
to a force F = F, sin wt, where F, and œ are constants. Find the 
distance covered by the particle as a function of t. Draw the approx- 
imate plot of this function. 

1.99. At the moment t = 0 a particle of mass m starts moving due 
to a force F = F, cos ot, where F, and œ are constants. How long 
will it be moving until it stops for the first time? What distance will 
it traverse during that time? What is the maximum velocity of the 
particle over this distance? 

1.100. A motorboat of mass m moves along a lake with velocity v,. 
At the moment t = 0 the engine of the boat is shut down. Assuming 
the resistance of water to be proportional to the velocity of the boat 
F — —rv, find: 

(a) how long the motorboat moved with the shutdown engine; 

(b) the velocity of the motorboat as a function of the distance cov- 
ered with the shutdown engine, as well as the total distance covered 
till the complete stop; 

(c) the mean velocity of the motorboat over the time interval 
(beginning with the moment £ = 0), during which its velocity de- 
creases y] times. 

1.101. Having gone through a plank of thickness k, a bullet 
changed its velocity from v, to v. Find the time of motion of the 
bullet in the plank, assuming the resistance force to be proportional 
to the square of the velocity. 

1.102. A small bar starts sliding down an inclined plane forming 
an angle « with the horizontal. The friction coefficient depends on 
the distance r covered as k — az, where a is a constant. Find the 
distance covered by the bar till it stops, and its maximum velocity 
Over this distance. 

1.103. A body of mass m rests on a horizontal plane with the fric- 
tion coefficient k. At the moment £t = 0 a horizontal force is applied 
to it, which varies with time as F = at, where a is a constant vector. 
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Find the distance traversed by the body during the first ¢ seconds after 
the force action began. 

1.104. A body of mass m is thrown straight up with velocity vp. 
Find the velocity v’ with which the body comes down if the air drag 
equals kv?, where k is a constant and v is the velocity of the body. 

1.105. A particle of mass m moves 
in a certain plane P due to a force 
F whose magnitude is constant and 
whose vector rotates in that plane with 
aconstant angular velocity w. Assum- 
ing the particle to be stationary at 
the moment t = 0, find: 


Fig. 1.27. 
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(b) the distance covered by the 
particle between two successive stops, 
and the mean velocity over this time. 

1.106. A small disc A is placed on an inclined plane forming an 
angle « with the horizontal (Fig. 1.27) and is imparted an initial 
velocity v,. Find how the velocity of the disc depends on the angle » 
if the friction coefficient k = tan æ and at the initial moment qs = 
= 1/2. 

1.107. A chain of length I is placed on a smooth spherical surface 
of radius R with one of its ends fixed at the top of the sphere. What 
will be the acceleration w of the chain when its upper 
end is released? I 

1.108. A small body is placed on the top of a smooth sphere of 
radius R. Then the sphere is imparted a constant acceleration Wo 
in the horizontal direction and the body begins sliding down. Find: 

(a) the velocity of the body relative to the sphere at the moment of 
break-off; 

(b) the angle 0, between the vertical and the radius vector drawn 
from the centre of the sphere to the break-off point; calculate 0, 
for wo = g. 

1.109. A particle moves in a plane under the action of a force 
which is always perpendicular to the particle's velocity and depends 
on a distance to a certain point on the plane as t/r”, where n is a 
constant. At what value of n will the motion of the particle along 
the circle be steady? 

1.110. A sleeve A can slide freely along a smooth rod bent in the 
shape of a half-circle of radius R (Fig. 1.28). The system is set in rota- 
tion with a constant angular velocity œ about a vertical axis OO’. 
Find the angle @ corresponding to the steady position of the sleeve. 

1.111. A rifle was aimed at the vertical line on the target located 
precisely in the northern direction, and then fired. Assuming the air 
drag to be negligible, find how much off the line, and in what direc- 
tion, will the bullet hit the target. The shot was fired in the horizontal 
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direction at the latitude q = 60°, the bullet velocity v = 900 m/s, 
and the distance from the target equals s — 1.0 km. 

1.112. A horizontal disc rotates with a constant angular velocity 
w = 6.0 rad/s about a vertical axis passing through its centre. A 
small body of mass m — 0.50 kg moves along a 
diameter of the disc with a velocity v = 50 cm/s 
which is constant relative to the disc. Find the 
force that the disc exerts on the body at the 
moment when it is located at the distance 
r — 30 cm from the rotation axis. 

1.113. A horizontal smooth rod AB rotates 
with a constant angular velocity œ = 2.00 rad/s 
about a vertical axis passing through its end 


. . 
A. A freely sliding sleeve of mass m = 0.50 kg 


moves along the rod from the point A with the 
initial velocity v, = 1.00 m/s. Find the Coriolis 
force acting on the sleeve (in the reference frame 
fixed to the rotating rod) at the moment when 
the sleeve is located at the distance r = 50 cm 
from the rotation axis. 

1.114. A horizontal disc of radius R rotates with a constant angu- 
lar velocity w about a stationary vertical axis passing through its 
edge. Along the circumference of the disc a particle of mass m moves 
with a velocity that is constant relative to the disc. At the moment 
when the particle is at the maximum distance from the rotation axis, 
the resultant of the inertial forces F;, acting on the particle in the 
reference frame fixed to the disc turns into zero. Find: 

(a) the acceleration w' of the particle relative to the disc; 

(b) the dependence of Fin on the distance from the rotation axis. 

1.115. A small body of mass m — 0.30 kg starts sliding down from 
the top of a smooth sphere of radius R = 1.00 m. The sphere rotates 
with a constant angular velocity œ = 6.0 rad/s about a vertical 
axis passing through its centre. Find the centrifugal force of inertia 
and the Coriolis force at the moment when the body breaks off the 
surface of the sphere in the reference frame fixed to the sphere. 

1.116. A train of mass m = 2000 tons moves in the latitude g = 
— 60? North. Find: 

(a) the magnitude and direction of the lateral force that the train 
exerts on the rails if it moves along a meridian with a velocity v — 
= 94 km per hour; 

(b) in what direction and with what velocity the train should move 
for the resultant of the inertial forces acting on the train in the ref- 
erence frame fixed to the Earth to be equal to zero. 

1.117. At the equator a stationary (relative to the Earth) body 
falls down from the height k = 500 m. Assuming the air drag to be 
negligible, find how much off the vertical, and in what direction, 
the body will deviate when it hits the ground. 
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1.3. LAWS OF CONSERVATION OF ENERGY, MOMENTUM, AND 
ANGULAR MOMENTUM 


e Work and power of the force F: 


A= dra = |F, ds, P = Fv. (1.3a) 


e Increment of the kinetic energy of a particle: 
T, — Ti E A, (1.3h) 


where A is the work performed by the resultant of all the forces acting on the 
particle. 


e Work performed by the forces of a field is equal to the decrease of the 
potential energy of a particle in the given field: 


A = U, — U,. (1.3c) 


e Relationship between the force of a field and the potential 
particle in the field: potentia" energy of a 


F = — VU, (1.34) 


i.e. the force is equal to the antigradient of the potential energy. 


,, @ Increment of the total mechanical energy of a particle in a given poten- 
tial field: 


E,— Ey =Aoxtr (1.3e) 
where A_,,, is the algebraic sum of works performed by all extraneous forces, 
that is, by the forces not belonging to those of the given field. 

e Increment of the total mechanical energy of a system: 


ARES Uh a Vw yoULliu. 
E,—E,=Aexi+ Afr) 0005, (1.31) 
where E = T + U, and U is the inherent potential energy of the system. 
e Law of momentum variation of a system: 
dp/dt = F, (1.3g) 
where F is the resultant of all external forces. 
e Equation of motion of the system's centre of inertia: 


where F is the resultant of all external forces. 
e Kinetic energy of a system 


~ mog 
T=T +- ; (1.3i) 
where T is its kinetic energy in the system of centre of inertia. 
e Equation of dynamics of a body with variahle mass: 


dv dm . 
mda Pw u, (1.3j) 


where u is the velocity of the separated (gained) substance relative to the body 
considered. 
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e Law of angular momentum variation of a system: 
aM 


MCN (4.3k) 


ngular momentum of the system, and N is the total moment of 


ngular momentum of a system: 
M = M + [rcpl, (1.31) 


e 
pm 


where M is its angular momentum in the system of the centre of inertia, rç is 
the radius vector of the centre of inertia, and p is the momentum of the system. 


1.118. A particle has shifted along some trajectory in the plane zy 
from point 7 whose radius vector r, = i + 2j to point 2 with the 
radius vector r, — 2i — 3j. During that time the particle experi- 
enced the action of certain forces, one of which being F = 3i + 4]. 
Find the work performed by the force F. (Here r,, Ta, and F are given 
in SI units). 

1.119. A locomotive of mass m starts moving so that its velocity 
varies according to the law v = aV s, where a is a constant, and s 
is the distance covered. Find the total work performed by all the 
forces which are acting on the locomotive during the first ¢ seconds 
after the beginning of motion. 

1.120. The kinetic energy of a particle moving along a circle of 
radius R depends on the distance covered s as T = as’, where a is 
a constant. Find the force acting on the par- 
ticle as a function of s. MEE F4 LN 

1.121. A body of mass m was slowly hauled 
up the hill (Fig. 1.29) by a force F which at 
each point was directed along a tangent to the 
trajectory. Find the work performed by this 
force, if the height of the hill is 2, the length 


£ ita haan 7 : 1 : 
of its base l, and the coefficient of friction k. 


1.122. A disc of mass m = 50 g slides with 
the zero initial velocity down an inclined 
plane set at an angle œ = 30° to the horizontal; 
having traversed the distance 4 = 50 cm along the horizontal plane, 
the disc stops. Find the work performed by the friction forces over 
the whole distance, assuming the friction coefficient k = 0.15 for 
both inclined and horizontal planes. 

1.123. Two bars of masses m, and m, connected by a non-deformed 
light spring rest on a horizontal plane. The coefficient of friction 


between the bars and the surface is equal to k. What minimum constant 


force has to be applied in the horizontal direction to the bar of mass m, 
in order to shift the other bar? 

1.124. A chain of mass m = 0.80 kg and length / = 1.5 m rests 
on a rough-surfaced table so that one of its ends hangs over the edge. 
The chain starts sliding off the table all by itself provided the over- 
hanging part equals ņn = 1/3 of the chain length. What will be the 
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total work performed by the friction forces acting on the chain by 
the moment it slides completely off the table? 

1.125. A body of mass m is thrown at an angle « to the horizontal 
with the initial velocity v,. Find the mean power developed by gravity 
over the whole time of motion of the body, and the instantaneous power 
of gravity as a function of time. 

1.126. A particle of mass m moves along a circle of radius R with 
a normal acceleration varying with time as w, = at®, where a is 
a constant. Find the time dependence of the power developed by all 
the forces acting on the particle, and the mean value of this power 
averaged over the first t seconds after the beginning of motion. 

1.127. A small body of mass m is located on a horizontal plane at 
the point O. The body acquires a horizontal velocity vs. Find: 

(a) the mean power developed by the friction force during the 
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whole time of motion, if the friction coefficient k = 0.27, m = 1.0 kg 
and vy = 1.5 m/s; 

(b) the maximum instantaneous power developed by the friction 
force, if the friction coefficient varies as k = ax, where « is a constant, 
and x is the distance from the point O. 

1.128. A small body of mass m = 0.10 kg moves in the reterence 
frame rotating about a stationary axis with a constant angular veloc- 
ity w = 5.0 rad/s. What work does the centrifugal force of inertia 
perform during the transfer of this body along an arbitrary path 
from point Z to point 2 which are located at the distances r, = 30 cm 
and r, — 50 cm from the rotation axis? 

1.129. A system consists of two springs connected in series and 
having the stiffness coefficients k, and ky. Find the minimum work 
to be performed in order to stretch this system by Al. 

1.130. A body of mass m is hauled from the Earth's surface by 
applying a force F varying with the height of ascent y as F — 2 (ay — 
— 1) mg, where a is a positive constant. Find the work performed 
by this force and the increment of the body's potential energy in 
the gravitational field of the Earth over the first half of the ascent. 

1.131. The potential energy of a particle in a certain field has the 
form U = a/r? — b/r, where a and b are positive constants, r is the 
distance from the centre of the field. Find: 

(a) the value of ry corresponding to the equilibrium position of the 
particle; examine whether this position is steady; 

(b) the maximum magnitude of the attraction force; draw the 
plots U (r) and F, (r) (the projections of the force on the radius vec- 
tor r). 

1.132. In a certain two-dimensional field of force the potential 
energy of a particle has the form U = oz? + By’, where a and f 
are positive constants whose magnitudes are different. Find out: 

(a) whether this field is central; 

(b) what is the shape of the equipotential surfaces and also of the 
surfaces for which the magnitude of the vector of force F = const. 

1.133. There are two stationary fields of force F = ayi and F = 


~~ 
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== axi + byj, where i and j are the unit vectors of the z and y axes, 
and a and b are constants. Find out whether these fields are potential. 

1.134. A body of mass m is pushed with the initial velocity v, 
up an inclined plane set at an angle « to the horizontal. The friction 
coefficient is equal to k. What distance will the body cover before it 
stops and what work do the friction forces perform over this dis- 
tance: 

1.135. A small disc A slides down with initial velocity equal to 
zero from the top of a smooth hill of height H having a horizontal 
portion (Fig. 1.30). What must be the height of the horizontal por- 
tion k to ensure the maximum distance s covered by the disc? What 
is it equal to? 

1.136. A small body A starts sliding from the height k down an 
inclined groove passing into a half-circle of radius h/2 (Fig. 1.31). 
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S ion to be negligible, find the velocity of the bodv 
at the highest point of its trajectory (after breaking off the groove 

1.137. A ball of mass m is suspended by a thread of length i. With 
what minimum velocity has the point of suspension to be shifted 
in the horizontal direction for the ball to move along the circle about 
that point? What will be the tension of the thread at the moment it 
will be passing the horizontal position? 
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of radius R and a disc A attached to the cylinder by a horizontal] 
thread AB of length l, (Fig. 1.32, top view). An initial velocity v, 


z 
Oo 


B 
Fig. 1.32. Fig. 1.33. 


is imparted to the disc as shown in the figure. How long will it 


move along the plane until it strikes against the cylinder? The fric- 
tion is assumed to be absent. 
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1.139. A smooth rubber cord of length i whose coefficient of elas- 
ticity is k is suspended by one end from the point O (Fig. 1.33). 
The other end is fitted with a catch B. A small sleeve A of mass m 
starts falling from the point O. Neglecting the masses of the thread 
and the catch, find the maximum elongation of the cord. 

1.140. A small bar A resting on a smooth horizontal plane is at- 
tached by threads to a point P (Fig. 1.34) and, by means of a weightless 
pulley, to a weight B possessing the same mass as the bar itself. 
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Fig. 1.34. Fig. 1.35. 


Besides, the bar is also attached to a point O by means of a light non- 
deformed spring of length lọ = 50 cm and stiffness x = 5 mg/l,, 
where m is the mass of the bar. The thread PA having been burned, 
the bar starts moving. Find its velocity at the moment when it is 
breaking off the plane. 

1.141. A horizontal plane supports a plank with a bar of mass 
m = 1.0 kg placed on it and attached by a light elastic non-de- 
formed cord of length la = 40 em to a point O (Fig. 1.35). The coef- 
ficient of friction between the bar and the plank equals k = 0.20. 
The plank is slowly shifted to the right until the bar starts sliding 
over it. Iti occurs at the moment when the cord deviates from the 
vertical by an angle 0 = 30°. Find the work that has been performed 
by that moment by the friction force acting on the bar in the ref- 
erence frame fixed to the plane. 

1.142. A smooth light horizontal rod AB can rotate about a ver- 
tical axis passing through its end A. The rod is fitted with a small 
sleeve of mass m attached to the end A by a weightless spring of length 
lo and stifiness x. What work must be performed to slowly get this 
system going and reaching the angular velocity œ? 

1.143. A pulley fixed to the ceiling carries a thread with bodies of 
masses m, and m, attached to its ends. The masses of the pulley and 
the thread are negligible, friction is absent. Find the acceleration 
wc 0f the centre of inertia of this system. 

1.144. Two interacting particles form a closed system whose centre 
of inertia is at rest. Fig. 1.36 illustrates the positions of both par- 
ticles at a certain moment and the trajectory of the particle of mass m,. 
Draw the trajectory of the particle of mass m, if m, = m,/2. 
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1.145. A closed chain A of mass m = 0.36 kg is attached to a ver- 
tical rotating shaft by means of a thread (Fig. 1.37), and rotates with 
a constant angular velocity œ = 35 rad/s. The thread forms an angle 
0 = 45° with the vertical. Find the distance between the chain's 
centre of gravity and the rotation axis, and the tension 
of the thread. My 

1.146. A round cone A of mass m = 3.2 kg and half- ° 
angle æ = 10° rolls uniformly and without slipping 
along a round conical surface B so that its apex O re- 
mains stationary (Fig. 1.38). The centre of gravity of 
the cone A is at the same level as the point O and at a 


distance 1 = 17 cm from it. The cone's axis moves m, 
with angular velocity œ. Find: 
(a) the static friction force acting on the cone A, Fig. 1.36. 


if œ = 1.0 rad/s; 

(b) at what values of œ the cone A will roll without 
sliding, if the coefficient of friction between the surfaces is equal 
to k — 0.25. 

1.147. In the reference frame K two particles travel along the z 
axis, one of mass m, with velocity v,, and the other of mass m, with 
velocity va Find: 

(a) the velocity V of the reference frame K' in which the cumulative 
kinetic energy of these particles is minimum; 

(b) the cumulative kinetic energy of these particles in the K’ 


1.148. The reference frame, in which the centre of inertia of a given 
system of particles is at rest, translates with a velocity V relative 


Fig. 1.37. 


to an inertial reference frame K. The mass of the system of particles 
eauals m. and the total energy of the system in the frame of the centre 
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of inertia is equal to E. Find the total energy Æ of this system of 
particles in the reference frame K. 

1.149. Two small discs of masses m, and m, interconnected by a 
weightless spring rest on a smooth horizontal plane. The discs are 
set in motion with initial velocities v, and v, whose directions are 
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mutually perpendicular and lie in a horizontal plane. Find the total 
energy É of this system in the frame of the centre of inertia. 

1.150. A system consists of two small spheres of masses m, and m, 
interconnected by a weightless spring. At the moment ? = 0 the 
spheres are set in motion with the initial velocities v, and v, after 
which the system starts moving in the Earth's uniform gravitational 
field. Neglecting the air drag, find the time dependence of the tota] 
momentum of this system in the process of motion and of the radius 
vector of its centre of inertia relative to the initial position of the 
centre. 

1.151. Two bars of masses m, and m, connected by a weightless 
spring of stiffness x (Fig. 1.39) rest on a smooth horizontal plane. 
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Fig. 1.39. Fig. 4.40. 


Bar 2 is shifted a small distance z to the left and then released. Find 
the velocity of the centre of inertia of the system after bar 7 breaks 
off the wall. 

1.152. Two bars connected by a weightless spring of stiffness x 
and length (in the non-deformed state) lọ rest on a horizontal plane. 
A constant horizontal force F starts acting on one of the bars as shown 
in Fig. 1.40. Find the maximum and minimum distances between the 
bars during the subsequent motion of the system, if the masses of 
the bars are: 

(a) equal; 

(b) equal to m, and m, and the force F is applied to the bar of 
mass Mp. 

1.153. A system consists of two identical cubes, each of mass m, 
linked together by the compressed weightless spring of stiffness x 
(Fig. 1.41). The cubes are also connected by a thread 
which is burned through at a certain moment. Find: 

(a) at what values of Al, the initial compression 
of the spring, the lower cube will bounce up after 
the thread has been burned through: 

(b) to what height k the centre of gravity of this 
system will rise if the initial compression of the spring 
Al = 7 mglx. M 

1.154. Two identical buggies 7 and 2 with one man 
in each move without friction due to inertia along 
the parallel rails toward each other. When the buggies get opposite 
each other, the men exchange their places by jumping in the direc- 
tion perpendicular to the motion direction. As a consequence, buggy 


Fig. 1.4t. 
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1 stops and buggy 2 keeps moving in the same direction, with its ve- 
locity becoming equal to v. Find the initial velocities of the buggies 
v, and v, if the mass of each buggy (without a man) equals M and 
the mass of each man m. 

1.155. Two identical buggies move one after the other due to inertia 
(without friction) with the same velocity vo. A man of mass m rides 
the rear buggy. At a certain moment the man jumps into the front 
buggy with a velocity u relative to his buggy. Knowing that the 
mass of each buggy is equal to M, find the velocities with which the 
buggies will move after that. 

' 14.156. Two men, each of mass m, stand on the edge of a stationary 
buggy of mass M. Assuming the friction to be negligible, find the 
velocity of the buggy after both men jump off with the same hori- 


. gontal velocity u relative to the buggy: (1) simultaneously; (2) one 


after the other. In what case will the velocity of the buggy be greater 


and how many times? 


1.157. A chain hangs on a thread and touches the surface of a table 
by its lower end. Show that after the thread has been burned through, 
the force exerted on the table by the falling part of the chain at any 
moment is twice as great as the force of pressure exerted by the part 
already resting on the table. 

1.158. A steel ball of mass m = 50 g falls from the height k = 
— 1.0 m on the horizontal surface of a massive slab. Find the cumu- 
lative momentum that the ball imparts to the slab after numerous 
bounces, if every impact decreases the velocity of the ball n = 1.25 
times. 
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1.159. A raft of mass M with a mano a ay 1 
less on the surface of a lake. The man moves a distance I’ relativ 
to the raft with velocity v'(t) and then stops. Assuming the water 
resistance to be negligible, find: 

(a) the displacement of the raft I relative to the shore; 

(b) the horizontal component of the force with which the man acted 
on the raft during the motion. 

1.160. A stationary pulley carries a rope whose one end supports 
a ladder with a man and the other end the counterweight of mass M. 
The man of mass m climbs up a distance l' with respect to the ladder 
and then stops. Neglecting the mass of the rope and the friction in 
the pulley axle, find the displacement I of the centre of inertia oí 
this system. 

1.161. A cannon of mass M starts sliding freely down a smooth 
inclined plane at an angle æ to the horizontal. After the cannon cov- 
ered the distance l, a shot was fired, the shell leaving the cannon in 
the horizontal direction with a momentum p. As a consequence, the 
cannon stopped. Assuming the mass of the shell to be negligible, 
as compared to that of the cannon, determine the duration of the 
Shot. 

1.162. A horizontally flying bullet of mass m gets stuck in a body 
of mass M suspended by two identical threads of length / (Fig. 1.42). 


. 
mass m stays motion- 
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A 
À sa result, the threads swerve through an angle 0. Assuming m « M, 


into heat. 


1.163. A body of mass M (Fig. 1.43) with a small disc of mass m 
placed on it rests on a smooth horizontal plane. The disc is set in 


Fig. 1.43. 


motion in the horizontal direction with velocity v. To what height 
(relative to the initial level) will the disc rise after breaking off the 
body M? The friction is assumed to be absent. j 

1.164. A small disc of mass m slides down a smooth hill of height k 
without initial velocity and gets onto a plank of mass M lying on 


Fig. 1.44 
the horizontal plane at the base of the hill (Fig. 1.44). Due to friction 
between the disc and the plank the disc slows down and, beginning 
xr» d na É&mnetbalnm san neat M M 
with a certain moment, moves in one piece with the plank. 
(1) Find the total work performed by the friction forces in this 
process. 


(2) Can it be stated that the result obtained does not depend on 
the choice of the reference frame? 

1.165. A stone falls down without initial velocity from a height h 
onto the Earth's surface. The air drag assumed to be negligible, the 
stone hits the ground with velocity v, = V 2gh relative to the Earth. 
Obtain the same formula in terms of the reference frame "falling" 
to the Earth with a constant velocity v,. 

1.166. A particle of mass 1.0 g moving with velocity v, — 3.0i — 
— 2.0j experiences a perfectly inelastic collision with another par- 
ticle of mass 2.0 g and velocity v, = 4.0j — 6.0k. Find the veloc- 
ity of the formed particle (both the vector v and its modulus), if 
the components of the vectors v, and v, are given in the SI units. 
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1.167. Find the increment of the kinetic energy of the closed system 
comprising two spheres of masses m, and m, due to their perfectly 
inelastic collision, if the initial velocities of the spheres were equal 
to v, and Vz. 

1.168. A particle of mass m, experienced a perfectly elastic col- 
lision with a stationary particle of mass ms. What fraction of the 
kinetic energy does the striking particle lose, if 

(a) it recoils at right angles to its original motion direction; 

(b) the collision is a head-on one? 

1.169. Particle 7 experiences a perfectly elastic collision with 
a stationary particle 2. Determine their mass ratio, if 

(a) after a head-on collision the particles fly apart in the opposite 
directions with equal velocities; 

(b) the particles fly apart symmetrically relative to the initial 
motion direction of particle Z with the angle of divergence 0 = 60°. 

1.170. A ball moving translationally collides elastically with 
another, stationary, ball of the same mass. At the moment of impact 
the angle between the straight line passing through the centres of 
the balls and the direction of the initial motion of the striking ball 
is equal to a = 45°. Assuming the balls to be smooth, find the frac- 
tion of the kinetic energy of the striking ball that turned into poten- 
tial energy at the moment of the maximum deformation. 

1.171. A shell flying with velocity v = 500 m/s bursts into three 


identical fragments so that the kinetic energy of the system increases 
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1.172. Particle / moving with velocity v = 10 m/s experienced 
a head-on collision with a stationary particle 2 of the same mass. 
As a result of the collision, the kinetic energy of the system decreased 
by 1 = 1.0%. Find the magnitude and direction of the velocity 


of particle 7 after the collision. 

1.173. A particle of mass m having 
particle of mass M deviated by an angl 
recoiled at an angle 0 — 30? to the di 
of the particle m. How much (in per cent) and in what way has the 
kinetic energy of this system changed after the collision, if M Im — 
= 9.0? 

1.174. A closed system consists of two particles of masses rm, 
and m, which move at right angles to each other with velocities v, 
and v,. Find: 

(a) the momentum of each particle and 

(b) the total kinetic energy of the two particles in the reference 
frame fixed to their centre of inertia. 

1.175. A particle of mass m, collides elastically with a stationary 
particle of mass m, (m, > mą). Find the maximum angle through 
which the striking particle may deviate as a result of the collision. 

1.176. Three identical discs A, B, and C (Fig. 1.45) rest on a smooth 
horizontal plane. The disc A is set in motion with velocity v after 


collided with a stationary 
1/2 whereas the particle M 
nt f 


to the direction of the initial motion 
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which it experiences an elastic collision simultaneously with the 
discs B and C. The distance between the centres of the latter discs 
prior to the collision is n times greater than the diameter of each disc. 
Find the valority of tha dion A aftar tha 
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collision. At what value of y will the disc B ovy 
A recoil after the collision; stop; move on? 4 dut 
1.177. A molecule collides with another, v Paw, 
stationary, molecule of the same mass. ( ) +) 
Demonstrate that the angle of divergence N 
(a) equals 90° when the collision is ideally EO 
elastic; Fig. 1.45. 


(b) differs from 90° when the collision 
is inelastic. 

1.178. A rocket ejects a steady jet whose velocity is equal to u 
relative to the rocket. The gas discharge rate equals p kg/s. Demon- 
strate that the rocket motion equation in this case takes the form 


mw = F — pu, 


where m is the mass of the rocket at a given moment, w is its accel- 
eration, and F is the external force. 

1.179. A rocket moves in the absence of external forces by eject- 
ing a steady jet with velocity u constant relative to the rocket. 
Find the velocity v of the rocket at the moment when its mass is 
equal to m, if at the initial moment it possessed the mass m, and 


its velocity was equal to zero. Make use of the formula given in the 
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foregoing problem. 

1.180. Find the law according io which the mass of the rocket 
varies with time, when the rocket moves with a constant accelera- 
tion w, the external forces are absent, the gas escapes with a con- 
stant velocity u relative to the rocket, and its mass at the initial 
moment equals mz. 

1.181. A spaceship of mass m, moves in the absence of external 
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forces with a constant velocity vo. To change the motion direction, 
a jet engine is switched on. It starts ejecting a gas jet with velocity u 
which is constant relative to the spaceship and directed at right 
angles to the spaceship motion. The engine is shut down when the 
mass of the spaceship decreases to m. Through what angle « did the 
motion direction of the spaceship deviate due to the jet engine op- 
eration? 

1.182. A cart loaded with sand moves along a horizontal plane due 
to a constant force F coinciding in direction with the cart's velocity 
vector. In the process, sand spills through a hole in the bottom with 
a constant velocity u kg/s. Find the acceleration and the velocity of 
the cart at the moment ?¢, if at the initial moment t = O the cart 
with loaded sand had the mass m, and its velocity was equal to zero. 
The friction is to be neglected. 

1.183. A flatcar of mass m, starts moving to the right due to a 
constant horizontal force F (Fig. 1.46). Sand spills on the flatcar 
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from a stationary hopper. The velocity of loading is constant and 
equal to p kg/s. Find the time dependence of the velocity and the 
acceleration of the flatcar in the process of loading. The friction is 
negligibly smail. 

1.184. A chain AB of length L is located in a smooth horizontal 
tube so that its fraction of length k hangs freely and touches the 
surface of the table with its end B (Fig. 1.47). At a certain moment 
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Fig. 1.46. Fig. 1.47. 


the end A of the chain is set free. With what velocity will this end 
of the chain slip out of the tube? 

1.185. The angular momentum of a particle relative to a certain 
point O varies with time as M = a + bł’, where a and b are con- 
stant vectors, with a_| b. Find the force moment N relative to the 
point O acting on the particle when the angle between the vectors N 
and M equals 45°. 

1.186. A ball of mass m is thrown at an angle « to the horizontal 
with the initial velocity v,. Find the time dependence of the mag- 
nitude of the ball's angular momentum vector relative to the point 
from which the ball is thrown. Find the angular momentum M at 
the highest point of the trajectory if m = 130 g, a = 45°, and v) = 
— 25 m/s. The air drag is to be neglected. 

1.187. A disc A of mass m sliding over a smooth horizontal surface 
t 


with velocity v experiences a perfectly elastic collision with a smooth 


stationary wall at a point O (Fig. 1.48). The 
angle between the motion direction of the disc 
and the normal of the wall is equal to a. Find: 

(a) the points relative to which the angular 
momentum M of the disc remains constant in 
this process; 

(b) the magnitude of the increment of the 
vector of the disc’s angular momentum relative 
to the point O' which is located in the plane 
of the disc's motion at the distance l from the 
point O. 

1.188. A small ball of mass m suspended Fig. 1.48. 
from the ceiling at a point O by a thread 
of length / moves along a horizontal circle with a constant angular 
velocity œw. Relative to which points does the angular momentum 
M of the ball remain constant? Find the magnitude of the increment 
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of the vector of the ball’s angular momentum relative to the point 
O picked up during half a revolution. 

1.189. A ball of mass m falls down without initial velocity from 
a height k over the Earth's surface. Find the increment of the ball's 
angular momentum vector picked up during the time of falling (rela- 
tive to the point O of the reference frame moving translationally in 
a horizontal direction with a velocity V). The ball starts falling 
from the point O. The air drag is to be neglected. 

1.190. A smooth horizontal disc rotates with a constant angular 
velocity œ about a stationary vertical axis passing through its centre, 
the point O. At a moment t = Q a disc is set in motion from that 
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point with velocity vy. Find the angular momentum M (t) of the 
disc relative to the point O in the reference frame fixed to the disc. 
Make sure that this angular momentum is caused by the Coriolis 
force. 

1.191. A particle moves along a closed trajectory in a central 
field of force where the particle's potential energy U — kr? (k is a 
positive constant, r is the distance of the particle from the centre O 
of the field). Find the mass of the particle if its minimum distance 
from the point O equals r, and its velocity at the point farthest from O 
equals va. 

1.192. A small ball is suspended from a point O by a light. thread 
of length 4. Then the ball is drawn aside so that the thread deviates 
through an angle 0 from the vertical and set in motion in a hori- 
zontal direction at right angles to the vertical plane in which the 
thread is located. What is the initial velocity that has to be imparted 
to the ball so that it could deviate through the maximum angle 7/2 
in the process of motion? 

1.193. A small body of mass m tied to a non-stretchable thread 
moves over a smooth horizontal plane. The other end of the thread 
is being drawn into a hole O (Fig. 1.49) with a constant velocity. 
Find the thread tension as a function of the distance r between the 
body and the hole if at r = r, the angular velocity of the thread is 
equal to Wg. 

1.194. A light non-stretchable thread is wound on a massive fixed 
pulley of radius R. A small body of mass m is tied to the free end 
of the thread. At a moment £ = 0 the system is released and starts 
moving. Find its angular momentum relative to the pulley axle as 
a function of time f. 
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1.195. A uniform sphere of mass m and radius R starts rolling 
without slipping down an inclined plane at an angle « to the hori- 
zontal. Find the time dependence of the angular momentum of the 
sphere relative to the point of contact at the initial moment. How 
will the obtained result change in the case of a perfectly smooth 
inclined plane? 

1.196. A certain system of particles possesses a total momentum p 
and an angular momentum M relative to a point O. Find its angular 
momentum M’ relative to a point O' whose position with respect to 
the point O is determined by the radius vector r,. Find out when 
the angular momentum of the system of particles does not depend 
on the choice of the point O. 

1.197. Demonstrate that the angular momentum M of the system 
of particles relative to a point O of the reference frame 
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presented as 


can be re- 


M —M + [rcp], 

where M is its proper angular momentum (in the reference frame 
moving translationally and fixed to the centre of inertia), re is the 
radius vector of the centre of inertia relative to the point O, p is the 
total momentum of the system of particles in the reference frame K. 

1.198. A ball of mass m moving with velocity vy experiences a 
head-on elastic collision with one of the spheres of a stationary 
rigid dumbbell as whown in Fig. 1.50. The mass of each sphere equals 


m/2. and the distance between them is J. Disregarding the size of the 
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spheres, find the proper angular momentum M of the dumbbell after 
the collision, i.e. the angular momentum in the reference frame mov- 
ing translationally and fixed to the dumbbell’s centre of inertia. 
1.199. Two small identical discs, each of mass m, lie on a smooth 
horizontal plane. The discs are interconnected by a light non-de- 
formed spring of length l, and stiffness x. At a certain moment one of 


uic Gi8CS i5 Sev in morion in a iüuOrizoólnvai irec Lion perpendicular 
to the spring with velocity vo. Find the maximum elongation of the 
spring in the process of motion, if it is known to be considerably 
less than unity. 


1.4, UNIVERSAL GRAVITATION 


e Universal gravitation law 
em 
Pay es, (1-42) 
e The squares of the periods of revolution of any two planets around the 
Sun are proportional to the cubes of the major semiaxes of their orbits (Kepler): 
TIX @’, (1.4b) 
e Strength G and potential p of the gravitational field of a mass point: 


m m. 
G= -—y-7 6 p—-—Y-- (1.4c) 
e Orbital and escape velocities: . 
vu = VER, v = y2wu. (1.4d) 
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4.200. A planet of mass M moves along a circle around the Sun 
with velocity v = 34.9 km/s (relative to the heliocentric reference 
frame). Find the period of revolution of this planet around the Sun. 

1.201. The Jupiter's period of revolution around the Sun is 12 
times that of the Earth. Assuming the planetary orbits to be circular, 
find: 

(a) how many times the distance between the Jupiter and the Sun 
exceeds that between the Earth and the Sun; 

(b) the velocity and the acceleration of Jupiter in the heliocentric 
reference frame. 

1.202. A planet of mass M moves around the Sun along an ellipse 
so that its minimum distance from the Sun is equal to r and the maxi- 
mum distance to R. Making use of Kepler’s laws, find its period of 


: 
revolution around the Sun. 


1.203. A small body starts falling onto the Sun from a distance 
equal to the radius of the Earth's orbit. The initial velocity of the 
body is equal to zero in the heliocentric reference frame. Making 
use of Kepler's laws, find how long the body will be falling. 

1.204. Suppose we have made a model of the Solar system scaled 
down in the ratio n but of materials of the same mean density as 
the actual materials of the planets and the Sun. How will the orbital 
periods of revolution of planetary models change in this case? 

1.205. A double star is a system of two stars moving around the 
centre of inertia of the system due to gravitation. Find the distance 
between the components of the double star, if its total mass equals M 
and the period of revolution T. 

1.206. Find the potential energy of the gravitational interaction 

(a) of two mass points of masses m, and m; located at a distance r 
from each other; 

(b) of a mass point of mass m and a thin uniform rod of mass M 
and length J, if they are located along a straight line at a distance a 
from each other; also find the force of their interaction. 

1.207. A planet of mass m moves along an ellipse around the Sun 
so that its maximum and minimum distances from the Sun are equal 
to r, and r, respectively. Find the angular momentum M of this 
planet relative to the centre of the Sun. 

1.208. Using the conservation laws, demonstrate that the total 
mechanical energy of a planet of mass m moving around the Sun 
along an ellipse depends only on its semi-major axis a. Find this 
energy as a function of a. 

1.209. A planet A moves along an elliptical orbit around the Sun. 
At the moment when it was at the distance re from the Sun its velo- 
city was equal to v, and the angle between the radius vector r and 
the velocity vector vy was equal to a. Find the maximum and mini- 
mum distances that will separate this planet from the Sun during 
its orbital motion. 

1.210. A cosmic body A moves to the Sun with velocity v, (when 
far from the Sun) and aiming parameter / the arm of the vector Vo 
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relative to the centre of the Sun (Fig. 1.51). Find the minimum dis- 
tance by which this body will get to the Sun. 

1.211. A particle of mass m is located outside a uniform sphere of 
mass M at a distance r from its centre. Find: 

(a) the potential energy of gravitational interaction of the particle 
and the sphere; 

(b) the gravitational force which the sphere exerts on the particle. 

1.212. Demonstrate that the gravitational force acting on a par- 
ticle A inside a uniform spherical layer of matter is equal to zero. 

1.213. A particle of mass m was transferred from the centre of the 
base of a uniform hemisphere of mass M and radius R into infinity. 
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Fig. 1.51. 


What work was performed in the process by the gravitational force 
exerted on the particle by the hemisphere? 

1.214. There is a uniform sphere of mass M and radius R. Find 
the strength G and the potential ọ of the gravitational field of this 
sphere as a function of the distance r from its centre (with r< R 
and rœ R). Draw the approximate plots of the functions G (r) 
and q (r). 

1.215. Inside a uniform sphere of density p there is a spherical 
cavity whose centre is at a distance / from the centre of the sphere. 
Find the strength G of the gravitational field inside the cavity. 

1.216. A uniform sphere has a mass M and radius R. Find the 
pressure p inside the sphere, caused by gravitational compression, 
as a function of the distance r from its centre. Evaluate p at the 
centre of the Earth, assuming it to be a uniform sphere. 

1.217. Find the proper potential energy of gravitational interac- 
tion of matter forming 

(a) a thin uniform spherical layer of mass m and radius R; 

(b) a uniform sphere of mass m and radius R (make use of the answer 
to Problem 1.214). 

1.218. Two Earth's satellites move in a common plane along 
cular orbits. The orbital radius of one satellite r — 7000 km while 
that of the other satellite is Ar — 70 km less. What time interval 
separates the periodic approaches of the satellites to each other over 
the minimum distance? 

1.219. Calculate the ratios of the following accelerations: the 
acceleration w, due to the gravitational force on the Earth's surface, 
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the acceleration w, due to the centrifugal force of inertia on the 
Earth's equator, and the acceleration wg caused by the Sun to the 
bodies on the Earth. 

1.220. At what height over the Earth's pole the free-f: 
ration decreases by one per cent; by half? 

1.221. On the pole of the Earth a body is imparted velocity v, 
directed vertically up. Knowing the radius of the Earth and the free- 
fall acceleration on its surface, find the height to which the body 
will ascend. The air drag is to be neglected. 

1.222. An artificial satellite is launched into a circular orbit around 
the Earth with velocity v relative to the reference frame moving trans- 
lationally and fixed to the Earth's rotation axis. Find the distance 
from the satellite to the Earth's surface. The radius of the Earth and 
the free-fall acceleration on its surface are supposed to be known. 

1.223. Calculate the radius of the circular orbit of a stationary 
Earth's satellite, which remains motionless with respect to its sur- 
face. What are its velocity and acceleration in the inertial reference 
frame fixed at a given moment to the centre of the Earth? 

1.224. A satellite revolving in a circular equatorial orbit of ra- 
dius R = 2.00. 10* km from west to east appears over a certain point 
at the equator every t — 11.6 hours. Using these data, calculate 
the mass of the Earth. The gravitational constant is supposed to be 
known. 

1.225. A satellite revolves from east to west in a circular equatorial 
orbit of radius R = 1.00-10* km around the Earth. Find the velocity 
and the acceleration of the satellite in the reference frame fixed to 
the Earth. 

1.226. A satellite must move in the equatorial plane of the Earth 
close to its surface either in the Earth's rotation direction or against 
it. Find how many times the kinetic energy of the satellite in the 
latter case exceeds that in the former case (in the reference frame fixed 
to the Earth). 

1.227. An artificial satellite of the Moon revolves in a circular 
orbit whose radius exceeds the radius of the Moon n times. In the 
process of motion the satellite experiences a slight resistance due to 
cosmic dust. Assuming the resistance force to depend on the velocity 
of the satellite as F = av’, where a is a constant, find how long the 
satellite will stay in orbit until it falls onto the Moon's surface. 

1.928. Calculate the orbital and escape velocities for the Moon. 
Compare the results obtained with the corresponding velocities for 
the Earth. 

1.229. A spaceship approaches the Moon along a parabolic trajec- 
tory which is almost tangent to the Moon's surface. At the moment 
of the maximum approach the brake rocket was fired for a short time 
interval, and the spaceship was transferred into a circular orbit of 
a Moon satellite. Find how the spaceship velocity modulus increased 
in the process of braking. 

1.230. A spaceship is launched into a circular orbit close to the 
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Earth's surface. What additional velocity has to be imparted to the 
spaceship to overcome the gravitational pull? 

1.231. At what distance from the centre of the Moon is the point 
at which the strength of the resultant of the Earth's and Moon's 
gravitational fields is equal to zero? The Earth's mass is assumed to 
be ņ = 81 times that of the Moon, and the distance between the cen- 
tres of these planets n = 60 times greater than the radius of the Earth 


1.232. What is the minimum work that has to be performed to 
bring a spaceship of mass m = 2.0- 10? kg from the surface of the Earth 
to the Moon? 


1.233. Find approximately the third cosmic velocity v3, i.e. the 
minimum velocity that has to be imparted to a body relative to the 
Earth’s surface to drive it out of the Solar system. The rotation of 
the Earth about its own axis is to be neglected. 


1.5. DYNAMICS OF A SOLID BODY 
e Equation of dynamics of a solid body rotating about a stationary axis z: 
Ip, — Nz, (1.5a) 


where N, is the algebraic sum of the moments of external forces relative to the 
z axis. 


e According to Steiner's theorem: 
I= Ie -4- mæ. (1.5h) 
e Kinetic energy of a solid body rotating about a stationary axis: 
1 
T= lo. (4.5) 


e Work performed by external forces during the rotation of a solid body 
about a stationary axis: 


A= iv, dq. (4.5d) 
e Kinetic energy of a solid body in plane motion: 
Ico? mue 
T= 5 Eu 3-: (1.5e) 


e helationship between the angular velocity «' of gyroscope precession, 
its angular momentum M equal to Jw, and the moment N of the external forces: 


[o M] = N. (1.5f) 


1.234. A thin uniform rod AB of mass m = 1.0 kg moves transla- 
tionally with acceleration w == 2.0 m/s? due to two antiparallel forces 
F, and F, (Fig. 1.52). The distance between the points at which these 
forces are applied is equal to a = 20 cm. Besides, it is known that 
F, = 5.0 N. Find the length of the rod. 

1.235. A force F = Ai + Bj is applied to a point whose radius 
vector relative to the origin of coordinates O is equal to r = ai + 
+ bj, where a, b, A, B are constants, and i, j are the unit vectors of 
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the z and y axes. Find the moment N and the arm / of the force F 
relative to the point O. 

1.236. A force F, — Aj is applied to a point whose radius vector 
r, = ai, while a force F, = Bi is applied to the point whose radius 
vector r, — bj. Both radius vectors are determined relative to the 
origin of coordinates O, i and j are the unit vectors of the z and y 
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Fig. 1.52. 


axes, a, b, A, B are constants. Find the arm / of the resultant force 
relative to the point O. 
1.237. Three forces are applied to a square plate as shown in 


1.238. Find the moment of inertia 

(a) of a thin uniform rod relative to the axis which is perpendicular 
to the rod and passes through its end, if the mass of the rod is m and 
its length l; 

(b) of a thin uniform rectangular plate relative to the axis passing 
perpendicular to the plane of the plate through one of its vertices 
if the sides of the plate are equal to a and b, and its mass is m. 

1.239. Calculate the moment of inertia 

(a) of a copper uniform disc relative to the symmetry axis perpen- 
dicular to the plane of the disc, if its thickness is equal to 5 —2.0 mm 
and its radius to R = 100 mm; 

(b) of a uniform solid cone relative to its symmetry axis, if the 
mass of the cone is equal to m and the radius of its base to R. 

1.240. Demonstrate that in the case of a thin plate of arbitrary 
shape there is the following relationship between the moments of 
inertia: J, + I, = I4, where subindices 1, 2, and 3 define three mu- 
tually perpendicular axes passing through one point, with axes 1 and 
2 lying in the plane of the plate. Using this relationship, find the 
moment of inertia of a thin uniform round disc of radius R and mass 
m relative to the axis coinciding with one of its diameters. 

1.241. A uniform disc of radius R = 20 cm has a round cut as 
shown in Fig. 1.54. The mass of the remaining (shaded) portion of the 
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disc equals m = 7.3 kg. Find the moment of inertia of such a disc 
relative to the axis passing through its centre of inertia and perpen- 
dicular to the plane of the disc. 

1.242. Using the formula for the moment of inertia of a uniform 
sphere, find the moment of inertia of a thin spherical layer of mass 
m and radius R relative to the axis passing through its centre. 

1.243. A light thread with a body of mass m tied to its end is wound 
on a uniform solid cylinder of mass M and radius R (Fig. 1.55). At 
a moment 7 = 0 the system is set in motion. 

Assuming the friction in the axle of the cylin- 
der to be negligible, find the time dependence fu CY 


(a) the angular velocity of the cylinder; 

(b) ne winetic energy of the whole system. PILL 

244. The ends of thin threads tight R 
wound on the axle of radius r of the Mare o j 
disc are attached to a horizontal bar. When Wij 
the disc unwinds, the bar is raised to keep the 
disc at the same height. The mass of the disc 
with the axle isequal to m, the moment of 
inertia of the arrangement relative to its axis is /. Find the tension of 
each thread and the acceleration of the bar. 

1.245. A thin horizontal uniform rod AB of mass m and length / 
can rotate freely about a vertical axis passing through its end A. 
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At a certain moment the end BD starts experiencing a constant force 


Fig. 1.54. 
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F which is always perpendicular to the original position of the sta- 
tionary rod and directed in a horizontal plane. Find the angular ve- 
locity of the rod as a function of its rotation angle @ counted relative 
to the initial position. 

1.246. In the arrangement shown in Fig. 1.56 the mass of the uni- 
form solid cylinder of radius R is equal to m and the masses of two 
bodies are equal to m, and m,. The thread slipping and the friction 
in the axle of tlie cylinder are supposed to be absent. Find the angular 
acceleration of the cylinder and the ratio of tensions 7,/7, of the 
vertical sections of the thread in the process of motion. 
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1.247. In the system shown in Fig. 1.57 the masses of the bodies 
are known to be m, and mg, the coefficient of friction between the body 
m, and the horizontal plane is equal to k, and a pulley of mass m 
is assumed to be a uniform disc. The thread does not slip over the 
pulley. At the moment t = 0 the body m, starts descending. Assum- 
ing the mass of the thread and the friction in the axle of the pulley 
to be negligible, find the work performed by the friction forces acting 
on the body m, over the first ¢ seconds after the beginning of motion. 

1.248. A uniform cylinder of radius R is spinned about its axis to 
the angular velocity o and then placed into a corner (Fig. 1.58). 
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Fig. 1.57. Fig. 1.58. 


The coefficient of friction between the corner walls and the cylinder 
is equal to k. How many turns will the cylinder accomplish before 
it stops? 

1.249. A uniform disc of radius R is spinned to the angular velocity 
w and then carefully placed on a horizontal surface. How long will 
the disc be rotating on the surface if the friction coefficient is equal 
to k? The pressure exerted by the disc on the surface can be regarded 
as uniform. 

1.250. A flywheel with the initial angular velocity o, decelerates 
due to the forces whose moment relative to the axis is proportional 
to the square root of its angular velocity. Find the mean angular 
velocity of the flywheel averaged over the total deceleration time. 

1.251. A uniform cylinder of radius R and mass M can rotate free- 
ly about a stationary horizontal axis O (Fig. 1.59). A thin cord of 
length l and mass m is wound on the cylinder in a single layer. Find 
the angular acceleration of the cylinder as a function of the length 
z of the hanging part of the cord. The wound part of the cord is sup- 
posed to have its centre of gravity on the cylinder axis. 

1.252. A uniform sphere of mass m and radius H rolls without 
slipping down an inclined plane set at an angle a to the horizontal. 
Find: 

(a) the magnitudes of the friction coefficient at which slipping 
is absent; 

(b) the kinetic energy of the sphere t seconds after the beginning 
of motion. 

1.253. A uniform cylinder of mass m = 8.0 kg and radius R = 
= 1.3 cm (Fig. 1.60) starts descending at a moment £ = 0 due to 
gravity. Neglecting the mass of the thread, find: 
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(a) the tension of each thread and the angular acceleration of the 
cylinder; 

(b) the time dependence of the instantaneous power developed by 
the gravitational force. 

1.254. Thin threads are tightly wound on the ends of a uniform 
solid cylinder of mass m. The free ends of the threads are attached to 


Fig. 1.59. Fig. 1.60. 


the ceiling of an elevator car. Thecarstarts going up with an accelera- 
tion wọ. Find the acceleration w’ of the cylinder relative to the car and 
the force F exerted by the cylinderon theceiling (through the threads). 

1.255. A spool with a thread wound on it is placed on an inclined 
smooth plane set at an angle « = 30° to the horizontal. The free end 
of the thread is attached to the wall as shown in Fig. 1.61. The mass 
of the spool is m = 200 g, its moment of inertia relative to its own 
axis I = 0.45 g.m?, the radius of the wound thread layer r = 3.0 cm. 
Find the acceleration of the spool axis. 

1.256. A uniform solid cylinder of mass m rests on two horizontal 
planks. A thread is wound on the cylinder. The hanging end of the 
thread is pulled vertically down with a constant force F (Fig. 1.62). 


Find the maximum magnitude of the force F which still does not 
bring about any sliding of the cylinder, if the coefficient of friction 
between the cylinder and the planks is equal to k. What is the ac- 
4* 
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celeration Wmax of the axis of the cylinder rolling down the inclined 
plane? 

1.257. A spool with thread wound on it, of mass m, rests on a rough 
horizontal surface. Its moment of inertia relative to its own axis is 
equal to J = ymR?, where y is a numerical factor, and R is the out- 
side radius of the spool. The radius of the wound thread layer is equal 


Fig. 1.63. 


to r. The spool is pulled without sliding by the thread with a constant 
force F directed at an angle « to the horizontal (Fig. 1.63). Find: 
(a) the projection of the acceleration vector of the spool axis on the 
z-axis; 
(b) the work performed by the force F during the first ¢ seconds af- 
ter the beginning of motion. 
1.258. The arrangement shown in Fig. 1.64 consists of two identical 
rm soli m. on which two light threads 
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d cylinders, each of mass n 
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are wound symmetrically. Find the tension of each thread in the pro- 
cess of motion. The friction in the axle of the upper cylinder is as- 
sumed to be absent. 

1.259. In the arrangement shown in Fig. 1.65 a weight A possesses 
mass m. a pulley B possesses mass M. Also known are the moment of 
inertia / of the pulley relative to its axis and the radii of the pulley 
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R and 2R. The mass of the threads is negligible. Find the accelera- 
tion of the weight A after the system is set free. 

1.260. A uniform solid cylinder Aof mass m, can freely rotate about 
a horizontal axis fixed to a mount B of mass m, (Fig. 1.66). A con- 
stant horizontal force F is applied to the end K of a light thread tight- 
ly wound on the cylinder. The fric- 
tion between the mount and the sup- 
porting horizontal plane is assumed 
to be absent. Find: 

(a) the acceleration of the point K; 

(b) the kinetic energy of this sys- 
tem ¢ seconds after the beginning of 
motion. 

1.261. À plank of mass m, witha 
uniform sphere of mass m, placed on Fig. 1.66. 
it rests on a smooth horizontal plane. 

A constant horizontal force F is applied to the plank. With what 
accelerations will the plank and the centre of the sphere move pro- 
vided there is no sliding between the plank and the sphere? 

1.262. A uniform solid cylinder of mass m and radius R is set in 
rotation about its axis with an angular velocity œg, then lowered with 
its lateral surface onto a horizontal plane and released. The coeffi- 
cient of friction between the cylinder and the plane is equal to &. 
Find: 

(a) how long the cylinder will move with sliding; 

(b) the total work performed by the sliding friction force acting 
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1.263. A uniform ball of radius r rolls without slipping down from 
the top of a sphere of radius R. Find the angular velocity of the ball 
at the moment it breaks off the sphere. The initial velocity of the 
ball is negligible. ' 

1.264. A uniform solid cylinder of radius R = 15 cm rolls over a 
horizontal plane passing into an inclined plane forming an angle 


Fig. 1.67. Fig. 1.68. 


a = 30° with the horizontal (Fig. 1.67). Find the maximum value of 
the velocity v, which still permits the cylinder to roll onto the inclined 
plane section without a jump. The sliding is assumed to be absent. 
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1.265. A small body A is fixed to the inside of a thin rigid hoop of 
radius R and mass equal to that of the body A. The hoop rolls without 
slipping over a horizontal plane; at the moments when the body A 
gets into the lower position, the centre of the hoop moves with velocity 


Fig. 1.69 
p. (Hig 4 QV. At what ealasns nf 117 41 1 MN 
<0 br S00), At What values of vo will the hoop move without bounc- 
ing 


1.266. Determine the kinetic energy of a tractor crawler belt of 
mass m if the tractor moves with velocity v (Fig. 1.69). 
" d A uniform sphere of mass m and radius r rolls without slid- 
z over a horizontal plane, rotating about a horizontal 
(Fig. 1.70). In the process, the centre of the Dom" axle 04 


sphere moves with velocity v along a circle , 
of radius R. Find the kinetic energy of the Mo B 
sphere. ? 
_ 1.268. Demonstrate that in the reference | J 
irame rotating with a constant angular g 


velocity œ about a stationary axis a body 
of mass m experiences the resultant 

(a) centrifugal force of inertia F,, = 
= mo?Re, where Ro is the radius vector , 
oi tne body s centre of inertia relative to “A 
the rotation axis; Ü 

(b) Coriolis force F.,, = 2m [voc], where J^ 8. 
vc is the velocity of the body's centre of Fig. 1.71 
inertia in the rotating reference frame. mE 

1.269. A midpoint of a thin uniform rod AB of mass m and length 
l is rigidly fixed to a rotation axle OO' as shown in Fig. 1.71. The 
rod is set into rotation with a constant angular velocity œw. Find the 
resultant moment of the centrifugal forces of inertia relative to the 
point C in the reference frame fixed to the axle OO’ and to the rod. 
. 1.270. A conical pendulum, a thin uniform rod of length Z and 
mass m, rotates uniformly about a vertical axis with angular velocity 
w (the upper end of the rod is hinged). Find the angle 0 between the 
rod and the vertical. 

4.271. A uniform cube with edge a rests on a horizontal plane whose 
friction coefficient equals &. The cube is set in motion with an initial 
velocity, travels some distance over the plane and comes to a stand- 
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still. Explain the disappearance of the angular momentum of the 
cube relative to the axis lying in the plane at right angles to the 
cube’s motion direction. Find the distance between the resultants of 
gravitational forces and the reaction forces exerted by the support- 
ing plane. 

1.272. A smooth uniform rod AB of mass M and length l rotates 
freely with an angular velocity c, in a horizontal plane about a sta- 
tionary vertical axis passing through its end A. A small sleeve of 
mass m starts sliding along the rod from the point A. Find the veloc- 
ity v' of the sleeve relative to the rod at the moment it reaches its 
other end P. 

1.273. A uniform rod of mass m = 5.0 kg and length / = 90 cm 
rests on a smooth horizontal surface. One of the ends of the rod is struck 
with the impulse J = 3.0 N-s in a horizontal direction perpendicular to 
the rod. As a result, the rod obtains the momentum p=3.0 N-s. Find 
the force with which one half of the rod will act on the other in 
the process of motion. 

1.274. A thin uniform square plate with side / and mass M can 
rotate freely about a stationary vertical axis coinciding with one of 
its sides. A small ball of mass m flying with velocity v at right angles 
to the plate strikes elastically the centre of it. Find: 

(a) the velocity of the bal] v' after the impact; 

(b) the horizontal component of the resultant force which the axis 
will exert on the plate after the impact. 

1.275. A vertically oriented uniform rod of mass M and length 1 


can rotate about its upper end. A horizontally flying bullet of mass 
m strikes the lower end of the rod and gets SLUCK 1n 11, as a result, the 
rod swings through an angle a. Assuming that m < M, find: 

(a) the velocity of the flying bullet; 

(b) the momentum increment in the system "bullet-rod" during 
the impact; what causes the change of that momentum; 

(c) at what distance z from the upper end of the rod the bullet must 
strike for the momentum of the system "bullet-rod" to remain con- 
t 


stant during the impact. 


1.276. A horizontally oriented uniform disc of mass M and radius 
R rotates freely about a stationary vertical axis passing through its 
centre. The disc has a radial guide along which can slide without 
friction a small body of mass m. A light thread running down through 
the hollow axle of the disc is tied to the body. Initially the body 
was located at the edge of the disc and the whole system rotated with 
an angular velocity œ. Then by means of a force F applied to the 
lower end of the thread the body was slowly pulled to the rotation 
axis. Find: 

(a) the angular velocity of the system in its final state; 

(b) the work performed by the force F. 

1.277. A man of mass m, stands on the edge of a horizontal uni- 
form disc of mass m, and radius R which is capable of rotating freely 
about a stationary vertical axis passing through its centre. At a cer- 
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tain moment the man starts moving along the edge of the disc; he 
shifts over an angle q' relative to the disc and then stops. In the pro- 
cess of motion the velocity of the man varies with time as v’ (t). 
Assuming the dimensions of the man to be negligible, find: 

(a) the angle through which the disc had turned by the moment the 
nan stopped; 

(b) the force moment (relative to the rotation axis) with which 
the man acted on the disc in the process of motion. 

1.278. Two horizontal discs rotate freely about a vertical axis pass- 
ing through their centres. The moments of inertia of the discs relative 
to this axis are equal to J, and J,, and the angular velocities to «, 
and @,. When the upper disc fell on the lower one, both discs began 
rotating, after some time, as a single whole (due to friction). Find: 

(a) the steady-state angular rotation velocity of the discs; 

(b) the work performed by the friction forces in this process. 

1.279. A small disc and a thin uniform rod of length l, whose mass 
is ņ times greater than the mass of the disc, lie on a smooth horizon- 
tal plane. The disc is set in motion, in horizontal direction and per- 
pendicular to the rod, with velocity v, after which it elastically 
collides with the end of the rod. Find 
the velocity of the disc and the angu- 
lar velocity of the rod after the colli- 
sion. At what value of ņ will the 
velocity of the disc after the colli- 
sion be equal to zero? reverse its di- 
rection? 

1.980 A stationary platform P 
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which can rotate freely about a ver- 
tical axis (Fig. 1.72) supports a motor M 
and a balance weight N. The mo- 
ment of inertia of the platform 
with the motor and the balance weight 
relative to this axis is equal to 7. A 
light frame is fixed to the motor's shaft with a uniform sphere A rotat- 
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ing freely with an angular velocity wọ about a shaft BB’ coincid- 
ing with the axis OO’. The moment of inertia of the sphere relative 
to the rotation axis is equal to 7,. Find: 

(a) the work performed by the motor in turning the shaft BB’ 
through 90°; through 180°; 

(b) the moment of external forces which maintains the axis of the 
arrangement in the vertical position after the motor turns the shaft 
BB’ through 90°. 


4 9RA A Hharigantally ariantad unifasem nad AD af laeso n —— 
Red-"Re CR AMOIILGCUIDVOILY UllUnu,ucu ubhiiori FOU Aw OI Mass HL = 
— 1.40 kg and length /, — 100 cm rotates freely about a stationary 


vertical axis OO’ passing through its end A. The point A is located 
at the middle of the axis OO’ whose length is equal to 1 = 55 cm. 
At what angular velocity of the rod the horizontal component of the 
force acting on the lower end of the axis OO' is equal to zero? What 
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is in this case the horizontal component of the force acting on the 


upper end of the axis? 
1.282. The middle of a uniform rod of mass m and length / is rig- 


idle fivad tn a vertical axis OO’ on that the anela hotwoon the rod 
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and the axis is equal to 0 (see Fig. 1.71). The ends of the axis OO’ are 
provided with bearings. The system rotates without friction with an 
angular velocity @. Find: 

(a) the magnitude and direction of the rod’s angular momentum 
M relative to the point C, as well as its angular momentum relative to 
the rotation axis; 

(b) how much the modulus of the vector M relative to the point 
C increases during a half-turn; 

(c) the moment of external forces N acting on the axle OO" in 
the process of rotation. s EMEN 

1.283. A top of mass m = 0.50 kg, whose axis is tilted by an angle 
0 — 30? to the vertical, precesses due to gravity. The moment of 
inertia of the top relative to its symmetry axis is equal to 7 — 
-— 2.0 g-m?, the angular velocity of rotation about that axis is equal 
to o = 350 rad/s, the distance from the point of rest to the centre of 
inertia of the top is / == 10 cm. Find: 

(a) the angular velocity of the top's precession; 

(b) the magnitude and direction of the horizontal component of 
the reaction force acting on the top at the point of rest. 

1.284. A gyroscope, a uniform disc of radius R = 5.0 cm at the 
of a rod of length 7 = 10 cm (Fig. 1.73), is mounted on the floor 


n elevator car going up with a constant accel- 
O N m /a2 Tha athar and nf tha rod 
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is hinged at the point O. The gyroscope preces- 
ses with an angular velocity n = 0.5 rps. 
Neglecting the friction and the mass of the rod, 
find the proper angular velocity of the disc. 
1.285. A top of mass m — 1.0 kg and moment 
of inertia relative to its own axis J = 4.0 g-m? Fig. 1.73. 
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— 310 rad/s. Its point of rest is located on a block which is shifted 
in a horizontal direction with a constant acceleration w — 1.0 m/s?. 
The distance between the point of rest and the centre of inertia of the 
top equals / = 10 cm. Find the magnitude and direction of the an- 
gular velocity of precession œ’. 

1.286. A uniform sphere of mass m = 5.0 kg and radius R = 
— 6.0 cm rotates with an angular velocity = 1250 rad/s about 
a horizontal axle passing through its centre and fixed on the mount- 
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equals 1 = 15 cm. The base is set in rotation about a vertical axis 
with an angular velocity œ = 5.0 rad/s. Find the modulus and di- 
rection of the gyroscopic forces. 

1.287. A cylindrical disc of a gyroscope of mass m = 15 kg and 
radius r = 5.0 em spins with an angular velocity = 330 rad/s. 
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The distance between the bearings in which the axle of the disc is 
mounted is equal to 1 = 15 cm. The axle is forced to oscillate about 
a horizontal axis with a period T = 1.0 s and amplitude q,, = 20°. 
Find the maximum value of the gyroscopic forces exerted by the axle 
on the bearings. 

1.288. A ship moves with velocity v = 36 km per hour along an 
arc of a circle of radius R = 200 m. Find the moment of the gyroscop- 
ic forces exerted on the bearings by the shaft with a flywheel whose 
moment of inertia relative to the rotation axis equals J = 
= 3.8-10° kg.m? and whose rotation velocity n = 300 rpm. The 
rotation axis is oriented along the length of the ship. 

1.289. A locomotive is propelled by a turbine whose axle is paral- 
lel to the axes of wheels. The turbine’s rotation direction coincides 
with that of wheels. The moment of inertia of the turbine rotor rel- 


ative to its own axis is equal to J = 240 kg-m?. Find the additional 
force exerted by the gyroscopic forces on the rails when the locomo 
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tive moves along a circle of radius R = 250 m with velocity v = 
= 50 km per hour. The gauge is equal to l = 1.5 m. The angular 
velocity of the turbine equals n — 1500 rpm. 


1.6. ELASTIC DEFORMATIONS OF A SOLID BODY 
e Relation between tensile (compressive) strain £ and stress a: 


e = o/E, (4.6a 


where E 18 Young's modulus. 


e Relation between lateral compressive (tensile) strain e’ and longitudi- 
nal tensile (compressive) strain e: 


£' = —pe, (1.6b) 


where u is Poisson's ratio. 


e Relation between shear strain y and tangential stress v: 


where G is shear modulus. 
e Compressibility: 
p——-1 3v 4.64) 
p= V dp . ( . ) 


e Volume density of elastic strain energy: 


u = E&f2, u = Gy?/2. (1.60) 
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1.290. What pressure has to be applied to the ends of a steel cyl- 
inder to keep its length constant on raising its temperature by 100 ?C? 

1.291. What internal pressure (in the absence of an external pres- 
sure) can be sustained 

(a) by a glass tube; (b) by a glass spherical flask, if in both cases 
the wall thickness is equal to Ar = 1.0 mm and the radius of the 
tube and the flask equals r — 25 mm? 

1.292. A horizontally oriented copper rod of length ] = 1.0 m 
is rotated about a vertical axis passing through its middle. What 
is the number of rps at which this rod ruptures? 

1.293. A ring of radius r = 25 cm made of lead wire is rotated 
about a stationary vertical axis passing through its centre and per- 
pendicular to the plane of the ring. What is the number of rps at 
which the ring ruptures? 
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1.294. A steel wire of diameter d = 1.0 mm is stretched horizon- 
tally between two clamps located at the distance / = 2.0 m from 
each other. À weight of mass m — 0.25 kg is suspended from the mid- 
point O of the wire. What will the resulting descent of the point O 
be in centimetres? 

1.295. A uniform elastic plank moves over a smooth horizontal 
plane due to a constant force F, distributed uniformly over the end 
face. The surface of the end face is equal to S, and Young's modulus 
of the material to E. Find the compressive strain of the plank in the 
direction of the acting force. 

1.290. A thin uniform copper rod of length l and mass m rotates 
uniformly with an angular velocity œ in a horizontal plane about a 
vertical axis passing through one of its ends. Determine the tension 
in the rod as a function of the distance r from the rotation axis. Find 
the elongation of the rod. 

1.297. A solid copper cylinder of length / = 65 cm is placed on a 
horizontal surface and subjected to a vertical compressive force 
F — 1000 N directed downward and distributed uniformly over the 
end face. What will be the resulting change of the volume of the 
cylinder in cuhic millimetres? 

1.298. A copper rod of length / is suspended from the ceiling by one 
of its ends. Find: 

(a) the elongation A7 of the rod due to its own weight; 

(b) the relative increment of its volume AV/V. 

1.299. A bar made of material whose Young's modulus is equal to 
E and Poisson's ratio to pu is subjected to the hydrostatic pressure 
p. Find: 

(a) the fractional decrement of its volume; 

(b) the relationship between the compressibility B and the elastic 
constants # and u 

Show that Poisson’s ratio u cannot exceed 1/2. 

1.300. One end of a steel rectangular girder is embedded into a 
wall (Fig. 1.74). Due to gravity it sags slightly. Find the radius of 
curvature of the neutral layer (see the dotted line in the figure) in 
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the vicinity of the point O if the length of the protruding section of 


the girder is equal to / = 6.0 m and the thickness of the girder equals 
= 10 cm. 

1.301. The bending of an elastic rod is described by the elastic 
curve passing through centres of gravity of rod’s cross-sections. At 
small bendings the equation of this curve takes the form 

N (x) = EI £4 


dr? ' 


where N (x) is the bending moment of the elastic forces in the cross- 
section corresponding to the z coordinate, E is Young's modulus, 
I is the moment of inertia of the cross-section relative to the axis pass- 


ing through the neutral layer (J = | as, Fig. 1.75). 


Suppose one end of a steel rod of a square cross-section with side 
a is embedded into a wall, the protruding section being of length 1 
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Fig. 1.75. 
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Fig. 1.76. 


(Fig. 1.76). Assuming the mass of the rod to be negligible, find the 
shape of the elastic curve and the deflection of the rod A, if its end A 
E the E 

(a) the bending moment of the couple Ng 

(b) a force F oriented along the y axis. 

1.302. A steel girder of length / rests freely on two supports 
(Fig. 1.77). The moment of inertia of its cross-section is equal to 7 
(see the foregoing problem). Neglecting the mass of the girder and 
assuming the sagging to be slight, find the deflection À due to the force 
F applied to the middle of the girder. 

1.303. The thickness of a rectangular steel girder equals h. Using 
the equation of Problem 1.301, find the deflection à caused by the 
weight of the girder in two cases: 

(a) one end of the girder is embedded into a wall with the length 
of the protruding section being equal to l (Fig. 1.78a); 

(b) the girder of length 2/ rests freely on two supports (Fig. 1.785). 
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1.304. A steel plate of thickness k has the shape of a square whose 
side equals /, with k < |. The plate is rigidly fixed to a vertical axle 


ir 


A> 7 


Fig. 1.77. 


OO which is rotated with a constant angular acceleration p (Fig. 1.79). 
Find the deflection 4, assuming the sagging to be small. 

1.305. Determine the relationship between the torque N and the 
torsion angle q for 

(a) the tube whose wall thickness Ar is considerably less than the 
tube radius; 

(b)for the solid rod of circular cross-section. Their length Z, ra- 
dius r, and shear modulus G are supposed to be known. 
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Fig. 1.78. Fig. 4.79. 


1.306. Calculate the torque N twisting a steel tube of length 1 = 
= 3.0 m through an angle ọ = 2.0? about its axis, if the inside and 
outside diameters of the tube are equal to d, = 30 mm and d; = 
= 00 mm. 

1.307. Find the maximum power which can be transmitted by 
means of a steel shaft rotating about its axis with an angular velocity 

== {20 rad/s, if its length 7 = 200 cm, radius r = 1.50 cm, and 
the permissible torsion angle ọpọ = 2.5". 

1.308. A uniform ring of mass m, with the outside radius r}, is 
fitted tightly on a shaft of radius r,. The shaft is rotated about its 
axis with a constant angular acceleration p. Find the moment of 
elastic forces in the ring as a function of the distance r from the ro- 
tation axis. 

1.309. Find the elastic deformation energy of a steel rod of mass 
m = 3.1 kg stretched to a tensile strain e = 1.0-107%. 

1.310. A steel cylindrical rod of length / and radius r is suspended 
by its end from the ceiling. 

(a) Find the elastic deformation energy U of the rod. 

(b) Define U in terms of tensile strain AI/I of the rod. 
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1.311. What work has to be performed to make a hoop out of a 
steel band of length 7 = 2.0 m, width k = 6.0 cm, and thickness 
5 = 2.0 mm? The process is assumed to proceed within the elasticity 
range of the material. 

1.312. Find the elastic deformation energy of a steel rod whose 
one end is fixed and the other is twisted through an angle q = 6.0°. 
The length of the rod is equal to 7 = 1.0 m, and the radius to r = 
— 10 mm. 

1.313. Find how the volume density of the elastic deformation 
energy is distributed in a steel rod depending on the distance r from 
its axis. The length of the rod is equal to Z, the torsion angle to q. 

1.314. Find the volume density of the elastic deformation energy 
in fresh water at the depth of kh = 1000 m. 


1.7. HYDRODYNAMICS 
e The fundamental equation of hydrodynamics of ideal fluid (Eulerian 
equation): 


dv 


where p is the fluid density, f is the volume density of mass forces (f = pgin 
the case of gravity), Vp is the pressure gradient. 


e Bernoulli's equation. In the steady flow of an ideal fluid 
pv? < 
“37 + Pgh+ p= const (1.7b) 


along any streamline. 
e Reynolds number defining the flow pattern of a viscous fluid: 

Re = pvl/n, (1.70) 

“y is the fluid 

f 


e Poiseuille's law. The volume of liquid 
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owing through a circular tube 
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Q= Bn Po (1.7d) 


where R and J are the tube’s radius and length, p, — p, is the pressure differ- 
ence between the ends of the tube. 

_@ Stokes’ law. The friction force on the sphere of radius r moving through 
a viscous fluid: 


F = 6nnrv. (1.7e) 


1.315. Ideal fluid flows along a flat tube of constant cross-section, 
located in a horizontal plane and bent as shown in Fig. 1.80 (top 
view). The flow is steady. Are the pressures and velocities of the fluid 
equal at points 7 and 2? What is the shape of the streamlines? 

1.316. Two manometric tubes are mounted on a horizontal pipe 
of varying cross-section at the sections S, and S, (Fig. 1.81). Find 
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the volume of water flowing across the pipe's section per unit time 
if the difference in water columns is equal to Ah. 
1.317. A Pitot tube (Fig. 1.82) is mounted along the axis of a gas 


* 
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pipeline whose cross-seciional area is equal to 5. Assuming the vis- 
cosity to be negligible, find the volume of gas flowing across the 
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section of the pipe per unit time, if the difference in the liquid col- 
umns is equal to AR, and the densities of the liquid and the gas are 
po and p respectively, 

1.818. A wide vessel with a small hole in the bottom is filled 
with water and kerosene. Neglecting the viscosity, find the velo- 
city of the water flow, if the thickness of the 


water layer is equal to k, = 30 cm and that of 
the kerosene layer to h, = 20 cm. |I | 
1.319. A wide cylindrical vessel 50 cm in |—- 


J 


height is filled with water and rests on a table. —qHnHH-— 
cc1iminu ennositu h negcliocihla find at t 


Assuming the viscosity to De negligible, ha at j Ah 


hole should be perforated for the water jet com- 
ing out of it to hit the surface of the table at 


. Fig. 1.82. 
the maximum distance J,,,, from the vessel. B 


— 1.320. A bent tube is lowered into a water stream as shown in 
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2.5 m/s. The closed upper end of the tube located at the height 
hy = 12 cm has a small orifice. To what height & will the water jet 
spurt? 

1.321. The horizontal bottom of a wide vessel with an ideal fluid 
has a round orifice of radius R, over which a round closed cylinder is 
mounted, whose radius R, > R, (Fig. 1.94). The clearance between 
the cylinder and the bottom of the vessel is very small, the fluid den- 
sity is p. Find the static pressure of the fluid in the clearance as a 
function of the distance r from the axis of the orifice (and the cylin- 
der), if the height of the fluid is equal to h. 

1.322. What work should be done in order to squeeze all water 
from a horizontally located cylinder (Fig. 1.85) during the time ¢ 
by means of a constant force acting on the piston? The volume of wa- 
ter in the cylinder is equal to V, the cross-sectional area of the ori- 
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fice to s, with s being considerably less than the piston area. The 
friction and viscosity are negligibly small. 

1.323. A cylindrical vessel of height À and base area S is filled 
with water. An orifice of area s « S is opened in the bottom of the 
vessel. Neglecting the viscosity of wa- 
ter, determine how soon all the water f m 
will pour out of the vessel. 

1.324. A horizontally oriented tube 
AB of length 7 rotates with a constant 
angular velocity œ about a stationary 
vertical axis OO' passing through the end 
A (Fig. 1.86). The tube is filled with an 
ideal fluid. The end A of the tube is open, 


the closed end B has a very small orifice. 
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1.325. Demonstrate that in the case Fig. 1.83 


of a steady flow of an ideal fluid Eq. 

(1.7a) turns into Bernoulli equation. 
1.326. On the opposite sides of a wide vertical vessel filled with 

water two identical holes are opened, each having the cross-sectional 
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Ah = 51 cm. Find the 
ing out of the vessel. 

1.327. The side wall of a wide vertical cylindrical vessel of height 
h = 75 cm has a narrow vertical slit running all the way downto 
the bottom of the vessel. The length of the slit is ! = 50 cm and the 
width b = 1.0 mm. With the slit closed, the vessel is filled with 
water. Find the resultant force of reaction of the water flowing out of 
the vessel immediately after the slit is opened. 

1.328. Water flows out of a big tank along a tube bent at right an- 
gles; the inside radius of the tube is equal to r = 0.50 cm (Fig. 1.87). 
The length of the horizontal section of the tube is equal to 1 = 22 cm. 
The water flow rate is Q = 0.50 litres per second. Find the moment 
of reaction forces of flowing water, acting on the tube’s walls, relative 
to the point O. 
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1.329. A side wall of a wide open tank is provided with a narrow- 
ing tube (Fig. 1.88) through which water flows out. The cross-sectional 
area of the tube decreases from $ = 3. 0 cm? to s = 1.0 cm?. The 


Neglecting the viscosity of the water, find the horizontal component 
of the force tending to pull the tube out of the tank. 


Fig. 1.38. 


1.330. A cylindrical vessel with water is rotated about its ver- 
tical axis with a constant angular velocity œ. Find: 

(a) the shape of the free surface of the water; 

(b) the water pressure distribution over the bottom of the vessel 


along its radius provided the pressure at the central point is equal to 
Po. 
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in a cylindrical cavity filled with oil whose viscosity 7 = 0.08 P 
(Fig. 1.89). The clearance between the disc and the horizontal planes 


Fig. 1.89, 


of the cavity is equal to k = 1.0 mm. Find the power developed by 
the viscous forces acting on the disc when it rotates with the angular 
velocity w = 60 rad/s. The end effects are to be neglected. 
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1.332. A long cylinder of radius R, is displaced along its axis 
with a constant velocity vg inside a stationary co-axial cylinder of 
radius R,. The space between the cylinders is filled with viscous liq- 
uid, Find the velocity of the liquid as a function of the distance r 
from the axis of the cylinders. The flow is laminar. 

1.333. A fluid with viscosity wj fills the space between two long 
co-axial cylinders of radii R, and R,, with Ry < R;. The inner cyl- 
inder is stationary while the outer one is rotated with a constant 
angular velocity œ.. The fluid flow is laminar. Taking into account 
that the friction force acting on a unit area of a cylindrical surface 
of radius r is defined by the formula o = nr (dw/ér), find: 

(a) the angular velocity of the rotating fluid as a function of ra- 
dius r; 

(b) the moment of the friction forces acting on a unit length of the 
outer cylinder. 

1.334. A tube of length Z and radius R carries a steady flow of 
fluid whose density is p and viscosity y. The fluid flow velocity de- 
pends on the distance r from the axis of the tube as v = v, (1 — r°/R?). 
Find: 

(a) the volume of the fluid flowing across the section of the tube 
per unit time; l , 

(b) the kinetic energy of the fluid within the tube's volume; 

(c) the friction force exerted on the tube by the fluid; 

(d) the pressure difference at the ends of the tube. 
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A. Find the velocity of the liquid flow, if h, = 10 em, ka = 20 cm, 
and hk, = 35 cm. All the distances l are equal. 

1.336. The cross-sectional radius of a pipeline decreases gradually 
as r = rge^?*, where a = 0.50 m~}, z is the distance from the pipe- 
line inlet. Find the ratio of Reynolds numbers for two cross-sections 
separated by Az — 3.2 m. 

1.337. When a sphere of radius r, — 1.2 mm moves in glycerin, 
the laminar flow is observed if the velocity of the sphere does not 
exceed v, = 23 cm/s. At what minimum velocity v, of a sphere of 
radius r, — 5.5 cm will the flow in water become turbulent? The 
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viscosities of glycerin and water are equal to y, = 13.9 P and n; = 
= 0.011 P respectively. 

1.338. A lead sphere is steadily sinking in glycerin whose viscosity 
is equal to q = 13.9 P. What is the maximum diameter of the sphere 
at which the flow around that sphere still remains laminar? It is 
known that the transition to the turbulent flow corresponds to Rey- 
nolds number Re — 0.5. (Here the characteristic length is taken to 
be the sphere diameter.) 

1.339. A steel ball of diameter d — 3.0 mm starts sinking with 
zero initial velocity in olive oil whose viscosity is j = 0.90 P. How 
soon after the beginning of motion will the velocity of the ball differ 
from. the steady-state velocity by n = 1.096? 


(1.8a) 


where J, is the proper length and Af, is the proper time of the moving clock. 
e Lorentz transformation*: 


t— xV fc? 


z = —— , y = y, t =A V . (1.8b) 


sfa = c*t1, — 1$, = inv, (1.8c) 


where ¢,, is the time interval between events 1 and 2, 444 is the distance between 
the points at which these events occurred. 


e Transformation of velocity*: 


TE HER ViVi? 
P= Loja” wc 4e c (1.8d) 
e Relativistic mass and relativistic momentum: 
mo mov 
mM = ——— , PS my S SS 4 1.8e 
Y 1— (v/c)? y 1— (v/c)? (1.80) 
where m, is the rest mass, or, simply, the mass. 
e Relativistic equation of dynamics for a particle: 
dp 
where p is the relativistic momentum of the particle. 
e Total and kinetic energies of a relativistic particle: 
E = mc? = mac? + T, T = (m — mc. (1.8g) 


. .* The reference frame K' is assumed to move with a velocity V in the posi- 
tive direction of the z axis of the frame K, with the x’ and z axes coinciding and 
the y' and y axes parallel. 
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e Relationship between the energy and momentum of a relativistic par- 
ticle 


E*— p?%e? = m$e*, pe= V T (T --2moc£). (1.8h) 


e When considering the collisions of particles it helps to use the follow- 
ing invariant quantity: 


E% — p*c? = mic*, (1.81) 


where E and p are the total energy and momentum of the system prior to the 
collision, and m, is the rest mass of the particle (or the system) formed. 


1.340. A rod moves lengthwise with a constant velocity v relative 
to the inertial reference frame K. At what value of v will the length 
of the rod in this frame be n = 0.5% less than its proper length? 

1.341. In a triangle the proper length of each side equals a. Find 
the perimeter of this triangle in the reference frame moving relative 
to it with a constant velocity V along one of its 

(a) bisectors; (b) sides. 

Investigate the results obtained at V «& c and V — c, where c is the 
velocity of light. 

1.342. Find the proper length of a rod if in the laboratory frame 
of reference its velocity is v = c/2, the length / = 1.00 m, aud the 
angle between the rod and its direction of motion is 9 = 45°, 

1.843. A stationary upright cone has a taper angle 0 = 45°, 
and the area of the lateral surface S, = 4.0 m?. Find: (a) its 
taper angle; (b) its lateral surface area, in the reference frame 
moving with a velocity v = (4/5)c along the axis of the cone. 


1.344. With what velocity (relative to the reference frame K) did 


= 20 ns for the rod to fly 
to the rod the mark moves 
er length of the rod. 

1.346. The proper lifetime of an unstable particle is equal to 
At, = 10 ns. Find the distance this particle will traverse till its 
decay in the laboratory frame of reference, where its lifetime is equal 
to At = 20 ns. 

1.347. In the reference frame K a muon moving with a velocity 
v = 0.990c travelled a distance 1 = 3.0 km from its birthplace to 
the point where it decayed. Find: 

(a) the proper lifetime of this muon; 

(b) the distance travelled by the muon in the frame K "from the 
muon's standpoint". 

1.348. Two particles moving in a laboratory frame of reference 
along the same straight line with the same velocity v — (3/4)c strike 
against a stationary target with the time interval At — 50 ns. Find 
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the proper distance between the particles prior to their hitting the 
target. 

4.349. A rod moves along a ruler with a constant velocity. When 
the positions of both ends of the rod are marked simultaneously in 
the reference frame fixed to the ruler, the difference of readings on the 
ruler is equal to Az, = 4.0 m. But when the positions of the rod's 
ends are marked simultaneously in the reference frame fixed to the 
rod, the difference of readings on the same ruler is equal to Az, = 
— 9.0 m. Find the proper length of the rod and its velocity relative 
to the ruler. 

1.350. Two rods of the same proper length J, move toward each 
other parallel to a common horizontal axis. In the reference frame 
fixed to one of the rods the time interval between the moments, when 


4l. ateht an ^ ^ ^ . ` . * 
the right and left ends of the rods coincide, is equal to At. What is 


the velocity of one rod relative to the other? 

1.351. Two unstable particles move in the reference frame K 
along a straight line in the same direction with a velocity v — 0.990c. 
The distance between them in this reference frame is eqnal to | = 
— 190 m. At a certain moment both particles decay simultaneously 
in the reference frame fixed to them. What time interval between the 
moments of decay of the two particles will be observed in the frame 
K? Which particle decays later in the frame K? 

1.352. A rod AB oriented along the z axis of the reference frame K 
moves in the positive direction of the z axis with a constant velocity 
v. The point A is the forward end of the rod, and the point B its rear 
end. Find: 

(a) the proper length of the rod, if at the moment t, the coordi- 
nate of the point A is equal to z4, and at the moment £g the coordi- 
nate of the point B is equal to zg; 

(b) what time interval should separate the markings of coordinates 
of the rod's ends in the frame K for the difference of coordinates to 
become equal to the proper length of the rod. 

1.353. The rod A’B’ moves with a constant velocity v relative to 
the rod AB (Fig. 1.91). Both rods have the same proper length 1, and 
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at the ends of each of them clocks are mounted, which are synchro- 
nized pairwise: A with B and A’ with B’. Suppose the moment when 
the clock B’ gets opposite the clock A is taken for the beginning of 
the time count in the reference frames fixed to each of the rods. De- 
ermine: 
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(a) the readings of the clocks B and B’ at the moment when they 
are opposite each other; 

(b) the same for the clocks A and A’. 

1.354. There are two groups of mutually synchronized clocks K 


and K' moving relative to each other with a velocity D as shown in 
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Fig. 1.92. The moment when the clock A’ gets opposite the clock A 
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is taken for the beginning of the time count. Draw the approximate 
position of hands of all the clocks at this moment “in terms of the 
K clocks"; “in terms of the K’ clocks". 

1.355. The reference frame K’ moves in the positive direction of 
the x axis of the frame K with a relative velocity V. Suppose that 
at the moment when the origins of coordinates O and O’ coincide, the 
clock readings at these points are equal to zero in both frames. Find 


the displacement velocity x of the point (in the frame K) at which 
the readings of the clocks of both reference frames will be permanent- 
ly identical. Demonstrate that z < V. 

1.356. At two points of the reference frame K two events occurred 
separated by a time interval At. Demonstrate that if these events obey 
the cause-and-effect relationship in the frame K (e.g. a shot fired 
and a bullet hitting a target), they obey that relationship in any 
other inertial reference frame K'. 

1.357. The space-time diagram of Fig. 1.93 shows three events A, 
B, and C which occurred on the x axis of some inertial reference 
frame. Find: 

(a) the time interval between the events A and B in the reference 
frame where the two events occurred at the same point; 

(b) the distance between the points at which the events A and C 
occurred in the reference frame where these two events are simulta- 
neous. 

1.358. The velocity components of a particle moving in the zy 
plane of the reference frame K are equal to v, and v, . Find the veloc- 
ity v' of this particle in the frame K' which moves with the velocity 
V relative to the frame K in the positive direction of its r axis. 

1.359. Two particles move toward each other with velocities 


v, = 0.50c and v, = 0.75c relative to a laboratory frame of reference. 
Find: 
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(a) the approach velocity of the particles in the laboratory frame 
of reference; 

(b) their relative velocity. 

1.360. Two rods having the same proper length ly move lengthwise 
toward each other parallel to a common axis with the same velocity 
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Fig. 1.93. 


v relative to the laboratory frame of reference. What is the length of 


each rod in the reference frame fixed to the other rod? 


1.361. Two relativistic particles move at right angles to each other 
in a laboratory frame of reference, one with the velocity v, and the 
other with the velocity v,. Find their relative velocity. 

1.962. Án unstable particle moves in the reference frame K’ 
along its y' axis with a velocity v'. In its turn, the frame K’ moves 
relative to the frame K in the positive direction of its z axis with a 
velocity V. The x’ and x axes of the two reference frames coincide, the 
y' and y axes are parallel. Find the distance which the particle tra- 
verses in the frame K, if its proper lifetime is equal to Atọ. 

1.363. A particle moves in the frame K with a velocity v at an 
angle 0 to the x axis. Find the corresponding angle in the frame K’ 
moving with a velocity V relative to the frame K in the positive di- 
rection of its x axis, if the z and x' axes of the two frames coincide. 

1.364. The rod AB oriented parallel to the z' axis of the reference 
frame K' moves in this frame with a velocity v' along its y' axis. In 
its turn, the frame K' moves with a velocity V relative to the frame 
K as shown in Fig. 1.94. Find the angle 0 between the rod and the 
x axis in the frame K. 

1.365. The frame K’ moves with a constant velocity V relative to 
the frame K. Find the acceleration w' of a particle in the frame K', 
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if in the frame K this particle moves with a velocity v and accelera- 
tion w along a straight line 
(a) in the direction of the vector V; 
(b) perpendicular to the vector V. 
1.366. An imaginary space rocket launch 


e , 
with an acceleration w’ = 10g which is the same in every instanta- 
neous co-moving inertial reference frame. The boost stage lasted 
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Fig. 1.94. 


121.0 year of terrestrial time. Find how much (in per cent) does 
the rocket velocity differ from the velocity of light at the end of 
the boost stage. What distance does the rocket cover by that moment? 

1.367. From the conditions of the foregoing problem determine 
the boost time t, in the reference frame fixed to the rocket. Remember 
that this time is defined by the formula 


T= f V1 -— (v/c)? dt, 
0 


where dt is the time in the geocentric reference frame. 

1.368. How many times does the relativistic mass of a particle 
whose velocity differs from the velocity of light by 0.01096 exceed 
its rest mass? 

1.369. The density of a stationary body is equal to p,. Find the 
velocity (relative to the body) of the reference frame in which the 
density of the body is n = 25% greater than po. 

1.370. A proton moves with a momentum p = 10.0 GeV/c, where 
c is the velocity of light. How much (in per cent) does the proton 
velocity differ from the velocity of light? ' | 

1.371. Find the velocity at which the relativistic momentum of 
a particle exceeds its Newtonian momentum y = 2 times. 

1.372. What work has to be performed in order to increase the 
velocity of a particle of rest mass my from 0.60 c to 0.80 c? Compare 
the result obtained with the value calculated from the classical for- 
mula. 

1.373. Find the velocity at which the kinetic energy of a particle 
equals its rest energy. 

1.374. At what values of the ratio of the kinetic energy to rest 
energy can the velocity of a particle be calculated from the classical 
formula with the relative error less than e = 0.010? 
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1.375. Find how the momentum of a particle of rest mass m, de- 
pends on its kinetic energy. Calculate the momentum of a proton 
whose kinetic energy equals 500 MeV. 

1.376. A beam of relativistic particles with kinetic energy T strikes 
against an absorbing target. The beam current equals J, the charge 
and rest mass of each particle are equal to e and m, respectively. Find 
the pressure developed by the beam on the target surface, and the 
power liberated there. 

1.377. A sphere moves with a relativistic velocity v through a gas 
whose unit volume contains n slowly moving particles, each of mass 
m. Find the pressure p exerted by the gas on a spherical surface ele- 
ment perpendicular to the velocity of the sphere, provided that the 
particles scatter elastically. Show that the pressure is the same both 
in the reference frame fixed to the sphere and in the reference frame 
fixed to the gas. 

1.378. A particle of rest mass m, starts moving at a moment t = 0 
due to a constant force F. Find the time dependence of the particle's 
velocity and of the distance covered. 

1.379. A particle of rest mass m, moves along the x axis of the 


frame K in accordance with the law z = V a? + et, where a is 
a constant, c is the velocity of light, and t is time. Find the force 
acting on the particle in this reference frame. 

1.380. Proceeding from the fundamental equation of relativistic 


dynamics find: 
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(a) under what circumstances the acceleration of a particle coin- 
ides in direction with the force F acting on it; 

(b) the proportionality factors relating the force F and the accele- 
ration w in the cases when F | v and F || v, where v is the velocity 
of the particle. 

1.381. A relativistic particle with momentum p and total energy 
E moves along the z axis of the frame K. Demonstrate that in the 
frame K' moving with a constant velocity V relative to the frame K 
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in the positive direction of its axis z the momentum and the total 


energy of the given particle are defined by the formulas: 
+ Pe—EV ic? pt Exp 
BU TBF yi-B 
where p = Vie. 
1.382. The photon energy in the frame K is equal to e. Making use 
of the transformation formulas cited in the foregoing problem, find 
the energy e’ of this photon in the frame K’ moving with a velocity 
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V relative to the frame K in the photon's motion direction. At what 


value of V is the energy of the photon equal to e’ = e/2? 

1.383. Demonstrate that the quantity E? — p?c? for a particle is 
an invariant, i.e. it has the same magnitude in all inertial reference 
frames. What is the magnitude of this invariant? 

1.384. A neutron with kinetic energy T = 2mqc?, where mz is its 
rest mass, strikes another, stationary, neutron. Determine: 
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(a) the combined kinetic energy 7 of both neutrons in the frame 
of their centre of inertia and the momentum p of each neutron in that 
rame; 


(b) the velocity of the centre of inertia of this system of particles. 


. * * . 
Instruction. Make use of the invariant E? — p?c? i 


velocity of the compound particle formed as a result of the collision. 

1.386. How high must be the kinetic energy of a proton striking 
another, stationary, proton for their combined kinetic energy in the 
frame of the centre of inertia to be equal to the total kinetic energy 
of two protons moving toward each other with individual kinetic 
energies 7 — 25.0 GeV? 

1.387. A stationary particle of rest mass m, disintegrates into three 
particles with rest masses m4, m4, and m4. Find the maximum total 
energy that, for example, the particle m, may possess. 

1.388. A relativistic rocket emits a gas jet with non-relativistic 
velocity u constant relative to the rocket. Find how the velocity v 


of the rocket depends on its rest mass m if the initial rest mass of 
the rocket equals my. 


PART TWO 


THERMODYNAMIC: 
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S 
AND MOLECULAR PHYSICS 


2.1. EQUATION OF THE GAS STATE. PROCESSES 


e Ideal gas law: 


RT, (2.4a) 


where M is the molar mass. 
e Barometric formula: 


where p, is the pressure at the height k = 0. 
e Van der Waals equation of gas state (for a mole): 


a 
p+) Vm—})=RAT, (2-1c) 
(rtg) "75 
where Vj, is the molar volume under given p and T. 


2.1. A vessel of volume V = 301 contains ideal gas at the tempera- 
ture 0°C. After a portion of the gas has been let out, the pressure in 
the vessel decreased by Ap = 0.78 atm (the temperature remaining 
constant). Find the mass of the released gas. The gas density under 
the normal conditions p = 1.3 g/l. 

2.2. Two identical vessels are connected by a tube with a valve 
letting the gas pass from one vessel into the other if the pressure differ- 
ence Ap > 1.10 atm. Initially there was a vacuum in one vessel 
while the other contained ideal gas at a temperature i, = 27 °C 
and pressure p, — 1.00 atm. Then both vessels were heated to a tem- 
perature t, = 107 °C. Up to what value will the pressure in the first 
vessel (which had vacuum initially) increase? 

2.3. A vessel of volume V = 20 I contains a mixture of hydrogen 
and helium at a temperature £ = 20 °C and pressure p = 2.0 atm. 
The mass of the mixture is equal to m = 5.0 g. Find the ratio of the 
mass of hydrogen to that of helium in the given mixture. 

2.4. A vessel contains a mixture of nitrogen (m, = 7.0 g) and 
carbon dioxide (m, — 11 g) at a temperature 7 — 290 K and pres- 
sure py = 1.0 atm. Find the density of this mixture, assuming the 
gases to be ideal. 

2.5. A vessel of volume V = 7.51 contains a mixture of ideal gases 
at a temperature T = 300 K: v, = 0.10 mole of oxygen, v; = 0.20 
mole of nitrogen, and v4 = 0.30 mole of carbon dioxide. Assuming 
the gases to be ideal, find: 

(a) the pressure of the mixture; 
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(b) the mean molar mass M of the given mixture which enters its 
equation of state pV = (m/M) RT, where m is the mass of the mix- 
ture. 

2.6. A vertical cylinder closed from both ends is equipped with an 
easily moving piston dividing the volume into two parts, each con- 
taining one mole of air. In equilibrium at 7, — 300 K the volume of 
the upper part is 7 = 4.0 times greater than that of the lower part. 
At what temperature will the ratio of these volumes be equal to 
n = 3.0! 

2.7. A vessel of volume V is evacuated by means of a piston air 
pump. One piston stroke captures the volume AV. How many strokes 
are needed to reduce the pressure in the vessel ņ times? The process 
is assumed to be isothermal, and the gas ideal. 
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rina tHe pressure Oi air in a vessel being evacuated as a func- 
tion of evacuation time 7. The vessel volume is V, the initial pressure 
is pe. The process is assumed to be isothermal, and the evacuation 
rate equal to C and independent of pressure. 

Note. The evacuation rate is the gas volume being evacuated per 
unit time, with that volume being measured under the gas pressure 
attained by that moment. 

2.9. A chamber of volume V = 871 is evacuated by a pump whose 
evacuation rate (see Note to the foregoing problem) equals C — 
— 10 l/s. How soon will the pressure in the cham- 
ber decrease by « = 1000 times? 

2.10. A smooth vertical tube having two different 
sections is open from both ends and equipped with 
two pistons of different areas (Fig. 2.1). Each 
piston slides within a respective tube section. One 
mole of ideal gas is enclosed between the pistons 
tied with a non-stretchable thread. The cross- 
sectional area of the upper piston is AS — 10 cm? 7, 
greater than that of the lower one. The combined 2 Po 7 
mass of the two pistons is equal to m — 5.0 kg. 

The outside air pressure is pp = 1.0 atm. By how 
many kelvins must the gas between the pistons Fig. 2.1. 
be heated to shift the pistons through Z = 5.0 cm? 

2.11. Find the maximum attainable temperature of ideal gas in 
each of the following processes: 

(a) p = pe — aV*; (b) p = pe, 
where p,,,«& and p are positive constants, and V is the volume of one 
mole of gas. 

2.12. Find the minimum attainable pressure of ideal 
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as in the 
process T = T, + aV?*, where T, and « are positive constants, and 
V is the volume of one mole of gas. Draw the approximate p vs V 
plot of this process. 

2.13. À tall cylindrical vessel with gaseous nitrogen is located in 
a uniform gravitational field in which the free-fall acceleration 
is equal to g. The temperature of the nitrogen varies along the height 
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h so that its density is the same throughout the volume. Find the 
temperature gradient dT/dh. 


2.14. Suppose the pressure p and the density p of air are related 
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corresponding temperature gradient. 

2.15. Let us assume that air is under standard conditions close 
the Earth’s surface. Presuming that the temperature and the molar 
mass of air are independent of height, find the air pressure at the 
height 5.0 km over the surface and in a mine at the depth 5.0 km 
below the surface. 

2.16. Assuming the temperature and the molar mass of air, as 
well as the free-fall acceleration, to be independent of the height, 
find the difference in heights at which the air densities at the tempe- 
rature 0 °C differ 

(a) e times; (b) by q = 1.0%. 

2.17. An ideal gas of molar mass M is contained in a tall vertical 
cylindrical vessel whose base area is S and height h. The temperature 
of the gas is 7, its pressure on the bottom base is py. Assuming the 
temperature and the free-fall acceleration g to be independent of the 
height, find the mass of gas in the vessel. 

2.18. An ideal gas of molar mass M is contained in a very tall 
vertical cylindrical vessel in the uniform gravitational field in which 
the free-fall acceleration equals g. Ássuming the gas temperature to 
be the same and equal to 7, find the height at which the centre of 
gravity of the gas is located. 
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the gas pressure as a function of height k, if p = p, at h = 0, and 
the temperature varies with height as 


(a) T = T, (t — ah); (b) T = To (1 + ah), 


tha anan and af tha evlindar The onteido air nressure is equal to 
LOO OPO Gill Vl VUO VYILLQVAL. Bw Vo GOLA Pressure i5 UN uaI 


po, the temperature to T, and the molar mass of air to M. Find the 
air pressure as a function of the distance r from the rotation axis. The 
molar mass is assumed to be independent of r. 

2.21. Under what pressure will carbon dioxide have the density 
p = 500 g/l at the temperature T = 300 K? Carry out the calculations 
both for an ideal and for a Van der Waals gas. 

2.22. One mole of nitrogen is contained in a vessel of volume V — 
= 1.00 1. Find: 

(a) the temperature of the nitrogen at which the pressure can 
calculated from an ideal gas law with an error n = 10% (as compared 
with the pressure calculated from the Van der Waals equation of state); 

(b) the gas pressure at this temperature. 

2.23. One mole of a certain gas is contained in a vessel of volume 
V = 0.250 1. At a temperature 7, = 300 K the gas pressure is p, = 


A 
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— 90 atm, and at a temperature 7, = 350 K the pressure is Pz = 
= 110 atm. Find the Van der Waals parameters for this gas. 
2.24. Find the isothermal compressibility x of a Van der Waals 
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Note. By definition, x = — 1 8V 


V óp 
2.25. Making use of the result obtained in the foregoing problem, 
find at what temperature the isothermal compressibility x of a Van 
der Waals gas is greater than that of an ideal gas. Examine the case 
when the molar volume is much greater than the parameter b. 


2.2. THE FIRST LAW OF THERMODYNAMICS, 
HEAT CAPACITY 


e The first law of thermodynamics: 
Q= AU+A, (2.22) 


where AU is the increment of the internal energy of the system. 
e Work performed by gas: 


A= | p dV. (2.2b) 
e Internal energy of an ideal gas: 
= CyT EV 
U = M CyT = M Y—1 =T. (2.2c) 


e Molar heat capacity in a polytropic process (pV^ — const): 
C= RH R (n— v) E 


1—1 n—1 (n—1)(v—1) * (2-2) 
e Internal energy of one mole of a Van der Waals gas: 
ü 
U=CyT— Yu (2.2e) 
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te that the interval energy U of the air in a room 
is independent of temperature provided the outside pressure p is 
constant. Calculate U, if p is equal to the normal atmospheric pres- 
sure and the room’s volume is equal to V = 40 mê. 

2.27. A thermally insulated vessel containing a gas whose molar 
mass is equal to M and the ratio of specific heats Cp/Cy = y moves 
with a velocity v. Find the gas temperature increment resulting from 
the sudden stoppage of the vessel. 

2.28. Two thermally insulated vessels 7 and 2 are filled with air 
and connected by a short tube equipped with a valve. The volumes 
of the vessels, the pressures and. temperatures of air in them are 
known (Vi, p,, Tı and V3, ps, T,). Find the air temperature and 
pressure established after the opening of the valve. 

2.29. Gaseous hydrogen contained initially under standard con- 
ditions in a sealed vessel of volume V = 5.0 1 was cooled by AT = 
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— 55K. Find how much the internal energy of the gas will change and 
what amount of heat will be lost by the gas. l l 
2,30. What amount of heat is to be transferred to nitrogen in the 
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the work performed by the gas, the increment of its internal energy, 
and the value of y = C,/Cy. 

2.32. Two moles of a certain ideal gas at a temperature To = 300 K 
were cooled isochorically so that the gas pressure reduced n — 2.0 
times. Then, as a result of the isobaric process, the gas expanded till 
its temperature got back to the initial value. Find the total amount 
of heat absorbed by the gas in this process. l 

2.33. Calculate the value of y = Cp/Cy for a gaseous mixture con- 
sisting of v, = 2.0 moles of oxygen and v, = 3.0 moles of carbon 
dioxide. The gases are assumed to be ideal. , 

2.34. Find the specific heat capacities cy and cp for a gaseous mix- 
ture consisting of 7.0 g of nitrogen and 20 g of argon. The gases are 
assumed to be ideal. l 

2,35. One mole of a certain ideal gas is contained under a weight- 
less piston of a vertical cylinder at a temperature T. The space over 
the piston opens into the atmosphere. What work has to be performed 
in order to increase isothermally the gas volume under the piston n 
times by slowly raising the piston? The friction of the piston against 
the cylinder walls is negligibly small. 
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2.36. A piston can freely move inside a horizontal cylinder closed 
from both ends. Initially, the piston separates the inside space of 
the cylinder into two equal parts each of volume V,, in which an 
ideal gas is contained under the same pressure p, and at the same tem- 
perature. What work has to be performed in order to increase isother- 
mally the volume of one part of gas ņ times compared to that of the 
other by slowly moving the piston? 

2.37. Three moles of an ideal gas being initially at a temperature 
T, = 273 K were isothermally expanded n = 5.0 times its initial 
volume and then isochorically heated so that the pressure in the final 
state became equal to that in the initial state. The total amount of 
heat transferred to the gas during the process equals Q — 80 kJ. 
Find the ratio y = C,/Cy for this gas. a 

2.38. Draw the approximate plots of isochoric, isobaric, isother- 
mal, and adiabatic processes for the case of an ideal gas, using the 
following variables: 

(a) p, T; (b) V, T. B , 

2.39. One mole of oxygen being initially at a temperature ʻo 
= 290 K is adiabatically compressed to increase its pressure y 
= 10.0 times. Find: l 

(a) the gas temperature after the compression; 

(b) the work that has been performed on the gas. l 

2.40. A certain mass of nitrogen was compressed y = 5.0 times 
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(in terms of volume), first adiabatically, and then isothermally. In 
both cases the initial state of the gas was the same. Find the ratio of 
the respective works expended in each compression. 

2.41. A haatunandAurti fan waa alana 


£X LUG conaáucing piston can freely move inside a CiOSCü 
thermally insulated cylinder with an ideal gas. In equilibrium the 
piston divides the cylinder into two equal parts, the gas temperature 
being equal to 7). The piston is slowly displaced. Find the gas tem- 
perature as a function of the ratio ņ of the volumes of the greater and 
smaller sections. The adiabatic exponent of the gas is equal to y. 

2.42. Find the rate v with which helium flows out of a thermally 
insulated vessel into vacuum through a small hole. The flow rate of 
the gas inside the vessel is assumed to be negligible under these con- 
ditions. The temperature of helium in the vessel is 7 — 1,000 K. 

2.49. The volume of one mole of an ideal gas with the adiabatic 
exponent v is varied according to the law V — a/T, where a is a con- 
stant. Find the amount of heat obtained by the gas in this process 
if the gas temperature increased by AT. 

2.44. Demonstrate that the process in which the work performed 
by an ideal gas is proportional to the corresponding increment of its 
internal energy is described by the equation pV” = const, where n 
is a constant. 

2.45. Find the molar heat capacity of an ideal gas in a polytropic 
process pV” = const if the adiabatic exponent of the gas is equal to 
y. At what values of the polytropic constant n will the heat capacity 
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2.46. In a certain polytropic process the volume of argon was in- 
creased œ = 4.0 times. Simultaneously, the pressure decreased 
B = 8.0 times. Find the molar heat capacity of argon in this process, 
assuming the gas to be ideal. 

2.47. One mole of argon is expanded polytropically, the polytrop- 
ic constant being n = 1.50. In the process, the gas temperature 
changes by AT = — 26 K, Find: 


(a) the amount of heat obtained by the gas; 

(b) the work performed by the gas. 

2.48. An ideal gas whose adiabatic exponent equals y is expanded 
according to the law p = «V, where « is a constant. The initial vol- 
ume of the gas is equal to Vo. As a result of expansion the volume in- 
creases v times. Find: 

(a) the increment of the internal energy of the gas; 

(b) the work performed by the gas; 

(c) the molar heat capacity of the gas in the process. 

2.49. An ideal gas whose adiabatic exponent equals y is expanded 
So that the amount of heat transferred to the gas is equal to the de- 
crease of its internal energy. Find: 

(a) the molar heat capacity of the gas in this process; 

(b) the equation of the process in the variables 7, V; 

(c) the work performed by one mole of the gas when its volume 
increases ņ times if the initial temperature of the gas is 7). 
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2.90. One mole of an ideal gas whose adiabatic exponent equals 
y undergoes a process in which the gas pressure relates to the tempera- 
ture as p = af, where a and « are constants. Find: 

(a) the work performed by the gas if its temperature gets an in- 
crement AT; 

(b) the molar heat capacity of the gas in this process; at what value 
of a will the heat capacity be negative? 

2.91. Àn ideal gas with the adiabatic exponent y undergoes a 
process in which its internal energy relates to the volume as U = aV%, 
where a and « are constants. Find: 

(a) the work performed by the gas and the amount of heat to be 
transferred to this gas to increase its internal energy by AU; 

(b) the molar heat capacity of the gas in this process. 

2.92. An ideal gas has a molar heat capacity Cy at constant 
volume. Find the molar heat capacity of this gas as a function of its 


volume V, if the gas undergoes the following process 
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(a) T = Tæ% ; (b) p = poe, 
where To, po, and « are constants. 

2.93. One mole of an ideal gas whose adiabatic exponent equals y 
undergoes a process p = py, + «/V, where p, and « are positive con- 
stants. Find: 

(a) heat capacity of the gas as a function of its volume; 

(b) the internal energy increment of the gas, the work performed 
by it, and the amount of heat transferred to the gas, if its volume 
increased from Vi to Vo. 

2.04. One mole of an ideal gas with heat capacity at constant 
pressure C, undergoes the process T = 7, + «V, where T, and a 
are constants. Find: 

(a) heat capacity of the gas as a function of its volume; 

(b) the amount of heat transferred to the gas, if its volume in- 
creased from V, to V,. 
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he 
(in the variables T, V) in which the m 

(a) C — C, + aT; "a C = Cy 
where a, D, and a are constants. 

2.96. An ideal gas has an adiabatic exponent y. In some process 
its molar heat capacity varies as C = a/T, where a is a constant. 
Find: 

(a) the work performed by one mole of the gas during its heating 
from the temperature Tọ to the temperature v times higher; 

(b) the equation of the process in the variables p, V. 

2.94. Find the work performed by one mole of a Van der Waals 
gas during its isothermal expansion from the volume V, to V, at 
a temperature 7. 

2.08. One mole of oxygen is expanded from a volume V, = 
= 1.00 1 to V, = 5.0 1 at a constant temperature 7 — 280 K. Cal- 
culate: 

(a) the increment of the internal energy of the gas: 


u 
r he at capacity varies as: 
(c) C = Cy + ap, 
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(b) the amount of the absorbed heat. 

The gas is assumed to be a Van der Waals gas. 

2.59. For a Van der Waals gas find: 

(a) the equation of the adiabatic curve in the variables T, V; 

(b) the difference of the molar heat capacities Cp — Cy as a func- 
tion of 7 and V. 

2.60. Two thermally insulated vessels are interconnected by a 
tube equipped with a valve. One vessel of volume V, = 101 contains 
v = 2.5 moles of carbon dioxide. The other vessel of volume V, = 
100 1 is evacuated. The valve having been opened, the gas adiabatic- 
ally expanded. Assuming the gas to obey the Van der Waals equation, 
find its temperature change accompanying the expansion. 

2.61. What amount of heat has to be transferred to v — 3.0 moles 
of carbon dioxide to keep its temperature constant while it ex- 
pands into vacuum from the volume V, = 5.0 1 to V, = 10 I? The 
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2.3. KINETIC THEORY OF GASES. 
BOLTZMANN’S LAW AND MAXWELL'S DISTRIBUTION 


e Number of collisions exercised by gas molecules on a unit area of the 
wall surface per unit time: 


y = E n (v), (2.38) 


where n is the concentration of molecules, and (v) is their mean velocity. 
e Equation of an ideal gas state: 


p = nkT. (2.3b) 
e Mean energy of molecules: 
(e) — y kT, (2.3c) 
where i is the sum of translational, rotational, and the double number of vibra- 


tional degrees of freedom. _ 
e Maxwellian distribution: 


aN (vx) - N x^ Qro dv, (2.3d) 
dN (v) - N (x) 3/2 T ^?! 2RT gay dy. (2.3e) 
e Maxwellian distribution in a reduced form: 
aN (u)=N Ka e^? y1 du, (2.3f) 
Vx 


where u = v/v,, Vp is the most probable velocity. u 
e The most probable, the mean, and the root mean square velocities of 
molecules: 


_ kT B 8 kT =y kT 
o y 242 (v) = "A m^" Ugg = 3 m . (2.3g) 


e Boltzmann's formula: 


n = noe U Uo) RT. 


(2.3h) 


2.62. Modern vacuum pumps permit the pressures down to p = 
= 4.1071" atm to be reached at room temperatures. Assuming that 
the gas exhausted is nitrogen, find the number of its molecules per 
1 cm? and the mean distance between them at this pressure. 

2.63. A vessel of volume V = 5.01 contains m = 1.4 g of nitrogen 
at a temperature 7 = 1800 K. Find the gas pressure, taking into 
account that ņn = 30% of molecules are disassociated into atoms at 
this temperature. 


2.64. Under standard conditions the density of the helium and 
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helium atoms in the given mixture. 

2.60. A parallel beam of nitrogen molecules moving with velocity 
v = 400 m/s impinges on a wall at an angle 0 = 30° to its normal. 
The concentration of molecules in the beam n = 0.9-10!* cm-?, 
Find the pressure exerted by the beam on the wall assuming the mo- 
jecules to scatter in accordance with the perfectly elastic collision 
aw. 

2.66. How many degrees of freedom have the gas molecules, if 
under standard conditions the gas density isp = 1.3 mg/cm? and the 
velocity of sound propagation in it is v = 330 m/s. 

2.67. Determine the ratio of the sonic velocity v in a gas to the 
root mean square velocity of molecules of this gas, if the molecules 
are 

(a) monatomic; (b) rigid diatomic. 

2.68. A gas consisting of N-atomic molecules has the temperature 
T at which all degrees of freedom (translational, rotational, and vi- 
brational) are excited. Find the mean energy of molecules in such 
a gas. What fraction of this energy corresponds to that of transla- 
tional motion? 

2.69. Suppose a gas is heated up to a temperature at which all 
degrees of freedom (translational, rotational, and vibrational) of 
its molecules are excited. Find the molar heat capacity of such a gas 


in the isochoric process, as well as the adiabatic exponent y, if the 
gas consists of 


(a) diatomic; 

(b) linear N-atomic; 

(c) network N-atomic 
molecules. 


2.70. An ideal gas consisting of N-atomic molecules is expanded 
isobarically. Assuming that all degrees of freedom (translational, 
rotational, and vibrational) of the molecules are excited, find what 
fraction of heat transferred to the gas in this process is spent to 


perform the work of expansion. How high is this fraction in the case 
of a monatomic gas? 


o 
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2.71. Find the molar mass and the number of degrees of freedom 
of molecules in a gas if its heat capacities are known: cy = 
= 0.65 J/(g.K) and c, = 0.91 IJ/(g-K). 

2.72. Find the number of degrees of freedom of molecules in a gas 
whose molar heat capacity 

(a) at constant pressure is equal to C, = 29 J/(mol-K); 

(b) is equal to C = 29 J/(mol-K) in the process pT = const. 

2.73. Find the adiabatic exponent y for a mixture consisting of 
v, moles of a monatomic gas and v, moles of gas of rigid diatomic 
molecules. 

2.74. A thermally insulated vessel with gaseous nitrogen at a 
temperature £ = 27 °C moves with velocity v = 100 m/s. How much 
(in per cent) and in what way will the gas pressure change on a sudden 
stoppage of the vessel? 

2.75. Calculate at the temperature ¢ = 17 °C: 

(a) the root mean square velocity and the mean kinetic energy of 
an oxygen molecule in the process of translational motion; 

(b) the root mean square velocity of a water droplet of diameter 
d = 0.10 pm suspended in the air. 

.2.76. A gas consisting of rigid diatomic molecules is expanded 
adiabatically. How many times has the gas to be expanded to reduce 
the root mean square velocity of the molecules ņ = 1.50 times? 

2.77. The mass m = 15 g of nitrogen is enclosed in a vessel at 
a temperature 7 — 300 K. What amount of heat has to be transferred 
to the gas to increase the root mean square velocity of its molecules 
n = 2.0 times? 

2.78. The temperature of a gas consisting of rigid diatomic mole- 
cules is 7 — 300 K. Calculate the angular root mean square velocity 
of a rotating molecule if its moment of inertia is equal to / = 
= 2.1.1073? g.cm?. 

2.79. A gas consisting of rigid diatomic molecules was initially 
under standard conditions. Then the gas was compressed adiaba- 
tically n = 5.0 times. Find the mean kinetic energy of a rotating 
molecule in the final state. 

2.80. How will the rate of collisions of rigid diatomic molecules 
against the vessel's wall change, if the gas is expanded adiabatically 
" times? 

2.81. The volume of gas consisting of rigid diatomic molecules 
was increased v = 2.0 times in a polytropic process with the molar 
heat capacity C — R. How many times will the rate of collisions of 
molecules against a vessel's wall be reduced as a result of this pro- 
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2.82. A gas consisting of rigid diatomic molecules was expanded 
in a polytropic process so that the rate of collisions of the molecules 
against the vessel's wall did not change. Find the molar heat capacity 
of the gas in this process. 

2.83. Calculate the most probable, the mean, and the root mean 
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square velocities of a molecule of a gas whose density under stan- 
dard atmospheric pressure is equal to p = 1.00 g/l. 

2.84. Find the fraction of gas molecules whose velocities differ 
by less than ôņ = 1.00% from the value of 

(a) the most probable velocity; 

(b) the root mean square velocity. 

2.85. Determine the gas temperature at which 

(a) the root mean square velocity of hydrogen molecules exceeds 
their most probable velocity by Av = 400 m/s; 

(b) the velocity distribution function F (v) for the oxygen mole- 
cules will have the maximum value at the velocity v = 420 m/s. 

2.86. In the case of gaseous nitrogen find: 

(a) the temperature at which the velocities of the molecules v, = 
— 300 m/s and v, -- 600 m/s are associated with equal values of 
the Maxwell distribution function F (v); 

(b) the velocity of the molecules v at which the value of the Max- 
well distribution function F (v) for the temperature 7, will be the 
same as that for the temperature y times higher. 

2.87. At what temperature of a nitrogen and oxygen mixture do 
the most probable velocities of nitrogen and oxygen molecules differ 
by Av = 30 m/s? 

2.88. The temperature of a hydrogen and helium mixture is 7 — 
— 300 K. At what value of the molecular velocity v will the Maxwell 
distribution function F (v) yield the same magnitude for both gases? 


* 
2.89. At what temperature of a gas will the number of molecules, 


whose velocities fall within the given interval from v to v + dv, 
be the greatest? The mass of each molecule is equal to m. 

2.90. Find the fraction of molecules whose velocity projections on 
the z axis fall within the interval from v, to v, + dvx, while the 
moduli of perpendicular velocity components fall within the inter- 
val from v, to v,+ dv,. The mass of each molecule is m, and the 
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2.91. Using the Maxwell distribution function, calculate the 
mean velocity projection (v4) and the mean value of the modulus of 
this projection (| v, D if the mass of each molecule is equal to m 
and the gas temperature is T.. 

2.92. From the Maxwell distribution function find (v3), the mean 
value of the squared v, projection of the molecular velocity in a gas 
at a temperature T. The mass of each molecule is equal to m. 

. 2.93. Making use of the Maxwell distribution function, calculate 
the number v of gas molecules reaching a unit area of a wall per unit 
time, if the concentration of molecules is equal to n, the temperature 
to 7, and the mass of each molecule is m. 

2.94. Using the Maxwell distribution function, determine the 
pressure exerted by gas on a wall,if the gas temperature is 7 and 
the concentration of molecules is n. 

2.95. Making use of the Maxwell distribution function, find 
(1/v), the mean value of the reciprocal of the velocity of molecules 
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in an ideal gas at a temperature 7, if the mass of each molecule is 
equal to m. Compare the value obtained with the reciprocal of the 
mean velocity. 

2.96. A gas consists of molecules of mass m and is at a temperature 
T. Making use of the Maxwell velocity distribution function, find 
the corresponding distribution of the molecules over the kinetic 
energies e. Determine the most probable value of the kinetic energy 
€p. Does gp correspond to the most probable velocity? 

2.97. What fraction of monatomic molecules of a gas in a thermal 
equilibrium possesses kinetic energies differing from the mean value 
by ôn = 1.0 % and less? 

2.98. What fraction of molecules in a gas at a temperature 7 
has the kinetic energy of translational motion exceeding £, if £9 > 


2.99. The velocity distribution of molecules in a beam coming 
out of a hole in a vessel is described by the function F (v) — A v?e ma ZRT, 
where 7 is the temperature of the gas in the vessel. Find the most 
probable values of 

(a) the velocity of the molecules in the beam; compare the result 
obtained with the most probable velocity of the molecules in the 
vessel; 

(b) the kinetic energy of the molecules in the beam. 

2.100. An ideal gas consisting of molecules of mass m with concen- 
tration n has a temperature 7. Using the Maxwell distribution func- 
tion, find the number of molecules reaching a unit area of a wall 
at the angles between 0 and 0 + dO to its normal per unit time. 

2.101. From the conditions of the foregoing problem find the num- 
ber of molecules reaching a unit area of a wall with the velocities 
in the interval from v to v + dv per unit time. 

2.102. Find the force exerted on a particle by a uniform field if 
the concentrations of these particles at two levels separated by the 
distance Ah = 3.0 cm (along the field) differ by n = 2.0 times. 
The temperature of the system is equal to 7 — 280 K. 

2.103. When examining the suspended gamboge droplets unde: 
a microscope, their average numbers in the layers separated by the 
distance k = 40 um were found to differ by n = 2.0 times. The envi- 
ronmental temperature is equal to 7 = 290 K. The diameter of 
the droplets is d = 0.40 um, and their density exceeds that of the 
surrounding fluid by Ap = 0.20 g/cm?. Find Avogadro's number 
from these data. 

2.104. Suppose that 1, is the ratio of the molecular concentration 


b 
of hydrogen to that of nitrogen at the Earth's surface, while « is 


the corresponding ratio at the height A = 3000 m. Find the ratio 
n/n, at the temperature 7 = 280 K, assuming that the temperature 
and the free fall acceleration are independent of the height. 
2.105. A tall vertical vessel contains a gas composed of two kinds 
of molecules of masses m, and ma, with m, >> m. The concentrations 
of these molecules at the bottom of the vessel are equal to n, and n4 
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respectively, with n, >> nį. Assuming the temperature 7 and the 
free-fall acceleration g to be independent of the height, find the height 
at which the concentrations of these kinds of molecules are equal. 

2.106. À very tall vertical cylinder contains carbon dioxide at 
a certain temperature 7. Assuming the gravitational field to be uni- 
form, find how the gas pressure on the bottom of the vessel will 
change when the gas temperature increases c times. 

2.107. A very tall vertical cylinder contains a gas at a tempera- 
ture T. Assuming the gravitational field to be uniform, find the mean 
value of the potential energy of the gas molecules. Does this value 
depend on whether the gas consists of one kind of molecules or of 
several kinds? 

2.108. A horizontal tube of length ? = 100 cm closed from both 
ends is displaced lengthwise with a constant acceleration w. The tube 
contains argon at a temperature T = 330 K. At what value of w will 
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2.109. Find the mass of a mole of colloid particles if during their 
centrifuging with an angular velocity w about a vertical axis the con- 
centration of the particles at the distance r, from therotation axis is 
ņ times greater than that at the distance r, (in the same horizontal 
plane). The densities of the particles and the solvent are equal to 
p and to p, respectively. 

2.110. A horizontal tube with closed ends is rotated with a cons- 
tant angular velocity w about a vertical axis passing through one of 
its ends. The tube contains carbon dioxide at a temperature 7 = 
= 300 K. The length of the tube is 1 = 100 cm. Find the value œ 
at which the ratio of molecular concentrations at the opposite ends 
of the tube is equal to y = 2.0. 

2.111. The potential energy of gas molecules in a certain central 
field depends on the distance r from the field's centre as U (r) — ar?, 
where a is a positive constant. The gas temperature is 7, the concen- 
tration of molecules at the centre of the field is n,. Find: 

(a) the number of molecules located at the distances between 
r and r + dr from the centre of the field; 

(b) the most probable distance separating the molecules from the 
centre of the field; 

(c) the fraction of molecules located in the spherical layer between 
r and r + dr; 

(d) how many times the concentration of molecules in the centre 
of the field will change if the temperature decreases ņ times. 

2.112. From the conditions of the foregoing problem find: 

(a) the number of molecules whose potential energy lies within 
the interval from U to U + dU; 

(b) the most probable value of the potential energy of a molecule; 
compare this value with the potential energy of a molecule located 
at its most probable distance from the centre of the field. 
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2.4. THE SECOND LAW OF THERMODYNAMICS. 
ENTROPY 


e Heat engine efficiency: 
=A=, 
V1 C1 
where Q, is the heat obtained by the working substance, Q; is the heat released 
by the working substance. 
e Efficiency of a Carnot cycle: 
T,—T 
n= a 2 (2.4b) 
1 


(2.4) 


where 7, and 7, are the temperatures of the hot and cold bodies respectively. 
e Clausius inequality: 
n óQ 


Q ; «0 (2.4c) 


where 6Q is the elementary amount of heat transferred to the system (6Q is an 
algebraic quantity). 


e Entropy increment of a system: 
ó 
AS > | T (2.4d) 
e Fundamental relation of thermodynamics: 


T dS — dU + p dV. (2.4e) 
between the entropy and the statistical weight Q (the thermo- 
S — klnQ. (2.41) 


where k is the Boltzmann constant. 

2.113. In which case will the efficiency of a Carnot cycle be higher: 
when the hot body temperature is increased by AT, or when the cold 
body temperature is decreased by the same magnitude? 

2.114. Hydrogen is used iu a Carnot cycle as a working substance. 
Find the efficiency of the cycle, if as a result of an adiabatic expansion 

(a) the gas volume increases m — 2.0 times; 

(b) the pressure decreases n — 2.0 times. 

2.115. A heat engine employing a Carnot cycle with an efficiency 
of 1 = 10% is used as a refrigerating machine, the thermal reservoirs 
being the same. Find its refrigerating efficiency e€. 

2.116. An ideal gas goes through a cycle consisting of alternate 
isothermal and adiabatic curves (Fig. 2.2). The isothermal processes 
proceed at the temperatures 7,, Ta, and T}. Find the efficiency of 
such a cycle, if in each isothermal expansion the gas volume increases 
in the same proportion. 

2.117. Find the efficiency of a cycle consisting of two isochoric 
and two adiabatic lines, if the volume of the ideal gas changes 
n = 10 times within the cycle. The working substance is nitrogen. 


Tu ** 0a 
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2.118. Find the efficiency of a cycle consisting of two isobaric and 
two adiabatic lines, if the pressure changes n times within the cycle. 
The working substance is an ideal gas whose adiabatic exponent is 
equal to y. 

2.119. An ideal gas whose adiabatic exponent equals y goes through 
a cycle consisting of two isochoric and two isobaric lines. Find the 
efficiency of such a cycle, if the absolute temperature of the gas rises 
n times both in the isochoric heating and in 


the isobaric expansion. p 7 

2.120. An ideal gas goes through a cycle 
consisting of 7 

(a) isochoric, adiabatic, and isothermal 
lines; 

(b) isobaric, adiabatic, and isothermal 
lines, z ~ 
with the isothermal process proceeding at V 
the minimum temperature of the whole cycle. 
Find the efficiency of each cycle if the abso- Fig. 2.2. 


lute temperature varies n-fold within the cycle. 

2.121. The conditions are the same as in the foregoing problem 
with the exception that the isothermal process proceeds at the maz- 
imum temperature of the whole cycle. 

2.122. An ideal gas goes through a cycle consisting of isothermal, 
polytropic, and adiabatic lines, with the isothermal process proceed- 
ing at the maximum temperature of the whole cycle. Find the effic- 
iency of such a cycle if the absolute temperature varies n-fold within 
the cycle. 

2.123. An ideal gas with the adiabatic exponent y goes through 
a direct (clockwise) cycle consisting of adiabatic, isobaric, and isocho- 
ric lines. Find the efficiency of the cycle if in the adiabatic process 
the volume of the ideal gas 

(a) increases n-fold; (b) decreases n-fold. 

2.124. Calculate the efficiency of a cycle consisting of isothermal, 
isobaric, and isochoric lines, if in the isothermal process the volume 
of the ideal gas with the adiabatic exponent y 

(a) increases n-fold; (b) decreases n-fold. 

2.125. Find the efficiency of a cycle consisting of two isochoric and 
two isothermal lines if the volume varies v-fold and the absolute 
temperature t-fold within the cycle. The working substance is an 
ideal gas with the adiabatic exponent y. 

2.126. Find the efficiency of a cycle consisting of two isobaric and 
two isothermal lines if the pressure varies n-fold and the absolute 
temperature t-fold within the cycle. The working substance is an 
ideal gas with the adiabatic exponent "y. 

2.127. An ideal gas with the adiabatic exponent y goes through 
a cycle (Fig. 2.3) within which the absolute temperature varies 
t-fold. Find the efficiency of this cycle. 

2.128. Making use of the Clausius inequality, demonstrate that 
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all cycles having the same maximum temperature Tmax and the 
same minimum temperature Tmin are less efficient compared to the 
Carnot cycle with the same Tmax and Tmin- 

2.129. Making use of the Carnot theorem, show tha 


tint 
of a physically uniform substance whose state is defined by the | 
meters 7 and V 


(AUlaV) 7 = T (OplóT), — p, 


where U (T, V) is the internal energy of the substance. 
Instruction. Consider the infinitesimal Carnot cycle in the variables 


2.130. Find the entropy increment of one mole of ca rbon dioxide 
when its absolute temperature increases n = 2.0 times i 
of heating is 

(a) isochoric; (b) isobaric. 

The gas is to be regarded as ideal. 

2.131. The entropy of v — 4.0 moles of an ideal gas increases by 
AS — 23 J/K due to the isothermal expansion. How many times 
should the volume v — 4.0 moles of the gas 
be increased? p 

2.132. Two moles of an ideal gas are cooled 
isochorically and then expanded isobarically to 
lower the gas temperature back to the initial val- 


ue. Find the entropy increment of the gas if in | / | 

this process the gas pressure changed n=3.3 

times. L 
2.133. Helium of mass m — 1.7 g is expanded , 

adiabatically n — 3.0 times and then compressed 

isobarically down to the initial volume. V 

Find the entropy increment of the gas in this Fic. 2.3. 

process. > 


2.134. Find the entropy increment of v = 2.0 
moles of an ideal gas whose adiabatic exponent y = 1.30 if, as 
a result of a certain process, the gas volume increased a = 2.0 
times while the pressure dropped p — 3.0 times. 

2.135. Vessels 7 and 2 contain v = 1.2 moles of gaseous helium. 
The ratio of the vessels’ volumes V,/V, = a = 2.0, and the ratio of 
the absolute temperatures of helium in them TT, = p-1.. 
Assuming the gas to be ideal, find the difference of gas entropies in 


these vessels, $, — Sj. 


2.136. One mole of an ideal gas with the adiabat nt 


F 
through a polytropic process as a result of which the "Absolute tem- 
perature of the gas increases t-fold. The polytropic constant equals n. 
Find the entropy increment of the gas in this process. 

2.137. The expansion process of v — 2.0 moles of argon proceeds 
so that the gas pressure increases in direct proportion to its volume. 
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Find the entropy increment of the gas in this process provided its 
volume increases a = 2.0 times. 

2.138. An ideal gas with the adiabatic exponent y goes through 
a process p = p, — «aV, where p, and « are positive constants, 
and V is the volume. At what volume will the gas entropy have the 
maximum value? 

2.139. One mole of an ideal gas goes through a process in which 
the entropy of the gas changes with temperature T as S = aT + 
+ Cy ln 7, where a is a positive constant, C, is the molar heat 
capacity of this gas at constant volume. Find the volume dependence 
of the gas temperature in this process if 7 — T, at V — V,. 

2.140. Find the entropy increment of one mole of a Van der Waals 
gas due to the isothermal variation of volume from V, to V,. The 
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2.141. One mole ofa Van der Waals gas which had initially the 
volume V, and the temperature 7, was transferred to the state with 
the volume V, and the temperature 7,. Find the corresponding 
entropy increment of the gas, assuming its molar heat capacity 
Cy to be known. 

2.142. At very low temperatures the heat capacity of crystals is 
equal to C — a7?, where a is a constant. Find the entropy of a crystal 
as a function of temperature in this temperature interval. 

2.143. Find the entropy increment of an aluminum bar of mass 
m — 3.0 kg on its heating from the temperature 7, — 300 K up 
to Ta = 600 K if in this temperature interval the specific heat capac- 
ity of aluminum varies as c = a + bT, where a = 0.77 J/(g- K), 
b = 0.46 mJ/(g- K?). 

2.144. In some process the temperature of a substance depends on 
its entropy S as T = aS", where a and n are constants. Find the 
corresponding heat capacity C of the substance as a function of S. 
At what condition is C < 0? 

2.145. Find the temperature 7 as a function of the entropy S 
of a substance for a polytropic process in which the heat capacity of 
the substance equals C. The entropy of the substance is known to be 
equal to Sọ at the temperature 7,. Draw the approximate plots 
T (S) for C >O and C < 0. 

2.146. One mole of an ideal gas with heat capacity C, goes through 
a process in which its entropy S depends on T as S = a/T, where a 
is a constant. The gas temperature varies from 7, to 7,. Find: 

(a) the molar heat capacity of the gas as a function of its tempe- 
rature; 


(b) the amount of heat transferred to the gas; 
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2.147. A working substance goes through a cycle within which 
the absolute temperature varies n-fold, and the shape of the cycle 
is shown in (a) Fig. 2.4a; (b) Fig. 2.4b, where T is the absolute 
temperature, and S the entropy. Find the efficiency of each cycle. 


2.148. One of the two thermally insulated vessels interconnected 
by a tube with a valve contains v = 2.2 moles of an ideal gas. The 
other vessel is evacuated. The valve having been opened, the gas 
increased its volume n = 3.0 times. Find the entropy increment of 
the gas. 

2.149. A weightless piston divides a thermally insulated cylinder 
into two equal parts. One part contains one mole of an ideal gas 
with adiabatic exponent y, the other is evacuated. The initial gas 
temperature is 7,. The piston is released and the gas fills the whole 


N | 


(a) (i) 
Fig. 2.4. 


volume of the cylinder. Then the piston is slowly displaced back to 
the initial position. Find the increment of the internal energy and 
the entropy of the gas resulting from these two processes. 

2.150. An ideal gas was expanded from the initial state to the 
volume V without any heat exchange with the surrounding bodies. 
Wil the final gas pressure be the same in the case of (a) a fast and 
in the case of (b) a very slow expansion process? 

2.151. A thermally insulated vessel is partitioned into two parts 
so that the volume of one part is n — 2.0 times greater than that of 
the other. The smaller part contains v, — 0.30 mole of nitrogen, and 
the greater one v, — 0.70 mole of oxygen. The temperature of the 
gases is the same. À hole is punctured in the partition and the gases 
are mixed. Find the corresponding increment of the system's entropy, 
assuming the gases to be ideal. 

2.152. A piece of copper of mass m, — 300 g with initial tem- 
perature ¢, = 97 °C is placed into a calorimeter in which the water 
of mass m, = 100 g is at a temperature t, = 7 °C. Find the entropy 
increment of the system by the moment the temperatures equalize. 
The heat capacity of the calorimeter itself is negligibly small. 

2.153. Two identical thermally insulated vessels interconnected 
by a tube with a valve contain one mole of the same ideal gas each. 
The gas temperature in one vessel is equal to 7, and in the other, To. 
The molar heat capacity of the gas of constant volume equals Cy. 
The valve having been opened, the gas comes to a new equilibrium 
state. Find the entropy increment AS of the gas. Demonstrate that 
AS > 0. 

2.154. N atoms of gaseous helium are enclosed in a cubic vessel 
of volume 1.0 cm® at room temperature. Find: 
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(a) the probability of atoms gathering in one half of the vessel; 

(b) the approximate numerical value of N ensuring the occurrence 
of this event within the time interval t zz 10* years (the age of the 
Universe). 

2.155. Find the statistical weight of the most probable distribution 
of N — 10 identical molecules over two halves of the cylinder's 
volume. Find also the probability of such a distribution. 

2.156. A vessel contains M molecules of an ideal gas. Dividing 
mentally the vessel into two halves A and B, find the probability 
that the half A contains n molecules. Consider the cases when N = 5 
and n = 0, 1, 2, 3, 4, 5. 

2.157. A vessel of volume V, contains N molecules of an ideal 
gas. Find the probability of n molecules getting into a certain separat- 
ed part of the vessel of volume V. Examine, in particular, the case 
V = V2. 

2.158. An ideal gas is under standard conditions. Find the diame- 
ter of the sphere within whose volume the relative fluctuation of the 
number of molecules is equal to y = 1.0:107?. What is the average 
number of molecules inside such a sphere? 

2.159. One mole of an ideal gas consisting of monatomic molecules 
is enclosed in a vessel at a temperature 7, — 300 K. How many 
times and in what way will the statistical weight of this system 


(gas) vary if it is heated isochorically by AT — 1.0 K? 


2.5. LIQUIDS. CAPILLARY EFFECTS 


e Additional (capillary) pressure in a liquid under an arbitrary surface 
(Laplace's formula): 


Ap=a (+ ). (2.52) 


where œ is the surface tension of a given liquid. mE 
e Free energy increment of the surface layer of a liquid: 


dF = a dS, (2.5b) 


where dS is the area increment of the surface layer. 


e Amount of heat required to form a unit area of the liquid surface layer 
during the isothermal increase of its surface: 


dao 


2.160. Find the capillary pressure 

(a) in mercury droplets of diameter d = 1.5 pm; 

(b) inside a soap bubble of diameter d — 3.0 mm if the surface 
tension of the soap water solution is a = 45 mN/m. 

2.161. In the bottom of a vessel with mercury there is a round 
hole of diameter d — 70 um. At what maximum thickness of the 
mercury layer will the liquid still not flow out through this hole? 
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2.162. A vessel filled with air under pressure p, contains a soap 
bubble of diameter d. The air pressure having been reduced isother- 
mally n-fold, the bubble diameter increased y-fold. Find the surface 
tension of the soap water solution. 

2.163. Find the pressure in an air bubble of diameter d = 4.0 um, 
located in water at a depth h = 5.0 m. The atmospheric pressure 
has the standard value pg. 

2.164. The diameter of a gas bubble formed at the bottom of a pond 
is d = 4.0 um. When the bubble rises to the surface its diameter 
increases n = 1.1 times. Find how deep is the pond at that spot. 
The atmospheric pressure is standard, the gas expansion is assumed 
to be isothermal. 

2.165. Find the difference in height of mercury columns in two 
communicating vertical capillaries whose diameters are d, 


— 0.50 mm and d, = 1.00 mm, if the contact angle 6 = 138°. 


bad a 
2.166. A vertical capillary with inside diameter 0.50 mm is 


submerged into water so that the length of its part protruding over 
the water surface is equal to A = 25 mm. Find the curvature radius 
of the meniscus. 

2.167. A glass capillary of length l = 110 mm and inside dia- 
meterd = 20um issubmerged vertically into water. The upper end 
of the capillary is sealed. The outside pressure is standard. To what 
length z has the capillary to be submorged to make the water levels 
inside and outside the capillary coincide? 

2.168. When a vertical capillary of length / with the sealed upper 
end was brought in contact with the surface of a liquid, the level 
of this liquid rose to the height k. The liquid density is p, the inside 
diameter of the capillary is d, the contact angle is 0, the atmospheric 
pressure is pọ. Find the surface tension of the liquid. 

2.169. A glass rod of diameter d, — 1.5 mm is inserted sym- 
metrically into a glass capillary with inside diameter d, — 2.0 mm. 
Then the whole arrangement is vertically oriented and brought in 
contact with the surface of water. To what height will the water rise 
in the capillary? 

2.170. Two vertical plates submerged partially in a wetting liquid 
form a wedge with a very small angle ôq. The edge of this wedge is 
vertical. The density of the liquid is p, its surface tension is «, the 
contact angle is 0. Find the height k, to which the liquid rises, as a 
function of the distance z from the edge. 

2.171. A vertical water jet flows out of a round hole. One of the 
horizontal sections of the jet has the diameter d — 2.0 mm while 
the other section located | = 20 mm lower has the diameter which 
is n — 1.5 times less. Find the volume of the water flowing from 
the hole each second. 

2.172. A water drop falls in air with a uniform velocity. Find 
the difference between the curvature radii of the drop's surface at 
the upper and lower points of the drop separated by the distance 
h = 2. mm. 
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2.173. A mercury drop shaped as a round tablet of radius R 
and thickness h is located between two horizontal glass plates. Assum- 
ing that A < R , find the mass m of a weight which has to be placed 
on the upper plate to diminish the distance between the plates n-times. 
The contact angle equals 0. Calculate m if R = 2.0 cm, h = 0.38 mm, 
n = 2.0, and 0 = 135°. 

2.174. Find the attraction force between two parallel glass plates, 
separated by a distance k = 0.10 mm, after a water drop of mass 
m — 70 mg was introduced between them. The wetting is assumed 
to be complete. 

2.175. Two glass discs of radius R = 5.0 cm were wetted with 
water and put together so that the thickness of the water layer be- 
tween them was A = 1.9 um. Assuming the wetting to be complete, 
find the force that has to be applied at right angles to the plates in 
order to pull them apart. 
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in water. The distance between ‘the plates is — 0. io mm, “and 
their width is? = 12 cm. Assuming, that the water between the 
plates does not reach the upper edges of the plates and that the wetting 
is complete, find the force of their mutual attraction. 

2.177. Find the lifetime of a soap bubble of radius R connected 
with the atmosphere through a capillary of length / and inside 
radius r. The surface tension is «, the viscosity coefficient of the 


gas is m. 
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2.140. A vertical capillary is brought in contac 
surface. What amount of heat is liberated while the water rises 
along the capillary? The wetting is assumed to be complete, the sur- 
face tension equals «. 

2.179. Find the free energy of the surface layer of 

(a) a mercury droplet of diameter d = 1.4 mm; 

(b) a soap bubble of diameter d — 6. O mm if the surface tension 
of the soap water solution is equal to a = 45 mN/m. 

2.180. Find the increment of the free energy of the surface layer 
when two identical mercury droplets, each of diameter d — 1.5 mm, 
merge isothermally. 

2.181. Find the work to be performed in order to blow a soap 
bubble of radius R if the outside air pressure is equal to p, and 
the surface tension of the soap water solution is equal to «. 

2.182. A soap bubble of radius r is inflated with an ideal gas. 
The atmospheric pressure is py, the surface tension of the soap water 
solution is «. Find the difference between the molar heat capacity 
of the gas during its heating inside the bubble and the molar heat 
capacity of the gas under constant pressure, C — Cp. 

2.183. Considering the Carnot cycle as applied to a liquid film, 
show that in an isothermal process the amount of heat required for 
the formation of a unit area of the surface layer is equal to q — 
= —T.daldT, where da/dT is the temperature derivative of the 
surface tension. 


m w 
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2.184. The surface of a soap film was increased isothermally by 
Ao at a temperature 7. Knowing the surface tension of the soap 
water solution œ and the temperature coefficient da/dT, find the 
increment 

(a) of the entropy of the film’s surface layer; 

(b) of the internal energy of the surface layer. 


2.6. PHASE TRANSFORMATIONS 


e Relations between Van der Waals constants and the parameters of the 
critical state of a substance: 


a 
Vm er 38, Per ~ “9752 , Ter = 27Rb ' (2.6a) 


PerY M cor = (3/8) RT er- (2.6b) 


e Clausius-Clapeyron equation: 


dp d12 
ee HL 2.6c 


where qj, is the specific heat absorbed in the transformation 1 — 2, Vj and V; 
are the specific volumes of phases 1 and 2. 


2.185. A saturated water vapour is contained in a cylindrical 


vessel under a weightless piston at a temperature t = 100°C. As 
vapour Ám — 0.70 g gets condensed. What amount of work was 
performed over the gas? The vapour is assumed to be ideal, the 
volume of the liquid is to be neglected. 

2.186. A vessel of volume V = 6.01 contains water together with 
its saturated vapour under a pressure of 40 atm and at a temperature 
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under these conditions. The total mass of the system water-vapour 
equals m — 5.0 kg. Find the mass and the volume of the vapour. 

2.187. The saturated water vapour is enclosed in a cylinder under 
a piston and occupies a volume V, = 5.01 at the temperature t = 
— 100 ?C. Find the mass of the liquid phase formed after the volume 
under the piston decreased isothermally to V — 1.6 1. The saturated 
vapour is assumed to be ideal. 

2.188. A volume occupied by a saturated vapour is reduced iso- 
thermally n-fold. Find what fraction n of the final volume is occupied 
by the liquid phase if the specific volumes of the saturated vapour 
and the liquid phase differ by NV times (N — n). Solve the same 
problem under the condition that the final volume of the substance 
corresponds to the midpoint of a horizontal portion of the isothermal 
line in the diagram p, V. 

2.189. An amount of water of mass m — 1.00 kg, boiling at stan- 
dard atmospheric pressure, turns completely into saturated vapour. 
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Assuming the saturated vapour to be an ideal gas find the increment 
of entropy and internal energy of the system. 

2.190. Water of mass m = 20 g is enclosed in a thermally insulat- 
ed cylinder at the temperature of 0 °C under a weightless piston 
whose area is S410 cm?. The outside pressure is equal to 
standard atmospheric pressure. To what height will the piston 
rise when the water absorbs Q — 20.0 kJ of heat? 

2.191. One gram of saturated water vapour is enclosed in a therm- 
ally insulated cylinder under a weightless piston. The outside pres- 
sure being standard, m — 1.0 g of water is introduced into the cyl- 
inder at a temperature tą = 22 °C. Neglecting the heat capacity of 
the cylinder and the friction of the piston against the cylinder's 
walls, find the work performed by the force of the atmospheric pres- 


sure during the lowerines of the niston 


ure during the lowering of the piston. 

2.192. If an additional pressure Ap of a saturated vapour over 
a convex spherical surface of a liquid is considerably less than the 
vapour pressure over a plane surface, then Ap = (o,/pi) 2«/r, where 
p, and p; are the densities of the vapour and the liquid, « is the sur- 
face tension, and r is the radius of curvature of the surface. Using 
this formula, find the diameter of water droplets at which the satu- 
rated vapour pressure exceeds the vapour pressure over the plane 
surface by n = 1.0% at a temperature t = 27°C. The vapour is 
assumed to be an ideal gas. 

2.193. Find the mass of all molecules leaving one square centi- 
metre of water surface per second into a saturated water vapour above 
it at a temperature ¢ = 100°C. It is assumed that ņn = 3.6% of 
all water vapour molecules falling on the water surface are retained 
in the liquid phase. 

2.194. Find the pressure of saturated tungsten vapour at a tem- 
perature 7 — 2000 K if a tungsten filament is known to lose a mass 
u = 1.2.1079? g/(s.cm?) from a unit area per unit time when 
evaporating into high vacuum at this temperature. 

2.195. By what magnitude would the pressure exerted by water 
on the walls of the vessel have increased if the intermolecular attrac- 
tion forces had vanished? 

2.196. Find the internal pressure p; of a liquid if its density 
p and specific latent heat of vaporization q are known. The heat 
q is assumed to be equal to the work performed against the forces 
of the internal pressure, and the liquid obeys the Van der Waals 
equation. Calculate p; in water. 

2.197. Demonstrate that Eqs. (2.63) and (2.6b) are valid f 
substance, obeying the Van der Waals equation, in critic 
state. 

Instruction. Make use of the fact that the critical state corresponds 
to the point of inflection in the isothermal curve p (V). 

2.198. Calculate the Van der Waals constants for carbon dioxide 
if its critical temperature Te, = 304 K and critical pressure pe, = 
= atm. 
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2.199. Find the specific volume of benzene (C,H,) in critical state 
if its critical temperature 7T., = 562 K and critical pressure per = 
= 47 atm. 

2.200. Write the Van der Waals equation via the reduced para- 
meters a, v, and t, having taken the corresponding critical values 
for the units of pressure, volume, and temperature. Using the equa- 
tion obtained, find how many times the gas temperature exceeds its 
critical temperature if the gas pressure is 12 times as high as critical 
pressure, and the volume of gas is equal to half the critical volume. 

2.201. Knowing the Van der Waals constants, find: 

(a) the maximum volume which water of mass m = 1.00 kg can 
occupy in liquid state; 

(b) the maximum pressure of the saturated water vapour. 

2.202. Calculate the temperature and density of carbon dioxide 
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in critical state, assuming the gas to be a Van der Waals one. 
2.203. What fraction of the volume of a vessel must liquid ether 
occupy at room temperature in order to pass into critical state when 
critical temperature is reached? Ether 
has Tae = 467 K, paer = 35.5 atm, 7 
M — 74 g/mol. 
2.204. Demonstrate that the straight 
line 7-5 corresponding to the isother- 4 
mal-isobaric phase transition cuts the 
Van der Waals isotherm so that 1 5 


areas / and JJ are equal (Fig. 2.5). B, J 
2.205. What fraction of water su- | \ | N 


percooled down to the temperature J 

i — —20 °C under standard pressure | 2 

turns into ice when the system passes V 
into the equilibrium state? At what Fie. 2.5 
temperature of the supercooled water IB. 6:9. 
does it turn into ice completely? 

2.206. Find the increment of the ice melting temperature in the 
vicinity of 0 °C when the pressure is increased by Ap = 1.00 atm. 
The specific volume of ice exceeds that of water by'AV' = 0.091 cm3/g. 

2.207. Find the specific volume of saturated water vapour under 
standard pressure if a decrease of pressure by Ap = 3.2 kPa is known 
to decrease the water boiling temperature by AT = 0.9 K. 

2.208. Assuming the saturated water vapour to be ideal, find 
its pressure at the temperature 101.1 ^C. 

2.209. A small amount of water and its saturated vapour are en- 
closed in a vessel at a temperature ¢ = 100°C. How much (in per cent) 
will the mass of the saturated vapour increase if the temperature of 
the system goes up by AT = 1.5 K? Assume that the vapour is an 
ideal gas and the specific volume of water is negligible as compared 
to that of vapour. l 

2.210. Find the pressure of saturated vapour as a function of 
temperature p (7) if at a temperature 7, its pressure equals po- 
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Assume that: the specific latent heat of vaporization g is independent 
of T, the specific volume of liquid is negligible as compared to that 
of vapour, saturated vapour obeys the equation of state for an ideal 
gas: investigate under what conditions these assumptions are permis- 
sible. 

2.211. An ice which was initially under standard conditions was 
compressed up to the pressure p = 640 atm. Assuming the lowering 
of the ice melting temperature to be a linear function of pressure 
under the given conditions, find what fraction of the ice melted. The 
specific volume of water is less than that of ice by AV’ = 0.09 cm?/g. 

2.212. In the vicinity of the triple point the saturated vapour 
pressure p of carbon dioxide depends on temperature T as log p — 
= a — b/T, where a and b are constants. If p is expressed in atmo- 
spheres, then for the sublimation process a = 9.05 and b = 1.80 kK, 
and for the vaporization process a — 6.78 and b — 1.31 kK. Find: 


(a) temnerature and nrocenro at the trinle naint- 
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(b) the values of the specific latent heats of sublimation, vapori- 
zation, and melting in the vicinity of the triple point. 

2.213. Water of mass m = 1.00 kg is heated from the temperature 
t = 10°C up to tą = 100°C at which it evaporates completely. 
Find the entropy increment of the system. 

2.214. The ice with the initial temperature ¢, = 0°C was first 
melted, then heated to the temperature t, = 100 °C and evaporated. 
Find the increment of the system’s specific entropy. 

2.215. A piece of copper of mass m = 90 g at a temperature t, = 
== 90 °C was placed in a calorimeter in which ice of mass 50 g was 
at a temperature —3 °C. Find the entropy increment of the piece 
of copper by the moment the thermal equilibrium is reached. 

2.216. A chunk of ice of mass m, = 100 g at a temperature t, = 
= 0 °C was placed in a calorimeter in which water of mass m, = 
= 100 g was at a temperature t,. Assuming the heat capacity of 
he calorimeter to be negligible, find the entropy increment of the 
system by the moment the thermal equilibrium is reached. Consider 
two cases: (a) £4 = 60 "C; (b) t, = 94 °C. 

2.217. Molten lead of mass m = 5.0 g at a temperature t, = 327 °C 
(the melting temperature of lead) was poured into a calorimeter packed 
with a large amount of ice at a temperature f£, = O °C. Find the ent- 
ropy increment of the system lead-ice by the moment the thermal 
equilibrium is reached. The specific latent heat of melting of lead is 
equal to g = 22.5 J/g and its specific heat capacity is equal to c = 
= 0.125 J/(g- K). 

2.218. A water vapour filling the space under the piston of a cylin- 
der is compressed (or expanded) so that it remains saturated al] 
the time, being just on the verge of condensation. Find the molar 
heat capacity C of the vapour in this process as a function of tem- 
perature 7, assuming the vapour to be an ideal gas and neglecting 
the specific volume of water in comparison with that of vapour. 
Calculate C at a temperature t = 100 °C. 
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2.219. One mole of water being in equilibrium with a negligible 
amount of its saturated vapour at a temperature 7, was completely 
converted into saturated vapour at a temperature 7',. Find the ent- 


gas, the specific volume of the liquid is negligible in comparison with 


that of the vapour. 
2.7. TRANSPORT PHENOMENA 


e Relative number of gas molecules traversing the distance s without col- 
lisions: 
N [Noe 5^ (2.72) 
where A is the mean free path. 
e Mean free path of a gas molecule: 


A= (2.7b) 


v5 


F 
where d is the effective diameter of a molecule, and m is the number of mole- 
cules per unit volume. 


e Coefficients of diffusion D, viscosity 1j, and heat conductivity x of gases: 


d?n ' 


1 1 1 
D — «(X m—- GM. x= o UM, (2.1e) 


where p is the gas density, and cy is its specific heat capacity at constant volume. 


e Friction force acting on a unit área of plates during their motion parallel 
to each other in a highly rarefied gas: 


F= = Plu — Us|. (2.7d) 


where u, and uy are the velocities of the plates. 


e Density of a thermal flux transferred between two walls by highly 
rarefied gas: 


1 
q = V) Pey | Ti — Tel, (2.7e) 
where 7, and T, are the temperatures of the walls. 
2.220. Calculate what fraction of gas molecules 
(a) traverses without collisions the distances exceeding the mean 
free path A; 


(b) has the free path values lying within the interval from A 
to 2A. 

2.221. A narrow molecular beam makes its way into a vessel 
filled with gas under low pressure. Find the mean free path of mole- 
cules if the beam intensity decreases m-fold over the distance Al. 


2.222. Let adt be the probability of a gas molecule experiencing 
: ` Bind: 


a collision during the time interval dt; œ is a constant. Find: 
(a) the probability of a molecule experiencing no collisions during 
the time interval t; 
(b) the mean time interval between successive collisions. 
2.223. Find the mean free path and the mean time interval be- 
tween successive collisions of gaseous nitrogen molecules 
(a) under standard conditions; 
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(b) at temperature t = 0 °C and pressure p = 1.0 nPa (such a pres- 
sure can be reached by means of contemporary vacuum pumps). 

2.224. How many times does the mean free path of nitrogen mole- 
cules exceed the mean distance between the molecules under stan- 
dard conditions? 

2.225. Find the mean free path of gas molecules under standard 
conditions if the Van der Waals constant of this gas is equalto b = 
— 40 ml/mol. 

2.226. An acoustic wave propagates through nitrogen under stan- 
dard conditions. At what frequency will the wavelength be equal 
to the mean free path of the gas molecules? 

2.227. Oxygen is enclosed at the temperature 0 °C in a vessel 
with the characteristic dimension | = 10 mm (this is the linear 
dimension determining the character of a physical process in ques- 
tion). Find: 

(a) the gas pressure below which the mean free path of the mole- 
cules A >> i; 

(b) the corresponding molecular concentration and the mean 
distance between the molecules. 

2.228. For the case of nitrogen under standard conditions find: 

(a) the mean number of collisions experienced by each molecule 
per second; 

(b) the total number of collisions occurring between the molecules 
within 1 cm? of nitrogen per second. 
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2.229. How does the mean free path A an n i 
of each molecule per unit time v depend on the absolute temperature 
of an ideal gas undergoing 

(a) an isochoric process; 

(b) an isobaric process? 

2.230. As a result of some process the pressure of an ideal gas 
increases n-fold. How many times have the mean free path A and 
the number of collisions: of each molecule per unit time v changed 
and how, if the process is 

(a) isochoric; (b) isothermal? 

2.231. An ideal gas consisting of rigid diatomic molecules goes 
through an adiabatic process. How do the mean free path A and the 
number of collisions of each molecule per second v depend in this 
process on 

(a) the volume V; (b) the pressure p; (c) the temperature 7? 

2.232. An ideal gas goes through a polytropic process with ex- 
ponent n. Find the mean free path and the number of collisions of 
each molecule per second v as a function of 

(a) the volume V; (b) the pressure p; (c) the temperature T. 

2.233. Determine the molar heat capacity of a polytropic process 
through which an ideal gas consisting of rigid diatomic molecules 
goes and in which the number of collisions between the molecules 
remains constant 

(a) in a unit volume; (b) in the total volume of the gas. 
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2.234. An ideal gas of molar mass M is enclosed in a vessel of 
volume V whose thin walls are kept at a constant temperature 7. 
At a moment t = 0 a small hole of area S is opened, and the gas 
Starts escaping into vacuum. Find the gas concentration n as a func- 
tion of time ¢ if at the initial moment n (0) = n,. 

2.239. A vessel filled with gas is divided into two equal parts 
I and 2 by a thin heat-insulating partition with two holes. One 
hole has a small diameter, and the other has a very large diameter 
(in comparison with the mean free path of molecules). In part 2 
the gas is kept at a temperature ņ times higher than that of part Z. 
How will the concentration of molecules in part 2 change and how 
many times after the large hole is closed? 

2.236. As a result of a certain process the viscosity coefficient of 
an ideal gas increases « — 2.0 times and its diffusion coefficient 
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D = 4.0 times. How does the gas pressure change and how many 
ti 


mes? 
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2.237. How will a diffusion coefficient D and the viscosity coeffi- 
cient ņ of an ideal gas change if its volume increases m times: 

(a) isothermally; (b) isobarically? 

2.238. An ideal gas consists of rigid diatomie molecules. How will 
a diffusion coefficient D and viscosity coefficient n change and how 
many times if the gas volume is decreased adiabatically n — 10 times? 

2.239. An ideal gas goes through a polytropic process. Find the 
polytropic exponent n if in this process the coefficient 

(a) of diffusion; (b) of viscosity; (c) of heat conductivity remains 
constant. 

2.240. Knowing the viscosity coefficient of helium under standard 
conditions, calculate the effective diameter of the helium atom. 

2.241. The heat conductivity of helium is 8.7 times that of argon 
(under standard conditions). Find the ratio of effective diameters 
of argon and helium atoms. 

2.242. Under standard conditions helium fills up the space between 
two long coaxial cylinders. The mean radius of the cylinders is equal 
to R, the gap between them is equal to AR, with AR « R. The 
outer cylinder rotates with a fairly low angular velocity œw about 
the stationary inner cylinder. Find the moment of friction forces 
acting on a unit length of the inner cylinder. Down to what magnitude 
should the helium pressure be lowered (keeping the temperature cons- 
tant) to decrease the sought moment of friction forces n — 10 times 
if AR =6 mm? 

2.243. A gas fills up the space between two long coaxial cylinders 
of radii R, and Ry, with R, < R,. The outer cylinder rotates with 
a fairly low angular velocity œw about the stationary inner cylinder. 
The moment of friction forces acting on a unit length of the inner 
cylinder is equal to N,. Find the viscosity coefficient n of the gas 
taking into account that the friction force acting on a unit area of the 


cylindrical surface of radius r is determined by the formula o — 
= mr (dw/dr). 
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2.244. Two identical parallel discs have a common axis and are 
located at a distance k from each other. The radius of each disc is 
equal to a, with a > h. One disc is rotated with a low angular veloc. 
ity o relative to the other, stationary, disc. Find the moment of 
friction forces acting on the stationary disc if the viscosity coeffi- 
cient of the gas between the discs is equal to 1j. | 

2.245. Solve the foregoing problem, assuming that the discs 
are located in an ultra-rarefied gas of molar mass M, at temperature T 
and under pressure p. 

2.246. Making use of Poiseuille's equation (1.7d), find the mass 
u of gas flowing per unit time through the pipe of length l and radius a 
if constant pressures p, and p, are maintained at its ends. 

2.247. One end of a rod, enclosed in a thermally insulating sheath, 
is kept at a temperature 7, while the other, at Ta. The rod is com- 
posed of two sections whose lengths are 1, and l, and heat conductiv- 
ity coefficients x, and x,. Find the temperature of the interface. 

2.248. Two rods whose lengths are J, and l, and heat conductivity 
coefficients x, and x, are placed end to end. Find the heat conductivity 
coefficient of a uniform rod of length J,-+/, whose conductivity 
is the same as that of the system of these two rods. The lateral surfaces 
of the rods are assumed to be thermally insulated. 

2.249. A rod of length J with thermally insulated lateral surface 
consists of material whose heat conductivity coefficient varies with 
temperature as x = a/T, where « is a constant. The ends of the rod 
are kept at temperatures T, and 7,. Find the function T (zx), where 
are kept at temperatures £2, and £95. t 
x is the distance from the end whose temperature is T,, and 
the heat flow density. u 

2.250. Two chunks of metal with heat capacities C, and C, are 
interconnected by a rod of length / and cross-sectional area S and 
fairly low heat conductivity x. The whole system is thermally insu- 


lated from the environment. At a moment ¢ = 0 the temperature 


: tal agnals (AT)... Assuming 
difference between the two chunks of metal equais (AZ )o g 


the heat capacity of the rod to be negligible, find the temperature 
difference between the chunks as a function of time. 

2.251. Find the temperature distribution in a substance placed 
between two parallel plates kept at temperatures T, and T;. The 
plate separation is equal to 1, the heat conductivity coefficient o 


bstance x oc V T. l 
ho a The space ween two large horizontal plates is filled 
with helium. The plate separation equals | = 50 mm. The lower 
plate is kept at a temperature 7, = 290 K, the upper, at £2 = 
— 330 K. Find the heat flow density if the gas pressure is close 
andard. 

9.253. The space between two large parallel plates separated by 
a distance l = 5.0 mm is filled with helium under a pressure p = 
— 1.0 Pa. One plate is kept at a temperature t, = 17 °C and the 
other, at a temperature tf, = 37 °C. Find the mean free path of helium 
atoms and the heat flow density. 
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2.294. Find the temperature distribution in the Space between 
two coaxial cylinders of radii R} and R, filled with a uniform heat 
conducting substance if the temperatures of the cylinders are constant 
and are equal to 7, and T, respectively. 

2.299. Solve the foregoing problem for the case of two concentric 
speres Of radil f; and R, and temperatures T, and T,. 

2.296. A constant electric current flows along a uniform wire 
with cross-sectional radius R and heat conductivity coefficient x 
A unit volume of the wire generates a thermal power w. Find the 
temperature distribution across the wire provided the steady-state 
temperature at the wire surface is equal to T e. 

l 2.257. The thermal power of density w is generated uniformly 
inside a uniform sphere of radius R and heat conductivity coefficient 
x. Find the temperature distribution in the sphere provided the 
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Steady-state temperature at its surface is equal to 7,. 


PART THREE 


ELECTRODYNAMICS 


3.14. CONSTANT ELECTRIC FIELD IN VACUUM 
e Strength and potential of the field of a point charge q: 


1 q 1 g 
= YS, = — à . Ai 
ANEg r? F T ANE r (3-1a) 
e Relation between field strength and potential: 


i.e. field strength is equal to the antigradient of the potential. 
e Gauss's theorem and circulation of the vector E: 


E dS = gleo, QE dr = 0. (3.40) 


e Potential and strength of the field of a point dipole with electric mo- 
ment p: 


1 pr E 1 
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where 0 is the angle between the vectors r and p. 
e Energy W of the dipole p in an external electric field, and the moment 
N of forces acting on the dipole: 
W = —pE, N= [pE]. (3.16) 
e Force F acting on a dipole, and its projection Fy: 


where 9 E/àl is the derivative of the vector E with respect to the dipole direction, 
VE, is the gradient of the function E,. 


3.1. Calculate the ratio of the electrostatic to gravitational inter- 


action forces between two electrons, between two protons. At what 


value of the specific charge g/m of a particle would these forces be- 
come equal (in their absolute values) in the case of interaction of 
identical particles? 

3.2. What would be the interaction force between two copper 
spheres, each of mass 1 g, separated by the distance 1 m, if the total 
electronic charge in them differed from the total charge of the nuclei 
by one per cent? 

3.3. Two small equally charged spheres, each of mass m, are 
suspended from the same point by silk threads of length /. The 
distance between the spheres z < l. Find the rate dg/dt with which 
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the charge leaks off each sphere if their approach velocity varies as 
v = a/V z, where a is a constant. 

3.4. Two positive charges q, and gq, are located at the points with 
radius vectors r, and r,. Find a negative charge q; and a radius vector 
r, of the point at which it has to be placed for the force acting on 
each of the three charges to be equal to zero. 

3.9. A thin wire ring of radius r has an electric charge q. What 
will be the increment of the force stretching the wire if a point charge 
qo is placed at the ring's centre? 

3.6. A positive point charge 50 uG is located in the plane zy 
at the point with radius vector rọ = 2i + 3j, where i and j are 
the unit vectors of the x and y axes. Find the 
vector of the electric field strength E and its 
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3.7. Point charges g and —g are located at the L4 NN 

vertices of a square with diagonals 2/ as shown ege ----- »-] 


in Fig. 3.1. Find the magnitude of the electric  ' 
field strength at a point located symmetrically 
with respect to the vertices of the square at a 
distance x from its centre. 

3.8. A thin half-ring of radius R — 20 cm is uniformly charged 
with a total charge g = 0.70 nC. Find the magnitude of the electric 
field strength at the curvature centre of this half-ring. l 

3.9. A thin wire ring of radiusr carries a charge q. Find the magni- 
tude of the electric feld strength on the axis of the ring as a function 
of distance l from its centre. Investigate the obtained function at 
lx r. Find the maximum strength magnitude and the correspond- 
ing distance |. Draw the approximate plot of the function E(l. 

3.10. A point charge g is located at the centre of a thin ring of 
radius R with uniformly distributed charge —g. Find the magnitude 
of the electric field strength vector at the point lying on the axis 
of the ring at a distance x from its centre, if z >> R. 

3.11. A system consists of a thin charged wire ring of radius R 
and a very long uniformly charged thread oriented along the axis 
of the ring, with one of its ends coinciding with the centre of the 
ring. The total charge of the ring is equal to g. The charge of the 
thread (per unit length) is equal to 4. Find the interaction force þe- 
tween the ring and the thread. 

3.12. A thin nonconducting ring of radius R has a linear charge 

: t 
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Fig. 3.1. 


(a) at the centre of the ring; l 

(b) on the axis of the ring as a function of the distance z from its 
centre. Investigate the obtained function at z `> R. 

3.13. A thin straight rod of length 2a carrying a uniformly distri- 
buted charge g is located in vacuum. Find the magnitude of the 
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electric field strength as a function of the distance r from the rod's 
centre along the straight line 

(a) perpendicular to the rod and passing through its centre; 

(b) coinciding with the rod's direction (at the points lying outside 
the rod). 

Investigate the obtained expressions at r>a. 

3.14. A very long straight uniformly charged thread carries 
a charge À per unit length. Find the magnitude and direction of 
the electric field strength at a point which is at a distance y from 
the thread and lies on the perpendicular passing through one of the 
thread's ends. 

3.19. A thread carrying a uniform charge À per unit length has 
the configurations shown in Fig. 3.2 a and b. Assuming a curvature 


ko y 


(a) (b) 
Fig. 3.2, Fig. 3.3. 


radius R to be considerably less than the length of the thread, find 
the magnitude of the electric field strength at the point O. 


3.16. A sphere of radius r carries a surface charge of density g — 
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= ar, where a is a constant vector, and r is the radius vector of 
a point of the sphere relative to its centre. Find the electric field 
strength vector at the centre of the sphere. 

3.17. Suppose the surface charge density over a sphere of radius R 
depends on a polar angle 0 as o = o, cos 0, where c, is a positive 
constant. Show that such a charge distribution can be represented as 
a result of a small relative shift of two uniformly charged balls 
of radius R whose charges are equal in magnitude and opposite in 
sign. Resorting to this representation, find the electric field strength 
vector inside the given sphere. 

3.18. Find the electric field strength vector at the centre of a ball 
of radius R with volume charge density p = ar, where a is a constant 
vector, and r is a radius vector drawn from the ball's centre. 

3.19. A very long uniformly charged thread oriented along the 
axis of a circle of radius R rests on its centre with one of the ends. 
The charge of the thread per unit length is equal to A. Find the flux 
of the vector E across the circle area. 

3.20. Two point charges g and —g are separated by the distance 
2l (Fig. 3.3). Find the flux of the electric field strength vector across 
a circle of radius R. 

3.21. A ball of radius R is uniformly charged with the volume 
density p. Find the flux of the electric field strength vector across 
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the ball's section formed by the plane located at a distance ry < R 
from the centre of the ball. 

3.22. Each of the two long parallel threads carries a uniform 
charge À per unit length. The threads are separated by a distance /. 
Find the maximum magnitude of the electric field strength in the 
symmetry plane of this system located between the threads. 

3.23. An infinitely long cylindrical surface of circular cross- 
section is uniformly charged lengthwise with the surface density 
G = 0, cos p, where q is the polar angle of the cylindrical coordinate 
system whose z axis coincides with the axis of the given surface. 
Find the magnitude and direction of the electric field strength vector 
on the z axis. 

3.24. The electric field strength depends only on the x and y coor- 
dinates according to the law E = a (ri + yjy(z? -+ y^), where a 


is a constant, i and j are the unit vectors of the r and y axes. Find 
the flux of the vector E through a sphere of radius R with its cent 
at the origin of coordinates. 

3.25. A ball of radius A carries a positive charge whose volume 
density depends only on a separation r from the ball's centre as 
o= po (1 — r/R), where p, is a constant. Assuming the permittivities 
of the ball and the environment to be equal to unity, find: 

(a) the magnitude of the electric field strength as a function of the 
distance r both inside and outside the ball; 

(b) the maximum intensity Emax and the corresponding distance rp. 

3.26. A system consists of a ball of radius R carrying a spherically 
symmetric charge and the surrounding space filled with a charge of 
volume density p = «/r, where a is a constant, r is the distance 
from the centre of the ball. Find the ball's charge at which the mag- 
nitude of the electric field strength vector is independent of r outside 
the ball. How high is this strength? The permittivities of the ball 
and the surrounding space are assumed to be equal to unity. 

3.27. A space is filled up with a charge with volume density 
p = p,e *?, where p, and « are positive constants, r is the distance 
from the centre of this system. Find the magnitude of the electric 
field strength vector as a function of r. Investigate the obtained expres- 
sion for the small and large values of r, i.e. at ar? « 1 and ar? >> 1. 

3.28. Inside a ball charged uniformly with ‘volume density p 
there is a spherical cavity. The centre of the cavity is displaced with 
respect to the centre of the ball by a distance a. Find the field strength 
E inside the cavity, assuming the permittivity equal to unity. 

3.29. Inside an infinitely long circular cylinder charged uniformly 
with volume density p there is a circular cylindrical cavity. The 
distance between the axes of the cylinder and the cavity is equal 
to a. Find the electric field strength E inside the cavity. The permit- 
tivity is assumed to be equal to unity. 

3.30. There are two thin wire rings, each of radius R, whose axes 
coincide. The charges of the rings are q and —g. Find the potential 
difference between the centres of the rings separated by a distance a. 
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3.31. There is an infinitely long straight thread carrying a charge 
with linear density À = 0.40 wC/m. Calculate the potential difference 
between points 7 and 2 if point 2 is removed ņ = 2.0 times farther 
from the thread than point 7. 

3.32. Find the electric field potential and strength at the centre 
of a hemisphere of radius R charged uniformly with the surface 
density o. 

3.33. A very thin round plate of radius R carrying a uniform sur- 
face charge density o is located in vacuum. Find the electric field 
potential and strength along the plate's axis as a function of a dis- 
tance l from its centre. Investigate the obtained expression at 1— 0 
and i» R. 

3.34. Find the potential ọ at the edge of a thin disc of radius R 
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3.35. Find the electric field strength vector if the 
this field has the form @ = ar, where a is a constant vector, and 
is the radius vector of a point of the field. 

3.36. Determine the electric field strength vector if the potential 
of this field depends on z, y coordinates as 

a) p = a (x? — y? (b) 9 = azy, 
where a is a constant. Draw the approximate shape of these fields 


.using lines of force (in the z, y plane). 


3.37. The potential of a certain electrostatic field has the form 
p = a (z? + y?) + bz*, where a and b are constants. Find the mag- 
nitude and direction of the electric field strength vector. What shape 
have the equipotential surfaces in the following cases: 

(a) a 2-0, b 20; (b) 42-0, b< 0? 

3.38. A charge g is uniformly distributed over the volume of 
a sphere of radius R. Assuming the permittivity to be equal to unity 
throughout, find the potential 

(a) at the centre of the sphere; 

(b) inside the sphere as a function of the distance r from its centre. 

3.39. Demonstrate that the potential of the field generated by 
a dipole with the electric moment p (Fig. 3.4) may be represented as 
Q = pr/Axe,r?, where r is the radius vector. 
Using this expression, find the magnitude of the S 
electric field strength vector as a function of r 3, 
and 0. | 


3.40. A point dipole with an electric moment p g P 
oriented in the positive direction of the z axis is 
located at the origin of coordinates. Find the 7 
projections E ; and E , ofthe electric field strength 
vector (on the plane perpendicular to the z axis at Fig. 3.4 


the point S (see Fig. 3.4). At which points is E 
perpendicular to p? 

3.44. A point electric dipole with a moment p is placed in the 
external uniform electric field whose strength equals E,. with 
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p ++ E,. In this case one of the equipotential surfaces enclosing the 
dipole forms a sphere. Find the radius of this sphere. 

3.42. Two thin parallel threads carry a uniform charge with linear 
densities and —A. The distance between the threads is equal to L. 
Find the potential of the electric field and the magnitude of its strength 
vector at the distance r ~> lat the angle 0 to the vector 1 (Fig. 3.5). 

3.43. Two coaxial rings, each of radius R, made of thin wire are 
separated by a small distance l (I< R) and carry the charges g and 
—g. Find the electric field potential and strength at the axis of the 


E ^ 


Fig. 3.5. Fig. 3.6. Fig. 3.7. 


system as a function of the z coordinate (Fig. 3.6). Show in the same 
drawing the approximate plots of the functions obtained. Investigate 
these functions at | x | > R. l 

3.44. Two infinite planes separated by a distance / carry a uniform 
surface charge of densities c and —o (Fig. 3.7). The planes have 
round coaxial holes of radius R, with |< R. Taking the origin 
O and the z coordinate axis as shown in the figure, find the potential 
of the electric field and the projection of its strength vector E, on the 
axes of the system as functions of the x coordinate. Draw the approx- 
imate plot ọ (z). 

3.45. An electric capacitor consists of thin round parallel plates, 
each of radius R, separated by a distance l (1 «& R) and uniformly 
charged with surface densities c and —o. Find the potential of tne 
electric field and the magnitude of its strength vector at the axes 
of the capacitor as functions of a distance z from the plates ifz > L 
Investigate the obtained expressions at x > R. l 

3.46. A dipole with an electric moment p is located at a distance 
r from a long thread charged uniformly with a linear density À. 
Find the force F acting on the dipole if the vector p is oriented 

(a) along the thread; 

(b) along the radius vector r; 

(c) at right angles to the thread and the radius vector r. 
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separated by a distance | — 10 nm if their electric moments are 
oriented along the same straight line. The moment of each molecule 
equals p = 0.62.10- C-m. 

3.48. Find the potential ọ (z, y) of an electrostatic field E = 
=a (yi + xj), where a is a constant, i and j are the unit vectors 
of the z and y axes. 
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3.49. Find the potential ọ (z, y) of an electrostatic field E = 
= 2axyi + a (x? — y?) j, where a is a constant, i and j are the unit 
vectors of the z and y axes. 

3.00. Determine the potential ọ (z, y, z) of an electrostatic field 
E = ayi + (ax + bz) j + byk, where a and b are constants, i, j, k 
are the unit vectors of the axes z, y, z. 

3.91. The field potential in a certain region of space depends only 
on the x coordinate as q = —az? + b, where a and b are constants. 
Find the distribution of the space charge p (x). 

3.92. À uniformly distributed space charge fills up the space be- 
tween two large parallel plates separated by a distance d. The poten- 
tial difference between the plates is equal to Aq. At what value of 
charge density p is the field strength in the vicinity of one of the 
plates equal to zero? What will then be the field strength near 
the other plate? 
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the distance from its centre as ọ = ar? b 
tants. Find the space charge distribution p (r) inside the ball. 
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3.2. CONDUCTORS AND DIELECTRICS 
IN AN ELECTRIC FIELD 


e Electric field strength near the surface of a conductor in vacuum: 


E, = olt. (3.2) 
e Flux of polarization P across a closed surface: 
n ] 1 
MP dS = ~g, (3. 2b) 


where g’ is the algebraic sum of bound charges enclosed by this surface. 
e Vector D and Gauss's theorem for it: 


D= &«E--P, DdS=gq, (3.20) 
ej 


where q is the algebraic sum of extraneous charges inside a closed surface. 
e Relations at the boundary between two dielectrics: 

Pon—Pin=—9', Den—Din=9, Eg = Fir, (3.2d) 
where c' and o are the surface densities of bound and extraneous charges, and 
the unit vector n of the normal is directed from medium 1 to medium 2. 

e In isotropic dielectrics: 

P = xg E, D= egejE, s= 1-4 x. (3.2e) 
e In the case of an isotropic uniform dielectric filling up all the space 

between the equipotential surfaces: 
E = Eye. (3. 2f) 
3.54. A small ball is suspended over an infinite horizontal con- 
ducting plane by means of an insulating elastic thread of stiffness k. 
As soon as the ball was charged, it descended by x cm and its sepa- 


ration from the plane became equal to J. Find the charge of the 
ball. 
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3.00. A point charge q is located at a distance / from the infinite 
conducting plane. What amount of work has to be performed in 
order to slowly remove this charge very far from the plane. 

3.06. Two point charges, g and —q, are separated by a distance L, 
both being located at a distance 1/2 from the infinite conducting 
plane. Find: 

(a) the modulus of the vector of the electric force acting on each 
charge; 

(b) the magnitude of the electric field strength vector at the mid- 
point between these charges. 

3.97. A point charge g is located between two mutually perpendi- 
cular conducting half-planes. Its distance from each half-plane 
is equal to J. Find the modulus of the vector of the force acting 
on the charge. 

3.98. A point dipole with an electric moment p is located at 


diata lj 
a distance i from an infinite conducting plane. Find the modulus 


of the vector of the force acting on the dipole if the vector p is 
perpendicular to the plane. 

3.59. A point charge g is located at a distance Z from an infinite 
conducting plane. Determine the surface density of charges induced 
on the plane as a function of separation r from the base of the perpen- 
dicular drawn to the plane from the charge. 

3.60. A thin infinitely long thread carrying a charge À per unit 
length is oriented parallel to the infinite conducting plane. The 
distance between the thread and the plane is equal to /. Find: 

(a) the modulus of the vector of the force acting on a unit length 
of the thread; 

(b) the distribution of surface charge density o (x) over the plane, 
where z is the distance from the plane perpendicular to the conducting 
surface and passing through the thread. 

3.61. A very long straight thread is oriented at right angles to 
an infinite conducting plane; its end is separated from the plane 
by a distance I. The thread carries a uniform charge of linear den- 
sity 4. Suppose the point O is the trace of the thread on the plane. 
Find the surface density of the induced charge on the plane 

(a) at the point O; 

(b) as a function of a distance r from the point O. 

3.62. A thin wire ring of radius A carries a charge q. The ring 
is oriented parallel to an infinite conducting plane and is separated 
by a distance l from it. Find: 

(a) the surface charge density at the point of the plane symmetrical 
with respect to the ring; 

(b) the strength and the potential of the electric field at the centre 
of the ring. 

3.63. Find the potential of an uncharged conducting sphere out- 
side of which a point charge q is located at a distance ! from the 
sphere's centre. 
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3.64. A point charge q is located at a distance r from the centre O 
of an uncharged conducting spherical layer whose inside and outside 
radii are equal to Ay and R, respectively. Find the potential at 

tha naint f£) if 
tne peau U iir m Ay. 

3.65. A system consists of two concentric conducting spheres, 
with the inside sphere of radius a carrying a positive charge q,. 
What charge q, has to be deposited on the outside sphere of radius 5 
to reduce the potential of the inside sphere to zero? How does the 
potential ọ depend in this case on a distance r from the centre of 
the system? Draw the approximate plot of this dependence. 

3.66. Four large metal plates are located at a small distance d 
from one another as shown in Fig. 3.8. The extreme plates are inter- 


Fig. 3.8. 


connected by means of a conductor while a potential difference 
Aq is applied to internal plates. Find: 
(a) the values of the electric field strength between neighbouring 


plates; 
LY £ha ta cha TOca rea P 4 each Aulata 
(b) the total charge per unit area of each plate 


3.67. Two sns conducting plates Z and 2 are separated by 
a distance l. A point charge q is located between the plates at a dis- 
tance x from plate Z. Find the charges induced on each plate. 

3.68. Find the electric force experienced by a charge reduced 
to a unit area of an arbitrary conductor if the surface density of the 


charge equals o 
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Find the modulus of the vector of the resultant force acting on a a chdigs 
located on one half of the ball. 

3.70. When an uncharged conducting ball of radius A is placed 
in an external uniform electric field, a surface charge density c — 
= g, cos 0 is induced on the ball's surface (here o, is a constant, 
0 is a polar angle). Find the magnitude of the resultant electric force 
acting on an induced charge of the same sign. 

3.71. An electric field of strength Æ = 1.0 kV/cm produces polari- 
zation in water equivalent to the correct orientation of only one out 
of N molecules. Find N. The electric moment of a water molecule 
equals p = 0.62-107?? C-m. 

3.72. A non-polar molecule with polarizability B is located at 
a great distance l from a polar molecule with electric moment p. 
Find the magnitude of the interaction force between the molecules 
if the vector p is oriented along a straight line passing through both 
molecules. 
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3.73. A non-polar molecule is located at the axis of a thin uniformly 
charged ring of radius H. At what distance z from the ring's centre 
is the magnitude of the force F acting on the given molecule 

(a) equal to zero; (b) maximum? 

Draw the approximate plot /’, (x). BEEN mE 

3.74. A point charge q is located at the centre of a ball made ol 
uniform isotropic dielectric with permittivity €. Find the polari- 
zation P as a function of the radius vector r relative to the centre 
of the system, as well as the charge g' inside a sphere whose 
radius is less than the radius of the ball. 

3.75. Demonstrate that at a dielectric-conductor interface the 
surface density of the dielectric’s bound charge g’ = —0 (e — 1)/e, 
where g is the permittivity, o is the surface density of the charge 


on the conductor. 


3.76. A conductor of arbitrary shape, carrying a charge g, is 


surrounded with uniform dielectric of permittivity e (Fig. 3.9). 


Fig. 3.9. Fig. 3.10. 


Find the total bound charges at the inner and outer surfaces of the 
dielectric. : l 

3.77. A uniform isotropic dielectric is shaped as a spherical layer 
with radii a and b. Draw the approximate plots of the electric feld 
strength Æ and the potential q vs the distance r from the centre of 
the layer if the dielectric has a certain positive extraneous charge 
distributed uniformly: l l i . 

(a) over the internal surface of the layer; (b) over the volume ot 
the layer. 

3.78. Near the point A (Fig. 3.10) lying on the boundary between 
glass and vacuum the electric field strength in vacuum is equal to 
E, — 10.0 V/m, the angle between the vector E, and the normal 
n of the boundary line being equal to a) = 30°. Find the field strength 
E in glass near the point A, the angle a between the vector E and n, 
as well as the surface density of the bound charges at the point A. 

3.79, Near the plane surface of a uniform isotropic dielectric 
with permittivity e the electric field strength in vacuum 1s equal 
to E,, the vector E; forming an angle 0 with the normal of the dielec- 
tric's surface (Fig. 3.11). Assuming the field to be uniform both inside 
and outside the dielectric, find: l 

(a) the flux of the vector E through a sphere of radius R with 
centre located at the surface of the dielectric; 
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(b) the circulation of the vector D around the closed path I 
of length I (see Fig. 3.11) whose plane is perpendicular to the surface 
of the dielectric and parallel to the vector Eù. 


3.80. An infinite plane of uniform dielectric with permittivity & 
is uniformly charged with extraneous charge of space density p. 
The thickness of the plate is equal to 2d. Find: 

(a) the magnitude of the electric field strength and the potential 
as functions of distance / from the middle point of the plane (where 
the potential is assumed to be equal to zero); having chosen the 
x coordinate axis perpendicular to the plate, draw the approximate 
plots of the projection E, (x) of the vector E and the potential ọ (z); 

(b) the surface and space densities of the bound charge. 

3.81. Extraneous charges are uniformly distributed with space 


density nD => 0 over a hall af radius R mado nf nnifarm isotro i 


dielectric with permittivity e. Find: i 

(a) the magnitude of the electric field strength as a function of 
distance r from the centre of the ball; draw the approximate plots 
E (r) and @ (ry: 

(b) the space and surface densities of the bound charges. 

3.82. A round dielectric disc of radius R and thickness d is stat- 


ically polarized so that it gains the uniform polarization P. with 
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the vector P lying in the plane of the disc. Find the strength E of 
the electric field at the centre of the disc if d € R. 

3.83. Under certain conditions the polarization of an infinite 
uncharged dielectric plate takes the form P — P, (1 — z?/d?), where 
P, is a vector perpendicular to the plate, x is the distance from the 
middle of the plate, d is its half-thickness. Find the strength E 
of the electric field inside the plate and 
the potential difference between its sur- | —————— —————— —— 
faces. 7 

3.84. Initially the space between the Ll LLL CL 
plates of the capacitor is filled with air, 
and the field strength in the gap is equal Fig. 3.12. 
to E,. Then half the gap is filled with 
uniform isotropic dielectric with permittivity e as shown in Fig. 3.12. 
Find the moduli of the vectors E and D in both parts of the gap 
(1 and 2) if the introduction of the dielectric 
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(a) does not change the voltage across the plates; 

(b) leaves the charges at the plates constant. 

3.85. Solve the foregoing problem for the case when half the gap 
is filled with the dielectric in the way shown in Fig. 3.13. 


Fig. 3.13. Fig. 3.14. 


3.86. Half the space between two concentric electrodes of a spher- 
ical capacitor is filled, as shown in Fig. 3.14, with uniform isotropic 
dielectric with permittivity £e. The charge of the capacitor is q. 
Find the magnitude of the electric field strength between the elec- 
trodes as a function of distance r from the curvature centre of the 
electrodes. 

3.87. Two small identical balls carrying the charges of the same 
sign are suspended from the same point by insulating threads of 
equal length. When the surrounding space was filled with kerosene 
the divergence angle between the threads remained constant. What 
is the density of the material of which the balls are made? 

3.88. A uniform electric field of strength E — 100 V/m is gener- 
ated inside a ball made of uniform isotropic dielectric with permit- 
tivity e = 5.00. The radius of the ball is R = 3.0 cm. Find the 
maximum surface density of the bound charges and the total bound 
charge of one sign. 

3.89. A point charge q is located in vacuum at a distance l from 
the „plane surface, of a uniform isotropic dielectric filling up all the 
half- space. The permittivity of the dielectric equals e. Find: 

(a) the surface density of the bound charges as a function of distance 
r from the point charge q; analyse the obtained result at l +0; 

(b) the total bound charge on the surface of the dielectric. 

3.90. Making use of the formulation and the solution of the fore- 
going problem, find the magnitude of the force exerted by the charges 
bound on the surface of the dielectric on the point charge q. 

3.91. A point charge q is located on the plane dividing vacuum 
and infinite uniform isotropic dielectric with permittivity e. Find 
the moduli of the vectors D and E as well as the potential q as func- 
tions of distance r from the charge qQ. 

3.92. A small conducting ball carrying a charge q is located in 
a uniform isotropic dielectric with permittivity e at a distance l 
from an infinite boundary plane between the dielectric and vacuum. 
Find the surface density of the bound charges on the boundary plane 
as a function of distance r from the ball. Analyse the obtained result 
for 1 — 0. 
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3.93. A half-space filled with uniform isotropic dielectric with 
permittivity ¢ has the conducting boundary plane. Inside the dielec- 
tric, at a distance l from this plane, there is a small metal ball pos- 
sessing a charge q. Find the surface density of the bound charges at 
the boundary plane as a function of distance r from the ball. 

3.94. A plate of thickness A made of uniform statically polarized 
dielectric is placed inside a capacitor whose parallel plates are inter- 
connected by a conductor. The polarization of the dielectric is equal 
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Find the strength and induction vectors for the electri 
inside and outside the plates. 

3.95. A long round dielectric cylinder is polarized so that the 
vector P = ar, where a is a positive constant and r is the distance 
from the axis. Find the space density p' of bound charges as a function 
of distance r from the axis. 

3.96. A dielectric ball is polarized uniformly and statically. lts 
polarization equals P. Taking into account that a ball polarized in 
this way may be represented as a result of a small shift of all positive 
charges of the dielectric relative to all negative charges, 

(a) find the electric field strength E inside the ball; 

(b) demonstrate that the field outside the ball is that of a dipole 
located at the centre of the ball, the potential of that field being 
equal to @ = por/4me€,, where p, is the electric moment of the ball, 
and r is the distance from its centre. 

3.97. Utilizing the solution of the foregoing problem, find 
tric field strength E, in a spherical cavity in an infinite statically 
ed uniform dielectric if the dielectric's polarization is P, and far from 
the cavity the field strength is E. 

3.98. A uniform dielectric ball is placed in a uniform electric 
field of strength E,. Under these conditions the dielectric becomes 
polarized uniformly. Find the electric field strength E inside the ball 
and the polarization P of the dielectric whose permittivity equals e. 
Make use of the result obtained in Problem 3.96. 

3.99. An infinitely long round dielectric cylinder is polarized 
uniformly and statically, the polarization P being perpendicular 
to the axis of the cylinder. Find the electric field strength E inside the 
dielectric. 

3.100. A long round cylinder made of uniform dielectric is placed 
in a uniform electric field of strength E,. The axis of the 
cylinder is perpendicular to vector E,. Under these conditions 
the dielectric becomes polarized uniformly. Making use of the result 
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obtained in the foregoing problem, find the electric field strength 
E in the cylinder and the polarization P of the dielectric whose per- 
mittivity is equal to g. 


3.3. ELECTRIC CAPACITANCE, 


ENERGY OF AN ELECTRIC FIELD 


e Capacitance of a parallel-plate capacitor: 


C = ce,S/d. (3.38) 
e Interaction energy of a system of point charges: 
1 
e Total electric energy of a system with continuous charge distribution: 
40 
W= . . 
5 j pe dV (3.3c) 
e Total elettric energy of two charged bodies 1 and 2: 
W = WitWat Wis (3.3d) 


where W, and W, are the self-energies of the bodies, and W,, is the interaction 
energy, 


e Energy of a charged capacitor: 


W g? 


w= = (3.3f) 


3.101. Find the capacitance of an isolated ball-shaped conductor 
of radius H, surrounded by an adjacent concentric layer of dielectric 
with permittivity e and outside radius Ry. 

3.102. Two parallel-plate air capacitors, each of capacitance C, 
were connected in series to a battery with emf £. Then one of the 
capacitors was filled up with uniform dielectric with permittivity e. 
How many times did the electric field strength in that capacitor 
decrease? What amount of charge flows through the battery? 

3.103. The space between the plates of a parallel-plate capacitor 
is filled consecutively with two dielectric layers 7 and 2 having 
the thicknesses d; and d; and the permittivities e, and £, respectively. 
The area of each plate is equal to S. Find: 

(a) the capacitance of the capacitor; 

(b) the density o” of the bound charges on the boundary plane if 


the voltage across the capacitor equals V and the electric field is 
directed from layer 7 to layer 2, 

3.104. The gap between the plates of a parallel-plate capacitor 
is filled with isotropic dielectric whose permittivity & varies linearly 
from £, to £5 (£3 > 8) in the direction perpendicular to the plates. 
The area of each plate equals S, the separation between the plates 
is equal to d. Find: 


(a) the capacitance of the capacitor; 
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(b) the space density of the bound charges as a function of € 
if the charge of the capacitor is g and the field E in it is directed toward 
the growing € values. 

3.105. Find the capacitance of a spherical capacitor whose elec- 
trodes have radii R, and R, > R, and which is filled with isotropic 
dielectric whose permittivity varies as e = a/r, where a is a constant, 
and r is the distance from the centre of the capacitor. 

3.106. A cylindrical capacitor is filled with two cylindrical layers 
of dielectric with permittivities £, and £s. The inside radii of the 
layers are equal to R, and R, > AH, The maximum permissible 
values of electric field strength are equal to £,,, and Esm for these 
dielectrics. At what relationship between e, R, and E, will the 
voltage increase result in the field strength reaching the breakdown 
value for both dielectrics simultaneously? 


3.107. There is a double-layer cylindrical capacitor whose para- 
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meters are shown 
for these dielectrics are equal to Æ, and E, re- 
spectively. What is the breakdown voltage of 
this capacitor if e, R E< e,R,E;? 

3.108. Two long straight wires with equal 
cross-sectional radii a are located parallel to each 
other in air. The distance between their axes 
equals 6. Find the mutual capacitance of the 
wires per unit length under the condition 5 7» a. 

3.109. Along straight wire is located parallel to 
an infinite conducting plate. The wire cross-sec- 
tional radius is equal to a, the distance between 
the axis of the wire and the plane equals b. Find the mutual ca- 
pacitance of this system per unit length of the wire under the condi- 
tion a < b. 

3.110. Find the capacitance of a system of two identical metal 
balls of radius a if the distance between their centres is equal to b, 
with b Sa. The system is located in a uniform dielectric with 
permittivity e. 

3.111. Determine the capacitance of a system consisting of a metal 
ball of radius a and an infinite conducting plane separated from the 
centre of the ball by the distance / if 1 > a. 

3.112. Find the capacitance of a system of identical capacitors 
between points A and B shown in 

(a) Fig. 3.17a; (b) Fig. 3.17b. 


Fig. 3.16. 
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3.113. Four identical metal plates are located in air at equal 
distances d from one another. The area of each plate is equal to S. 
Find the capacitance of the system between points A and B if the 
plates are interconnected as shown 

(a) in Fig. 3.18a; (b) in Fig. 3.185. 


Fig. 3.18. 


3.114. A capacitor of capacitance C, = 1.0 pF withstands the 
maximum voltage V, — 6.0 kV while a capacitor of capacitance 
C, = 2.0 pF, the maximum voltage V, = 4.0 kV. What voltage 
will the system of these two capacitors withstand if they are con- 
nected in series? 

3.115. Find the potential difference between points A and B 
of the system shown in Fig. 3.19 if the emf is equal to 6 — 110 V 
and the capacitance ratio C,/C, = y = 2.0. 
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Fig. 3.19. 


3.116. Find the capacitance of an infinite circuit formed by the 
repetition of the same link consisting Oi two 1 


each with capacitance C (Fig. 3.20). 
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Fig. 3.24. 


3.117. A circuit has a section AB shown in Fig. 3.21. The emf 
of the source equals € = 10 V, the capacitor capacitances are equal 
to C, = 1.0 pF and C, = 2.0 uF, and the potential difference ọpa — 
— pg = 5.0 V. Find the voltage across each capacitor. 

3.118. In a circuit shown in Fig. 3.22 find the potential difference 
between the left and right plates of each capacitor. 
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3.119. Find the charge of each capacitor in the circuit shown in 
Fig. 3.22. 
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Fig. 3.22. Fig. 3.23. 


3.120. Determine the potential difference q4 — «p g between points 
A and B of the circuit shown in Fig. 3.23. Under what condition is 
it equal to zero? 
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a voltage V = 110 V is connected in parallel to the terminals 
of a circuit consisting of two uncharged capacitors connec 
series and possessing the capacitances C; = 2.0 uF and C, = 3.0 uF. 
What charge will flow through the connecting wires? . 
3.122. What charges will flow after the shorting of the switch 
Sw in the circuit illustrated in Fig. 3.24 through sections 7 and 2 


in the directions indicated by the arrows? 


r of c tance C, — 1.0 uF charged up to 
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Fig. 3.24. Fig. 3.25. 


3.123. In the circuit shown in Fig. 3.25 the emf of each battery 
is equal to 6 = 60 V, and the capacitor capacitances are equal 
to C, = 2.0 uF and C, = 3.0 uF. Find the charges which will 
flow after the shorting of the switch Sw through sections 7, 2 and 3 
in the directions indicated by the arrows. 

3.124. Find the potential difference q4 — qp between points 
A and B of the circuit shown in Fig. 3.26. 
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Fig. 3.26. Fig. 3.27. 


3.125. Determine the potential at point Z of the circuit shown in 
Fig. 3.27, assuming the potential at the point O to be equal to zero. 
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Using the symmetry of the formula obtained, write the expressions 
for the potentials. at points 2 and 3. 

3.126. Find the capacitance of the circuit shown in Fig. 3.28 
between points A and B. 


G Cz 
A 8 
«La 
6 G 
Fig. 3.28. 
3.127. Determine the interaction energy of the point charges lo- 
cated at the corners of a square with the side a in the circuits shown 
in Fig. 3.29. 
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Fig. 3.29. 


3.128. There is an infinite straight chain of alternating charges 
q and —-g. The distance between the neighbouring charges is equal 
to a. Find the interaction energy of each charge with all the 
others. 

Instruction. Make use of the expansion of ln (1 + «) in a power 
geries in «. 

3.129. A point charge q is located at a distance } from an infinite 
tonducting plane. Find the interaction energy of that charge with 
chose induced on the plane. 

3.130. Calculate the interaction energy of two balls whose charges 
qı and g are spherically symmetrical. The distance between the 
centres of the balls is equal to L. 

Instruction. Start with finding the interaction energy of a ball and 
a thin spherical layer. 

3.131. A capacitor of capacitance C, = 1.0 uF carrying initially 
a voltage V = 300 V is connected in parallel with an uncharged 
capacitor of capacitance C, = 2.0 uF. Find the increment of the 
electric energy of this system by the moment equilibrium is reached. 
Explain the result obtained. 
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3.132. What amount of heat will be generated in the circuit shown 
in Fig. 3.30 after the switch Sw is shifted from position 7 to position 2? 


6 |; 6 
Fig. 3.30 Fig. 3.31. 
3.133. What amount of heat will be generated in the circuit shown 
in Fig. 3.31 after the switch Sw is shifted from position J to posi- 
tion 2? 


ys C 
radii R, and R, with c orresponding charges gı and Qo. Find the self- 
energy values W, ‘and W, of each shell, the interaction energy of 
the shells W,,, and the total electric energy of the system. 

3.135. A charge g is distributed uniformly over the volume of 
a ball of radius R. Assuming the permittivity to be equal to unity, 
find: 

(a) the electrostatic self-energy of the ball; 

(b) the ratio of the energy W, stored in the ball to the energy 
W., pervading the surrounding space. 

3.136. A point charge q = 3.0 pC is located at the centre of a spher- 
ical layer of uniform isotropic dielectric with permittivity e = 3.0. 
The inside radius of the layer is equal to a = 250 mm, the outside 
radius is 6 = 000 mm. Find the electrostatic energy inside the 
dielectric layer. 

3.137. A spherical shell of radius R, with uniform charge q is 
expanded to a radius #,. Find the work performed by the electric 
forces in this process. 

3.138. A spherical shell of radius R, with a uniform charge g has 
a point charge q at its centre. Find the work performed by the elec- 
tric forces during the shell expansion from 
radius A, to radius Z,. 

3.139. A spherical shell is uniformly 
charged with the surface density o. Using the 
energy conservation law, find the magnitude 
of the electric force acting on a unit area of 
the shell. 

3.140. A point charge g is located at the 
centre O of a spherical uncharged conducting 
layer provided with a small orifice (Fig. 3.32). The inside and outside 
radii of the layer are equal to a and b respectively. What amount of 
work has to be performed to slowly transfer the charge q from the 
point O through the orifice and into infinity? 


Fig. 3.32. 
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distance between the plates from z, to z, if 
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(a) the capacitance of the capacitor, which is equal to g, or (b) the 
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3.142. Inside a parallel-plate capacitor there is a plate parallel 
to the outer plates, whose thickness is equal to vj = 0.60 of the gap 
width. When the plate is absent the capacitor capacitance equals 
c = 20 nF. First, the capacitor was connected in parallel to a cons- 
tant voltage source producing V = 200 V, then it was disconnected 
from it, after which the plate was slowly removed from the gap. 
Find the work performed during the removal, if the plate is 

(a) made of metal; (b) made of glass. 

3.143. A parallel-plate capacitor was lowered into water in a hor- 
izontal position, with water filing up the gap between the plates 
d = 1.0 mm wide. Then a constant voltage V = 500 V was applied 
to the capacitor. Find the water pressure increment in the 

ap. 
£ m A parallel-plate capacitor is located horizontally so that 
one of its plates is submerged into liquid while the other is over its 
surface (Fig. 3.33). The permittivity of the liquid is equal to e, 
its density is equal to p. To what height will the level of the liquid 
in the capacitor rise after its plates get a charge of surface density g? 


3.145. A cylindrical layer of dielectric with permittivity e is 
inserted into a cylindrical capacitor to fill up all the space between 
the electrodes. The mean radius of the electrodes equals H, the gap 
between them is equal to d, with d « R. The constant voltage V 
is applied across the electrodes of the capacitor. Find the magnitude 
of the electric force pulling the dielectric into the capacitor. 

3.146. A capacitor consists of two stationary plates shaped as 
a semi-circle of radius A and a movable plate made of dielectric 
with permittivity e and capable of rotating about an axis O between 


is equal to d which is practically the separation between the station- 
ary plates. A potential difference V is applied to the capacitor. 
Find the magnitude of the moment of forces relative to the axis O 
acting on the movable plate in the position shown in the 
figure. 


124 


3.4. ELECTRIC CURRENT 
e Ohm's law for an inhomogeneous segment of a circuit: 
Vis Q1— Po + Bre 


fo ZA 
= S (9.4a) 


where Vj, is the voltage drop 
e Differential form of Ohm’s law: 
j= c (E + E*), (3.4b) 
where E* is the strength of a field produced by extraneous forces. 
e Kirchhoff’s laws (for an electric circuit): 


Sih = 0, NOUS = » Er (3.4c) 
e Power P of current and thermal power Q: 
PLVI-((,—95.4-61,)1],  Q-—RI?. (3.4d) 
e Specific power P,, of current and specific thermal power Q,p: 
Psgp—j(E--E*,  Qip-0j* (3.42) 
è Current density in a metal: 
j = enu, (3.4f) 


where u is the average velocity of carriers, 
e Number of ions recombining per unit volume of gas per unit time: 


ny == rn? , (3.4g) 
where r is the recombination coefficient. 


3.447. A long cylinder with uniformly charged surface and cross- 
sectional radius a = 1.0 cm moves with a constant velocity v = 
= 10 m/s along its axis, An electric field strength at the surface 
of the cylinder is equal to E = 0.9 kV/cm. Find the resulting convec- 
tion current, that is, the current caused by mechanical transfer of 
a charge. 

3.148. An air cylindrical capacitor with a dc voltage V = 200 V 
applied across it is being submerged vertically into a vessel filled 
with water at a velocity v = 5.0 mm/s. The electrodes of the capacitor 
are separated by a distance d = 2.0 mm, the mean curvature radius 
of the electrodes is equal to r — 50 mm. Find the current flowing 
in Lis case along lead wires, if d&r. 

3.149. At the temperature 0 °C the electric 
resistance of conductor 2 is v times that of 72 ct 
conductor 7. Their temperature coefficients of 
resistance are equal to «4 and a, respectively. 


Find the temperature coefficient of resistance 5 
of a circuit segment consisting of these two 8 
conductors when they are connected / & 

(a) in series; (b) in parallel. Fig. 3.35. 


3.150. Find the resistance of a wire frame 


shaped as a cube (Fig. 3.35) when measured between points 
(a) 1-7; (b) 1-2; (c) 1-3. 


The resistance of each edge of the frame is R 
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3.151. At what value of the resistance R, in the circuit shown 
in Fig. 3.36 will the total resistance between points A and B be 
independent of the number of cells? 


3.152. Fig. 3.37 shows an infinite circuit formed 
Q 


Fig. 3.37, 


3.153. There is an infinite wire grid with square cells (Fig. 3.38). 
bouri c i 


TL. nasieta 71 1 
The resistance of each wire between neighbourin 


is equal to Rọ. Find the resistance R of the 
whole grid between points A and B. 
Instruction. Make use of principles of 
symmetry and superposition. 
3.154. A homogeneous poorly conducting 
medium of resistivity p fills up the space 


between two thin coaxial ideally conduct- 

ing cylinders. The radii of the cylinders ILILLLIL 
are equal to a and b, with a « 5, the length | i| | FL T1 1 
of each cylinder is 1. Neglecting the edge 

effects, find the resistance of the medium Fig. 3.38. 
between the cylinders. 

3.155. A metal ball of radius a is surrounded by a thin concentric 
metal shell of radius b. The space between these electrodes is filled 
up with a poorly conducting homogeneous medium of resistivity p. 
Find the resistance of the interelectrode gap. Analyse the obtained 
solution at b — oo. s 

3.156. The space between two conducting concentric spheres of 
radii a and b (a < b) is filled up with homogeneous poorly conducting 
medium. The capacitance of such a system equals C. Find the resistiv- 
ity of the medium if the potential difference between the spheres, 
when they are disconnected from an external voltage, decreases 
n-fold during the time interval At. 
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3.157. Two metal balls of the same radius a are located in a homo- 
geneous poorly conducting medium with resistivity p. Find the 
resistance of the medium between the balls provided that the separa- 
tion between them is much greater than the radius of the ball. 

3.158. A metal ball of radius a is located at a distance l from an 
infinite ideally conducting plane. The space around the ball is filled 
with a homogeneous poorly conducting medium with resistivity p. 
In the case of a «& l find: 

(a) the current density at the conducting plane as a function of 
distance r from the ball if the potential difference between the ball 
and the plane is equal to V; 

(b) the electric resistance of the medium between the ball and 
the plane. 

3.159. Two long parallel wires are located in a poorly conducting 
medium with resistivity p. The distance between the axes of the 
wires is equal to l, the cross-section radius of each wire equals a. 
In the case a <1 find: 

(a) the current density at the point equally removed from the axes 
of the wires by a distance r if the potential difference between the 
wires is equal to V; 

(b) the electric resistance of the medium per unit length of the 
wires. 

3.160. The gap between the plates of a parallel-plate capacitor 
is filled with glass of resistivity p = 100 GQ-m. The capacitance 
of the capacitor equals C — 4.0 nF. Find the leakage current of the 
capacitor when a voltage V = 2.0 kV is applied to it. 

3.161. Two conductors of arbitrary shape are embedded into an 
infinite homogeneous poorly conducting medium with resistivity 
p and permittivity e. Find the value of a product AG for this system, 
where R is the resistance of the medium between the conductors, 
and C is the mutual capacitance of the wires in the presence of the 
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3.162. A conductor with resistivity o bounds on a dielectric with 
permittivity e. At a certain point A at the conductor's surface the 
electric displacement equals D, the vector D being directed away 
from the conductor and forming an angle a with the normal of the 
surface. Find the surface density of charges on the conductor at the 
point A and the current density in the conductor in the vicinity of 
the same point. 

3.163. The gap between the plates of a parallel-plate capacitor 
is filled up with an inhomogeneous poorly conducting medium whose 
conductivity varies linearly in the direction perpendicular to the 
plates from c, = 1.0 pS/m to o, = 2.0 pS/m. Each plate has an 
area S = 230 cm?, and the separation between the plates is d = 
= 2.0 mm. Find the current flowing through the capacitor due to 
a voltage V — 300 V. 

3.164. Demonstrate that the law of refraction of direct current 
lines at the boundary between two conducting media has the form 
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tan «tan a, = O/O, where o, and o, are the conductivities of 
the media, «; and o, are the angles between the current lines and the 
normal of the boundary surface. 

3.165. Two cylindrical conductors with equal cross-sections and 
different resistivities p, and p, are put end to end. Find the charge 
at the boundary of the conductors if a current J flows from conductor 
1 to conductor 2. 

9.166. The gap between the plates of a parallel-plate capacitor is 
filled up with two dielectric layers 7 and 2 with thicknesses d, and 
d», permittivities e, and £,, and resistivities p, and pa. A dc voltage 
V is applied to the capacitor, with electric field directed from layer 7 
to layer 2. Find o, the surface density of extraneous charges at the 
boundary between the dielectric layers, and the condition under 
which o = 0. 

3.167. An inhomogeneous poorly conducting medium fills up 
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permittivity and resistivity vary from values £,, p, at plate 7 to 
values £4, p, at plate 2. A dc voltage is applied to the capacitor 
through which a steady current J flows from plate J to plate 2. Find 
the total extraneous charge in the given medium. 
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one is equal to y The gap width equals d. Find the volume density 


3.169. A long round conductor ot cross-sectional area S is made 
of material whose resistivity depends only on a distance r from the 
axis of the conductor as p = a/r®, where a is a constant. Find: 

(a) the resistance per unit length of such a conductor; 

(b) the electric field strength in the conductor due to which a cur- 
rent 7 flows through it. 

3.170. A capacitor with capacitance C — 400 pF is connected 
via a resistance R = 650 Q to a source of constant voltage Vo. 
How soon will the voltage developed across the capacitor reach a 
value V = 0.90 V? ' 

3.171. A capacitor filled with dielectric of permittivity & = 2.1 
loses half the charge acquired during a time interval t = 3.0 min. 
Assuming the charge to leak only through the dielectric filler, cal- 
culate its resistivity. 

3.172. A circuit consists of a source of a constant emf € and a resist 
ance R and a capacitor with capacitance C connected in series. The 
internal resistance of the source is negligible. At a moment ¢t = 0 
the capacitance of the capacitor is abruptly decreased y-fold. Find 
the current flowing through the circuit as a function of time ż. 

3.173. An ammeter and a voltmeter are connected in series to a bat- 
tery with an emf 6 — 6.0 V. When a certain resistance is connected 
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in parallel with the voltmeter, the readings of the latter decrease 
n = 2.0 times, whereas the readings of the ammeter increase the 
same number of times. Find the voltmeter readings after thecon- 
nection of the resistance. 

3.174. Find a potential difference «q, — «qs between points 7 and 2 
of the circuit shown in Fig. 3.39 if A,— 10 Q, A, = 2090, €, = 
= 5.0 V, and €, = 2.0 V. The internal resist- 
ances of the current sources are negligible. R, 6; 

3.175. Two sources of current of equal emf 
are connected in series and have different  ; 2 
internal resistances A, and Ra (f, Hf. 

Find the external resistance R at which the Ez R3 
potential difference across the terminals of one 

of the sources (which one in particular?) be- Fig. 3.39. 
comes equal to zero. 
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as shown in Fig. 3.40. The emf’s of the sources are proportional to 
A 
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Fig. 3.40. Fig. 3.41, 


their internal resistances, i.e. 6 = af, where a is an assigned con- 
Stant. The lead wire resistance is negligible. Find: 

(a) the current in the circuit; 

(b) the potential difference between points A an 
the circuit in n and N — n links. 

3.177. In the circuit shown in Fig. 3.41 the sources have emf's 
6, = 1.0 V and 6, = 2.5 V and the resistances have the values 
FH, = 10 Q and R, = 20 Q. The internal resistances of the sources 
are negligible. Find a potential difference 4 — «jg between the 
plates A and B of the capacitor C. 


equal to 6 — 5.0 V and the resistances are equal to R, = 4.0 Q 


— pP n n 
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d Ra = 6.0 Q. The internal resistance of the source equals R = 
= 0.10 Q. Find the currents flowing through the resistances R, 
and R}. 

3.179. Fig. 3.43 illustrates a potentiometric circuit by means of 
which we can vary a voltage V applied to a certain device possessing 
a resistance R. The potentiometer has a length l and a resistance 
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R,, and voltage V, is applied to its terminals. Find the voltage V 
fed to the device as a function of distance x. Analyse separately the 
case R `> Ra 


Fig. 3.42. Fig. 3.43. 


3.180. Find the emf and the internal resistance of a source which 
is equivalent to two batteries connected in parallel whose emf's 
are equal to €, and 6, and internal resistances to A, and Rg. 
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Fig. 3.44, Fig.3.45. 


emf's of the sources are equal to 6, = 1.5 V and 6, = 3.7 V and 
the resistances are equal to A2, = 10 Q, R, = 20 Q, R = 5.0 Q. 
The internal resistances of the sources are negligible. 

3.182. In the circuit shown in Fig. 3.45 the sources have emf’s 
6, 1.5 V, €= 2.0 V, 6, — 2.5 V, and the resistances are 
equal to A, = 10 Q, R, = 202, R, = 30€. The internal resistances 
of the sources are negligible. Find: 

(a) the current flowing through the 
resistance A; 

(b) a potential difference 9, — Gp 
between the points A and B. 

9.183. Find the current flowing through 
the resistance A in the circuit shown in 
Fig. 3.46. The internal resistances of the Fig. 3.46. 
batteries are negligible. 

3.184. Find a potential difference «4 — «q p between the plates 
of a capacitor C in the circuit shown in Fig. 3.47 if the sources have 
emf's 6, = 4.0 V and £, = 1.0 V and the resistances are equal 
to R, = 109, R, = 20 Q, and R} —30 Q. The internal resistances 
of the sources are negligible. 
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3.185. Find the current flowing through the resistance A, of the 
circuit shown in Fig. 3.48 if the resistances are equal to Ry = 10 Q, 
R, = 20 Q, and R, = 30 Q, and the potentials of points Z, 2, and 3 
are equal to p, = 10 V, p — 6 V, and 9, = 5 V 


R3 ^ 
A'"B 
6; 
Rə Ay 
6; 
Fig. 3.47. Fig. 3.48. 


3.186. A constant voltage V = 25 V is maintained between 
points A and B of the circuit (Fig. 3.49). Find the magnitude and 
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D 
Fig. 3.49. Fig. 3.50. 


direction of the current flowing through the segment CD if the resist- 
ances are equal to A, = 1.0 Q, R, = 2.0 Q, R} = 3.0 Q, and R, = 
= 4.0 Q. 

3.187. Find the resistance between points A and B of the circuit 
shown in Fig. 3.50. 

3.188. Find how the voltage across the capacitor C varies with 
time ż (Fig. 3.51) after the shorting of the switch Sw at the moment 
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Fig. 3.54. Fig. 3.52. 


3.189. What amount of heat will be generated in a coil of resist- 
ance R due to a charge g passing through it if the current in the coil 
(a) decreases down to zero uniformly during a time interval At; 
(b) decreases down to zero halving its value every Aż seconds? 
3.190. A de source with internal resistance A, is loaded with 
three identical resistances A interconnected as shown in Fig. 3.52. 


9x 131 


At what value of R will the thermal power generated in this circuit 
be the highest? 

3.191. Make sure that the current distribution over two resistances 
R, and R, connected in parallel corresponds to the minimum thermal 
power generated in this circuit. 

3.192. A storage battery with emf € = 2.6 V loaded with an 
external resistance produces a current J = 1.0 A. In this case the 
potential difference between the terminals of the storage battery 
equals V = 2.0 V. Find the thermal power generated in the battery 
and the power developed in it by electric forces. 

3.193. A voltage V is applied to a dc electric motor. The armature 


3.194. IIow much (in per cent) has a filament diameter decreased 
due to evaporation if the maintenance of the previous temperature 
required an increase of the voltage by n = 1.0%? The amount of 
heat transferred from the filament into surrounding space is assumed 
to be proportional to the filament surface area. 

3.195. A conductor has a temperature-independent resistance R 
and a total heat capacity C. At the moment £ = Ü it is connected 
to a de voltage V. Find the time dependence of a conductor's tempe- 
rature 7 assuming the thermal power dissipated into surrounding 
space to vary as q = k (T — T,), where k is a constant, T, is the 
environmental temperature (equal to the conductor's temperature 
at the initial moment). 

3.196. A circuit shown in Fig. 3.53 has resistances A, = 20Q 
and A, = 30 Q. At what value of the resistance A, will the thermal 


What is it equal to? What is the motor efficiency in this case? 
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Fig. 3.53. Fig. 3.54. 


power generated in it be practically independent of small variations 
of that resistance? The voltage between the points A and B is sup- 
posed to be constant in this case. 

3.197. In a circuit shown in Fig. 3.54 resistances R, and R, 
are known, as well as emf's 6, and 6,. The internal resistances 
of the sources are negligible. At what value of the resistance R 
will the thermal power generated in it be the highest? What is it 
equal to? 

3.198. A series-parallel combination battery consisting of a large 
number V = 300 of identical cells, each with an internal resistance 
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r = 0.3 Q, is loaded with an external resistance R = 10 Q. Find 
the number n of parallel groups consisting of an equal number of 
cells connected in series, at which the external resistance generates 
the highest thermal power. 

3.199. A capacitor of capacitance C = 5.00 uF is connected to 
a source of constant emf € = 200 V (Fig. 3.55). Then the switch 
Sw was thrown over from contact J to contact 2. Find the amount 
of heat generated in a resistance R, = 500 Q if R, = 330 Q. 

3.200. Between the plates of a parallel-plate capacitor there is 
a metallic plate whose thickness takes up y = 0.60 of the capacitor 


Fig. 3.55. Fig. 3.56. 


gap. When that plate is absent the capacitor has a capacity C — 
= 20 nF. The capacitor is connected to a de voltage source V = 
= 100 V. The metallic plate is slowly extracted from the gap. Find: 

(a) the energy increment of the capacitor; 

(b) the mechanical work performed in the process of plate extrac- 
tion. 

3.201. A glass plate totally fills up the gap between the electrodes 
of a parallel-plate capacitor whose capacitance in the absence of 
that glass plate is equal to C — 20 nF. The capacitor is connected 
to a dc voltage source V = 100 V. The plate is slowly, and without 
friction, extracted from the gap. Find the capacitor energy increment 
and the mechanical work performed in the process of plate extrac- 
tion. 

3.202. A cylindrical capacitor connected to a dc voltagesource V 
touches the surface of water with its end (Fig. 3.56). The separation 
d between the capacitor electrodes is substantially less than their 
mean radius. Find a height k to which the water level in the gap 


will rise. The capillary effects are to be neglected. 


3.203. The radii of spherical capacitor electrodes are equal to 


a and b, with a < b. The interelectrode space is filled with homoge- 
neous substance of permittivity & and resistivity p. Initially the 
capacitor is not charged. At the moment £ = 0 the internal electrode 
gets a charge qe. Find: 


(a) the time variation of the charge on the internal electrode; 
(b) the amount of heat generated during the spreading of the 


charge. 
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3.204. The electrodes of a capacitor of capacitance C = 2.00 uF 
carry opposite charges gy = 1.00 mC. Then the electrodes are inter- 
connected through a resistance R = 5.0 MQ. Find: 

(a) the charge flowing through that resistance during a time inter- 
val v = 2.00 s; 

(b) the amount of heat generated in the resistance during the 
same interval. 

3.905. In a circuit shown in Fig. 3.57 the capacitance of each 
capacitor is equal to C and the resistance, to R. One of the capacitors 
was connected to a voltage V, and then at the 
moment ¢ = 0 was shorted by means of the switch R 
Sw. Find: 


urrent F in the circuit as a function of C C 
ine RA Iu» d 

(b) the amount of generated heat provided a M 
dependence 7 (f) is known. 

3.206. A coil of radius r = 25 cm wound of a thin 
copper wire of length l = 500 m rotates with an 
angular velocity « = 300 rad/s about its axis. The coil is connect- 
ed to a ballistic galvanometer by means of sliding contacts. The 
total resistance of the circuit is equal to R = 21 Q. Find the specific 
charge of current carriers in copper if a sudden stoppage of the 
coil makes a charge g= 10 nC flow through the galvano- 
meter. 

3.907. Find the total momentum of electrons in a straight wire 
of length 1 = 1000 m carrying a current J = 70 A. 

3.208. A copper wire carries a current of density j = 1.0 A/mm’. 
Assuming that one free electron corresponds to each copper atom, 
evaluate the distance which will be covered by an electron during 
its displacement 7 = 10 mm along the wire. 

3.209. A straight copper wire of length l = 1000 m and cross- 


sectional area S — 1.0 mm? carries a current J = 4.5 A. Assuming 


Fig. 3.57. 


wire to the other; 

(b) the sum of electric forces acting on all free electrons in the 
given wire. 

3.210. A homogeneous proton beam accelerated by a potential 
difference V = 600 kV has a round cross-section of radius r = 
— 5.0 mm. Find the electric field strength on the surface of the beam 
and the potential difference between the surface and the axis of 
the beam if the beam current is equal to J = 50 mA. i ; 

3.211. Two large parallel plates are located in vacuum. One of 
them serves as a cathode, a source of electrons whose initial velocity 
is negligible. An electron flow directed toward the opposite plate prod- 
uces a space charge causing the potential in the gap between the 
plates to vary as q = az’, where a is a positive constant, and z is 
the distance from the cathode. Find: 
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, the volume density of the space charge as a function 
of z; 

(b) the current density. 

3.212. The air between two parallel plates separated by a distance 
d = 20 mm is ionized by X-ray radiation. Each plate has an area 
S = 500 cm’. Find the concentration of positive ions if at a voltage 
V = 100 V a current J = 3.0 pA flows between the plates, which 
is well below the saturation current. The air ion mobilities are uf = 
= 1.37 em?/(V.s) and ug = 1.91 cm?/(V-s). 

3.213. A gas is ionized in the immediate vicinity of the surface 
of plane electrode 7 (Fig. 3.58) separated from electrode 2 by a dis- 
tance J. An alternating voltage varying with time t as V = V, sin wt 
is applied to the electrodes. On decreasing the 
frequency w it was observed that the galvano- FEN 
meter G indicates a current only at © < Op, | ^ 
where «og is a certain cut-off frequency. Find l = 
the mobility of ions reaching electrode 2 under f | 
these conditions. | 

3.214. The air between two closely located y 
plates is uniformly ionized by ultraviolet radia- 
tion. The air volume between the plates is equal 
to V = 500 cm, the observed saturation current 
is equal to 7,4 — 0.49 pA. Find: 

. (a) the number of ion pairs produced in a unit volume per unit 
time; 

(b) the equilibrium concentration of ion pairs if the recombination 
coefficient for air ions is equal to r = 1.67-10 * cm?/s. 

3.215. Having been operated long enough, the ionizer producing 
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Fig. 3.58. 


n; = 3.5.10? cm?.s-! of ion pairs per unit volume of air per unit 
time was switched off. Assuming that the only process tending to 
reduce the number of ions in air is their recombination with coeffic- 
ient r = 1.67-10-* cm/s, find how soon after the ionizer's switcbing 
off the ion concentration decreases yn = 2.0 times. 

3.216. A parallel-plate air capacitor whose plates are separated 
by a distance d = 5.0 mm is first charged to a potential difference 
V = 90 V and then disconnected from a dc voltage source. Find 
the time interval during which the voltage across the capacitor de- 
creases by n = 1.0%, taking into account that the average number 
of ion pairs formed in air under standard conditions per unit volume 


per unit time is equal to n; = 5.0 cm^?.s^! and that the given volt- 
age corresponds to the saturation current. 

3.217. The gap between two plane plates of a capacitor equal to 
d is filled with a gas. One of the plates emits v, electrons per second 
which, moving in an electric field, ionize gas molecules; this way 
each electron produces œ new electrons (and ions) along a unit length 
of its path. Find the electronic current at the opposite plate, neglect- 
ing the ionization of gas molecules by formed ions. 
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3.218. The gas between the capacitor plates separated by a dist- 


ance d is uniformly ionized by ultraviolet radiation so that n; elect- 
rons per unit volume per second are formed. These electrons moving 
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in the electric field of the capacitor ionize gas molecules, each electron 
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Neglecting the ionization by ions, find the electronic current den- 


sity at the plate possessing a higher potential. 


3.5. CONSTANT MAGNETIC FIELD. 
MAGNETICS 


e Magnetic field of a point charge q moving with non-relativistic ve- 
locity v: 


— bo girl 3.5a 
B= An po ( ) 
e Biot-Savart law: 
qB= — dV, dB— —- —^Hm ( ) 
e Circulation of a vector B and Gauss's theorem for it: 
OB dr = pol, OB dS = 0. (3.5c) 
e Lorentz force: 
F = gE + q [VB]. (3.5d) 
Ampere force: 
e DEP dF = [j8] dV, dF = I [dl, BI. (3.56) 


e Force and moment of forces acting on a magnetic dipole Pm = ISn: 


Q 
F= pm 2, N= [Pmb], (3.5f) 


e Circulation of magnetization J: 
bs dr = I, (3.58) 


where I’ is the total molecular current. 
e Vector H and its circulation: 


_ 3 jg, $ H dr— 1, (3.5h) 
Ho 


where J is the algebraic sum of macroscopic currents. Au 
e Relations at the boundary between two magnetics: 


Bin= Ban, Hir Har (3.51) 
e For the case of magnetics in which J = yH: . 
B = ppoH, p= 1-+ X (3.5j) 


3.219. A current J = 1.00 A circulates in a round thin-wire loop 
of radius R = 100 mm. Find the magnetic induction 
(a) at the centre of the loop; 
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(b) at the point lying on the axis of the loop at a distance z = 
= 100 mm from its centre. 

3.220. A current J flows along a thin wire shaped as a regular 
polygon with n sides which can be inscribed into a circle of radius R. 
Find the magnetic induction at the centre of the polygon. Analyse 
the obtained expression at n — oc. 

3.221. Find the magnetic induction at the centre of a rectangular 
wire frame whose diagonal is equal to d — 16 cm and the angle 
between the diagonals is equal to « = 30°; the current flowing in 
the frame equals J = 5.0 A. 

3.222. A current 7 —5.0 A flows along a thin wire shaped as shown 
in Fig. 3.59. The radius of a curved part of the wire is equal to R = 
— 120 mm, the angle 2p = 90°. Find the magnetic induction of 
the field at the point O. 


Fig. 3.59. Fig. 3.60. 
3.223. Find the magnetic induction of the field at the point O 


f a laan unth + D h 1 2114, 
f a loop with current /, whose shape is illustrated 


(a) in Fig. 3.60a, the radii a and b, as well as the angle ọ are 
known; 

(b) in Fig. 3.605, the radius a and the side b are known. 

3.224. A current 7 flows along a lengthy thin-walled tube of radius 
R with longitudinal slit of width h. Find the induction of the mag- 
netic field inside the tube under the condition k « R. 


a * * * 
3.225. A current J flows in a long straight wire with c 


having the form of a thin half-ring of radius A (Fig. 3.61). Find 
the induction of the magnetic field at the point 


O 
R P 
& 
<J 7^ 
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Fig. 3.61. Fig. 3.62. 
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3.226. Find the magnetic induction of the field at the point O 
if a current-carrying wire has the shape shown in Fig. 3.62 a, b, c. 
The radius of the curved part of the wire is R, the linear parts are 
assumed to be very long. 
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3.227. A very long wire carrying a current J = 5.0 A is bent 
at right angles. Find the magnetic induction at a point lying on a per- 
pendicular to the wire, drawn through the point of bending, at 
a distance | = 35 cm from it. 

3.228. Find the magnetic induction at the point O if the wire car- 
rying a current J = 8.0 A has the shape shown in Fig. 3.63 a, b, c. 

Z 


Fig. 3.63. 


The radius of the curved part of the wire is R — 100 mm, the linear 
parts of the wire are very long. 

3.229. Find the magnitude and direction of the magnetic induction 
vector B 

(a) of an infinite plane carrying a current of linear density i; 
the vector i is the same at all points of the plane; 

(b) of two parallel infinite planes carrying currents of linear den- 
sities i and —i; the vectors i and —i are constant at all points of 
the corresponding planes. 

3.230. A uniform current of density j flows inside an infinite 
plate of thickness 2d parallel to its surface. Find the magnetic induc- 
tion induced by this current as a function of 
the distance z from the median plane of the 
plate. The magnetic permeability is assumed 
to be equal to unity both inside and outside ! 
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3.231. A direct current J flows along a 

lengthy straight wire. From the point O 

(Fig. 3.64) the current spreads radially all . Ü 

over an infinite conducting plane perpendicu- Fig. 3.64 

lar to the wire. Find the magnetic induction Be ene 


at all points of space. 
3.232. A current 7 flows along a round loop. Find the integral 


{ B dr along the axis of the loop within the range from —oo to +00. 


J 
Explain the result obtained. 

3.233. A direct current of density j flows along a round uniform 
straight wire with cross-section radius R. Find the magnetic induction 
vector of this current at the point whose position relative to the axis 
of the wire is defined by a radius vector r. The magnetic permeability 
is assumed to be equal to unity throughout all the space. 
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3.234. Inside a long straight uniform wire of round cross-section 
there is a long round cylindrical cavity whose axis is parallel to 
the axis of the wire and displaced from the latter by a distance 1. 


Aivant an t afa 1 z 1 ` 1 
A direct current of density j flows along the wire. Find the magnetic 


induction inside the cavity. Consider, in particular, the case ] = 0. 

3.235. Find the current density as a function of distance r from 
the axis of a radially symmetrical parallel stream of electrons if the 
magnetic induction inside the stream varies as B = br*, where 
b and « are positive constants. 

3.236. A single-layer coil (solenoid) has length ? and cross-section 
radius R, A number of turns per unit length is equal to n. Find the 
magnetic induction at the centre of the coil when a current 7 flows 
through it. 

3.237. A very long straight solenoid has a cross-section radius 
R and n turns per unit length. A direct current J flows through the 
solenoid. Suppose that z is the distance from the end of the solenoid, 
measured along its axis. Find: 

(a) the magnetic induction B on the axis as a function of z; draw 
an approximate plot of B vs the ratio z/R; 

(b) the distance zy to the point on the axis at which the value of 
B differs by n = 1% from that in the middle section of the sole- 
noid. 

3.238. A thin conducting strip of width h = 2.0 em is tightly 
wound in the shape of a very long coil with cross-section radius R = 
— 9.5 cm to make a single-layer straight solenoid. A direct current 
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I — 5.0 A flows through the strip. Find the magnetic induction 


* 


and outside the solenoid as a function o 
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the distance r from 

3.239. N = 2.5-10? wire turns are uniformly wound on a wooden 
toroidal core of very small cross-section. A current J flows through 
the wire. Find the ratio ņ of the magnetic induction inside the core 


3.240. A direct current 7 — 10 A flow 


conductor. Find the magnetic flux through a ha 
section per one metre of its length. 

3.241. A very long straight solenoid carries a current 7. The 
cross-sectional area of the solenoid is equal to S, the number of 
turns per unit length is equal to n. 
Find the flux of the vector B through 
the end plane of the solenoid. 

3.242. Fig. 3.65 shows a toroidal sol- 
enoid whose cross-section is rectangular. 
Find the magnetic flux through this 
cross-section if the current through the 
winding equals J — 1.7 A, the total Fig. 3.65. 
number of turns is N = 1000, the ratio 
of the outside diameter to the inside one is yn = 1.6, and the 
height is equal to k = 5.0 cm. 
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3.243. Find the magnetic moment of a thin round loop with cur- 
rent if the radius of the loop is equal to R = 100 mm and the mag- 
netic induction at its centre is equal to B — 6.0 pT. 

3.244. Calculate the magnetic moment of a thin wire with a cur- 
rent J = 0.8 A, wound tightly on half a tore (Fig. 3.66). The diameter 
of the cross-section of the tore is equal to d = 5.0 cm, the number 
of turns is N = 500. 
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Fig. 3.66. Fig. 3.67. 


3.245. A thin insulated wire forms a plane spiral of N = 100 
tight turns carrying a current J = 8 mA. The radii of inside and 
outside turns (Fig. 3.67) are equal to a = 50 mm and 5 = 100 mm. 
Find: 

(a) the magnetic induction at the centre of the spiral; 

(b) the magnetic moment of the spiral with a given current. 

3.246. A non-conducting thin disc of radius R charged uniformly 
over one side with surface density o rotates about its axis with 
an angular velocity «. Find: 

(a) the magnetic induction at the centre of the disc; 

(b) the magnetic moment of the disc. 

3.947. A non-conducting sphere of radius R = 50 mm charged 
uniformly with surface density o = 10.0 p/m? rotates with an 
angular velocity € = 70 rad/s about the axis passing through its 
centre. Find the magnetic induction at the centre of the sphere. 

3.248. A charge q is uniformly distributed over the volume of 
a uniform ball of mass m and radius R which rotates with an angular 
velocity o about the axis passing through its centre. Find the respec- 
tive magnetic moment and its ratio to the mechanical moment. 

3.249. A long dielectric cylinder of radius R is statically polarized 
so that at all its points the polarization is equal to P = ar, where 
a is a positive constant, and r is the distance from the axis. The 
cylinder is set into rotation about its axis with an angular velocity o. 
Find the magnetic induction B at the centre of the cylinder. 

3.250. Two protons move parallel to each other with an equal 
velocity v — 300 km/s. Find the ratio of forces of magnetic and 
electrical interaction of the protons. 
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3.251. Find the magnitude and direction of a force vector acting 
on a unit length of a thin wire, carrying a current J = 8.0 A, at 
a point O, if the wire is bent as shown in 

(a) Fig. 3.68a, with curvature radius R = 10 cm; 

(b) Fig. 3.68b, the distance between the long parallel segments 
of the wire being equal to l= 20 cm. 

3.252. A coil carrying a current J = 10 mA is placed in a uniform 
magnetic field so that its axis coincides with the field direction. 
The single-layer winding of the coil is made of copper wire with 


Fig. 3.08. Fig. 3.69. 


diameter d = 0.10 mm, radius of turns is equal to R = 30 mm. 
At what value of the induction of the external magnetic field can 
the coil winding be ruptured? 

3.253. A copper wire with cross-sectional area $ — 2.5 mm? 
bent to make three sides of a square can turn about a horizontal 
axis OO’ (Fig. 3.69). The wire is located in uniform vertical magnetic 
field. Find the magnetic induction if on passing a current J = 16 A 
through the wire the latter deflects by an angle 0 = 20°. 

3.254. A small coil C with N = 200 turns is mounted on one 
end of a balance beam and introduced between the poles of an electro- 
magnet as shown in Fig. 3.70. The cross-sectional area of the coil 


Fig. 3.70, 


is S = 1.0 em’, the length of the arm OA of the balance beam is 
l = 30 cm. When there is no current in the coil the balance is in 
equilibrium. On passing a current J = 22 mA through the coil the 
equilibrium is restored by putting the additional counterweight of 


{41 


mass Am = 60 mg on the balance pan. Find the magnetic induction 
at the spot where the coil is. located. 

3.255. A square frame carrying a current J — 0.90 A is located 
in the same plane as a long straight wire carrying a current 7, = 
= 5.0 A. The frame side has a length a = 8.0 cm. The axis of the 
frame passing through the midpoints of opposite sides is parallel to 
the wire and is separated from it by the distance which is y = 1.5 
times greater than the side of the frame. Find: 

(a) Àmpere force acting on the frame; 

(b) the mechanical work to be performed in order to turn the 
frame through 180? about its axis, with the currents maintained 
constant. 

3.206. Two long parallel wires of negligible resistance are con- 


. 
nected at one end to a resistance AR and at the other end to a dc volt- 


age source. The distance between the axes of the wires is 1 = 20 times 
greater than the cross-sectional radius of each wire. At what value 
of resistance R does the resultant force of interaction between the 
wires turn into zero? 

3.257. A direct current J flows in a long straight conductor whose 
cross-section has the form of a thin half-ring of radius R. The same 
current flows in the opposite direction along a thin conductor located 
on the "axis" of the first conductor (point O in Fig. 3.61). Find the 
magnetic interaction force between the given con- 
ductors reduced to a unit of their length. I mM | 

3.258. Two long thin parallel conductors of the = 
shape shown in Fig. 3.71 carry direct currents J, | . | 
and J,. The separation between the conductors is a, || 
the width of the right-hand conductor is equal to b. 7, I 
With both conductors lying in one plane, find the 
magnetic interaction force between them reduced 
to a unit of their length. 

3.259. A system consists of two parallel planes 
carrying currents producing a uniform magnetic Fig. 3.71. 
feld of induction P between the planes. Outside 
this space there is no magnetic field. Find the magnetic force acting 
per unit area of each plane. 

3.260. A conducting current-carrying plane is placed in an external 
uniform magnetic field. As a result, the magnetic induction becomes 


WIL MIL = 
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equal to B, on one side of the plane and to 5,, on the other. Find 
the magnetic force acting per unit area of the plane in the cases 
illustrated in Fig. 3.72. Determine the direction of the current in 
the plane in each case. 

3.261. In an electromagnetic pump designed for transferring mol- 
ten metals a pipe section with metal is located in a uniform magnetic 
field of induction B (Fig. 3.73). A current 
I is made to flow across this pipe section 
in the direction perpendicular both to the 
vector B and to the axis of the pipe. Find 
the gauge pressure produced by the pump 


if B = 0.40 T, 7 = 100 A, and a = 2.0 cm. 
3.262. A current J flows in a long thin- 1177 
walled cylinder of radius R. What pressure MEM 


do the walls of the cylinder experience? 

3.263. What pressure does the lateral 
surface of a long straight solenoid with n 
turns per unit length experience when a current 7 flows through it? 

3.264. A current I flows in a long single-layer solenoid with cross- 
sectional radius R. The number of turns per unit length of the sole- 
noid equals n. Find the limiting current at which the winding may 
rupture if the tensile strength of the wire is equal to Frim- 

3.265. A parallel-plate capacitor with area of each plate equal to 
S and the separation between them to d is put into a stream of con- 
ducting liquid with resistivity o. The liquid moves parallel to the 
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plates with a constant velocity v. The whole system is located in 
a uniform magnetic field of induction B, vector B being parallel to 
the plates and perpendicular to the stream direction. The capacitor 
plates are interconnected by means of an external resistance R. 
What amount of power is generated in that resistance? At what 
value of R is the generated power the highest? What is this highest 


power equal to? 
r~ "QpUM ~ 


Fig. 3.73. 


3.266. A straight round copper conductor of radius R = 5.0 mm 
carries a current 7 = 50 A. Find the potential difference between 


the axis of the conductor and its surface. The concentration of the 
conduction electrons in copper is equal to n = 0.9-10% cm~. 

3.267. In Hall effect measurements in a sodium conductor the 
strength of a transverse field was found to be equal to E = 5.0 uV/cm 
with a current density j = 200 A/cm? and magnetic induction B = 
— 1.00 T. Find the concentration of the conduction electrons and 
its ratio to the total number of atoms in the given conductor. 

3.268. Find the mobility of the conduction electrons in a copper 
conductor if in Hall effect measurements performed in the magnetic 
field of induction B = 100 mT the transverse electric field strength 
of the given conductor turned out to be n = 3.1:10? times less than 
that of the longitudinal electric field. 

3.269. A small current-carrying loop is located at a distance r 
from a long straight conductor with current J. The magnetic moment 
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of the loop is equal to pm. Find the magnitude and direction of the 
force vector applied to the loop if the vector Pm 

(a) is parallel to the straight conductor; 

(b) is oriented along the radius vector r; 

(c) coincides in direction with the magnetic field produced by the 
current J at the point where the loop is located. 

3.270. A small current-carrying coil having a magnetic moment 
Pm is located at the axis of a round loop of radius R with current I 
flowing through it. Find the magnitude of the vector force applied 
to the coil if its distance from the centre of the loop is equal to z 
and the vector p,, coincides in direction with the axis of the loop. 

3.271. Find the interaction force of two coils with magnetic mo- 


ments Pim = 4.0 mA: m? and pam = 6.0 mA-m? and collinear axes if 


the camaenratinn haturaon tha enile ts equal to 1 — 920 cm which exceeds 
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considerably their linear dimensions. 

3.272. A permanent magnet has the shape of a sufficiently 
disc magnetized along its axis. The radius of the disc is R = 1.0 cm. 
Evaluate the magnitude of a molecular current J’ flowing along the 
rim of the disc if the magnetic induction at the point on the axis of 
the disc, lying at a distance z = 10 cm from its centre, is equal to 
B = 30 pT. 

3.273. The magnetic induction in vacuum at a plane surface of 
a uniform isotropic magnetic is equal to B, the vector B forming an 
angle a with the normal of the surface. The permeability of the magnet- 
ic is equal to p. Find the magnitude of the magnetic induction 5 in 
the magnetic in the vicinity of its surface. 

3.274. The magnetic induction in vacuum at a plane surface of 
a magnetic is equal to B and the vector B forms an angle 0 with the 


ait ae 


Fig. 3.74. 
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normal n of the surface (Fig. 3.74). The permeability of the magnetic 


is equal to u. Find: 
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radius R, whose centre lies on the surface 
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f the magnetic; 


0 
(b) the circulation of the vector B around the square path T with 


side / located as shown in the figure. 


3.275. A direct current J flows in a long round uniform cylindrical 


wire made of paramagnetic with susceptibility x. Find: 
(a) the surface molecular current Is 
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herical surface S of 


(b) the volume molecular current Z}. 
How are these currents directed toward each other? 
3.276. Half of an infinitely long straight current-carrying solenoid 


M r m me 


is filled with magnetic substance as shown in Fig. 3.75. Draw the 


Fig. 3.75. 


approximate plots of magnetic induction B, strength H, and magne- 
tization J on the axis as functions of z. 
3.277. An infinitely long wire with a current Z flowing in it is 


ocated in the honndarv nlane hetwoon twn nan-nanndnntine madia 
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with permeabilities u, and u. Find the modulus of the magnetic 
induction vector throughout the space as a function of the distance 
r from the wire. It should be borne in mind that the lines of the vec- 
tor B are circles whose centres lie on the axis of the wire. 

3.278. A round current-carrying loop lies in the plane boundary 
between magnetic and vacuum. The permeability of the magnetic 
is equal to p. Find the magnetic induction B at an arbitrary point on 
the axis of the loop if in the absence of the magnetic the magnetic 
induction at the same point becomes equal to By. Generalize the 
obtained result to all points of the field. 

3.279. When a ball made of uniform magnetic is introduced into 
an external uniform magnetic field with induction By, it gets uniform- 
ly magnetized. Find the magnetic induction B inside the ball with 
permeability u; recall that the magnetic field inside a uniformly mag 
netized ball is uniform and its strength is equal to H' = — J/3, 
where J is the magnetization. 

3.280. N = 300 turns of thin wire are uniformly wound on a per- 
manent magnet shaped as a cylinder whose length is equal to l = 
= 15 cm. When a current J = 3.0 A was passed through the wiring 
the field outside the magnet disappeared. Find the coercive force 
H. of the material from which the magnet was manufactured. 

3.281. A permanent magnet is shaped as a ring with a narrow gap 
between the poles. The mean diameter of the ring equals d — 20 cm. 
The width of the gap is equal to b — 2.0 mm and the magnetic induc- 
tion in the gap is equal to B. — 40 mT. Assuming that the scattering 
of the magnetic flux at the gap edges is negligible, find the modulus 
of the magnetic field strength vector inside the magnet. 

3.282. An iron core shaped as a tore with mean radius R = 250 mm 
supports a winding with the total number of turns N = 1000. The 
core has a cross-cut of width b = 1.00 mm. With a current J = 
— 0.85 A flowing through the winding, the magnetic induction in 
the gap isequal to B — 0.75 T. Assuming the scattering of the magnet- 
ic flux at the gap edges to be negligible, find the permeability of iron 
under these conditions. 
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3.983. Fig. 3.76 illustrates a basic magnetization curve of iron 
(commercial purity grade). Using this plot, draw the permeability 
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u as a function of the magnetic field strength H. At what value of 
H is the permeability the greatest? What iS Umax equal to? 

3.984. A thin iron ring with mean diameter d = 00 cm supports 
a winding consisting of N = 800 turns carrying current I — 3.0 A. 
The ring has a cross-cut of width b = 2.0 mm. Neglecting the scatter- 
ing of the magnetic flux at the gap edges, and using the plot shown 
in Fig. 3.76, find the permeability of iron under these conditions. 

3.285. A long thin cylindrical rod made of paramagnetic with 
magnetic susceptibility y and having a cross-sectional area $ is 
located along the axis of a current-carrying coil. 
One end of the rod is located at the coil centre where 
the magnetic induction is equal to B whereas the 
other end is located in the region where the mag- 
netic field is practically absent. What is the force 
that the coil exerts on the rod? 

3.286. In the arrangement shown in Fig. 3.77 it 
is possible to measure (by means of a balance) the H 
force with which a paramagnetic ball of volume 
V = 41 mm? is attrabted to a pole of the electromag- 
net M. The magnetic induction at the axis of the 
poleshoe depends on the height x as B = B, exp (—az?), where 
By, = 1.50 T, a = 100 m. Find: 

(a) at what height £m the ball experiences the maximum attrac- 
tion; 


Fig. 3.77. 
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(b) the magnetic susceptibility of the paramagnetic if the maxim- 
um attraction force equals Fmax = 160 LN. 

9.287. A small ball of volume V made of paramagnetic with sus- 
ceptibility X was slowly displaced along the axis of a current-carrying 
coil from the point where the magnetic induction equals B out to the 
region where the magnetic field is practically absent. What amount 
of work was performed during this process? 


3.6. ELECTROMAGNETIC INDUCTION. 
MAXWELL'S EQUATIONS 


e Faraday's law of electromagnetic induction: 


dX 
g= — ES (3.6a) 
e In the case of a solenoid and doughnut coil: 
p = NO, (3.6b) 


where N is the number of turns, (D, is the magnetic flux through each turn 
e Inductance of a solenoid: i 


L = uuo n*V. (3.6c) 
e Intrinsic energy of a current and interaction energy of two currents: 
LI? 
W = 2 ; Wi; "PP (3.6d) 
e Volume density of magnetic field energy: 
w= B? _ BH 
Žito 2 (3.62) 
e Displacement current density: 
: dB 
Miis (3.6f) 
e Maxwell’s equations in differential form: 
B 
VxE=—2, v-B=0, 
(3.6g) 


., 0D 
VxH-—jit-e V:D—p, 


where V X = rot (the rotor) and V - = div (the divergence). 


e Field transformation formulas for transition from a referen 
i i | ce frame K 
to a reference frame K’ moving with the velocity v, relative to it. 
In the case v « c 
t 


E'— E+ [vB], B’ = B — [vEl/c 
In the general case t [voB] [vo El/c (3.6h) 
, LE. T [YB] p.n Bi [vE]? (3.61) 
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where the symbols || and | denote the field components, respectively parallel 
and perpendicular to the vector v,. 
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3.288. A wire bent as a parabola y = az? is located in a uniform 
magnetic field of induction B, the vector B being perpendicular to 
the plane z, y. At the moment £ = 0 a connector starts sliding trans- 
lationwise from the parabola apex with a constant acceleration w 
(Fig. 3.78). Find the emf of electromagnetic induction in the loop 
thus formed as a function of y. 
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3.289. A rectangular loop with a sliding connector of length / 
is located in a uniform magnetic field perpendicular to the loop plane 
(Fig. 3.79). The magnetic induction is equal to B. The connector has 
an electric resistance A, the sides AB and CD have resistances fh 
and R, respectively. Neglecting the self-inductance of the loop, 
find the current flowing in the connector during its motion with a 
constant velocity v. 

3.290. A metal disc of radius a = 25 cm rotates with a constant 
angular velocity œ = 130 rad/s about its axis. Find the potential 
difference between the centre and the rim of the disc if 

(a) the external magnetic field is absent; 

(b) the external uniform magnetic field of induction B = 5.0 mT 
is directed perpendicular to the disc. 

3.291. A thin wire AC shaped as a semi-circ 
— 90 em rotates with a constant angular velo 
in a uniform magnetic field of induction D — 9. 
o M B. The rotation axis passes through the end A of the wire and 
is perpendicular to the diameter AC. Find the value of a line integral 


le diar 
city w = 100 rad/s 
n 


0 mT, with 


YV LULL 


| E dr along the wire from point A to point C. Generalize the ob- 


iained result. 

3.292. A wire loop enclosing a semi-circle of radius a is located 
on the boundary of a uniform magnetic field of induction B 
(Fig. 3.80). At the moment t£ = 0 the loop is set into rotation with 
a constant angular acceleration f about an axis O coinciding with a 
line of vector B on the boundary. Find the emf induced in the loop 
as a function of time £. Draw the approximate plot of this function. 
The arrow in the figure shows the emf direction taken to be positive. 

3.293. A long straight wire carrying a current 7 and a -shaped 
conductor with sliding connector are located in the same plane as 
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Pk: 


shown in Fig. 3.81. The connector of length / and resistance R slides 
to the right with a constant velocity v. Find the current induced in 
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Fig. 3.80. 


Fig. 3.84. 


the loop as a function of separation r between the connector and the 
straight wire. The resistance of the Il-shaped conductor and the self- 
inductance of the loop are assumed to be negligible. 

3.204. A square frame with side a and a long straight wire carrying 
a current 7 are located in the same plane as shown in Fig. 3.82. The 
frame translates to the right with a constant velocity v. Find the emf 
induced in the frame as a function of distance z. 
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3.295. A metal rod of mass m can rotate about a horizontal axis 
O, sliding along a circular conductor of radius a (Fig. 3.83). The 
arrangement is located in a uniform magnetic field of induction 5 
directed perpendicular to the ring plane. The axis and the ring are 
connected to an emf source to form a circuit of resistance R. Neglect- 
ing the friction, circuit inductance, and ring resistance, find the law 
according to which the source emf must vary to make the rod rotate 
with a constant angular velocity «. 

3.296. A copper connector of mass m slides down two smooth cop- 
per bars, set at an angle æ to the horizontal, due to gravity (Fig. 3.84). 
At the top the bars are interconnected through a resistance R. The 
separation between the bars is equal to J. The system is located in 
a uniform magnetic field of induction B, perpendicular to the plane 
in which the connector slides. The resistances of the bars, the connect- 
or and the sliding contacts, as well as the self-inductance of the loop, 
are assumed to be negligible. Find the steady-state velocity of the 
connector. 
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3.297. The system differs from the one examined in the foregoing 


problem (Fig. 3.84) by a capacitor of capacitance C replacing the 
resistance R. Find the acceleration of the connector. 


Fig. 3.84. 


3.298. A wire shaped as a semi-circle of radius a rotates about an 
axis OO’ with an angular velocity in a uniform magnetic field of 
induction B (Fig. 3.85). The rotation axis is perpendicular to the 
field direction. The total resistance of the circuit is equal to R. Neg- 
lecting the magnetic field of the induced current, find the mean 
amount of thermal power being generated in the loop during a 
rotation period. 

3.299. A small coil is introduced between the poles of an electro- 
magnet so that its axis coincides with the magnetic field direction. 
The cross-sectional area of the coil is equal to S = 3.0 mm?, the 
number of turns is NV = 60. When the coil turns through 180° about 


its diameter, a ballistic galvanometer connected to the coil indicates 
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magnitude between the poles provided the total resistance of the 
electric circuit equals R = 40 Q. 

3.300. A square wire frame with side a and a straight conductor 
carrying a constant current 7 are located in the same plane (Fig. 3.86) 
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Fig. 3.86. Fig. 3.87. 


The inductance and the resistance of the frame are equal to L and R 
respectively. The frame was turned through 180° about the axis OO" 
separated from the current-carrying conductor by a distance b 
Find the electric charge having flown through the frame. 

3.301. A long straight wire carries a current I,. At distances a 
and b from it there are two other wires, parallel to the former one, 


which are interconnected by a resistance R (Fig. 3.87). A connector 
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slides without friction along the wires with a constant velocity v. 
Assuming the resistances of the wires, the connector, the sliding 
contacts, and the self-inductance of the freme to be negligible, find: 

(a) the magnitude and the direction of the current induced in 
the connector; 

(b) the force required to maintain the connector's velocity con- 
stant. 

3.302. A conducting rod AB of mass m slides without friction 
over two long conducting rails separated by a distance l (Fig. 3.88). 
At the left end the rails are interconnected by a resistance R. The 
system is located in a uniform magnetic field perpendicular to the 
plane of the loop. At the moment £ = 0 the rod AB starts moving to 
the right with an initial velocity vy. Neglecting the resistances of the 
rails and the rod AB, as well as the self-inductance, find: 


R during this 
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Fig. 3.88. Fig. 3.89. 


process. 


3.303. A connector AB can slide without friction along a I- 
shaped conductor located in a horizontal plane (Fig. 3.89). The con- 
nector has a length J, mass m, and resistance R. The whole system is 
located in a uniform magnetic field of induction B directed vertically. 
At the moment ¢ = 0 a constant horizontal force F starts acting on 
the connector shifting it translationwise to the right. Find how the 
velocity of the connector varies with time t. The inductance of the 
loop and the resistance of the II-shaped conductor are assumed to 
be negligible. 

3.304. Fig. 3.90 illustrates plane figures made of thin conductors 
which are located in a uniform magnetic field directed away from a 
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(a) (b) (c) (d) 
Fig. 3.90. 
reader beyond the plane of the drawing. The magnetic induction 
starts diminishing. Find how the currents induced in these loops are 


directed. 
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3.305. A plane loop shown in Fig. 3.91 is shaped as two squares 
with sides a — 20 cm and b = 10 cm and is introduced into a uni- 
form magnetic field at right angles to the loop's plane. The magnetic 
induction varies with time as B = B, sin ot, where By = 10 mT 
and «e = 100 s-! . Find the amplitude of 
the current induced in the loop if its resis- 
tance per unit length is equal to p — a 
50 mQ/m. The inductance of the loop is to Ü 
be neglected. 

3.306. A plane spiral with a great num- 
ber N of turns wound tightly to one another 


is located in a uniform magnetic field per- 
Fig. 3.91. 
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radius of the spiral’s turns i equai to @. 
The magnetic induction varies with time as B = B, sin wt, where 
B, and are constants. Find the amplitude of emf induced in 
the spiral. 

3.307. A Il-shaped conductor is located in a uniform magnetic 


field perpendicular to the plane of the conductor and varying with 


time at the rate B = 0.10 T/s. A conducting connector starts mov- 
ing with an acceleration w = 10 cm/s? along the parallel bars of the 
conductor. The length of the connector is equal to L = 20 cm. Find 
the emf induced in the loop 4 = 2.0 s after the beginning of the 


motion, if at the moment t — Othe loop area and the magnetic 
induction are equal to zero. The inductance of the loop is to be 
neglected. 


3.308. In a long straight solenoid with cross-sectional radius a 
and number of turns per unit length n a current varies with a con- 


stant velocity J A/s. Find the magnitude of the eddy current field 
strength as a function of the distance r from the solenoid axis. Draw 
the approximate plot of this function. 

3.309. A long straight solenoid of cross-sectional diameter d — 
— 5 em and with n — 20 turns per one cm of its length has a round 
turn of copper wire of cross-sectional area S = 1.0 mm? tightly put 
on its winding. Find the current flowing in the turn if the current 


in the solenoid winding is increased with a constant velocity J = 
— 100 A/s. The inductance of the turn is to be neglected. 

3.310. A long solenoid of cross-sectional radius a has a thin insu- 
Jated wire ring tightly put on its winding; one half of the ring has 
the resistance n times that of the other half. The magnetic induction 


produced by the solenoid varies with time as B = bt, where b is 
a constant. Find the magnitude of the electric field strength in the 
ring. 


3.341. A thin non-conducting ring of mass m carrying a charge q 
can freely rotate about its axis. At the initial moment the ring was 
at rest and no magnetic field was present. Then a practically uniform 
magnetic field was switched on, which was perpendicular to the plane 
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of the ring and increased with time according to a certain law B (t). 
Find the angular velocity € of the ring as a function of the induction 
B (t). 

3.312. A thin wire ring of radius a and resistance r is located in- 
side a long solenoid so that their axes coincide. The length of the 
solenoid is equal to J, its cross-sectional radius, to b. At a certain 
moment the solenoid was connected to a source of a constant voltage 
V. The total resistance of the circuit is equal to R. Assuming the 
inductance of the ring to be negligible, find the maximum value of 
the radial force acting per unit length of the ring. 

3.313. A magnetic flux through a stationary loop with a resistance 
R varies during the time interval v as (D = at (t — t). Find the 


amount of heat generated in the loop during that time. The inductance 


af tha ]. 1 
of the loop is to be neglected. 


3.314. Ín the middle of a long solenoid there is a coaxial ring of 
square cross-section, made of conducting material with resistivity 
p. The thickness of the ring is equal to h, its inside and outside radii 
are equal to a and b respectively. Find the current induced in the 
ring if the magnetic induction produced by the solenoid varies with 
time as B = Bf, where f is a constant. The inductance of the ring 
is to be neglected. 

3.315. How many metres of a thin wire are required to manufac- 
ture a solenoid of length l, = 100 cm and inductance L = 1.0 mH 
if the solenoid's cross-sectional diameter is considerably less than its 
length? 

3.316. Find the inductance of a solenoid of length ? whose 
winding is made of copper wire of mass m. The winding resistance 
is equal to R. The solenoid diameter is considerably less than its 
length. 

3.317. A coil of inductance L = 300 mH and resistance R = 
— 440 mQ is connected to a constant voltage source. How soon will 
the coil current reach n = 5096 of the steady-state value? 

3.318. Calculate the time constant x of a straight solenoid of length 
1 = 1.0 m having a single-layer winding of copper wire whose total 
mass is equal to m — 1.0 kg. The cross-sectional diameter of the 
solenoid is assumed to be considerably less than its length. 

Note. The time constant x is the ratio L/R, where L is inductance 
and A is active resistance. 

3.319. Find the inductance of a unit length of a cable consisting 
of two thin-walled coaxial metallic cylinders if the radius of the out- 
side cylinder is ņ = 3.6 times that of the inside one. The perme- 
ability of a medium between the cylinders is assumed to be equal to 
unity. 

3.320. Calculate the inductance of a doughnut solenoid whose 
inside radius is equal to b and cross-section has the form of a square 
with side a. The solenoid winding consists of N turns. The space in- 
side the solenoid is filled up with uniform paramagnetic having per- 
meability p. 


3.921. Calculate the inductance of a unit length of a double tape 
line (Fig. 3.92) if the tapes are separated by a distance k which is 


considerably less than their width b, 
namely, b/h = 50. 

3.322. Find the inductance of a Pau». 
unit length of a double line if the I 
radius of each wire is v] times less p j 
than the distance between the axes 
of the wires. The field inside the 
wires is to be neglected, the per- A 
meability is assumed to be equal 
to unity throughout, and y > 1. 

3.323. A superconducting round 
ring of radius a and inductance L 


was located in a uniform magnetic field of induction B. The ring plane 
was parallel to the vector B, and the current in the ring was equal to 
zero. Then the ring was turned through 90? so that its plane became 
perpendicular to the field. Find: 

(a) the current induced in the ring after the turn; 

(b) the work performed during the turn. 

3.324. A current I, = 1.9 A flows in a long closed solenoid. 
The wire it is wound of is in a superconducting state. Find the 
current flowing in the solenoid when the length of the solenoid is 
increased by qn = 5%. 

3.325. A ring of radius a = 50 mm made of thin wire of radius 
b — 1.0 mm was located in a uniform magnetic field with induction 
B — 0.50 mT so that the ring plane was perpendicular to the vector B. 
Then the ring was cooled down to a superconducting state, and the 
magnetic field was switched off. Find the ring current after that. Note 
that the inductance of a thin ring along which the surface current 


flows is equal to L = ua (In — 2) . 


Fig. 3.92. 


3.326. A closed circuit consists of a source of constant emt 6 and 
a choke coil of inductance L connected in series. The active resistance 
of the whole circuit is equal to R. At the moment t = 0 the choke 
coil inductance was decreased abruptly n times. Find the current in 
the circuit as a function of time t. l 

Instruction. During a stepwise change of inductance the total 
magnetic flux (flux iinkage) remains constant. 

3.327. Find the time dependence of the current flowing through 
the inductance Z of the circuit shown in Fig. 3.93 after the switch 
Sw is shorted at the moment ¢ = Q. 

3.328. In the circuit shown in Fig. 3.94 an emf 6, a resistance R, 
and coil inductances L and L, are known. The internal resistance of 
the source and the coil resistances are negligible. Find the steady- 
state currents in the coils after the switch Sw was shorted. 

3.329. Calculate the mutual inductance of a long straight wire and 
a rectangular frame with sides a and b. The frame and the wire lie 
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in the same plane, with the side b being closest to the wire, separated 
by a distance J from it and oriented parallel to it. 


Fig. 3.93. 


Fig, 3.94. 


3.330. Determine the mutual inductance of a doughnut coiland 
an infinite straight wire passing along its axis. The coil has a rectan- 
gular cross-section, its inside radius is equal to a and the outside one, 
to b. The length of the doughnut's cross-sectional side parallel to the 
wire is equal to k. The coil has N turns. The system is located in a 
uniform magnetic with permeability u. 

3.331. Two thin concentric wires shaped as circles with radii a 
and b lie in the same plane. Allowing for a «& b, find: 

(a) their mutual inductance; 

(b) the magnetic flux through the surface enclosed by the outside 
wire, when the inside wire carries a current 7. 

3.332. A small cylindrical magnet M (Fig. 3.95) is placed in the 


centre of a thin coil of radius a consisting of V turns. The coil is con- 
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circuit is equal to R. Find the magnetic moment of the magnet if 
its removal from the coil results in a charge q flowing through the 
galvanometer. 

3.333. Find the approximate formula expressing the mutual in- 
ductance of two thin coaxial loops of the same radius a if their cen- 
tres are separated by a distance I, with 1» a. 


Fig. 3.95. 


Fig. 3.96. 


3.334. There are two stationary loops with mutual inductance 
Liz. The current in one of the loops starts to be varied as J, = at, 
where a is a constant, £ is time. Find the time dependence 7, (t) of 
the current in the other loop whose inductance is L, and resistance R. 

3.335. A coil of inductance L = 2.0 uH and resistance R = 1.0 Q 
is connected to a source of constant emf & = 3.0 V (Fig. 3.96). A 
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resistance Ay = 2.0 Q is connected in parallel with the coil. Find the 
amount of heat generated in the coil after the switch Sw is disconnect- 
ed. The internal resistance of the source is negligible. 


field energy if a current J = 2.0 A produces a magnetic flu) 
he tore's cross-section equal to ® = 1.0 mWhb. 

3.337. An iron core shaped as a doughnut with round cross-sec- 
tion of radius a — 3.0 cm carries a winding of N — 1000 turns through 
which a current J = 1.0 A flows. The mean radius of the doughnut 
is b = 32 cm. Using the plot in Fig. 3.76, find the magnetic energy 
stored up in the core. A field strength H is supposed to be the same 
throughout the cross-section and equal to its magnitude in the cen- 
tre of the cross-section. 

3.338. A thin ring made of a magnetic has a mean diameter 
d = 30 cm and supports a winding of N = 800 turns. The cross- 
sectional area of the ring is equal to S = 5.0 cm”. The ring has a 
cross-cut of width b — 2.0 mm. When the winding carries a certain 


eh tee tee 


density equals 4 and p = 1. 

3.340. At what magnitude of the electric field strength in vacuum 
the volume energy density of this field is the same as that of the mag- 
netic field with induction B = 1.0 T (also in vacuum). 

3.344. A thin uniformly charged ring of radius a = 10 cm rotates 
about its axis with an angular velocity œ = 100 rad/s. Find the ra- 
tio of volume energy densities of magnetic and electric fields on the 
axis of the ring at a point removed from its centre by a distance 
l= a. 

3.342. Using the expression for volume density of magnetic ener- 
gy, demonstrate that the amount of work contributed to magneti- 
zation of a unit volume of para- or diamagnetic, is equal to A = 
= — JB/2. 

3.343. Two identical coils, each of inductance L, are interconnected 
(a) in series, (b) in parallel. Assuming the mutual inductance of the 
coils to be negligible, find the inductance of the system in both cases. 

3.844. Two solenoids of equal length and almost equal cross 
sectional area are fully inserted into one another. Find their mutual 
inductance if their inductances are equal to L, and Ly. 

3.345. Demonstrate that the magnetic energy of interaction of 
two current-carrying loops located in vacuum can be represented as 


Wig = (ln) | B,B, dV, where B, and B; are the magnetic inductions 
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within a volume element dV, produced individually by the currents 
of the first and the second loop respectively. 

3.046. Find the interaction energy of two loops carrying currents 
I, and J, if both loops are shaped as circles of radii a and b, with 
a<b. The loops’ centres are located at the same point and their 
planes form an angle O between them. 

3.347. The space between two concentric metallic spheres is filled 
up with a uniform poorly conducting medium of resistivity o and 
permittivity e. At the moment t = 0 the inside sphere obtains a 
certain charge. Find: 

(a) the relation between the vectors of displacement current den- 
sity and conduction current density at an arbitrary point of the me- 
dium at the same moment of time; 

(b) the displacement current across an arbitrary closed surface 
wholly located in the medium and enclosing the internal sphere, if 
at the given moment of time the charge of that sphere is equal to g. 

3.948. A parallel-plate capacitor is formed by two discs with a 
uniform poorly conducting medium between them. The capacitor 
was initially charged and then disconnected from a voltage source. 
Neglecting the edge effects, show that there is no magnetic field 
between capacitor plates. 

3.349. A parallel-plate air condenser whose each plate has an 
area S == 100 cm? is connected in series to an ac circuit. Find the 
electric field strength amplitude in the capacitor if the sinusoidal 


current amplitude in lead wires is eaual to um — 1.0 mA and the 


urrent amplitude in lead wires is equal to 2 O mA and the 
current frequency equals œ = 1.6-107 s- !. 

3.3950. The space between the electrodes of a parallel-plate capa- 
citor is filled with a uniform poorly conducting medium of conducti- 
vity o and permittivity e. The capacitor plates shaped as round discs 
are separated by a distance d. Neglecting the edge effects, find the 
magnetic field strength between the plates at a distance r from their 


axis if an ac voltage V = V,, cos ot is applied to the capacitor. 
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3.391. A long straight solenoid has m turns per unit length. An 
ernating current 7 = Im sin o£ flows through it. Find the displace- 
ment current density as a function of the distance r from the solenoid 
axis. The cross-sectional radius of the solenoid equals R. 

3.3892. A point charge q moves with a non-relativistic velocity 
v — const. Find the displacement current density j4 at a point locat- 
ed at a distance r from the charge on a straight line 

(a) coinciding with the charge path; 

(b) perpendicular to the path and passing through the charge. 

3.353. A thin wire ring of radius a carrying a charge g approaches 
the observation point P so that its centre moves rectilinearly with 
a constant velocity v. The plane of the ring remains perpendicular 
to the motion direction. At what distance £m from the point P will 
the ring be located at the moment when the displacement current 
density at the point P becomes maximum? What is the magnitude of 
this maximum density? 
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3.354. A point charge q moves with a non-relativistic velocity 

= const. Applying the theorem for the circulation of the vector H 
around the dotted circle shown in Fig. 3.97, find H at the point A 
as a function of a radius vector r and velocity v of the charge. 

3.995. Using Maxwell’s equations, show that 

(a) a time-dependent magnetic field cannot exist without an elec- 
tric field; 

(b) a uniform electric field cannot exist in the presence of a time- 
dependent magnetic field; 

(c) inside an empty cavity a uniform electric (or magnetic) field 
can be time-dependent. 

3.306. Demonstrate that the law of electric charge conservation, 
i.e. V-j = — 0p/ót, follows from Maxwell’s equations. 

3.357. Demonstrate that Maxwell’s equations V XE = — óB/ót 
and V-B = 0 are compatible, i.e. the first one does not contradict 
the second one. 

3.998. In a certain region of the inertial reference frame there is 
magnetic field with induction B rotating with angular velocity o. 
Find V XE in this region as a function of vectors o and B. 

3.309. In the inertial reference frame K there is a uniform magnetic 
field with induction B. Find the electric field strength in the frame 
K’ which moves relative to the frame K with a non-relativistic ve- 
locity v, with v. | B. To solve this problem, consider the forces acting 
on an imaginary charge in both reference frames at the moment when 
tho valority af tha rharen i th 
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Fig. 3.97. Fig. 3.98. 


3.360. A large plate of non-ferromagnetic material moves with a 
constant velocity v = 90 cm/s in a uniform magnetic field with in- 
duction B = 50 mT as shown in Fig. 3.98. Find the surface density 
of electric charges appearing on the plate as a result of its motion. 

3.361. A long solid aluminum cylinder of radius a = 5.0 em 
rotates about its axis in a uniform magnetic field with induction 
B = 10 mT. The angular velocity of rotation equals o = 45 rad/s, 
with w 1^ B. Neglecting the magnetic field of appearing charges, 
find their space and surface densities. 

3.362. A non-relativistic point charge q moves with a constant 
velocity v. Using the field transformation formulas, find the magnet- 
ic induction B produced by this charge at the point whose position 
relative to the charge is determined by the radius vector r. 
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3.963. Using Eqs. (3.6h), demonstrate that if in the inertial ref- 
erence frame K there is only electric or only magnetic field, in any 
other inertial frame K' both electric and magnetic fields will coexist 
simultaneously, with E' | B’. 

3.364. In an inertial reference frame K there is only magnetic 
field with induction B = b (yi — zjy/ (x? + y?), where b is a con- 
stant, i and j are the unit vectors of the z and y axes. Find the elec- 
tric field strength E' in the frame K' moving relative to the frame 
K with a constant non-relativistic velocity v = vk; k is the unit 
vector of the z axis. The z' axis is assumed to coincide with the z 
axis. What is the shape of the field E'? 

3.360. In an inertial reference frame K there is only electric field 
of strength E = a (xi + yi)/(z? + y?), where a is a constant, i and 
j are the unit vectors of the z and y axes. Find the magnetic induction 
B' in the frame K’ moving relative to the frame K with a constant 


non-rolativistie volooitv v — vk; Lk ie tho unit vwartor of tha z ovio 
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The z’ axis is assumed to coincide with the z axis. What is the shape 
of the magnetic induction B’? , 

3.366. Demonstrate that the transformation formulas (3.6h) 
follow from the formulas (3.6i) at vo < c. 

3.367. In an inertial reference frame K there is only a uniform 
electric field E = 8 kV/m in strength. Find the modulus and direc- 
tion 


is equal to a B = 0.60 fraction of the velocity of light. 
3.368. Solve a problem differing from the foregoing one by a mag- 
netic field with induction B = 0.8 T replacing the electric field. 
3.369. Electromagnetic field has two invariant quantities. Using 
the transformation formulas (3.61), demonstrate that these quantities 


rma 
are 


(a) EB; (b) E* — c*B?. 

3.070. In an inertial reference frame A there are two uniform mu- 
tually perpendicular fields: an electric field of strength E = 40 kV/m 
and a magnetic field induction B = 0.20 mT. Find the electric 
strength E’ (or the magnetic induction B’) in the reference frame 
K' where only one field, electric or magnetic, is observed. 

Instruction. Make use of the field invariants cited in the foregoing 
problem. 

3.371. A point charge q moves uniformly and rectilinearly with 
a relativistic velocity equal to a B fraction of the velocity of light 
(B — v/c). Find the electric field strength E produced by the charge 
at the point whose radius vector relative to the charge is equal to 
r and forms an angle O with its velocity vector. 
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3.7. MOTION OF CHARGED PARTICLES IN ELECTRIC 
AND MAGNETIC FIELDS 


e Lorentz force: 


F = qE + q{vBI. (3.78) 
e Motion equation of a relativistic particle: 
d Mov 


dt y 1— (vle 
e Period of revolution of a charged particle in a uniform magnetic field: 
2im 
T= > (3.7c) 
where m is the relativistic mass of the particle, m = my y 1 — (vlc)?. 
e Betatron condition, that is the condition for an electron to move along 
a circular orbit in a betatron: j 
By = = (B), (3.74) 


where B, is the magnetic induction at an orbit’s point, (B) is the mean value 
of the induction inside the orbit. 


3.372. At the moment £ = 0 an electron leaves one plate of a par- 
allel-plate capacitor with a negligible velocity. An accelerating 
voltage, varying as V — at, where a = 100 V/s, is applied between 
the plates. The separation between the plates is | = 5.0 cm. What 
is the velocity of the electron at the moment it reaches the opposite 


by a potential difference V gets into 


arallel-plate capacitor whose plates 


extend over a length / in the motion direction. The field strength 
ton to be non-relativistic, find the angle between the motion direc- 
tions of the proton before and after its flight through the capacitor; 
the proton gets in the field at the moment ¢ = 0. The edge effects are 


to be neglected. 


3.374. A particle with specific charge g/m moves rectilinearly due 
io an electric field E = Eo — az, where a is a positive constant, c 
is the distance from the point where the particle was initially at 
rest. Find: 

(a) the distance covered by the particle till the moment it came 
to a standstill; 

(b) the acceleration of the particle at that moment. 

3.375. An electron starts moving in a uniform electric field of 
strength E — 10 kV/cm. IIow soon after the start will the kinetic 
energy of the electron become equal to its rest energy? 

3.376. Determine the acceleration of a relativistic electron moving 
along a uniform electric field of strength Æ at the moment when its 
kinetic energy becomes equal to T. 

3.377. At the moment £ = 0 a relativistic proton flies with a ve- 
locity v, into the region where there is a uniform transverse electric 
field of strength E, with v, |. E. Find the time dependence of 
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(a) the angle 6 between the proton’s velocity vector v and the ini- 
tial direction of its motion; 

(b) the projection v, of the vector v on the initial direction of 
motion. 

3.378. A proton accelerated by a potential difference V = 500 kV 
flies through a uniform transverse magnetic field with induction 
B — 0.51 T. The field occupies a region 
of space d = 10 cm in thickness (Fig. 3.99). 
Find the angle « through which the pro- 
ton deviates from the initial direction of 
its motion. 

3.379. A charged particle moves along 
a circle of radius r — 100 mm in a 
uniform magnetic field with induction 
B — 10.0 mT. Find its velocity and pe- Fig. 3.99. 


. n Vf th Ld * 
riod of revolution if that particle is 


f 
(a) a non-relativistic proton; 

(b) a relativistic electron. 

3.380. A relativistic particle with charge g and rest mass m, 
moves along a circle of radius r in a uniform magnetic field of induc- 
tion B. Find: 

(a) the modulus of the particle’s momentum vector; 

(b) the kinetic energy of the particle; 

(c) the acceleration of the particle. 

3.081. Up to what values of kinetic energy does the period of 
revolution of an electron and a proton in a uniform magnetic field 
exceed that at non-relativistic velocities by n = 1.0%? 

3.382. An electron accelerated by a potential difference V = 
= 1.0 kV moves in a uniform magnetic field at an angle æ = 30° to 
the vector B whose modulus is B = 29 mT. Find the pitch of the 
helical trajectory of the electron. 

3.383. A slightly divergent beam of non-relativistic charged par- 
ticles accelerated by a potential difference V propagates from a point 
A along the axis of a straight solenoid. The beam is brought into 
focus at a distance I from the point A at two successive values of 
magnetic induction P, and Ba. Find the specific charge g/m of the 
particles. 

3.384. A non-relativistic electron originates at a point A lying 
on the axis of a straight solenoid and moves with velocity v at an 
angle «æ to the axis. The magnetic induction of the field is equal to 
B. Find the distance r from the axis to the point on the screen into 
which the electron strikes. The screen is oriented at right angles to 
the axis and is located at a distance / from the point A. 

3.385. From the surface of a round wire of radius a carrying a 
direct current J an electron escapes with a velocity vo perpendicular 
to the surface. Find what will be the maximum distance of the elec- 
tron from the axis of the wire before it turns back due to the action 
of the magnetic field generated by the current. 
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3.386. A non-relativistic charged particle flies through the elec- 
tric field of a cylindrical capacitor and gets into a uniform transverse 
magnetic field with induction B (Fig. 3.100). In the capacitor the 
particle moves along the arc of a circle, in the magnetic field, along 
a semi-circle of radius r. The potential difference applied to the capa- 
citor is equal to V, the radii of the electrodes are equal to a and 8, 
with a < b. Find the velocity of the particle and its specific charge 


qim. 
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3.387. Uniform electric and magnetic fields with strength E and 
induction B respectively are directed along the y axis (Fig. 3.101). 
A particle with specific charge g/m leaves the origin O in the direction 
of the x axis with an initial non-relativistic velocity v. Find: 

(a) the coordinate y, of the particle when it crosses the y axis 
r the nth time; 

(b) the angle œ between the particle's velocity vector and the y 
axis at that moment. 

3.388. A narrow beam of identical ions with specific charge q/m, 
possessing different velocities, enters the region of space, where there 
are uniform parallel electric and magnetic fields with strength E 
and induction B, at the point O (see Fig. 3.101). The beam direction 
coincides with the z axis at the point O. A plane screen oriented at 
right angles to the x axis is located at a distance J from the point O. 
Find the equation of the trace that the ions leave on the screen. 
Demonstrate that at z « l it is the equation of a parabola. 

3.389. A non-relativistic proton beam passes without deviation 
through the region of space where there are uniform transverse mu- 
tually perpendicular electric and magnetic fields with E — 120 kV/m 
and B = 50 mT. Then the beam strikes a grounded target. Find 


the force with which the beam acts on the target if the beam current 
ie equal ta 7 = 0.80 mA 


Pw] Vu ues UU a —_ ely RARA A 


3.390. Non-relativistic protons move rectilinearly in the region of 
space where there are uniform mutually perpendicular electric and 
magnetic fields with E = 4.0 kV/m and B = 50 mT. The trajectory of 
the protons lies in the plane zz (Fig. 3.102) and forms an angle 
ọọ = 30° with the z axis. Find the pitch of the helical trajectory along 
which the protons will move after the electric field is switched off. 


fo 
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3.391. A beam of non-relativistic charged particles moves without 
deviation through the region of space A (Fig. 3.103) where there are 
transverse mutually perpendicular electric and magnetic fields with 


y | 


strength E and induction B. When the magnetic field is switched off, 
the trace of the beam on the screen S shifts by Az. Knowing the 
distances a and b, find the specific charge g/m of the particles. 

3.392. A particle with specific charge g/m moves in the region of 
space where there are uniform mutually perpendicular electric and 
magnetic fields with strength E and induc- y 
tion B (Fig. 3.104). At the moment t = 0 
the particle was located at the point O and E 
had zero velocity. For the non-relativistic 
case find: | 

(a) the Jaw of motion z (t) and y (t) of the 
particle; the shape of the trajectory; 

(b) the length of the segment of the trajecto- 
ry between two nearest points at which the 7 
velocity of the particle turns into zero; Fig. 3.104. 

(c) the mean value of the particle’s veloc- 
ity vector projection on the z axis (the drift velocity). 

3.393. A system consists of a long cylindrical anode of radius a 
and a coaxial cylindrical cathode of radius b (b — a). A filament 
located along the axis of the system carries a heating current J pro- 
ducing a magnetic field in the surrounding space. Find the least po- 
tential difference between the cathode and anode at which the thermal 
electrons leaving the cathode without initial velocity start reach- 
ing the anode. 

3.394. Magnetron is a device consisting of a filament of radius a 
and a coaxial cylindrical anode of radius b which are located in a 
uniform magnetic field parallel to the filament. An accelerating po- 
tential difference V is applied between the filament and the anode. 
Find the value of magnetic induction at which the electrons leaving 
the filament with zero velocity reach the anode. 

3.395. A charged particle with specific charge g/m starts moving 
in the region of space where there are uniform mutually perpendicu- 
lar electric and magnetic fields. The magnetic field is constant and 
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has an induction B while the strength of the electric field varies with 


the approximate shape of the trajectory of the particle? 


being equal to r = 0.5 m. 

3.397. Protons are accelerated in a cyclotron so that the maximum 
curvature radius of their trajectory is equal to r = 50 cm. Find: 

(a) the kinetic energy of the protons when the acceleration is 
completed if the magnetic induction in the cyclotron is B = 1.0 T; 

(b) the minimum frequency of the cyclotron's oscillator at which 
the kinetic energy of the protons amounts to 7 = 20 MeV by the 
end of acceleration. 

3.398. Singly charged ions He* are accelerated in a cyclotron so 
that their maximum orbital radius is r = 60 cm. The frequency of 
a cyclotron’s oscillator is equal to v = 10.0 MHz, the effective ac- 
celerating voltage across the dees is V — 50 kV. Neglecting the gap 
between the dees, find: 

(a) the total time of acceleration of the ion; 

(b) the approximate distance covered by the ion in the process of 
its acceleration. 


drawback is rectified in a microtron 

(Fig. 3.105) in which a change AT in the IZAN 

period of revolution of an electron is AN p 
made multiple with the period of accele- M RUE pe) 
rating field 7,. How many times has an ME ] 
electron to cross tbe accelerating gap of AS 

a microtron to acquire an energy W = 

— 4.6 MeV if AT = T,, the magnetic 


induction is equal to B = 107 mT, and 


: Fig. 3.105. 
the frequency of accelerating field to 18 


cy be monitored if the magnetic induction is equal to B and the 
particle acquires an energy AW per revolution? The charge of the 
particle is g and its mass is m. l EE 

3.401. A particle with specific charge g/m is located inside a round 
solenoid at a distance r from its axis. With the current switched into 
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the winding, the magnetic induction of the field generated by the 
solenoid amounts to B. Find the velocity of the particle and the cur- 
vature radius of its trajectory, assuming that during the increase of 
current flowing in the solenoid the particle shifts by a negligible 
distance. 

3.402. In a betatron the magnetic flux across an equilibrium orbit 
of radius r — 25 cm grows during the acceleration time at practically 


constant rate (D — 5.0 Wb/s. In the process, the electrons acquire an 
energy W = 25 MeV. Find the number of revolutions made by the 
electron during the acceleration time and the corresponding distance 
covered by it. 

3.403. Demonstrate that electrons move in a betatron along a 
round orbit of constant radius provided the magnetic induction on 


tha arhit 3 lta half th 1 ; 1 
the orbit is equal to half the mean value of that inside the orbit 


(the betatron condition). 

3.404. Using the betatron condition, find the radius of a round 
orbit of an electron if the magnetic induction is known as a function 
of distance r from the axis of the field. Examine this problem for the 
specific case B = B, — ar?, where B, and a are positive constants. 

3.405. Using the betatron condition, demonstrate that the strength 
of the edd y-current field has the extremum magnitude on an equilib- 
rium orbit. 

3.406. In a betatron the magnetic induction on an equilibrium 
orbit with radius r = 20 cm varies during a time interval At = 
= 1.0 ms at practically constant rate from zero to B = 0.40 T. Find 
the energy acquired by the electron per revolution. 

3.407. The magnetic induction in a betatron on an equilibrium 
orbit of radius r varies during the acceleration time at practically 
constant rate from zero to B. Assuming the initial velocity of the 
electron to be equal to zero, find: 

(a) the energy acquired by the electron during the acceleration 
time; 

(b) the corresponding distance covered by the electron if the acce- 
leration time is equal to At. 


PART FOUR 
OSCILLATIONS AND WAVES 


4.1. MECHANICAL OSCILLATIONS 
e Harmonic motion equation and its solution: 
z-|-ogz =0, z= a COS (Wot -|- a), (4.12) 


where w, is the natural oscillation frequency. 
e Damped oscillation equation and its solution: 


z+ 28z -- iz — 0, z= age P! cos (ot +a), (4.1b) 
where B is the damping coefficient, œ is the frequency of damped oscillations: 
o= y o- he. 4.1c) 
e Logarithmic damping decrement A and quality factor Q: 
A= PT, Q= m, (4.1d) 


where T = 2n/o. 
e Forced oscillation equation and its steady-state solution: 


z--28z-L-oàr—focos ot, z-—acos(ot—q), (4.1e) 
where 
2po 
= S tan Q— P i (4 Af) 
V (03-08)? 4- Apto? oj— o 


e Maximum shift amplitude occurs at 


Ores= V og— 2B. (41g) 

4.1. A point oscillates along the x axis according to the law z = 

= à cos (ot — n/4). Draw the approximate plots 

(a) of displacement z, velocity projection v,, and acceleration 
projection w, as functions of time t; 

(b) velocity projection v, and acceleration projection w, as func- 
tions of the coordinate z. 

4.2. A point moves along the z axis according to the law z = 
= a sin? (ot — n/4). Find: 

(a) the amplitude and period of oscillations; draw the plot z (t); 

(b) the velocity projection v, as a function of the coordinate z; 
draw the plot v, (z). 

4.9. A particle performs harmonic oscillations along the x axis 
about the equilibrium position z — 0. The oscillation frequency is 
@ = 4.00 s-!. Ata certain moment of time the particle has a coor- 
dinate Ly = 25.0 cm and its velocity is equal to v,, = 100 cm/s. 
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Find the coordinate x and the velocity v, of the particle t = 2.40 s 
after that moment. 

4.4. Find the angular frequency and the amplitude of harmonic 
oscillations of a particle if at distances z, and z, from the equilib- 
rium position its velocity equals v, and v; respectively. 

4.5. A point performs harmonic oscillations along a straight line 
with a period 7 = 0.60 s and an amplitude a = 10.0 cm. Find the 
mean velocity of the point averaged over the time interval during 
which it travels a distance a/2, starting from : 

(a) the extreme position; 

(b) the equilibrium position. 

4.6. At the moment t = 0 a point starts oscillating along the x 
axis according to the law x = a sin ot. Find: 

(a) the mean value of its velocity vector projection (wy); 

(b) the modulus of the mean velocity vector |(v)| ; 

(c) the mean value of the velocity modulus (v) averaged over 3/8 
of the period after the start. 

4.7. A particle moves along the x axis according to the law z = 
= a cos wt. Find the distance that the particle covers during the 
time interval from £ = 0 to t. 

4.8. At the moment t = Q a particle starts moving along the x 
axis so that its velocity projection varies as v, = 35 cos nt cm/s, 
where £ is expressed in seconds. Find the distance that this particle 
covers during £ = 2.80 s after the start. 
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according to the law x — a cos ot. Assuming the probability P of 
the particle to fall within an interval from —a to +a to be equal to 
unity, find how the probability density dP/dz depends on zx. Here 
dP denotes the probability of the particle falling within an interval 
from z to x + dz. Plot dP/dz as a function of z. 

4.10. Using graphical means, find an amplitude a of oscillations 
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same direction: 

(a) x, = 3.0 cos (ot + 1/3), z = 8.0sin (wt + 1/6); 

(b) z, = 3.0 cos wt, x, = 5.0 cos (wt + x/4), x, = 6.0 sin ot. 

4.11. A point participates simultaneously in two harmonic oscil- 
lations of the same direction: z} = a cos wt and z, = a cos 2at. 
Find the maximum velocity of the point. 

4.12. The superposition of two harmonic oscillations of the same 
direction results in the oscillation of a point according to the law 
x = a cos 2.1t cos 50.0¢, where ¢ is expressed in seconds. Find the 
angular frequencies of the constituent oscillations and the period 
with which they beat. 

4.13. A point A oscillates according to a certain harmonic law in 
the reference frame K’ which in its turn performs harmonic oscilla- 
tions relative to the reference frame K. Both oscillations occur along 
the same direction. When the K’ frame oscillates at the frequency 
20 or 24 Hz, the beat frequency of the point A in the K frame turns 
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out to be equal to v. At what frequency of oscillation of the frame 
K' will the beat frequency of the point A become equal to 2v? 

4.14. A point moves in the plane zy according to the law x = 
= asin wt, y = b cos wi, where a, b, and œ are positive constants. 
Find: 

(a) the trajectory equation y (x) of the point and the direction of 
its motion along this trajectory; 

(b) the acceleration w of the point as a function of its radius vector 
r relative to the origin of coordinates. 

4.15. Find the trajectory equation y (x) of a point if it moves ac- 
cording to the following laws: 

(a) zx = a sin ot, y = asin 2ot; 

(b) x = asin ot, y = a cos 2at. 
Plot these trajectories. 


4.16. A particle of mass m is located in a unidimensional potential 
field where the notential enerev of the narticle denends on the coor- 


field where the potential energy of the particle depends on the coor 
dinate x as U (x) = U, (4 — cos ax); Uo and a are constants. Find 
the period of small oscillations that the particle performs about the 
equilibrium position. 

4.17. Solve the foregoing problem if the potential energy has the 
form U (z) = alz? — bíz, where a and b are positive constants. 

4.18. Find the period of small oscillations in a vertical plane per- 
formed by a ball of mass m = 40 g fixed at the middle of a horizon- 
tally stretched string J = 1. 0 m in length. The tension of the string 
is assumed to be constant and equal to F — 10 N. 

4.19. Determine the period of small oscillations of a mathematical 
pendulum, that is a ball suspended by a thread Z = 20 cm in length, 
if it is located in a liquid whose density is xj = 3.0 times less than 
that of the ball. The resistance of the liquid is to be neglected. 

4.20. A ball is suspended by a thread of length J at the point O on 
the wall, forming a small angle « with the vertical (Fig. 4.1). Then 
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Fig. 4.1. Fig. 4.2. 


the thread with the ball was deviated through a small angle p (B > a) 
and set free. Assuming the collision of the ball against the wall to 
be perfectly elastic, find the oscillation period of such a pendulum. 
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4.21. A pendulum clock is mounted in an elevator car which starts 
going up with a constant acceleration w, with w < g. At a height k 
the acceleration of the car reverses, its magnitude remaining constant. 
How soon after the start of the motion will the clock show the right 
time again? 

4.22. Calculate the period of small oscillations of a hydrometer 
(Fig. 4.2) which was slightly pushed down in the vertical direction. 
The mass of the hydrometer is m = 50 g, the radius of its tube is 
r = 3.2 mm, the density of the liquid is p = 1.00 g/cm’. The resis- 
tance of the liquid is assumed to be negligible. 

4.23. A non-deformed spring whose ends are fixed has a stiffness 
x = 13 N/m. A small body of mass m = 25 g is attached at the point 
removed from one of the ends by y = 1/3 of the spring’s length. Neg- 
lecting the mass of the spring, find the period of small longitudinal 
oscillations of the body. The force of gravity is assumed to be absent. 
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Fig. 4.3. 


4.24. Determine the period of small longitudinal oscillations of 
a body with mass m in the system shown in Fig. 4.3. The stiffness 
values of the springs are x, and xs. The friction and the masses of 
the springs are negligible. 

4.25. Find the period of small vertical oscillations of a body with 
mass m in the system illustrated in Fig. 4.4. The stiffness values of 
the springs are x, and x,, their masses are negligible. 

4.26. A small body of mass m is fixed to the middle of a stretched 
string of length 2/. In the equilibrium position the string tension is 
equal to Tọ. Find the angular frequency of small oscillations of the 
body in the transverse direction. The mass of the string is negligible, 
the gravitational field is absent. 
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4.27. Determine the period of oscillations of mercury oi mass 
m = 200 g poured into a bent tube (Fig. 4.5) whose right arm forms 
an angle 0 — 30^ with the vertical. The cross-sectional area of the 
tube is S = 0.50 cm?. The viscosity of mercury is to be neglected. 
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4.28. A uniform rod is placed on two spinning wheels as shown in 
Fig. 4.6. The axes of the wheels are separated by a distance | = 20 cm, 
the coefficient of friction between the rod and the wheels is k — 0.18. 
Demonstrate that in this case the rod performs harmonic oscilla- 
tions. Find the period of these oscillations. 


Ld 


Fig. 4.6. 


4.29. Imagine a shaft going all the way through the Earth from 
pole to pole along its rotation axis. Assuming the Earth to be a ho- 
mogeneous ball and neglecting the air drag, find: 

(a) the equation of motion of a body falling down into the shaft; 

(b) how long does it take the body to reach the other end of the 
shaft; 

(c) the velocity of the body at the Earth's centre. 

4.90. Find the period of small oscillations of a mathematical pen- 
dulum of length / if its point of suspension O moves relative to the 
Earth's surface in an arbitrary direction with a constant acceleration 
w (Fig. 4.7). Calculate that period if | = 21 cm, w = g/2, and the 


angle between the vectors w and g equals B = 120°. 
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4.31. In the arrangement shown in Fig. 4.8 the sleeve M of mass 
m, — 0.20 kg is fixed between two identical springs whose combined 
stiffness is equal to x = 20 N/m. The sleeve can slide without fric- 
tion over a horizontal bar AB. The arrangement rotates with a con- 
stant angular velocity œ = 4.4 rad/s about a vertical axis passing 
through the middle of the bar. Find the period of small oscillations 
of the sleeve. At what values of œ will there be no oscillations of the 
sleeve? 

4.32. A plank with a bar placed on it performs horizontal harmonic 
oscillations with amplitude a — 10 cm. Find the coefficient of fric- 
tion between the bar and the plank if the former starts sliding along 
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the plank when the amplitude of oscillation of the plank becomes 
less than 7 — 1.0 s. 

4.33. Find the time dependence of the angle of deviation of a 
mathematical pendulum 80 cm in length if at the initial moment the 
pendulum 

(a) was deviated through the angle 3.0? and then set free without 
push; 

(b) was in the equilibrium position and its lower end was imparted 
the horizontal velocity 0.22 m/s; 

(c) was deviated through the angle 3.0° and its lower end was im- 
parted the velocity 0.22 m/s directed toward the equilibrium position. 

4.94. A body A of mass m, = 1.00 kg and a body B of mass m, = 
— 4.10 kg are interconnected by a spring as shown in Fig. 4.9. The 
body A performs free vertical harmonic oscilla- 


tions with amplitude a = 1.6 cm and frequency ATI N 
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find the maximum and minimum values of force 
that this system exerts on the bearing surface. 

4.35. A plank with a body of mass m placed 
on it starts moving straight up according to B 
the law y = a (1 — cos wt), where y is the 
displacement from the initial position, o = Fig. 4.9. 
= 11 s-!. Find: 

(a) the time dependence of the force that the body exerts on the 
plank if a = 4.0 cm; plot this dependence; 

(b) the minimum amplitude of oscillation of the plank at which 
the body starts falling behind the plank; 

(c) the amplitude of oscillation of the plank at which the body 
springs up to a height k = 50 cm relative to the initial position (at 
the moment ¢ = 0). 

4.96. A body of mass m was suspended by a non-stretched spring, 
and then set free without push. The stiffness of the spring is x. 
Neglecting the mass of the spring, find: 

(a) the law of motion y (t), where y is the displacement of the body 
from the equilibrium position; 

(b) the maximum and minimum tensions of the spring in the pro- 
cess of motion. 

4.37. A particle of mass m moves due to the force F = — amr, 
where œ is a positive constant, r is the radius vector of the particle 
relative to the origin of coordinates. Find the trajectory of its motion 
if at the initial moment r = rji and the velocity v = vj, where i 
and j are the unit vectors of the z and y axes. 

4.38. A body of mass m is suspended from a spring fixed to the 
ceiling of an elevator car. The stiffness of the spring is x. At the mo- 
ment ¢ = Q the car starts going up with an acceleration w. Neglecting 
the mass of the spring, find the law of motion y (t) of the body rela- 


tive to the elevator car if y (0) = 0 and y (0) = 0. Consider the fol- 
lowing two cases: 
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(a) w = const; 

(b) w = at, where « is a constant. 

4.39. A body of mass m = 0.50 kg is suspended from a rubber cord 
with elasticity coefficient k = 50 N/m. Find the maximum distance 
over which the body can be pulled down for the body’s oscillations 
to remain harmonic. What is the energy of oscillation in this case? 

4.40. A body of mass m fell from a height h onto the pan of a spring 
balance (Fig. 4.10). The masses of the pan and the spring are negligible, 
the stiffness of the latter is x. Having stuck to the pan, the body starts 
performing harmonic oscillations in the vertical direction. Find the 
amplitude and the energy of these oscillations. 
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s M. Find the oscillation amplitude in this case. 
Ni 42. A particle of mass m moves in the plane xy due to the force 


varying with velocity as F — a (yi — zj), where a is a positive con- 
stant, i and j are the unit vectors of the x and y axes. At the initial 
moment £ = 0 the particle was located at the point z = y = 0 and 
possessed a velocity vg directed along the unit vector j. Find the law 
of motion z (t), y (t) of the particle, and also the equation of its tra- 
jectory. 

4.49. A pendulum is constructed as a light thin-walled sphere of 
radius R filled up with water and suspended at the point O from a 
light rigid rod (Fig. 4.11). The distance between the point O and the 
centre of the sphere is equal to 1. How many times will the small 
oscillations of such a pendulum change after the water freezes? The 
viscosity of water and the change of its volume on freezing are to 
be neglected. 

4.44. Find the frequency of small oscillations of a thin uniform 
vertical rod of mass m and length l hinged at the point O (Fig. 4.12). 
The combined stiffness of the springs is equal to x. The mass of the 
springs is negligible. 

4.45. A uniform rod of mass m — 1.5 kg suspended by two iden- 
tical threads Z = 90 cm in length (Fig. 4.13) was turned through a 
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small angle about the vertical axis passing through its middle point 
C. The threads deviated in the process through an angle œ = 5.0°. 
Then the rod was released to start performing small oscillations. 
Find: 
(a) the oscillation period; 
(b) the rod’s oscillation energy. 
Z 
o 


Fig. 4.12. Fig. 4.13. Fig. 4.14. 


4.46. An arrangement illustrated in Fig. 4.14 consists of a hori- 
zontal uniform disc D of mass m and radius R and a thin rod AO 
whose torsional coefficient is equal to k. Find the amplitude and the 
energy of small torsional oscillations if at the initial moment the 
disc was deviated through an angle g, from the equilibrium position 


and then imparted an angular velocity Po- 

4.47. A uniform rod of mass m and length / performs small oscil- 
lations about the horizontal axis passing through its upper end. Find 
the mean kinetic energy of the rod averaged over one oscillation pe- 


riod if at the initial moment it was deflected from the vertical by an 


angle 0, and then imparted an angular velocity 89o- 

4.48. A physical pendulum is positioned so that its centre of grav- 
ity is above the suspension point. From that position the pendulum 
started moving toward the stable equilibrium and passed it with an 
angular velocity o. Neglecting the friction find the period of small 
oscillations of the pendulum, 

4.49. A physical pendulum performs small oscillations about the 
horizontal axis with frequency o, = 15.0 s-!. When a small body 
of mass m = 50 g is fixed to the pendulum at a distance 1 = 20 cm 
below the axis, the oscillation frequency becomes equal to o, — 
— 10.0 s-!, Find the moment of inertia of the pendulum relative 
to the oscillation axis. 

4.50. Two physical pendulums perform small oscillations about 


the same horizontal axis with frequencies œ, and œ». Their moments 
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of inertia relative to the given axis are equal to J, and J, respectively. 
In a state of stable equilibrium the pendulums were fastened rigidly 
together. What will be the frequency of small oscillations of the com- 
pound pendulum? 

4.51. A uniform rod of length J performs small oscillations about 
the horizontal axis OO’ perpendicular to the rod and passing through 
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one of its points. Find the distance between the centre of inertia of 
the rod and the axis OO’ at which the oscillation period is the short- 
est. What is it equal to? 

4.52. A thin uniform plate shaped as an equilateral triangle 
with a height hk performs small oscillations about the horizontal 
axis coinciding with one of its sides. Find the oscillation period and 
the reduced length of the given pendulum. 

4.53. A smooth horizontal disc rotates about the vertical axis O 
(Fig. 4.15) with a constant angular velocity o. A thin uniform rod AB 
of length / performs small oscillations about the vertical axis A fixed 
to the disc at a distance a from the axis of the disc. Find the frequency 
«g of these oscillations. 
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` Fig. 4.15. 


Fig. 4.16. 


4.54. Find the frequency of small oscillations of the arrangement 
illustrated in Fig. 4.16. The radius of the pulley is R, its moment of 
inertia relative to the rotation axis is J, the mass of the body is m, 
and the spring stiffness is x. The mass of the thread and the spring 
is negligible, the thread does not slide over the pulley, there is no 
friction in the axis of the pulley. 

4.55. A uniform cylindrical pulley of mass M and radius R can 
freely rotate about the horizontal axis O (Fig. 4.17). The free end of 
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Fig. 4.17. 


Fig. 4.18. 


a thread tightly wound on the pulley carries a deadweight A. At 
a certain angle « it counterbalances a point mass m fixed at the rim 
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of the pulley. Find the frequency of small oscillations of the arrange- 
ment. 

4.56. A solid uniform cylinder of radius r rolls without sliding 
along the inside surface of a cylinder of radius R, performing small 
oscillations. Find their period. 

4.57. A solid uniform cylinder of mass m performs small oscilla- 
tions due to the action of two springs whose combined stiffness is 
equal to x (Fig. 4.18). Find the period of these oscillations in the 
absence of sliding. 

4.98. Two cubes with masses m, and m, were interconnected by a 
weightless spring of stiffness x and placed on a smooth horizontal 
surface. Then the cubes were drawn closer to each other and released 
simultaneously. Find the natural oscillation frequency of the 
system. 
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interconnected by a light spring of stiffness x -- 24 N/m. The left- 
band ball is imparted the initial velocity v, — 12 cm/s. Find: 

(a) the oscillation frequency of the system in the process of mo- 
tion; 

(b) the energy and the amplitude of oscillations. 

4.60. Find the period of small torsional oscillations of a system 
consisting of two discs slipped on a thin rod with torsional coefficient 
k. The moments of inertia of the discs relative to the rod's axis are 
equal to J, and J. 

4.61. A mock-up of a CO, molecule consists of three balls intercon- 
nected by identical light springs and placed along a straight line in 
the state of equilibrium. Such a system can freely perform oscilla- 
tions of two types, as shown by the arrows in Fig. 4.20. Knowing the 
masses of the atoms, find the ratio of frequencies of these oscilla- 
tions. 
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4.62. In a cylinder filled up with ideal gas and closed from both 
ends there is a piston of mass m and cross-sectional area S (Fig. 4.21). 
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In equilibrium the piston divides the cylinder into two equal parts, 
each with volume V,. The gas pressure is py. The piston was slighlty 
displaced from the equilibrium position and released. Find its oscil- 
lation frequency, assuming the processes in the gas to be adiabatic 
and the friction negligible. 

4.63. A small ball of mass m = 21 g suspended by an insulating 
thread at a height h = 12 cm from a large horizontal conducting 
plane performs small oscillations (Fig. 4.22). After a charge g had been 
imparted to the ball, the oscillation period changed ņ = 2.0 times. 
Find q. 


Fig. 4.22. Fig. 4.23, 


4.64. A small magnetic needle performs small oscillations about an 
axis perpendicular to the magnetic induction vector. On changing 
the magnetic induction the needle’s oscillation period decreased 
4| = 5.0 times. How much and in what way was the magnetic induc- 
tion changed? The oscillation damping is assumed to be negligible. 

4.65. A loop (Fig. 4.23) is formed by two parallel conductors con- 
nected by a solenoid with inductance L and a conducting rod of mass 
m which can freely (without friction) slide over the conductors. The 
conductors are located in a horizontal plane in a uniform vertical 
magnetic field with induction B. The distance between the conductors 
is equal to J. At the moment t = 0 the rod is imparted an initial ve- 
locity vg directed to the right. Find the law of its motion z (t) if 
the electric resistance of the loop is negligible. 

4.66. A coil of inductance L connects the upper ends of two vertic- 
al copper bars separated by a distance /. A horizontal conducting con- 
nector of mass m starts falling with zero initial velocity along the 
bars without losing contact with them. The whole system is located 
in a uniform magnetic field with induction B perpendicular to the 
plane of the bars. Find the law of motion x (t) of the connector. 

4.67. A point performs damped oscillations according to the law 
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(a) the oscillation amplitude and the velocity of the point at the 
moment f = 0; 

(b) the moments of time at which the point reaches the extreme 
positions. 

4.68. A body performs torsional oscillations according to the law 
p = qoe P cos wt. Find: 
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(a) the angular velocity @ and the angular acceleration " of the 
body at the moment t = 0; 

(b) the moments of time at which the angular velocity becomes 
maximum. 

4.69. A point performs damped oscillations with frequency o 
and damping coefficient D according to the law (4.1b). Find the ini- 
tial amplitude a, and the initial phase o if at the moment t — 0 the 
displacement of the point and its velocity projection are equal to 

(a) x (0) = 0 and v, (0) = zo; 

(b) x (0) = zy and v, (0) = 0. 

4.70. A point performs damped oscillations with frequency o = 
= 25s-!. Find the damping coefficient f if at the initial moment the 
velocity of the point is equal to zero and its displacement from the 
equilibrium position is y = 1.020 times less than the amplitude at 
that moment. 

4.71. A point performs damped oscillations with frequency œ 
and damping coefficient B. Find the velocity amplitude of the point 
as a function of time t if at the moment t = 0 

(a) its displacement amplitude is equal to a,; 

(b) the displacement of the point z (0) = 0 and its velocity pro- 


jection v, (0).— xp. 
4.72. There are two damped oscillations with the following periods 
T and damping coefficients B: T, = 0.10 ms, B, = 100 s- and 


T. = 10 ms B. = 10 s71, Which nf tham danara factan2 
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4.73. A mathematical pendulum oscillates in a medium for which 
the logarithmic damping decrement is equal to A4 = 1.50. What 
will be the logarithmic damping decrement if the resistance of the 
medium increases n == 2.00 times? How many times has the resis- 
tance of the medium to be increased for the oscillations to become 
impossible? 
pended from a weightless spring extends it 

. will be the oscillation period of the dead- 
weight when it is pushed slightly in the vertical direction? Tbe loga- 
rithmic damping decrement is equal to A = 3.1. 

4.75. Find the quality factor of the oscillator whose displacement 
amplitude decreases 1 = 2.0 times every n = 110 oscillations. 

4.76. A particle was displaced from the equilibrium position by 
a distance l = 1.0 cm and then left alone. What is the distance that 
the particle covers in the process of oscillations till the complete 
stop, if the logarithmic damping decrement is equal to à = 0.020? 

4.77. Find the quality factor of a mathematical pendulum l = 
— 90 cm long if during the time interval v — 5.2 min its total me- 
chanical energy decreases v| = 4.0-10* times. 

4.78. A uniform disc of radius R = 13 cm can rotate about a hori- 
zontal axis perpendicular to its plane and passing through the edge 
of the dise. Find the period of small oscillations of that disc if the 
logarithmic damping decrement is equal to à = 1.00. 
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4.79. A thin uniform disc of mass m and radius R suspended by 
an elastic thread in the horizontal plane performs torsional oscil- 
lations in a liquid. The moment of elastic forces emerging in the 
thread is equal to N = aq, where æ is a constant and q is the angle 
of rotation from the equilibrium position. The resistance force acting 
on a unit area of the disc is equal to F, = nv, where y is a constant 
and v is the velocity of the given element of the disc relative to the 
liquid. Find the frequency of small oscillation. | 

4.80. A disc A of radius R suspended by an elastic thread between 
two stationary planes (Fig. 4.24) performs torsional oscillations 
about its axis OO'. The moment of inertia of the disc relative to 
that axis is equal to 7, the clearance between the disc and each of 
the planes is equal to A, with h < R. Find the viscosity of the gas 


surrounding the disc A if the oscillation period of the disc equals T 
and the logarithmic damping decrement, A. 
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Fig. 4.24. Fig. 4.25. 


4.81. A conductor in the shape of a square frame with side a sus- 
pended by an elastic thread is located in a uniform horizontal magne- 
tic field with induction B. In equilibrium the plane of the frame 
is parallel to the vector B (Fig. 4.25). Having been displaced from 
the equilibrium position, the frame performs small oscillations about 
a vertical axis passing through its centre. [he moment oi inertia ol 
the frame relative to that axis is equal to Z, its electric resistance is R. 
Neglecting the inductance of the frame, find the time interval after 
which the amplitude of the frame's deviation angle decreases e-fold. 

4.82. A bar of mass m — 0.50 kg lying on a horizontal plane with 
a friction coefficient k = 0.10 is attached to the wall by means of 
a horizontal non-deformed spring. The stiffness of the spring is 
equal to x — 2.45 N/cm, its mass is negligible. The bar was displaced SO 
that the spring was stretched by z, = 3.0 cm, and then released. Find: 


(a) the period of oscillation of the bar; _ 
(hy the total number of oscillations that the bar performs until it 
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stops completely. l l 
4.83. A ball of mass m can perform undamped harmonic oscilla- 


tions about the point z = 0 with natural frequency wọ. At the mo- 
ment t = 0, when the ball was in equilibrium, a force P, = Fg cos ot 
coinciding with the z axis was applied to it. Find the law of forced 
oscillation x (t) for that ball. 
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4.84. A particle of mass m can perform undamped harmonic oscil- 
lations due to an electric force with coefficient k. When the particle 
was in equilibrium, a permanent force F was applied to it for t sec- 
onds. Find the oscillation amplitude that the particle acquired 
after the action of the force ceased. Draw the approximate plot 
x (t) of oscillations. Investigate possible cases. 

4.85. A ball of mass m when suspended by a spring stretches the 
latter by Al. Due to external vertical force varying according to a 
harmonic law with amplitude F, the ball performs forced oscilla- 
tions. The logarithmic damping decrement is equal to 4. Neglecting 
the mass of the spring, find the angular frequency of the external 
force at which the displacement amplitude of the ball is maximum. 


What is the magnitude of that amplitude? 
4.86. The forced harmonie 
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scillations have o 


amplitudes at frequencies «4 = 400 s-i and o, = 600 s-!. 
Find the resonance frequency at which the displacement amplitude 
is maximum. 

4.87. The velocity amplitude of a particle is equal to half the maxi- 
mum value at the frequencies o, and œ, of external harmonic force. 
Find: 

(a) the frequency corresponding to the velocity resonance; 

(b) the damping coefficient f and the damped oscillation frequency 
«€ of the particle. 

4.88. A certain resonance curve describes a mechanical oscillat- 
ing system with logarithmic damping decrement A = 1.60. For 
this curve find the ratio of the maximum displacement amplitude 
to the displacement amplitude at a very low frequency. 

4.89. Due to the external vertical force F, = F, cos wt a body 
suspended by a spring performs forced steady-state oscillations accord- 
ing to the law z = a cos (wt — q). Find the work performed by 
the force F during one oscillation period. 

4.90. A ball of mass m = 50 g is suspended by a weightless spring 
with stiffness x — 20.0 N/m. Due to external vertical harmonic 
force with frequency o = 25.0 s-! the ball performs steady-state 
oscillations with amplitude a — 1.3 cm. In this case the displace- 


ment of the ball lags in phase behind the external force by ọ =q, 


Find: 

(a) the quality factor of the given oscillator; 

(b) the work performed by the external force during one oscillation 
period. 

4.91. A ball of mass m suspended by a weightless spring can per- 
form vertical oscillations with damping coefficient p. The natural 
oscillation frequency is equal to wọ. Due to the external vertical 
force varying as F = F, cos wt the ball performs steady-state har- 
monic oscillations. Find: 

(a) the mean power (P), developed by the force F, averaged over 
one oscillation period; 
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(b) the frequency œ of the force F at which (P) is maximum; what 
is (P)max equal to? 

4.92. An external harmonic force F whose frequency can be varied, 
with amplitude maintained constant, acts in a vertical direction on 
a bal] suspended by a weightless spring. The damping coefficient is n 
times less than the natural oscillation frequency og of the ball. 
How much, in per cent, does the mean power (P) developed by the 
force F at the frequency of displacement resonance differ from the 
maximum mean power (P)max? Averaging is performed over one 
oscillation period. 

4.93. A uniform horizontal disc fixed at its centre to an elastic 
vertical rod performs forced torsional oscillations due to the moment 
of forces N, = Nm cos wt. The oscillations obey the Jaw ọ = 


= Pm cos (of — a). Find: 

(a) the work performed by friction forces acting on the disc during 
one oscillation period; 

(b) the quality factor of the given oscillator if the moment of 
inertia of the disc relative to the axis is equal to J. 


4,2. ELECTRIC OSCILLATIONS 
e Damped oscillation in a circuit 


q= qme P! cos (ot +a), 
where 


p= R . (4.22) 


o= VaT, oma, 


e Logarithmic damping decrement A and quality factor Q of a circuit are 
defined by Eqs. (4.1d). When damping is low: 


_ c i y L 
À— nR y =, Q=5 T> (4.2b) 


ə Steady-state forced oscillation in a circuit with a voltage V = Vm cos wt 
connected in series: 


I = Ím cos (ot — q), (4. 2c) 
where 
I Vm Ig. 
(yw. 0 0 [uL 7 
+ n —) , 
i (4.2d) 9 _ Axis 
7 oL—-—6 InR of current 
Fig. 4.26, 
The corresponding vector diagram for voltages is shown in Fig. 4.26. 
e Power generated in an ac circuit: 
P = VI cos q, (4.2e) 
where V and / are the effective values of voltage and current: 
V = Vy, I= 1,)/V2. (4.21) 
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4.94. Due to a certain cause the free electrons in a plane copper 
plate shifted over a small distance x at right angles to its surface. 
As a result, a surface charge and a corresponding restoring force 
emerged, giving rise to so-called plasma oscillations. Find the 
angular frequency of these oscillations if the free electron concent- 
ration in copper is n = 0.85.1079 m. 

4.95. An oscillating circuit consisting of a capacitor with capac- 
itance C and a coil of inductance L maintains free undamped oscil- 
lations with voltage amplitude across the capacitor equal to Vy. 
For an arbitrary moment of time find the relation between the cur- 
rent / in the circuit and the voltage V across the capacitor. Solve 
this problem using Ohm's law and then the energy conservation law. 

4.96. An oscillating circuit consists of a capacitor with capaci- 


+ Pal * e * * + a 
tance C, a coil of inductance Z with negligible resistance, and a 


switch. With the switch disconnected, the capacitor was charged to 
a voltage Vm and then at the moment t = O the switch was closed. 
Find: 

(a) the current J (t) in the circuit as a function of time; 

(b) the emf of self-inductance in the coil at the moments when the 
electric energy of the capacitor is equal to that of the current in the 
coil. 

4.97. In an oscillating circuit consisting of a parallel-plate capa- 
citor and an inductance coil with negligible active resistance the 
oscillations with energy W are sustained. The capacitor plates were 
slowly drawn apart to increase the oscillation frequency n-fold. 
What work was done in the process? 

4.98. In an oscillating circuit shown in Fig. 4.27 the coil inductance 
is equal to L — 2.5 mH and the capacitor have capacitances C, — 
= 2.0 pF and C, = 3.0 pF. The capacitors were charged to a voltage 
V = 180 V, and then the switch Sw was closed. Find: 

(a) the natural oscillation frequency; 

(b) the peak value of the current flowing through the coil. 


ow 


Fig. 4.27. Fig. 4.28. 


4.99. An electric circuit shown in Fig. 4.28 has a negligibly small 
active resistance. The left-hand capacitor was charged to a voltage Vo 
and then at the moment t = 0 the switch Sw was closed. Find the 
time dependence of the voltages in left and rigbt capacitors. 

4.100. An oscillating circuit consists of an inductance coil L and 
a capacitor with capacitance C. The resistance of the coil and the lead 
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wires is negligible. The coil is placed in a permanent magnetic field 
so that the total flux passing through all the turns of the coil is equa] 
to D. At the moment t = 0 the magnetic field was switched off. 
Assuming the switching off time to be negligible compared to the 
natural oscillation peri iod of the circuit, find the circuit current as 
a function of time £. 

4.101. The free damped oscillations are maintained in a circuit, 
such that the voltage across the capacitor varies as V = V,,e-Pf cos œt. 
Find the moments of time when the modulus of the voltage across 
the capacitor reaches 

(a) peak values; 

(b maximum (extremum) values. 

4.102. A certain oscillating circuit consists of a capacitor with 
capacitance C, a coil with inductance L and active resistance R, 
and a switch. When the switch was disconnected, the capacitor was 
charged; then the switch was closed and oscillations set in. Find the 
ratio of the voltage across the capacitor to its peak value at the 
moment immediately after closing the switch. 

4.103. A circuit with capacitance C and inductance L generates 
free damped oscillations with current varying with time as J = 
= [me P! sin wt. Find the voltage across the capacitor as a function 
of time, and in particular, at the moment t = Q. 

4.104. An oscillating cireuit consists of a capacitor with capac- 
itance C = 4.0 uF and a coil with inductance L = 2.0 mH and 
active resistance R = 10 Q. Find the ratio of the energy of the coils 
magnetic field to that of the capacitor's electric field at the moment 
when the current has the maximum value. 

4.105. An oscillating circuit consists of two coils connected in 
series whose inductances are Lı and L}, active resistances are R, 
and R, and mutual inductance is negligible. These coils are to be 
replaced by one, keeping the frequency and the quality factor of 
the circuit constant. Find the inductance and the active resistance of 
such a coil. 

4.106. How soon does the current amplitude in an oscillating 
circuit with quality factor Q = 5000 decrease 1 = 2.0 times if the 
oscillation frequency is v — 2.2 MHz? 

4.107. An oscillating circuit consists of capacitance C = 10 uF, 


inductance L = 25 mH, and active resistance R 1.0 Q. How many 
oscillation periods does it take for the current 
amplitude to decrease e-fold? Sw R 
4.108. How much (in per cent) does the free | | ~ 3 
oscillation frequency w of a circuit with qua- TE ——Ü L 
lity factor Q = 5.0 differ from the natural iC 1] | f 
oscillation frequency «, of that circuit? 
4.109. In a circuit shown in Fig. 4.29 the Fig. 4.29, 


battery emf is equal to € = 2.0 V, its inter- 
nal resistance is r= 9.0 Q, the capacitance of the capacitor is 
C = 10 uF, the coil inductance is L = 100 mH, and the resistance 
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is R = 1.0 Q. At a certain moment the switch Sw was disconnected. 
Find the energy of oscillations in the circuit 

(a) immediately after the switch was disconnected; 

(b) ¢ = 0.30 s after thé switch was disconnected. 

4.110. Damped oscillations are induced in a circuit whose quality 
factor is Q = 50 and natural oscillation frequency is vg = 5.5 kHz. 
How soon will the energy stored in the circuit decrease «vj = 2.0 
times? 

4.111. An oscillating circuit incorporates a leaking capacitor. 
Its capacitance is equal to C and active resistance to R. The coil 
inductance is L. The resistance of the coil and the wires is negligible. 
Find: 

(a) the damped oscillation frequency of such a circuit; 

(b) its quality factor 
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(4 112. Find the quality factor of a circuit with capacitance C = 
= 2.0 uF and inductance L = 5.0 mH if the maintenance of undamp- 
ed oscillations in the circuit with the voltage amplitude across the 
capacitor being equal to Vm = 1.0 V requires a power (P) = 
= 0.10 mW. The damping of oscillations is sufficiently low. 

4.113. What mean power should be fed to an oscillating circuit 
with active resistance R = 0.45 Q to maintain undamped harmonic 
oscillations with current amplitude Zm = 30 mA? 

4.114. An oscillating circuit consists of a capacitor with capac- 
itance C = 1.2 nF and a coil with inductance L = 6.0 uH and 
active resistance R = 0.50 Q. What mean power should be fed to 
the circuit to maintain undamped harmonic oscillations with vol- 
tage amplitude across the capacitor being equal to Vm = 10 V? 

4.115. Find the damped oscillation frequency of the circuit shown 
in Fig. 4.30. The capacitance C, inductance L, and active resistance R 
are supposed to be known. Find how must C, L, and R be interrelat- 
ed to make oscillations possible. 
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Fig. 4.30. Fig, 4.31. 


4.116. There are two oscillating circuits (Fig. 4.31) with capaci- 
tors of equal capacitances. How must inductances and active resis- 
tances of the coils be interrelated for the frequencies and damping 
of free oscillations in both circuits to be equal? The mutual induc- 
tance of coils in the left circuit is negligible. 

4.117. A circuit consists of a capacitor with capacitance C and 
a coil of inductance L connected in series, as well as a switch and a 
resistance equal to the critical value for this circuit. With the switch 
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disconnected, the capacitor was charged to a voltage V,, and at the 
moment ¢ = Q the switch was closed. Find the current Z in the circuit 
as a function of time t. What is Z max equal to? 

4.118. A coil with active resistance R and inductance L was con- 
nected at the moment t = Q to a source of voltage V = V, cos ot 
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Find the current in the coil as a function of time t. 

4.119. A circuit consisting of a capacitor with capacitance C and 
a resistance R connected in series was connected at the moment 
t = 0 to a source of ac voltage V = Vm cos wt. Find the current in 
the circuit as a function of time t. 

4.120. A long one-layer solenoid tightly wound of wire with re- 
sistivity p has n turns per unit length. The thickness of the wire 
insulation is negligible. The cross-sectional radius of the solenoid 
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ing voltage fed to ihe solenoid with frequency v. 

4.121. A circuit consisting of a capacitor and an active resistance 
R = 110 Q connected in series is fed an alternating voltage with 
amplitude Vm = 110 V. In this case the amplitude of steady-state 
current is equal to 7,, — 0.50 A. Find the phase difference between 
the current and the voltage fed. 

4.122. Fig. 4.32 illustrates the simplest ripple filter. A voltage 
V — V, (1 4- cos ot) is fed to the left input. Find: 

(a) the output voltage V' (t); 

(b) the magnitude of the product RC at which the output amplitude 
of alternating voltage component is 9 = 7.0 times less than the 
direct voltage component, if m — 314 s-1, 
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Fig. 4.32. Fig. 4.33. 


4.123. Draw the approximate voltage vector diagrams in the 
electric circuits shown in Fig. 4.33 a, b. The external voltage V 
is assumed to be alternating harmonically with frequency o. 

4.124. A series circuit consisting of a capacitor with capacitance 
C = 22 uF and a coil with active resistance R = 20 Q and induc- 
tance L — 0.35 H is connected to a source of alternating voltage 
with amplitude Vm = 180 V and frequency œ = 314 s-1, Find: 

(a) the current amplitude in the circuit; 

(b) the phase difference between the current and the external vol- 
tage; 

(c) the amplitudes of voltage across the capacitor and the coil. 

4.125. A series circuit consisting of a capacitor with capacitance C, 
a resistance R, and a coil with inductance L and negligible active 
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resistance is connected to an oscillator whose frequency can be vari- 
ed without changing the voltage amplitude. Find the frequency 
at which the voltage amplitude is maximum 

(a) across the capacitor; 

(b) across the coil. 

4.126. An alternating voltage with frequency œ = 314  s-! 
and amplitude Vm = 180 V is fed to a series circuit consisting of 
a capacitor and a coil with active resistance R — 40 Q and induc- 
tance L — 0.36 H. At what value of the capacitor's capacitance will 
the voltage amplitude across the coil be maximum? What is this 
amplitude equal to? What is the corresponding voltage amplitude 
across the condenser? 

4.127. A capacitor with capacitance C whose interelectrode space 
is filled up with poorly conducting medium with active resistance R 
is connected to a source of alternating voltage V = Vm cos ot. 
Find the time dependence of the steady-state current flowing in lead 
wires. The resistance of the wires is to be neglected. 

4.128. An oscillating circuit consists of a capacitor of capacitance C 
and a solenoid with inductance L4. The solenoid is inductively con- 
nected with a short-circuited coil having an inductance L, and a negli- 
gible active resistance. Their mutual inductance coefficient is equal 
to Ly. Find the natural frequency of the given oscillating cir- 
cuit. 

4.129. Find the quality factor of an oscillating circuit connected 
in series to a source of alternating emf if at resonance the voltage across 
the capacitor is n times that of the source. 

4.130. An oscillating circuit consisting of a coil and a capacitor 
connected in series is fed am alternating emf, with coil inductance 
being chosen to provide the maximum current in the circuit. Find the 
quality factor of the system, provided an n-fold increase of induc- 
tance results in an y-fold decrease of the current in the circuit. — — 

4.131. A series circuit consisting of a capacitor and a coil with 
active resistance is connected to a source of harmonic voltage whose 
frequency can be varied, keeping the voltage amplitude constant. 
At frequencies o, and o, the current amplitudes are n times less 
than the resonance amplitude. Find: 

(a) the resonance frequency; 

(b) the quality factor of the circuit. 

4.132. Demonstrate that at low damping the quality factor Q 
of a circuit maintaining forced oscillations is approximately equal 
to ,/Aw, where o, is the natural oscillation frequency, Aw is the 
width of the resonance curve J (œw) at the “height” which is V 2 times 
less than the resonance current amplitude. 

4.133. A circuit consisting of a capacitor and a coil connected in 
series is fed two alternating voltages of equal amplitudes but diffe- 
rent frequencies. The frequency of one voltage is equal to the natural 
oscillation frequency (@,) of the circuit, the frequency of the other 
voltage is ņ times higher. Find the ratio of the current amplitudes 
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({,/Z) generated by the two voltages if the quality factor of the system 
is equal to Q. Calculate this ratio for Q = 10 and 100, if ny = 1.10. 

4.134. It takes tọ hours for a direct current J, to charge a storage 
battery. How long will it take to charge such a battery from the 
mains using a half-wave rectifier, if the effective current value is 
also equal to Fo? 

4.135. Find the effective value of current if its mean value is J, 
and its time dependence is 

(a) shown in Fig. 4.34; 

(b) Z~ |sin ot |. 


Fig. 4.34. 


4.136. A solenoid with inductance L — 7 mH and active resistance 
R = 44 Q is first connected to a source of direct voltage V, and then 
to a source of sinusoidal voltage with effective value V — V,. At 
what frequency of the oscillator will the power consumed by the 
solenoid be n = 5.0 times less than in the former case? 

4.137. A coil with inductive resistance Xr, = 30 Q and impedance 
Z = 50 Q is connected to the mains with effective voltage value 
V — 100 V. Find the phase difference between the current and the 
voltage, as well as the heat power generated in the coil. 

4.198. A coil with inductance L = 0.70 H and active resistance 
r = 20 Q is connected in series with an inductance-free resistance R. 
An alternating voltage with effective value V = 220 V and frequency 
œ = 314 s-! is applied across the terminals of this circuit. At what 
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in the circuit? What is it equal to? 

4.139. A circuit consisting of a capacitor and a coil in series is 
connected to the mains. Varying the capacitance of the capacitor, 
the heat power generated in the coil was increased n — 1.7 times. 
How much (in per cent) was the value of cos q changed in the process? 

4.140. A source of sinusoidal emf with constant voltage is con- 
nected in series with an oscillating circuit with quality factor Q = 
= 100. At a certain frequency of the external voltage the heat power 
generated in the circuit reaches the maximum value. How much 
(in per cent) should this frequency be shifted to decrease the power 
generated m — 2.0 times? 

4.141. A series circuit consisting of an inductance-free resistance 
R = 0.16 kQ and a coil with active resistance is corinected to the 
mains with effective voltage V — 220 V. Find the heat power gene- 
rated in the coil if the effective voltage values across the resistance R 
and the coil are equal to V, = 80 V and V, = 180 V respectively. 
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4.142. A coil and an inductance-free resistance R = 25 Q are 
connected in parallel to the ac mains. Find the heat power generated 
in the coil provided a current J = 0.90 A is drawn from the mains. 
The coil and the resistance R carry currents Z, = 0.50 A and 7$ = 
= 0.60 A respectively. 

4.143. An alternating current of frequency = 314 s-! is fed 
to a circuit consisting of a capacitor of capacitance C = 73 pF and 
an active resistance R = 100 connected in parallel. Find the impe- 
dance of the circuit. 

4.144. Draw the approximate vector diagrams of currents inthe 
circuits shown in Fig. 4.35. The voltage applied across the points A 
and B is assumed to be sinusoidal; the parameters of each circuit are 
so chosen that the total current 7, lags in phase behind the external 
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Fig. 4.35. 


4.145. A capacitor with capacitance C = 1.0 uF and a coil with 
active resistance R = 0.10 Q and inductance L = 1.0 mH are con- 
nected in parallel to a source of sinusoidal voltage V = 31 V. Find: 

(a) the frequency o at which the resonance sets 1n; 

(b) the effective value of the fed current in resonance, as well as 
the corresponding currents flowing through the coil and through the 
capacitor. D. l 

4.146. A capacitor with capacitance C and a coil with active resis- 
tance R and inductance L are connected in parallel to a source of 
sinusoidal voltage of frequency w. Find the phase dilference between 
the current fed to the circuit and the source voltage. 

4.147. A circuit consists of a capacitor with capacitance C and 
a coil with active resistance R and inductance L connected in paral- 
lel. Find the impedance of the circuit at frequency © of alternating 
voltage. 

4.148. A ring of thin wire with active resistance R and inductance L 
rotates with constant angular velocity œ in the external uniform 
magnetic field perpendicular to the rotation axis. In the process, the 
flux of magnetic induction of external field across the ring varies with 


eto, aa h — ħħ nna mat Damnnotrato that 
tme aS W — Wg COS Wl. LD ULLUMOLLUVY Vahey 


(a) the inductive current in the ring varies with time as I = 
= Im sin (wt — q), where Im = o®,/V R? + œL? with tan q = 
= oL/R; 

(b) the mean mechanical power developed by external forces to 
maintain rotation is defined by the formula P = !/,0* D R/UT* + 
+ oL’). »" 


. 4.149. A wooden core (Fig. 4.36) supports two coils: coil 7 with 
inductance L, and short-circuited coil 2 with active resistance R 
and inductance L,. The mutual inductance of the coils depends on 
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Fig. 4.86, 
the distance z between them according to the law Ly, (x). Find the 
mean (averaged over time) value of the interaction force between 
the coils when coil 7 carries an alternating current J, = J, cos wt. 
4.3. ELASTIC WAVES. ACOUSTICS 
e Equations of plane and spherical waves: 
§=acos (ot— kz), g=—2 cos (qt — kr). (4.38) 


In the case of a homogeneous absorbing medium the factors e-Y* and e-Y" res- 


pectively appear in the formulas, where y is the wave damping coefficient. 
e Wave equation: 
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e Phase velocity of longitudinal waves in an elastic medium (vij) and trans- 
verse waves in a string (v): 


vı = V Elp, v, = y Tip, (4.3c 


) 
where E is Young's modulus, p is the density of the medium, T is the tension of 
the string, pı is its linear density. 

e Volume density of energy of an elastic wave: 


w = pa?o? sin? (wt — kz), (w) = l/,pa?o*. (4.3d) 
e Energy flow density, or the Umov vector for a travelling wave: 

j= wv, (qo) YV.patwv. | (4.3e) 

e Standing wave equation: 
E = a cos kz-cos ot, (4.31) 

e Acoustical Doppler effect: 
vov, LU Vob (4.30) 
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e Loudness level (in bels): 


L = log (IIo). (4.3h) 


, œ Relation between the intensity J of a sound wave and the pressure oscil- 
lation amplitude (Ap): 


I = (Ap)2, /2pv. (4.31) 
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4.150. How long will it take sound waves to travel the distance / 
between the points A and B if the air temperature between them 
varies linearly from 7, to 7,? The velocity of sound propagation in 
air is equal to v — ay T, where « is a constant. 

4.151. A plane harmonic wave with frequency œ propagates at a 
velocity v in a direction forming angles a, D, y with the z, y, z axes. 
Find the phase difference between the oscillations at the points of 
medium with coordinates z,, yi, 2, and Z3, ys, Ze. 

4.152. A plane wave of frequency w propagates so that a certain 
phase of oscillation moves along the z, y, z axes with velocities v, 
Va, Ug respectively. Find the wave vector k, assuming the unit vectors 
e,, ey, e, of the coordinate axes to be assigned. 

4.153. A plane elastic wave & = a cos (ot — kx) propagates in 
a medium K. Find the equation of this wave in a reference frame K’ 
moving in the positive direction of the z axis with a constant ve- 
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tained. 

4.154. Demonstrate that any differentiable function f (t + az), 
where «a is a constant, provides a solution of wave equation. What is 
the physical meaning of the constant a? 

4.155. The equation of a travelling plane sound wave has the form 
E = 60 cos (1800¢ — 5.3z), where E is expressed in micrometres, t 
in seconds, and z in metres. Find: 

(a) the ratio of the displacement amplitude, with which the par- 
ticles of medium oscillate, to the wavelength; 

(b) the velocity oscillation amplitude of particles of the medium 
and its ratio to the wave propagation velocity; 

(c) the oscillation amplitude of relative deformation of the medium 
and its relation to the velocity oscillation amplitude of particles of 
the medium. 

4.156. A plane wave $ = a cos (wt — kr) propagates in a homo- 
geneous elastic medium. For the moment t = 0 draw 

(a) the plots of &, 9E/0t, and 0&/dz vs z; 

(b) the velocity direction of the particles of the medium at the 
points where E = Q, for the cases of longitudinal and transverse waves; 

(c) the approximate plot of density distribution p (x) of the medium 
for the case of longitudinal waves. 

4.157. A plane elastic wave E = ae-Y* cos (ot — kz), where a, y, 
©, and k are constants, propagates in a homogeneous medium. Find 
the phase difference between the oscillations at the points where the 
particles’ displacement amplitudes differ by n = 1.0%, if y= 
— 0.42 m-' and the wavelength is A = 50 cm. 

4.158. Find the radius vector defining the position of a point source 
of spherical waves if that source is known to be located on the straight 
line between the points with radius vectors r, and r, at which the 
oscillation amplitudes of particles of the medium are equal to a, 
and a,. The damping of the wave is negligible, the medium is homo- 
geneous. 
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4.159. A point isotropic source generates sound oscillations with 
frequency v = 1.45 kHz. At a distance r, = 5.0 m from the source 
the displacement amplitude of particles of the medium is equal to 
ay = 90 um, and at the point A located at a distance r = 10.0 m 
from the source the displacement amplitude is n = 3.0 times less 
than @). Find: l 

(a) the damping coefficient y of the wave; 

(b) the velocity oscillation amplitude of particles of the medium 
at the point A. 

4.160. Two plane waves propagate in a homogeneous elastic me- 
dium, one along the z axis and the other along the y axis: E, = 
= a cos (wt — kz), E, = a cos (ot — ky). Find the wave motion 
pattern of particles in the plane zy if both waves 

(a) are transverse and their oscillation directions coincide; 

(b) are longitudinal. 

4.161. A plane undamped harmonic wave propagates in a medium. 
Find the mean space density of the total oscillation energy (w), 
if at any point of the medium the space density of energy becomes 
equal to w, one-sixth of an oscillation period after passing the dis- 
placement maximum. 

4.162. A point isotropie sound source is located on the perpendicu- 
lar to the plane of a ring drawn through the centre O of the ring. 
The distance between the point O and the source is 1 = 1.00 m, the 
radius of the ring is R = 0.50 m. Find the mean energy flow across 
the area enelosed by the ring if at the point O the intensity of sound 
is equal to J) = 30 uW/m*. The damping of the waves is negligible. 

4.163. A point isotropic source with sonic power P = 0.10 W is 
located at the centre of a round hollow cylinder with radius R = 
= 1.0 m and height k = 2.0 m. Assuming the sound to be completely 
absorbed by the walls of the cylinder, find the mean energy flow 
reaching the lateral surface of the cylinder. 

4.164. The equation of a plane standing wave in a homogeneous 
elastic medium has the form 5 = a cos kzx-cos wt. Plot: 

(a) E and 9&/dz as functions of z at the moments t = Oand t = 772, 
where T is the oscillation period; 

(b) the distribution of density p (x) of the medium at the moments 
t= 0 and ż = T/2 in the case of longitudinal oscillations; 

(c) the velocity distribution of particles of the medium at the mo- 
ment t = 7/4; indicate the directions of velocities at the antinodes, 
both for longitudinal and transverse oscillations. 

4.165. A longitudinal standing wave & = a cos kz-cos ot is main- 
tained in a homogeneous medium of density p. Find the expressions 
for the space density of 

(a) potential energy wp (z, t); 

(b) kinetic energy w, (z, t). 

Plot the space density distribution of the total energy w in the space 
between the displacement nodes at the moments t = 0 and t = 7/4, 
where T is the oscillation period. 
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4.166. A string 120 cm in length sustains a standing wave, with 
the points of the string at which the displacement amplitude is equal 
to 3.5 mm being separated by 15.0 cm. Find the maximum displace- 
ment amplitude. To which overtone do these oscillations correspond? 

4.167. Find the ratio of the fundamental tone frequencies of two 
identical strings after one of them was stretched by v, = 2.0% and 
the other, by n, = 4.0%. The tension is assumed to be proportional 
to the elongation. 

4.168. Determine in what way and how many times will the fun- 
damental tone frequency of a stretched wire change if its length is 
shortened by 35% and the tension increased by 70%. 

4.169. To determine the sound propagation velocity in air by 
acoustic resonance technique one can use a pipe with a piston and 
a sonic membrane closing one of its ends. Find the velocity of sound 
if the distance between the adjacent positions of the piston at which 
resonance is observed at a frequency v = 2000 Hz is equal to l = 
— 8.9 cm. 

4.170. Find the number of possible natural oscillations of air col- 
umn in a pipe whose frequencies lie below vg = 1250 Hz. The length 
of the pipe is 1 = 85 cm. The velocity of sound is v = 340 m/s. 
Consider the two cases: 

(a) the pipe is closed from one end; 

(b) the pipe is opened from both ends. 


The open ends of the pipe are assumed to be the antinodes of dis- 
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4.171. A copper rod of length J = 50 cm is clamped at its midpoint. 
Find the number of natural longitudinal oscillations of the rod in 
the frequency range from 20 to 50 kHz. What are those frequencies 
equal to? 

4.172. A string of mass m is fixed at both ends. The fundamental 
tone oscillations are excited with circular frequency o and maximum 


"E * . a 
displacement amplitude &max. Find: 


_ (a) the maximum kinetic energy of the string; 

(b) the mean kinetic energy of the string averaged over one oscil- 
lation period. 

4.173. A standing wave E = a sin kx-cos wt is maintained in a 
homogeneous rod with cross-sectional area S and density p. Find the 
total mechanical energy confined between the sections corresponding 
to the adjacent displacement nodes. 

4.174. A source of sonic oscillations with frequency vy — 1000 Hz 
moves at right angles to the wall with a velocity u — 0.17 m/s. 
Two stationary receivers R, and R, are located on a straight line, 
coinciding with the trajectory of the source, in the following succes- 
sion: AH,-source-H,-wall. Which receiver registers the beatings and 
what is the beat frequency? The velocity of sound is equal to v — 
= 340 m/s. 

4.175. A stationary observer receives sonic oscillations from two 
tuning forks one of which approaches, and the other recedes with 
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the same velocity. As this takes place, the observer hears the beatings 
with frequency v = 2.0 Hz. Find the velocity of each tuning fork 
if their oscillation frequency is v = 680 Hz and the velocity of sound 
in air is v — 340 m/s. 

4.176. A receiver and a source of sonic oscillations of frequency 
ve = 2000 Hz are located on the z axis. The source swings harmo- 
nically along that axis with a circular frequency o and an amplitude 
à = 90 cm. At what value of œ will the frequency bandwidth regis- 
tered by the stationary receiver beequalto Av — 200 Hz? The velo- 
city of sound is equal to v — 340 m/s. 

4.177. A source of sonic oscillations with frequency v, = 1700 Hz 
and a receiver are located at the same point. At the moment t — 0 
the source starts receding from the receiver with constant accelera- 
tion w = 10.0 m/s*. Assuming the velocity of sound to be equal to 
v = 340 m/s, find the oscillation frequency registered by the station- 
ary receiver £ = 10.0 s after the start of motion. 

4.178. A source of sound with natural frequency v, — 1.8 kHz 
moves uniformly along a straight line separated from a stationary 
observer by a distance 1 = 250 m. The velocity of the source is equal 
to  — 0.80 fraction of the velocity of sound. Find: 

(a) the frequency of sound received by the observer at the moment 
when the source gets closest to him; 

(b) the distance between the source and the observer at the moment 
when the observer receives a frequency v = vo. 

4.179. A stationary source sends forth monochr 
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A wall approaches it with velocity u = 33 cm/s. Th 
n 
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velocity of sound in the medium is v = 330 m/s. I 


how much, in per cent, does the wavelength of sound 
flection from the wall? 

4.180. A source of sonic oscillations with frequency v, = 1700 Hz 
and a receiver are located on the same normal to a wall. Both the 
source and the receiver are stationary, and the wall recedes from the 
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source with velocity u = 6.0 cm/s. Find the beat frequency registered 
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by the receiver. The velocity of sound is equal to. v — 340 m/s, 


4.181. Find the damping coefficient y of a ‘sound wave if at dis- 
tances ry = 10 m and r, = 20 m from a point isotropic source of sound 
the sound wave intensity values differ by a factor x = 4.5. 

4.182. A plane sound wave propagates along the z axis. The damp- 
ing coefficient of the wave is y = 0.0230 m-!. At the point z = 0 
the loudness level is LZ = 60 dB. Find: 

(a) the loudness level at a point with coordinate z = 50 m; 

( b) the coordinate z of the point at which the sound is not heard 
aiy LLIULit. 

4.183. At a distance ry = 20.0 m from a point isotropic source 
of sound the loudness level Ly — 30.0 dB. Neglecting the damping 
of the sound wave, find: 

(a) the loudness level at a distance r = 10.0 m from the source; 

(b) the distance from the source at which the sound is not heard. 


ane Zt 


e 
E 


lange on re- 


192 


4.184. An observer A located at a distance r4 —5,0 m from a 
ringing tuning fork notes the sound to fade away += 19 s later 
than an observer B who is located at a distance rp = 50m from 
the tuning fork. Find the damping coefficient B of Oscillations of 
the tuning fork. The sound velocity v = 340 m/s. 

4.185. A plane longitudinal harmonie wave propagates in a me- 
dium with density p. The velocity of the wave propagation is v. 
Assuming that the density variations of the medium, induced by the 
propagating wave, Ap <p, demonstrate that 

(a) the pressure increment in the medium Ap = —p:? (0£/0z), 
where 0§/dz is the relative deformation; 

(b) the wave intensity is defined by Eq. (4.3i). 

4.186. A ball of radius R = 50 cm is located in the way of pro- 


pa ation of a plane sound wave, The sonie wavelencth isi — 90 em 
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the frequency is v — 1700 Hz, the pressure oscillation amplitude 
in air is (Ap),, = 3.5 Pa. Find the mean energy flow, averaged over 
an oscillation period, reaching the surface of the ball. 

4.187. A point A is located at a distance r — 1.5 m from a point 
isotropic source of sound of frequency v = 600 Hz. The sonic power 
of the source is P = 0.80 W. Neglecting the damping of the waves 
and assuming the velocity of sound in air to be equal to v — 340 m/s, 
find at the point A: 

(a) the pressure oscillation amplitude (Ap), and its ratio to the 
air pressure; 

(b) the oscillation amplitude of particles of the medium; compare 
it with the wavelength of sound. 

4.188. At a distance r — 100 m from a point isotropic source of 
sound of frequency 200 Hz the loudness level is equal to L — 50 dB. 
The audibility threshold at this frequency corresponds to the sound 
intensity 7, = 0.10 nW/m?. The damping coefficient of the sound 
wave is y = 5.0-107* m~t. Find the sonic power of the source. 
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e Phase velocity of an electromagnetic wave: 


v= cly ep, where e = 1/y Eoo. (4.48) 
e In a travelling electromagnetic wave: 
Ey ee, = HY ppo. (4.4b) 
e Space density of the energy of an electromagnetic field: 
SED, BE he) 


e Flow density of electromagnetic energy, the Poynting vector: 
S = [EH], (4.4d) 
e Energy flow density of electric dipole radiation in a far field zone: 


S~ + sin? 6, (4.4e) 
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where r is the distance from the dipole, 6 is the angle between the radius vector 
r and the axis of the dipole. 


e Radiation power of an electric dipole with moment p (t) and of a charge 


moving with acceleration w: 
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4,189. An electromagnetic wave of frequency v = 3.0 MHz passes 
from vacuum into a non-magnetic medium with permittivity & = 
-— 4.0. Find the increment of its wavelength. 

4.190. A plane electromagnetic wave falls at right angles to the 
surface of a plane-parallel plate of thickness l. The plate is made 
of non-magnetic substance whose permittivity decreases exponen- 
tially from a value e, at the front surface down to a value e£, at the 
rear one. How long does it take a given wave phase to travel across 
this plate? 

4.191. A plane electromagnetic wave of frequency v — 10 MHz 
propagates in a poorly conducting medium with conductivity o = 
= 10 mS/m and permittivity e = 9. Find the ratio of amplitudes 
of conduction and displacement current densities. 

4.192. A plane electromagnetic wave E = E,, cos (ot — kr) 
propagates in vacuum. Assuming the vectors Em and k to be known, 
find the vector H as a function of time £ at the point with radius 
vector r = 0. 

4.193. A plane electromagnetic wave E = E, cos (wt — kr), 
where E, = L,e,, K = ke,, e,, e, are the unit vectors of the zr, 
y axes, propagates in vacuum. Find the vector H at the point with 
radius vector r = ze, at the moment (a) ¢ = 0, (b) £ = tọ. Consider 
the case when E, = 160 V/m, k = 0.51 m~t, z = 7.7 m, and t, = 
— 33 ns. 

4.194. A plane electromagnetic wave E = E, cos (wt — kz) 
propagating in vacuum induces the emf Eina in a square frame with 
side l. The orientation of the frame is shown in Fig. 4.37. Find 
the amplitude value Eg, if E,, = 0.50 mV/m, the frequency » =5.0 MHz 
and / = 50cm. 
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Fig. 4.37. Fig. 4.38. 


4.195. Proceeding from Maxwell’s equations show that in the 
case of a plane electromagnetic wave (Fig. 4.38) propagating in 
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vacuum the following relations hold: 
ôE ,9B ôB___ ðE 
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4.196. Find the mean Poynting vector (S) of a plane electromag- 
netic wave E = E, cos (wf — kr) if the wave propagates in va- 
cuum. 

4.197. A plane harmonic electromagnetic wave with plane polari- 
zation propagates in vacuum. The electric component of the wave 
has a strength amplitude E,, — 50 mV/m, the frequency is v — 
— 100 MHz. Find: 

(a) the efficient value of the displacement current density; 

(b) the mean energy flow density averaged over an oscillation 
period. 


4.198. A ball of radius R = 50 cm is located in a non-magnetic 
medium with permittivity e = 4.0. In that medium a plane electro- 
magnetic wave propagates,the strength amplitude of whose electric 
component is equal to E, — 200 V/m. What amount of energy 
reaches the ball during a time interval t — 1.0 min? 

4.199. A standing electromagnetic wave with electric component 
E = E, cos kz-cos ot is sustained along the x axis in vacuum. Find 
the magnetic component of the wave B (z, t). Draw the approximate 
distribution pattern of the wave's electric and magnetic components 
(E and B) at the moments t = 0 and t — 77/4, where T is the oscilla- 
tion period. 

4.200. A standing electromagnetic wave E = E, cos kz-cos ot 
is sustained along the z axis in vacuum. Find the projection of the 
Poynting vector on the z axis S, (x, t) and the mean value of that 
projection averaged over an oscillation period. 

4.201. A parallel-plate air capacitor whose electrodes are shaped 
as discs of radius R — 6.0 cm is connected to a source of an alternat- 
ing sinusoidal voltage with frequency œ = 1000 s-i Find the 
ratio of peak values of magnetic and electric energies within the 
capacitor. 

4.202. An alternating sinusoidal current of frequency o — 
= 1000 s-! flows in the winding of a straight solenoid whose cross- 
sectional radius is equal to R = 6.0 cm. Find the ratio of peak 
values of electric and magnetic energies within the solenoid. 

4.203. A parallel-plate capacity whose electrodes are shaped as 
round dises is charged slowly. Demonstrate that the flux of the 
Poynting vector across the capacitor's lateral surface is equal to the 
increment of the capacitor's energy per unit time. The dissi 
of field at the edge is to be neglected in calculations. 

4.204. A current I flows along a straight conductor with round 
cross-section. Find the flux of the Poynting vector across the lateral 
surface of the conductor's segment with resistance R. 

4.205. Non-relativistic protons accelerated by a potential diffe- 
rence U form a round beam with current 7. Find the magnitude and 
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direction of the Poynting vector outside the beam at a distance r 
from its axis. 

4.206. A current flowing in the winding of a long straight solenoid 
is increased at a sufficiently slow rate. Demonstrate that the rate 
at which the energy of the magnetic field in the solenoid increases 
is equal to the flux of the Poynting vector across the lateral surface 
of the solenoid. 

4.207. Fig. 4.39 illustrates a segment of a double line carrying 
direct current whose direction is indicated by the arrows. Taking 
into account that the potential p, >> q«,, and making use of the 
Poynting vector, establish on which side (left or right) the source 
of the current is located. 


Fig. 4.39. 


4.208. The energy is transferred from a source of constant voltage 
V to a consumer by means of a long straight coaxial cable with 
negligible active resistance. The consumed current is J. Find the 
energy flux across the cross-section of the cable. The conductive 
sheath is supposed to be thin. 

4.209. A source of ac voltage V = Vy cos wt delivers energy to 
a consumer by means of a long straight coaxial cable with negligible 
active resistance. The current in the circuit varies as J = 
= lycos ot — g). Find the time-averaged energy flux through the 
cross-section of the cable. The sheath is thin. 

4.210. Demonstrate that at the boundary between two media the 
normal components of the Poynting vector are continuous, i.e. 
Sin = Dgn- 

4.211. Demonstrate that a closed system of charged non-relati- 
vistic particles with identical specific charges emits no dipole ra- 
diation. 

4.212. Find the mean radiation power of an electron performing 
harmonic oscillations with amplitude a = 0.10 nm and frequency 
© = 6.5-10%4 s-! 

4.213. Find the radiation power developed by a non-relativistic 
particle with charge e and mass m, moving along a circular orbit 


of radius R in the field of a stationary point charge q. 
4.914, A narticlo with charge e and mass m flies with non-relati- 
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vistic velocity v at a distance b past a stationary particle with 
charge g. Neglecting the bending of the trajectory of the moving 
particle, find the energy lost by this particle due to radiation during 
the total flight time. 

4.215. A non-relativistic proton enters a half-space along the 
normal to the transverse uniform magnetic field whose induction 
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equals B = 1.0 T. Find the ratio of the energy lost by the proton 
due to radiation during its motion in the field to its initial kinetic 
energy. 

4.216. A non-relativistic charged particle moves in a transverse 
uniform magnetie field with induction P. Find the time dependence 
of the particle's kinetic energy diminishing due to radiation. How 
Soon will its kinetic energy decrease e-fold? Calculate this time 
interval for the case (a) of an electron, (b) of a proton. 

4.217. A charged particle moves along the y axis according to the 
law y — a cos ot, and the point of observation P is located on the z 
axis at a distance / from the particle (1 >> a). Find the ratio of electro- 
magnetic radiation flow densities S/S, at the point P at the moments 
when the coordinate of the particle y, = 0 and y, = a. Calculate 
that ratio if œ = 3.3.106 s-! and 1 = 190 m. 

4.218. A charged particle moves uniformly with velocit 
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Fig. 4.40. 


on the x axis at a point P which is removed from the centre of the 
circle by a distance much exceeding A. Find: 

(a) the relationship between the observed values of the y projec- 
tion of the particle's acceleration and the y coordinate of the particle; 

(b) the ratio of electromagnetic radiation flow densities S,/S, 
at the point P at the moments of time when the particle moves, from 
the standpoint of the observer P, toward him and away from him, 
as shown in the figure. 

4.219. An electromagnetic wave emitted by an elementary dipole 
propagates in vacuum so that in the far field zone the mean value 
of the energy flow density is equal to S, at the point removed from 
the dipole by a distance r along the perpendicular drawn to the 
dipole's axis. Find the mean radiation power of the dipole. 

4.220. The mean power radiated by an elementary dipole is equal 
to P,. Find the mean space density of energy of the electromagnetic 
feld in vacuum in the far field zone at the point removed from the 
dipole by a distance r along the perpendicular drawn to the dipole's 
axis. 

4.221. An electric dipole whose modulus is constant and whose 
moment is equal to p rotates with constant angular velocity @ 
about the axis drawn at right angles to the axis of the dipole and 
passing through its midpoint. Find the power radiated by such 
a dipole. 
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. 4.222. A free electron is located in the field of a plane electromagne- 
tic wave. Neglecting the magnetic component of the wave disturbing 
its motion, find the ratio of the mean energy radiated by the oscil- 
lating electron per unit time to the mean 
density of the incident wave. value of the energy flow 

4.223. A plane electromagnetic wave with frequency falls upon 
an elastically bonded electron whose natural frequency equals w,. 
Neglecting the damping of oscillations, find the ratio of the mean 
energy dissipated by the electron per unit time to the mean value 
of the energy flow density of the incident wave. 

4.224, Assuming a particle to have the form of a ball and to ab- 
sorb all incident light, find the radius of a particle for which its 
gravitational attraction to the Sun is counterbalanced bv the force 
that light exerts on it. The power of light radiated by the Sun equals 


0i i1gnt radiated Dy the pun equals 


P = 4.10% W, and the density of the particle is p = 1.0 g/cm?. 


PART FIVE 
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5.14. PHOTOMETRY AND GEOMETRICAL OPTICS 


e Spectral response of an eye V (À) is shown in Fig. 5.1. 
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e Luminous intensity 7 and illuminance £: 
15439 — gl Tine 5.12) 
— — Aa 
dQ’ dS ° ( 
e Illuminance produced by a point isotropic source: 
E= I cosa l (5.1b) 
r 


where a is the angle between the normal to the surface and the direction to the 
Source. 
e Luminosity M and luminance L: 


db 


— dDemit — 5.4 
M= ds’ PIOS coso" (2410) 
e For a Lambert source L = const and luminosity 
M = nL. (5.1d) 
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e Relation between refractive angle O of a prism and least deviation 
angle a: 


sin y =n sin ae (5.1e) 
where n is the refractive index of the prism. 
e Equation of spherical mirror: 
1 1 2 5. 4f 
where R is the curvature radius of the mirror. 
e Equations for aligned optical system (Fig. 5.2): 
(5.4g) 
Fig. 5.2. 
e Relations between focal lengths and optical power: 
n’ n F n' 
f o ILL — LI — —— ee e 5.1h 
j MD? j Q' f n* ( ) 
e Optical power of a spherical refractive surface: 
p=, (5.4) 


R 


e Optical power of a thin lens in a medium with refractive index no: 


o=) (F) (5.13) 


where n is the refractive index of the lens. 
e Optical power of a thick lens: 


D=0,+0,— DD, (5-4k) 


where d is the thickness of the lens. This equation is also valid for a system of 
two thin lenses separated by a medium with refractive index n. 
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e Principal planes H and H’ are removed from the crest points O and 0O’ 
of surfaces of a thick lens (Fig. 5.3) by the following distances: 


X———.—s5. X'— — (5,41) 
^" n Q^? n @D weet 
e Lagrange-Helmholtz invariant: 
nyu = const. (9.1m) 
e Magnifying power of an optical device: 
__ tan yp 
tanh? (5.1n) 


where tp’ and p are the angles subtended at the eye by 


optical device and by the corresnondine ohiect at a dis 


corresponding object at a distan 
ing (in the case of a microscope or magnifying glass that dist 
ly = 25 cm). 
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9.1. Making use of the spectral response curve for an eye (see 
Fig. 5.1), find: 

(a) the energy flux corresponding to the luminous flux of 1.0 lm 
at the wavelengths 0.51 and 0.64 um; 

(b) the luminous flux corresponding to the wavelength interval 
from 0.58 to 0.63 um if the respective energy flux, equal to «b, = 
— 4.9 mW, is uniformly distributed over all wavelengths of the 
interval. The function V (A) is assumed to be linear in the given 
spectral interval. 

9.2. A point isotropic source emits a luminous flux ® = 10 lm 
with wavelength À = 0.59 um. Find the peak strength values of 
electric and magnetic fields in the luminous flux at a distance r — 
— 1.0 m from the source. Make use of the curve illustrated in 
Fig. 5.1. 

5.3. Find the mean illuminance of the irradiated part 1 op 
sphere receiving 

(a) à parallel luminous flux resulting in illuminance £, at the 
point of normal incidence; 

(b) light from a point isotropic source located at a distance | = 
== 100 cm from the centre of the sphere; the radius of the sphere is 
R = 60 cm and the luminous intensity is J = 36 cd. 
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9.4. Determine the luminosity of a surface whose luminance 
depends on direction as L = L, cos 0, where 0 is the angle between 
the radiation direction and the normal to the surface. 

5.5. A certain luminous surface obeys Lambert’s law. Its lumi- 
nance is equal to L. Find: 

(a) the luminous flux emitted by an element AS of this surface 
into a cone whose axis is normal to the given element and whose 
aperture angle is equal to 0; 

(b) the luminosity of such a source. 

5.6. An illuminant shaped as a plane horizontal disc S = 100 cm? 
in area is suspended over the centre of a round table of radius R = 
= 1.0 m. Its luminance does not depend on direction and is equal 
to L = 1.6-10* cd/m?. At what height over the table should the 
illuminant be suspended to provide maximum illuminance at the 
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circumference of the table? How great will that illuminance be? 


The illuminant is assumed to be a point source. 

5.7. A point source is suspended at a height h = 1.0 m over the 
centre of a round table of radius R = 1.0 m. The luminous intensity 7 
of the source depends on direction so that illuminance at all points 
of the table is the same. Find the function Z (0), where 0 is the angle 
between the radiation direction and the vertical, as well as the lu- 
minous flux reaching the table if Z (0) = J, = 100 cd. 

5.8. A vertical shaft of light from a projector forms a light spot 
S — 100 cm? in area on the ceiling of a round room of radius R = 
— 2.0 m. The illuminance of the spot is equal to E — 1000 Ix. 
The reflection coefficient of the ceiling is equal to p — 0.80. Find 
the maximum illuminance of the wall produced by the light reflected 
from the ceiling. The reflection is assumed to obey Lambert's 
law. 

5.9. A luminous dome shaped as a hemisphere rests on a horizon- 
tal plane. Its luminosity is uniform. Determine the illuminance at 
the centre of that plane if its luminance equals L and is independent 
of direction. 

9.10. A Lambert source has the torm of an infinite plane. Its 
luminance is equal to L. Find the illuminance of an area element 
oriented parallel to the given source. 

9.11. An illuminant shaped as a plane horizontal disc of radius 
R = 25 cm is suspended over a table at a height h = 75 cm. The 
illuminance of the table below the centre of the illuminant is equal 
to Hy = 70 lx. Assuming the source to obey Lambert’s law, find 
its luminosity. 

2.12. A small lamp having the form of a uniformly luminous sphere 
of radius R = 6.0 cm is suspended at a height h = 3.0 m above the 
floor. The luminance of the lamp is equal to L = 2.0-10* cd/m? 
and is independent of direction. Find the illuminance of the floor 
directly below the lamp. 

9.13. Write the law of reflection of a light beam from a mirror 
in vector form, using the directing unit vectors e and e' of the inci- 
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dent and reflected beams and the unit vector n of the outside normal 
to the mirror surface. 

2.14. Demonstrate that a light beam reflected from three mutually 
perpendicular plane mirrors in succession reverses its direc- 
tion. 

9.15. At what value of the angle of incident 0, is a shaft of light 
renee yen from the surface of water perpendicular to the refracted 
shalt: 

5.16. Two optical media have a plane boundary between them. 
Suppose 0,,, is the critical angle of incidence of a beam and 9, is 
the angle of incidence at which the refracted beam is perpendicular 
to the reflected one (the beam is assumed to come from an optically 
denser medium). Find the relative refractive index of these media 
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9.17. A light beam falls upon a plane-parallel glass plate d—6.0 cm 
in thickness. The angle of incidence is 0 — 60°. Find the value of 
deflection of the beam which passed through that plate. 

9.18. À man standing on the edge of a swimming pool looks at 
a stone lying on the bottom. The depth of the swimming pool is 
equal to h. At what distance from the surface of water is the image 
of the stone formed if the line of vision makes an angle 0 with the 
normal to the surface? 

5.19. Demonstrate that in a prism with small refracting angle 6 
the shaft of light deviates through the angle a ~ (n — 1) 0 regard- 
less of the angle of incidence, provided that the latter is also small. 

9.20. A shaft of light passes through a prism with refracting angle 0 
and refractive index n. Let a be the diffraction angle of the shaft. 
Demonstrate that if the shaft of light passes through the prism 
symmetrically, 

(a) the angle « is the least; 

(b) the relationship between the angles « and 0 is defined by 
Eq. (5.1e). 

9.21. The least deflection angle of a certain glass prism is equal 
to its refracting angle. Find the latter. 

9.22. Find the minimum and maximum deflection angles for 
a light ray passing through a glass prism with refracting angle 

= 60°. 

9.29. A trihedral prism with refracting angle 60° provides the 
least deflection angle 37° in air. Find the least deflection angle of 
that prism in water. 

5.24. A light ray composed of two monochromatic components 
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Find the angle Aa between the components of the ray after its pass- 
age through the prism if their respective indices of refraction are 
equal to 1.515 and 1.520. The prism is oriented to provide the least 
deflection angle. 

29.25. Using Fermat’s principle derive the laws of deflection and 
refraction of light on the plane interface between two media. 
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5.26. By means of plotting find: 

(a) the path of a light ray after reflection from a concave and 
convex spherical mirrors (see Fig. 5.4, where F is the focal point, 

O' is the optical axis); 
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Fig. 5.4 
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5.27. Determine the focal length of a concave mirror if: 

(a) with the distance between an object and its image being equal 
to 1 = 15 cm, the transverse magnification B = —2.0; 

(b) in a certain position of the object the transverse magnification 
is D = —0.50 and in another position displaced with respect to the 
former by a distance | — 5.0 cm the transverse magnification B4 = 

= —(. 

9.28. A point source with luminous intensity J, = 100 cd is 
positioned at a distance s — 20.0 cm from the crest of a concave 
mirror with focal length f — 25.0 cm. Find 
the luminous intensity of the reflected ray 
if the reflection coefficient of the mirror is 
p = 0.80. 

5.29. Proceeding from Fermat’s principle 
derive the refraction formula for paraxial 
rays on a spherical boundary surface of ra- 
dius R between media with refractive in- 
dices n and n’. | 

5.30. A parallel beam of light falls from Fig. 5.6 
vacuum on a surface enclosing a medium mn 
with refractive index m (Fig. 5.6). Find the shape of that surface, 
z (r), if the beam is brought into focus at the point F at a distance f 
from the crest O. What is the maximum radius of a beam that can 
still be focussed? 
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5.91. A point source is located at a distance of 20 cm from the 
front surface of a symmetrical glass biconvex lens. The lens is 5.0 cm 
thick and the curvature radius of its surfaces is 5.0 cm. How far 
beyond the rear surface of this lens is the image of the source formed? 

5.32. An object is placed in front of convex surface of a glass 
plano-convex lens of thickness d = 9.0 cm. The image of that object 
is formed on the plane surface of the lens serving as a screen. Find: 

(a) the transverse magnification if the curvature radius of the 
lens's convex surface is H — 2.5 com; 

(b) the image illuminance if the luminance of the object is L — 
= 7700 cd/m? and the entrance aperture diameter of the lens is 
D = 5.0 mm; losses of light are negligible. 

9.33. Find the optical power and the focal lengths 

(a) of a thin glass lens in liquid with refractive index n, — 1.7 


if its optical power in air is Da = —9.0 D; 
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and water on the other side, if the optical power of that lens in air 
is Do = +10 D. 

5.34. By means of plotting find: 

(a) the path of a ray of light beyond thin converging and diverging 
lenses (Fig. 5.7, where OO’ is the optical axis, F and F” are the front 
and rear focal points); 


(a) (b) | 
Fig, 5.7. 


(b) the position of a thin lens and its focal points if the position 
of the optical axis OO' and the positions of the cojugate points 
P, P' (see Fig. 5.5) are known; the media on both sides of the lenses 
are identical; 

(c) the path of ray 2 beyond the converging and diverging lenses 
(Fig. 5.8) if the path of ray 7 and the positions of the lens and of its 


ES 


PF (5) 
Fig. 5.8. 


optical axis OO’ are all known; the media on both sides of the lenses 
are identical. 

5.39. A thin converging lens with focal length f = 25 cm projects 
the image of an object on a screen removed from the lens by a dis- 
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tance =0.0 m. Then the screen was drawn closer to the lens by a dis- 
tance Al = 18 cm. By what distance should the object be shifted 
for its image to become sharp again? 

9.36. A source of light is located at a distance l — 90 cm from 
a screen. A thin converging lens provides the sharp image of the 
source when placed between the source of light and the screen at two 
positions. Determine the focal length of the lens if 

a) the distance between the two positions of the lens is Al = 
= cm; 

(b) the transverse dimensions of the image at one position of the 
lens are y = 4.0 greater than those at the other position. 

9.97. A thin converging lens is placed between an object and 
a screen whose positions are fixed. There are two positions of the 
lens at which the sharp image of the object is formed on the screen. 
Find the transverse dimension of the object if at one position of the 
lens the image dimension equals h’ = 2.0 mm and at the other 
h" — 4.5 mm. ' 

5.38. A thin converging lens with aperture ratio D Df 0 31:3.5 
(D is the lens diameter, f is its focal length) provides the image of 
a sufficiently distant object on a photographic plate. The object 
luminance is L = 260 cd/m?. The losses of light in the lens amount 
to a = 0.10. Find the illuminance of the image. 

9.39. How does the luminance of a real image depend on dia- 
meter D of a thin converging lens if that image is observed 

a rectly: 


TR 


J 

(b) on a white screen backscattering according to Lambert’s law? 

9.40. There are two thin symmetrical lenses: one is converging, 
with refractive index n, — 1.70, and the other is diverging with 
refractive index n, — 1.51. Both lenses have the same curvature 
radius of their surfaces equal to R — 10 cm. The lenses were put 
close together and submerged into water. What is the focal length 
of this system in water? 

9.41. Determine the focal length of a concave spherical mirror 
which is manufactured in the form of a thin symmetric biconvex 
glass lens one of whose surfaces is silvered. The curvature radius 
of the lens surface is R = 40 cm. 

2.42. Figure 5.9 illustrates an aligned system consisting of three 
thin lenses. The system is located in air. Determine: 
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(a) the position of the point of convergence of a parallel ray 
incoming from the left after passing through the system; 

(b) the distance between the first lens and a point lying on the 
axis to the left of the system, at which that point and its image are 
located symmetrically with respect to the lens system. 

9.43. A Galilean telescope of 10-fold magnification has the length 
of 45 cm when adjusted to infinity. Determine: 

(a) the focal lengths of the telescope's objective and ocular; 

(b) by what distance the ocular should be displaced to adjust the 
telescope to the distance of 50 m. 

29.44. Find the magnification of a Keplerian telescope adjusted to 
infinity if the mounting of the objective has a diameter D and the 
image of that mounting formed by the telescope's ocular has a dia- 
meter d. 

9.45. On passing through a telescope a flux of light increases its 


sion p = 2.0". 

9.46. A Keplerian telescope with magnification [ — 15 was stib- 
merged into water which filled up the inside of the telescope. To make 
the system work as a telescope again within the former dimensions, 
the objective was replaced. What hasthe magnification of the telescope 
become equal to? The refractive index of tlie glass of which the 
ocular is made is equal to n =: 1.50. 

9.47. Át what magnification T' of a telescope with a diameter of 
the objective D — 6.0 cm is the illuminance of the image of an 
object on the retina not less than without the telescope? The pupil 
diameter is assumed to be equal to dy = 3.0 mm. The losses of light 
in the telescope are negligible. 

9.48. The optical powers of the objective and the ocular of a micro- 
scope are equal to 100 and 20 D respectively. The microscope magni- 


Se ; . . tu "n 
fication is equal to 50. What will the magnification of the microscope 


be when the distance between the objective and the ocular is increased 
by 2.0 cni? 

9.49. A microscope has a numerical aperture sin & — 0.12, where q 
is the aperture angle subtended by the entrance pupil of the micro- 
scope. Assuming the diameter of an eye's pupil to be equal to d, = 
= 4.0 mm, determine the microscope magnification at which 

(a) the diameter of the beam of light coming from the microscopo 
is equal to the diameter of the eye's pupil; 

(b) the illuminance of the image on the relina is independent of 
magnification (consider the case when the beam of light passing 
through the system "microscope-eye" is bounded by the mounting 
of the objective). 

9.90. Find the positions of the principal planes, the focal and 
nodal points of a thin biconvex symmetric glass lens with curvature 
radius of its surfaces equal to R = 7.50 cm. There is air on one 
side of the lens and water on the other. 


2.91. By means of plotting find the positions of focal points and 
principal planes of aligned optical systems illustrated in Fig. 5.40: 
(a) a telephoto lens, that is a combination of a converging and 


a diverging thin lenses (f, = 1.5 a, f, = —1.5 a); 
a r a r [l-a , 
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Fig. 5.10. 
(b) a system of two thin converging lenses (f, = 1.5 a, fa = 0.5 ay; 
(c) a thick convex-concave lens (d = 4 cm, n = 1.5, D, = +50 D, 


9.92. An optical system is located in air. Let OO’ be its optical 
axis, F and F’ are the front and rear focal points, H and H' are the 
front and rear principal planes, P and P' are the conjugate points. 
By means of plotting find: 

(a) the positions F’ and H' (Fig. 5.11a); 

(b) the position of the point S’ conjugate to the point S 
(Fig. 5.115); 
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Fig. 5.14. 


(c) the positions F, F’, and H’ (Fig. 5.11c, where the path of the 
ray of light is shown before and after passing through the system). 

5.53. Suppose F and F' are the front and rear focal points of an 
optical system, and H and H” are its front and rear principal points. 
By means of plotting find the position of the image S' of the point S 
for the following relative positions of the points S, F, F', H, 
and H': 

(a FSHH'F'; (b) HSF'FH'; (c) II'SF'FH;, (d) FH'SHF. 

5.54. A telephoto lens consists of two thin lenses, the front converg- 
ing lens and the rear diverging lens with optical powers (D, — 
= --10 D and ®, = —10 D. Find: 

(a) the focal length and the positions of principal axes of that 
system if the lenses are separated by a distance d — 4.0 cm; 

(b) the distance d between the lenses at which the ratio of a focal 
length f of the system to a distance l between the converging lens and 
the rear principal focal point is the highest. What is this ratio equal 


to? 
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9.99. Calculate the positions of the principal planes and focal 
points of a thick convex-concave glass lens if the curvature radius 
of the convex surface is equal to R, = 10.0 cm and of the concave 
surface to R, = 5.0 cm and the lens thickness is d = 3.0 cm. 

5.56. An aligned optical system consists of two thin lenses with 
focal lengths f, and f,, the distance between the lenses being equal 
to d. The given system has to be replaced by one thin lens which, 
at any position of an object, would provide the same transverse 
magnification as the system. What must the focal length of this lens 
be equal to and in what position must it be placed with respect 
to the two-lens system? 

5.57. À system consists of a thin symmetrical converging glass 
lens with the curvature radius of its surfaces R = 38 cm and a plane 
mirror oriented at right angles to the optical axis of the lens. The 
distance between the lens and the mirror is i| = 12 cm. What is 
the optical power of this system when the space between the lens 
and the mirror is filled up with water? 

5.98. At what thickness will a thick convex-concave glass lens 
in air 

(a) serve as a telescope provided the curvature radius of its convex 
surface is AR = 1.5 cm greater than that of its concave surface? 

(b) have the optica! power equal to —1.0 D if the curvature 
radii of its convex and concave surfaces are equal to 10.0 and 7.5 cm 
respectively? | 

5.59. Find the positions of the principal planes, the focal length 
and the sign of the optical power of a thick convex-concave glass 
lens 

(a) whose thickness is equal to d and curvature radii of the surfaces - 
are the same and equal to R; 

(b) whose refractive surfaces are concentric and have the curva- 
ture radii A, and R, (R > R3) 

5.60. A telescope system consists of two glass balls with radii 
R, = 5.0 cm and R, = 1.0 cm. What are the distance between the 
centres of the balls and the magnification of the system if the bigger 
ball serves as an objective? 

5.61. Two identical thick symmetrical biconvex lenses are put 
close together. The thickness of each lens equals the curvature 
radius of its surfaces, i.e. d = R = 3.0 cm. Find the optical power 
of this system in air. 

5.62. A ray of light propagating in an isotropic medium with 
refractive index n varying gradually from point to point has a cur- 
vature radius p determined by the formula 


E = Y (1n n), 
where the derivative is taken with respect to the principal normal 
to the ray. Derive this formula, assuming that in such a medium 
the law of refraction n sin 8 = const holds. Here 0 is the angle be- 
tween the ray and the direction of the vector Vn at a given point. 
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5.63. Find the curvature radius of a ray of light propagating 
in a horizontal direction close to the Earth’s surface where the 
gradient of the refractive index in air is equal to approximately 
3-10 m~. At what value of that gradient would the ray of light 
propagate all the way round the Earth? 


5.2. INTERFERENCE OF LIGHT 
e Width of a fringe: 
Az A, (5.22) 


where ! is the distance from the sources to the screen, d is the distance between 
the 'sources. 
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‘coh = Ay, Peoh = Y (5.2b) 
where p is the angular dimension of the source. 


e Condition for interference maxima in the case of light reflected from a 
thin plate of thickness 5: 


2b V n? — sin? 0, = (k +- 1/2) A, (5.2c) 


where k is an integer. 


e Newton's rings produced on reflection of light from the surfaces of an 
air interlayer formed between a lens of radius R and a glass plate with which 
the convex surface of the lens is in contact. The radii of the rings: 


r = y ARE/2, (5.2d) 
with the rings being bright if k = 1, 3, 5, ..., and dark if k = 2, 4, 6, 
The value k = 0 corresponds to the middle of the central dark spot. 


5.64. Demonstrate that when two harmonic oscillations are added, 
ihe time-averaged energy of the resultant oscillation is equal to 
the sum of the energies of the constituent oscillations, if both of 
them 

(a) have the same direction and are incoherent, and all] the values 
of the phase difference between the oscillations are equally probable; 

(b) are mutually perpendicular, have the same frequency and 
an arbitrary phase difference. 

5.65. By means of plotting find the amplitude of the oscillation 
resulting from the addition of the following three oscillations of the 
same direction: 


£j = a cos ot, § = 2a sin wt, §, = 1.5a cos (ot + 1/3). 
9.66. A certain oscillation results from the addition of coherent 
oscillations of the same direction §& = a cos [ot + (k — 1) ql, 
where k is the number of the oscillation (k = 1, 2, , N) @ is 


the phase difference between the kth and (k — 1)th ‘oscillations. 
Find the amplitude of the resultant oscillation. 
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0.67. A system illustrated in Fig. 5.12 consists of two coherent 
point sources 7 and 2 located in a certain plane so that their dipole 
moments are oriented at right angles to that plane. The sources are 
separated by a distance d, the radiation wavelength 


is equal to A. Taking into account that the oscilla- A 
tions of source 2 lag in phase behind the oscillations 
of source 7 by @ (q < n), find: ) e 


(a) the angles 0 at which the radiation intensity — / 
is maximum; 

(b) the conditions under which theradiation inten- 
sity in the direction 0 = x is maximum and in the 2 
opposite direction, minimum. 

9.68. A stationary radiating system consists of a 
linear chain of parallel oscillators separated by a dis- 
tance d, with the oscillation phase varying linearly | along the 
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the neighbouring oscillators at which the principal radiation maxi- 
mum of the system will be “scanning” the surroundings with the 
constant angular velocity o. 

5.69. In Lloyd’s mirror experiment (Fig. 5.13) a light wave emitted 
directly by the source S (narrow slit) interferes with the wave reflect- 
ed from a mirror M. As a result, an interference fringe pattern is 


Fig. 5.12. 
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Fig. 5.13. 


formed on the screen Sc. The source and the mirror are separated by 
a distance | = 100 cm. At a certain position of the source the fringe 
width on the screen was equal to Ax— 0.25 mm, and after the source 
was moved away from the mirror plane by Ak = 0.60 mm, the 
fringe width decreased n = 1.5 times. Find the wavelength of light. 

9.70. Two coherent plane light waves propagating with a diver- 
gence angle p < 1 fall almost normally on a screen. The amplitudes 
of the waves are equal. Demonstrate that the distance between the 
neighbouring maxima on the screen is equal to Ax = A/p, where A 


is the wavelength. 
5.71 Bignura ^A 44 ille ustrat t 
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Fresnel mirrors. The angle be "tween the mirrors is a = 12’, t 
distances from the mirrors' intersection line to the narrow slit S 
and the screen Sc are equal to r — 10.0 cm and b — 130 cm respec- 
tively. The wavelength of light is à = 0.55 um. Find: 

(a) the width of a fringe on the screen and the number of possible 
maxima; 


c 
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(b) the shift of the interference pattern on the screen when the 
slit is, displaced by ôl = 1.0 mm along the arc of radius r with 
centre at the point O; 

(c) at what maximum width 6,,,, of the slit the interference fringes 
on the screen are still observed sufficiently sharp. 


Fig. 5.14. 


5.72. A plane light wave falls on Fresnel mirrors with an angle 
a = 2.0’ between them. Determine the wavelength of light if the 
width of the fringe on the screen Ax = 0.55 mm. 

5.73. A lens of diameter 5.0 cm and focal length f — 25.0 cm 
was cut along the diameter into two identical halves. In the process, 
the layer of the lens a = 1.00 mm in thickness was lost. Then the 
halves were put together to form a composite lens. In this focal 
plane a narrow slit was placed, emitting monochromatic light with 
wavelength à = 0.60 um. Behind the lens a screen was located at 
a distance b = 50 cm from it. Find: 

(a) the width of a fringe on the screen and the number of possible 
maxima; 

(b) the maximum width of the slit Ômay at which the fringes on the 
screen will be still observed sufficiently sharp. 

5.74. The distances from a Fresnel biprism to a narrow slit and 
a screen are equal to a = 25 cm and b = 100 cm respectively. 
The refracting angle of the glass biprism 


is equal to 0 = 20’. Find the wavelength Sc 
of light if the width of the fringe on — 
the screen is Az — 0.55 mm. > 
5.75. A plane light wave with wa- > 
velength A= 0.70 pm falls normally => 
~~ 7 


on the base of a biprism made of glass 

(n == 1.520) with refracting angle 0 = oo eae 

—5.0°. Behind the biprism (Fig. 5.15) Þig. 9.10. 

there is a plane-parallel plate, with the 

space between them filled up with benzene (n' = 1.500). Find the 

width of a fringe on the screen Sc placed behind this system. 
5.76. A plane monochromatic light wave falls normally on a 

diaphragm with two narrow slits separated by a distance d = 2.5 mm. 
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A fringe pattern is formed on a screen placed at a distance l = 
— 100 cm behind the diaphragm. By what distance and in which 
direction will these fringes be displaced when one of the slits is 
covered by a glass plate of thickness k = 10 um? 

5.77. Figure 5.16 illustrates an interferometer used in measure- 
ments of refractive indices of transparent substances. Here S is 
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Fig. 5.16. 


a narrow slit illuminated by monochromatic light with wavelength 
à = 589 nm, 7 and 2 are identical tubes with air of length / = 
= 10.0 cm each, D is a diaphragm with two slits. After the air 
in tube 7 was replaced with ammonia gas, the interference pattern 
on the screen Sc was displaced upward by N = 17 fringes. The re- 
fractive index of air is equal to n = 1.000277. Determine the refrac- 
tive index of ammonia gas. 

5.78. An electromagnetic wave falls normally on the boundary 
between two isotropic dielectrics with refractive indices nm, and Mp. 

Making use of the continuity condition for the tangential com- 
ponents, E and H across the boundary, demonstrate that at the interface 
the electric field vector E 

(a) of the transmitted wave experiences no phase jump; 

(b) of the reflected wave is subjected to the phase jump equal to 7 
if it is reflected from a medium of higher optical density. 

5.79. A parallel beam of white light falls on a thin film whose 
refractive index is equal to n — 1.33. The angle of indices is 0, — 
= 52°. What must the film thickness be equal to for the reflected 
light to be coloured yellow (A = 0.60 pm) most intensively? 

5.80. Find the minimum thickness of a film with refractive index 
1.33 at which light with wavelength 0.64 um experiences maximum 
reflection while light with wavelength 0.40 um is not reflected at 
all. The incidence angle of light is equal to 30°. 

5.81. To decrease light losses due to reflection from the glass 
surface the latter is coated with a thin layer of substance whose 
refractive index n’ = y n, where n is the refractive index of the 
glass. In this case the amplitudes of electromagnetic oscillations 
reflected from both coated surfaces are equal. At what thickness of 
that coating is the glass reflectivity in the direction of the normal 
equal to zero for light with wavelength A? 

5.82. Diffused monochromatic light with wavelength À = 0.60 pm 
falls on a thin film with refractive index n — 1.5. Determine the 
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film thickness if the angular Separation of neighbouring maxima 
observed in reflected light at the angles close to 0 = 45° to the 
normal is equal to 60 = 3.0°. 

5.83. Monochromatic light passes through an orifice in a screen Se 
(Fig. 5.17) and being reflected from a thin transparent plate P 
produces fringes of equal inclination i ] 
on the screen. The thickness of the S 
plate is equal to d, the distance be- ° 
tween the plate and the screen is J, 
the radii of the ith and Ath dark rings 
are r; and r,. Find the wavelength of 
light taking into account that rir EL 

5.84. A plane monochromatic light l 
wave with wavelength A falls on the Fig. 5.47. 
surface of a glass wedge whose faces 
form an angle « « 1. The plane of incidence is perpendicular to 
the edge, the angle of incidence is 0,. Find the distance between 
the neighbouring fringe maxima on the screen placed at right 
angles to reflected light. 


p 
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surface is R, the wavelength of light is equal to 4. Find the width 
Ar of a Newton ring as a function of its radius r in the region where 
Ar <r. 

9.87. The convex surface of a plano-convex glass lens with curva- 
ture radius R = 40 cm comes into contact with a glass plate. 
A certain ring observed in reflected light has a radius r = 2.5 mm. 
Watching the given ring, the lens was gradually removed from the 
plate by a distance Ak = 5.0 um. What has the radius of that ring 
become equal to? 

9.88. At the crest of a spherical surface of a plano-convex lens 
there is a ground-off plane spot of radius ry — 3.0 mm through 
which the lens comes into contact with a glass plate. The curvature 
radius of the lens's convex surface is equal to R = 150 cm. Find 
the radius of the sixth bright ring when observed in reflected light 
with wavelength à = 655 nm. 

9.89. A plano-convex glass lens with curvature radius of spherical 
surface R = 12.5 cm is pressed against a glass plate. The diameters 
of the tenth and fifteenth dark Newton's rings in reflected light are 
equal to d; — 1.00 mm and d, — 1.50 mm. Find the wavelength 
of light. 
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5.90. Two plano-convex thin glass lenses are brought into contact 
with their spherical surfaces. Find the optical power of such a system 
if in reflected light with wavelength à = 0.60 pm the diameter of 
the fifth bright ring is d = 1.50 mm. 

5.91. Two thin symmetric glass lenses, one biconvex and the 
other biconcave, are brought into contact to make a system with 
optical power (D — 0.50 D. Newton's rings are observed in reflected 
light with wavelength À = 0.61 um. Determine: 

(a) the radius of the tenth dark ring; 

(b) how the radius of that ring will change when the space between 
the lenses is filled up with water. 

5.92. The spherical surface of a plano-convex lens comes into 
contact with a glass plate. The space between the lens and the plate 
is filled up with carbon dioxide. The refractive indices of the lens, 
carbon dioxide, and the plate are equal to n, — 1.50, n, — 1.6 
and ng = 1.70 respectively. The curvature radius of the spherica 
surface of the lens is equal to R = 100 cm. Determine the radius 
of the fifth dark Newton's ring in reflected light with wavelength 
A = 0.50 pm. 

5.93. In a two-beam interferometer the orange mercury line 
composed of two wavelengths A, = 576.97 nm and A, = 579.03 nm 
is employed. What is the least order of interference at which the 
sharpness of the fringe pattern is the worst? 

5.94. In Michelson’s interferometer the yellow sodium line com- 
posed of two wavelengths A, = 589.0 nm and A, = 589.6 nm was 
used. In the process of translational displacement of one of the 
mirrors the interference pattern vanished periodically (why?). Find 
the displacement of the mirror between two successive appearances 
of the sharpest pattern. 

9.95. When a Fabry-Perot étalon is illuminated by monochromatic 
light with wavelength À an interference pattern, the system of con- 


Fig. 5.18. 


centric rings, appears in the focal plane of a lens (Fig. 5.18). The 
thickness of the étalon is equal to d. Determine how 
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(a) the position of rings; 

(b) the angular width of fringes 
depends on the order of interference. 

5.96. For the Fabry-Perot étalon of thickness d = 2.5 cm find: 

(a) the highest order of interference of light with wavelength 
À = 0.90 pm; 

(b) the dispersion region Ad, i.e. the spectral interval of wave- 
lengths, within which there is still no overlap with other orders of 
interference if the observation is carried out approximately at 
wavelength A = 0.50 um. 


5.3. DIFFRACTION OF LIGHT 
e Radius of the periphery of the kth Fresnel zone: 


e Cornu's spiral (Fig. 5.19). The numbers along that spiral correspond to 
the values of parameter v. In the case of a plane wave v= zy 2/bA, where z 
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Fig. 5.19. 


and b are the distances defining the position of the element dS of a wavefront 
relative to the observation point P as shown in the upper left corner of the 
gure. 
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e Fraunhofer diffraction produced by light falling normally from a slit. 
Condition of intensity minima: 
b sin 0 = --kÀ, k= 1, 2,3,..., (5.3b) 
where b is the width of the slit, 0 is the diffraction angle. 
e Diffraction grating, with light falling normally. The main Fraunhofer 
maxima appear under the condition 


dsin 0 = kà, k—0,1,2,..., (5.30) 
the condition of additional minima: 
d sin 8— + ae ^, (5.3d) 
where k' = 1, 2, ..., except for 0, N, 2N,.... 
e Angular dispersion of a diffraction grating: 
69 k 
D— X ^ dcos8" (9.36) 
e Resolving power of a diffraction grating: 
À 
R=; =N, (5.3f) 


where N is the number of lines of the grating. 
e hesolving power of an objective 


1 D 
R= =: 2.9 
dy 1.22 " (9.38) 
where Ó is the least angular separation resolved by the objective, D is the 
diameter of the objective. 
e Bragg’s equation. The condition of diffraction maxima: 
2d sina = tka, (5.3h) 


where d is the interplanar distance, @ is the glancing angle, k = 1, 2, 3, .... 


5.97. A plane light wave falls normally on a diaphragm with 
round aperture opening the first N Fresnel zones for a point P on 
a screen located at a distance b from the diaphragm. The wave- 
length of light is equal to 4. Find the intensity of light /, in front 
of the diaphragm if the distribution of intensity of light / (r) on the 
Screen is known. Here r is the distance from the point P. 

5.98. A point source of light with wavelength À — 0.50 jum is 
located at a distance a — 100 cm in front of a diaphragm with 
round aperture of radius r — 1.0 mm. Find the distance b between 
the diaphragm and the observation point for which the number of 
Fresnel zones in the aperture equals k = 3. 

5.99. A diaphragm with round aperture, whose radius r can be 
varied during the experiment, is placed between a point source of 
light and a screen. The distances from the diaphragm to the source 
and the screen are equal to a = 100 cm and b = 125 cm. Determine 
the wavelength of light if the intensity maximum at the centre of 
the diffraction pattern of the screen is observed at r, = 1.00 mm 
and the next maximum at r, = 1.29 mm. 
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9.100. A plane monochromatic light wave with intensity J, falls 
normally on an opaque screen with a round aperture. What is the inten- 
sity of light J behind the screen at the point for which the aperture 

(a) is equal to the first Fresnel zone; to the internal half of the 
first zone; 

(b) was made equal to the first Fresnel zone and then half of it 
was closed (along the diameter)? 

9.101. A plane monochromatic light wave with intensity I, 
falls normally on an opaque disc closing the first Fresnel zone for 
the observation point P. What did the intensity of light J at the 
point P become equal to after 

(a) half of the disc (along the diameter) was removed; 

(b) half of the external half of the first Fresnel zone was removed 
(along the diameter)? 

3.102. A plane monochromatic light wave with intensity TJ, 
s normally on the surfaces of the opaque screens shown in 


Fig. 5.20. Find the intensity of light J at a point P 
4 
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(a) located behind the corner points of screens J-3 and behind 
the edge of half-plane 4; 

(b) for which the rounded-off edge of screens 5-8 coincides with 
the boundary of the first Fresnel zone. 

Derive the general formula describing | | Jaj | 
the results obtained for screens 7-4; the 
same, for screens 5-8. 

9.103. A plane light wave with wave- 
length à = 0.60 um falls normally on a 
sufficiently large glass plate having a round 


recess on the opposite side (Fig. 5.21). For 
the observation point P that recess corras- 
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ponds to the first one and a half Fresnel 
zones. Find the depth k of the recess at 
which the intensity of light at the point P is 

(a) maximum; 

(b) minimum; 

(c) equal to the intensity of incident light. 
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5.104. A plane light wave with wavelength À and intensity 7, 
falls normally on a large glass plate whose opposite side serves as 
an opaque screen with a round aperture equal to the first Fresnel 
zone for the observation point P. In the middle of the aperture 
there is a round recess equal to half the Fresnel zone. What must 
the depth A of that recess be for the intensity of light at the point 
P to be the highest? What is this intensity equal to? 

9.105. A plane light wave with wavelength À — 0.57 um falls 
normally on a surface of a glass (n — 1.60) disc which shuts one 
and a half Fresne] zones for the observation point P. What must 
the minimum thickness of that disc be for the intensity of light 
at the point P to be the highest? Take into account the interference 
of light on its passing through the disc. 


5.106. A plane light wave with waveloncth À— 0.5 
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through a thin converging lens with focal length f — 50 cm and 
an aperture stop fixed immediately after the lens, and reaches 
a screen placed at a distance b = 75 cm from the aperture stop. 
At what aperture radii has the centre of the diffraction pattern 
on the screen the maximum illuminance? 

9.107. A plane monochromatic light wave falls normally on 
a round aperture. At a distance b = 9.0 m from it there is a screen 
showing a certain diffraction pattern. The aperture diameter was 
decreased ņ = 3.0 times. Find the new distance b’ at which the 
screen should be positioned to obtain the diffraction pattern similar 
to the previous one but diminished y times. 

9.108. An opaque ball of diameter D = 40 mm is placed between 
a source of light with wavelength 4 = 0.55 um and a photographic 
plate. The distance between the source and the ball is equal to 
a = 12 m and that between the ball and the photographic plate 
is equal to b = 18 m. Find: 

(a) the image dimension y’ on the plate if the transverse dimension 
of the source is y = 6.0 mm; 

(b) the minimum height of irregularities, covering the surface 
of the ball at random, at which the ball obstructs light. 

Note. As calculations and experience show, that happens when 
the height of irregularities is comparable 
with the width of the Fresnel zone along Y i hay i 
which the edge of an opaque screen passes. 

9.109. A point source of monochromatic |^ 7 7 j 
light is positioned in front of a zone plate ) ^ , ^j, ^ , ^" 
at a distance a — 1.5 m from it. The image —T! 
of the source is formed at a distance ! 
b — 1.0 m from the plate. Find the focal | 
length of the zone plate. 

9.110. A plane light wave with wave- Fig. 5.22. 
length 4 =0.60 um and intensity J, falls 
normally on a large glass plate whose side view is shown in 
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Fig. 5.22. At what height k of the ledge will the intensity of light 
at points located directly below be 

(a) minimum; 

(b) twice as low as J, (the losses due to reflection are to be neglect- 
ed). 

5.111. A plane monochromatic light wave falls normally on an 
opaque half-plane. A screen is located at a distance b = 100 cm 
behind the half-plane. Making use of the Cornu spiral (Fig. 5.19), find: 

(a) the ratio of intensities of the first maximum and the neighbour- 
ing minimum; 

(b) the wavelength of light if the first two maxima are separated 
by a distance Az — 0.63 mm. 

5.112. A plane light wave with wavelength 0.60 pm falls normally 
on a long opaque strip 0.70 mm wide. Behind it a screen is placed 
at a distance 100 cm. Using Fig. 5.19, find the ratio of intensities 
of light in the middle of the diffraction pattern and at the edge of 
the geometrical shadow. 

5.113. A plane monochromatic light wave falls normally on a long 
rectangular slit behind which a screen is positioned at a distance 
b = 60 cm. First the width of the slit was adjusted so that in the 
middle of the diffraction pattern the lowest minimum was observed. 
After widening the slit by Ah = 0.70 mm, the next minimum was 
obtained in the centre of the pattern. Find the wavelength of light. 

9.114. A plane light wave with wavelength À = 0.65 um falls 
normally on a large glass plate whose opposite side has a long rectan- 
gular recess 0.60 mm wide. Using Fig. 5.19, 0000 13 4. , 
find the depth k of the recess at which the ov v Al i i 
diffraction pattern on the screen 77 cm 
away from the plate has the maximum 
illuminance at its centre. 

9.115. A plane light wave with wave- 
length à = 0.65 pm falls normally on a 
large glass plate whose opposite side has 


a ledge and an opaque strip of width 
a = 0.30 mm (Fig. 5.23). A screen is placed 
at a distance b — 110 cm from the NINE 
plate. The height k of the ledge is such ^ 


that the intensity of light at point 2 of the Fig. 5.23. 

screen is the highest possible. Making use 

of Fig. 5.19, find the ratio of intensities at points 7 and 2. 
5. 5.116. A plane monochromatic light wave of intensity J, falls 
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cut on one side (Fig. 5.24). The edge of the cut coincides with the 
boundary line of the first Fresnel zone for the observation point P. 
The width of the slit measures 0.90 of the radius of the cut. Using 
Fig. 5.19, find the intensity of light at the point P. 

5.117. A plane monochromatic light wave falls normally on an 
opaque screen with a long slit whose shape is shown in Fig. 5.25. 
Making use of Fig. 5.19, find the ratio of intensities of light at 
points 7, 2, and 3 located behind the screen at equal distances from 
it. For point 3 the rounded-off edge of the slit coincides with the 
boundary line of the first Fresnel zone. 

5.118. A plane monochromatic light wave falls normally on an 
opaque screen shaped as a long strip with a round hole in the middle. 
For the observation point P the hole corresponds to half the Fresnel 
zone, with the hole diameter being n = 1.07 times less than the 
width of the strip. Using Fig. 5.19, find the intensity of light at the 


point P provided that the intensity of the incident lieht is equal 
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9. 119. Light with wavelength À falls normally on a long rectangu- 
lar slit of width b. Find the angular distribution of the intensity 
of light in the case of Fraunhofer diffraction, as well as the angular 
position of minima. 

5.120. Making use of the result obtained in the foregoing problem, 
find the conditions defining the angular position of maxima of the 
first, the Second, and the third order. 

9.124. Light with wavelength À — 0.50 um falls on a slit of 
width b = 10 pm at an angle 0, = 30° to its normal. Find the 
angular position of the first minima located on both sides of the 
central Fraunhofer maximum. 

5.122. A plane light wave with wavelength À = 0.60 pm falls 
normally on the face of a glass wedge with refracting angle O = 15°. 
The opposite face of the wedge is opaque and has a slit of width 
b = 10 pm parallel to the edge. Find: 

(a) the angle AO between the direction to the Fraunhofer maximum 
of zeroth order and that of incident light; 

(b) the angular width of the Fraunhofer maximum of the zeroth 
order. 

5.123. A monochromatic beam falls on a reflection grating with 
period d = 1.0 mm at a glancing angle a, = 1.0°. When it is dif- 
fracted at a glancing angle « = 3.0? a Fraunhofer maximum of 
second order occurs. Find the wavelength of light. 

5.124. Draw the approximate diffraction pattern originating in 
the case of the Fraunhofer diffraction from a grating consisting 
of three identical slits if the ratio of the grating period to the slit 
width is equal to 

(a) two; 

(b) three. 

5.125. With light falling normally on a diffraction grating, the 
angle of diffraction of second order is equal to 45? for a wavelength 
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A, = 0.65 um. Find the angle of diffraction of third order for a wave 
length A, = 0.50 pm. 

9.126. Light with wavelength 535 nm falls normally on a diffrac- 
tion grating. Find its period if the diffraction angle 35° corresponds 
to one of the Fraunhofer maxima and the highest order of spectrum 
is equal to five. i 

9.127. Find the wavelength of monochromatic light falling nor- 
mally on a diffraction grating with period d — 2.2 um if the angle 
between the directions to the Fraunhofer maxima of the first and 
the second order is equal to A0 = 15°. 

2.128. Light with wavelength 530 nm falls on a transparent 
difiraction grating with period 1.50 um. Find the angle, relative 
to the grating normal, at which the Fraunhofer maximum of highest 
order is observed provided the light falls on the grating 

(a) at right angles; 


fhi at tha anmla 609 ta the normal. 


(b) at the angle 60? to t 

9.129. Light with wavelength A = 0.60 um falls normally on 
a diffraction grating inscribed on a plane surface of a plano-convex 
cylindrical glass lens with curvature radius R = 20 cm. The period 
of the grating is equal to d — 6.0 um. Find the distance between 
the principal maxima of first order located symmetrically in the 
focal plane of that lens. 

9.130. A plane light wave with wavelength A = 0.50 pm falls 
normally on the face of a glass wedge with an angle © = 30°. On the 
opposite face of the wedge a transparent diffraction grating with 
period d = 2.00 um is inscribed, whose lines are parallel to the 
wedge's edge. Find the angles that the direction of incident light 
forms with the directions to the principal Fraunhofer maxima of 
the zero and the first order. What is the highest order of the spect- 
rum? At what angle to the direction of incident light is it observed? 

9.131. A plane light wave with wavelength A falls normally on 
a phase diffraction grating whose side view is shown in Fig. 5.26. 
The grating is cut on a glass plate with refractive index n. Find 
the depth k of the lines at which the intensity of the central Fraun- 
hofer maximum is equal to zero. What is in this case the diffraction 
angle corresponding to the first maximum? 
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9.132. Figure 5.27 illustrates an arrangement employed in obser- 
vations of diffraction of light by ultrasound. A plane light wave 
with wavelength À = 0.55 um passes through the water-filled tank T 
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in which a standing ultrasonic wave is sustained at a frequency 
v = 4.7 MHz. As a result of diffraction of light by the optically 
inhomogeneous periodic structure a diffraction spectrum can be 
observed in the focal plane of the objective O with focal length 
f = 35 cm. The separation between neighbouring maxima is Az = 
— 0.60 mm. Find the propagation velocity of ultrasonic oscillations 
in water. 

9.133. To measure the angular distance sp between the components 
of a double star by Michelson's method, in front of a telescope's 
lens a diaphragm was placed, which had two narrow parallel slits 
separated by an adjustable distance d. While diminishing d, the 
first smearing of the pattern was observed in the focal plane of the 
objective at d = 95 cm. Find sp, assuming the wavelength of light 
to be equal to à = 0.55 um. 

9.134. A transparent diffraction grating has a period d = 1.50 pm. 


Find the angular dispersion D (in angular minutes per nanometres) 


corresponding to the maximum of highest order for a spectral line 
of wavelength A = 530 nm of light falling on the grating 

(a) at right angles; 

(b) at the angle 0, = 45° to the normal. 

5.135. Light with wavelength À falls on a diffraction grating at 
right angles. Find the angular dispersion of the grating as a function 
of diffraction angle 0. 

9.136. Light with wavelength à = 589.0 nm falls normally on 
a diffraction grating with period d = 2.5 um, comprising N = 
— 10 000 lines. Find the angular width of the diffraction maximum 
of second order. 

2.137. Demonstrate that when light falls on a diffraction grating 
at right angles, the maximum resolving power of the grating cannot 
exceed the value //A, where Z is the width of the grating and X is 
the wavelength of light. 

29.138. Using a diffraction grating as an example, demonstrate 
that the frequency difference of two maxima resolved according to 
Rayleigh’s criterion is equal to the reciprocal of the difference of 
propagation times of the extreme interfering oscillations, i.e. 6v = 
== 1/6f. 

3.139. Light composed of two spectral lines with wavelengths 
600.000 and 600.050 nm falls normally on a diffraction grating 
10.0 mm wide. At a certain diffraction angle 0 these lines are close 
to being resolved (according to Rayleigh’s criterion). Find 9. 

9.140. Light falls normally on a transparent diffraction grating 
of width 7 = 6.5 cm with 200 lines per millimetre. The spectrum 
under investigation includes a spectral line with À = 670.8 nm 
consisting of two components differing by 6A = 0.015 nm. Find: 

(a) in what order of the spectrum these components will be resolv- 
ed; 

(b) the least difference of wavelengths that can be resolved by 
this grating in a wavelength region à ~ 670 nm. 
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5.141. With light falling normally on a transparent diffraction 
grating 10 mm wide, it was found that the components of the yellow 
line of sodium (589.0 and 589.6 nm) are resolved beginning with 
the fifth order of the spectrum. Evaluate: 

(a) the period of this grating; 

(b) what must be the width of the grating with the same period 
for a doublet } = 460.0 nm whose components differ by 0.13 nm 
to be resolved in the third order of the spectrum. 

5.142. A transparent diffraction grating of a quartz spectrograph 
is 25 mm wide and has 250 lines per millimetre. The focal length 
of an objective in whose focal plane a photographic plate is located 
is equal to 80 cm. Light falls on the grating at right angles. The 
spectrum under investigation includes a doublet with components 
of wavelengths 310.154 and 310.184 nm. Determine: 
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(a) the distances on the photographic plate between the components 
of this doublet in the spectra of the first and the second order; 

(b) whether these components will be resolved in these orders 
of the spectrum. 

5.143. The ultimate resolving power A/64 of the spectrograph's 
trihedral prism is determined by diffraction of light at the prism 
edges (as in the case of a slit). When the prism is oriented to the 
least deviation angle in accordance with Rayleigh’s criterion, 


A/6À, = b | dn/dà |, 


where b is the width of the prism’s base (Fig. 5.28), and dn/dÀ is the 
dispersion of its material. Derive this formula. 


Fig. 5.28. 


5.144. A spectrograph's trihedral prism is manufactured from 
glass whose refractive index varies with wavelength as n =A + BA’, 
where A and Bare constants, with B being equalto 0.010 um’. 
Making use of the formula from the foregoing problem, find: 

(a) how the resolving power of the prism depends on A; calculate 
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if the width of the prism's base is b = 5.0 cm; 


(b) the width of the prism's base capable of resolving the yellow 
doublet of sodium (589.0 and 589.6 nm). 

5.145. How wide is the base of a trihedral prism which has the 
same resolving power as a diffraction grating with 10 O00 lines 
in the second order of the spectrum if| dn/dA| = 0.10 um- 1? 
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9.146. There is a telescope whose objective has a diameter D — 
= 5.0 cm. Find the resolving power of the objective and the mini- 
mum separation between two points at a distance l = 3.0 km from 
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9.148. Determine the minimum multiplication of a telescope 
with diameter of objective D — 5.0 cm with which the resolving 
power of the objective is totally employed if the diameter of the 
eye's pupil is d, = 4.0 mm. 

9.149. There is a microscope whose objective's numerical aperture 
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tive s rim. Find the minimum separation resolved by this microscope 
ien an object is illuminated by light with wavelength À — 0.55 um. 

9.190. Find the minimum magnification of a microscope, whose 
objective's numerical aperture is sin a = 0.24, at which the resolv- 
ing power of the objective is totally employed if the diameter of the 
eye's pupil is dọ = 4.0 mm. 

9.151. A beam of X-rays with wavelength A falls at a glancing 
angle 60.0" on a linear chain of scattering centres with period a. 
Find the angles of incidence corres- 


ponding to all diffraction maxima . oh 
if à = 2a/9. 0 | 
5.152. A beam of X-rays with 00. L 


wavelength À — 40 pm falls nor- 
mally on a plane rectangular array 
of scattering centres and produces 
a system of diffraction maxima 
(Fig. 5.29) on a plane screen re- 
moved from the array by a distance 
l — 10 cm. Find the array periods a 
and b along the z and y axes if the Fig. 9.29. 
distances between symmetrically 
located maxima of second order are equal to Az = 60 mm (along 
the r axis) and Ay = 40 mm (along the y axis). 

9.153. A beam of X-rays impinges on a three-dimensional rectan- 
gular array whose periods are a, b, and c. The direction of the inci- 
dent beam coincides with the direction along which the array period 


is equal to a. Find the directions to the diffraction maxima and the 
wavelengths at which these maxima will ho ohcarvad 
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9.154. A narrow beam of X-rays impinges on the natural facet 
of a NaCl single crystal, whose density is p = 2.16 g/cm? at a glanc- 
ing angle æ = 60.0°. The mirror reflection from this facet produces 
a maximum of second order. Find the wavelength of radiation. 

9.195. A beam of X-rays with wavelength 4 = 174 pm falls on 
the surface of a single crystal rotating about its axis which is paral- 
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lel to its surface and perpendicular to the direction of the incident 
beam. In this case the directions to the maxima of second and third 
order from the system of planes parallel to the surface of the single 
crystal form an angle a = 60° between them. Find the corresponding 
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5.4. POLARIZATION OF LIGHT 


e Degree of polarization of light: 


_ Imax — | min 5. 
P Imax Imin " 4a) 
e Malus’s law: 
I = Ig cos? q. (5.4b) 
e Brewster's law: 
tan 05 = nan. (5.4¢) 


e Fresnel equations for intensity of light reflected at the boundary be- 
tween two dielectrics: 


rel sin? (0, — 0») val tan? (0; — 8.) (5.44) 
1="1 Sin? (6,+-6,)’? ©" *" tan? (0, F 6,) ” 


where J| and 7, are the intensities of incident light whose electric vector oscil- 
lations are respectively perpendicular and parallel to the plane of incidence. 


e A crystalline plate between two polarizers P and P’. If the angle between 
the plane of polarizer P and the optical axis OO’ of the plate is equal to 45°, 
the intensity J’ of light which passes through the polarizer P’ turns out to be 
either maximum or minimum under the following conditions: 


Polarizers | - 


P and P' ò= 20k | 5=(2k+i) a 
d e 

parallel I; = max I; = min (5.4e) 

crossed I 1 = min I 1 — max 


Here ô = 2x (ng — ng)d/A is the phase difference between the ordinary and 
extraordinary rays, k= 0, 1, 2,... 
e Natural and magnetic rotation of the plane of polarization: 


Pnat 2 6d, (magn = VH, (5.4f) 


where « is the rotation constant, V is Verdet's constant. 


5.157. A plane monochromatic wave of natural light with inten- 
sity 7, falls normally on a screen composed of two touching Polaroid 
half-planes. The principal direction of one Polaroid is parallel, 
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and of the other perpendicular, to the boundary between them. 
What kind of diffraction pattern is formed behind the screen? What 
is the intensity of light behind the screen at the points of the plane 
perpendicular to the screen and passing through the boundary 
between the Polaroids? 

5.158. A plane monochromatic wave of natural light with inten- 
sity I, falls normally on an opaque screen with round hole corres- 
ponding to the first Fresnel zone for the observation point P. Find 
the intensity of light at the point P after the hole was covered with 
two identical Polaroids whose principal directions are mutually 
perpendicular and the boundary between them passes 

(a) along the diameter of the hole; 

(b) along the circumference of the circle limiting the first half 
of the Fresnel zone. 

5.159. A beam of plane-polarized light falls on a polarizer which 
rotates about the axis of the ray with angular velocity o = 21 rad/s. 
Find the energy of light passing through the polarizer per one revo- 
lution if the flux of energy of the incident ray is equal to Dy = 
= 4.0 mW. 

5.160. A beam of natural light falls on a system oi N = 6 Nicol 
prisms whose transmission planes are turned each through an angle 
Q = 30° with respect to that of the foregoing prism. What fraction 
of luminous flux passes through this system? 

5.161. Natural light falls on a system of three identical in-line 
Polaroids, the principal direction of the middle Polaroid forming 
an angle p = 60? with those of two other Polaroids. The maximum 
transmission coefficient of each Polaroid is equal to v = 0.81 when 
plane-polarized light falls on them. How many times will the 
intensity of the light decrease after its passing through the 
system? 

5.162. The degree of polarization of partially polarized light is 
P = 0.25. Find the ratio of intensities of the polarized component 
of this light and the natural component. 

5.163. A Nicol prism is placed in the way of partially polarized 
beam of light. When the prism is turned from the position of maxi- 
mum transmission through an angle v = 60°, the intensity of trans- 
mitted light decreased by a factor of ņ = 3.0. Find the degree of 
polarization of incident light. 

5.164. Two identical imperfect polarizers are placed in the way 
of a natural beam of light. When the polarizers’ planes are parallel, 
the system transmits y = 10.0 times more light than in the 
case of crossed planes. Find the d f tion of li 
produced 

(a) by each polarizer separately; 

(b) by the whole system when the planes of the polarizers are 
parallel. 

5.165. Two parallel plane-polarized beams of light of equal inten- 
sity whose oscillation planes NV, and N, form a small angle q between 
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them (Fig. 5.30) fall on a Nicol prism. To equalize the intensities 
of the beams emerging behind the prism, its principal direction N 
must be aligned along the bisecting line A or B. Find the value of 
the angle @ at which the rotation of the Nicol prism through a small 
angle ôp «€ « from the position A results in the fractional change 
of intensities of the beams A7/7 by the value rj = 100 times exceeding 
that resulting due to rotation through the same angle from the 
position B. 

9.166. Resorting to the Fresnel equations, demonstrate that 
light reflected from the surface of dielectric will be totally polarized 
if the angle of incidence 0, satisfies the condition tan 0, = n, where n 
is the refractive index of the dielectric. What is in this case the 
angle between the reflected and refracted rays? 
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Fig. 5.30. Fig. 5.34. 


9.167. Natural light falls at the Brewster angle on the surface 
of glass. Using the Fresnel equations, find 

(a) the reflection coefficient; 

(b) the degree of polarization of refracted light. 

9.168. A plane beam of natural light with intensity J, falls on 
the surface of water at the Brewster angle. A fraction p = 0.039 
of luminous flux is reflected. Find the intensity of the refra 
beam. 

9.169. A beam of plane-polarized light falls on the surface of water 
at the Brewster angle. The polarization plane of the electric vector 
of the electromagnetic wave makes an angle p = 45? with the inci- 
dence plane. Find the reflection coefficient. 

9.170. A narrow beam of natural light falls on the surface of 
a thick transparent plane-parallel plate at the Brewster angle. 
As a result, a fraction p — 0.080 of luminous flux is reflected from 
its top surface. Find the degree of polarization of beams 1-4 (Fig. 5.31) 

9.171. A narrow beam of light of intensity 7, falls on a plane- 
parallel glass plate (Fig. 5.31) at the Brewster angle. Using the 
Fresnel equations, find: 

(a) the intensity of the transmitted beam J, if the oscillation 
plane of the incident plane-polarized light is perpendicular to the 
incidence plane; 
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(b) the degree of polarization of the transmitted light if the 
light falling on the plate is natural. 

5.172. À narrow beam of natural light falls on a set of N thick 
plane-parallel glass plates at the Brewster angle. Find: 

(a) the degree P of polarization of tbe transmitted beam; 

(b) what P is equal to when N = 1, 2, 5, and 10. 

5.173. Using the Fresnel equations, find: 

(a) the reflection coefficient of natural light falling normally 
on the surface of glass; 

(b) the relative loss of luminous flux due to reflections of a paraxial 
ray of naturallight passing through an aligned optical system compris- 
ing five glass lenses (secondary reflections of light areto be neglected). 

5.174. A light wave falls normally on the surface of glass coated 
with a layer of transparent substance. Neglecting secondary reflec- 
tions, demonstrate that the amplitudes of light waves reflected 
from the two surfaces of such a laver will be equal under the condi- 
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tion n’ = yn, where n' and n are the refractive indices of the layer 
and the glass respectively. 

5.175, A beam of natural light falls on the surface of glass at an 
angle of 45°. Using the Fresnel equations, find the degree of polari- 
zation of 

(a) reflected light; 

(b) refracted light. 

5.176. Using Huygens’s principle, construct the wavefronts and 
the propagation directions of the ordinary and extraordinary rays 
in a positive uniaxial crystal whose 
optical axis 

(a) is perpendicular to the inci- 
dence plane and parallel to the 
surface of the crystal; 

(b) lies in the incidence plane 
and is parallel to tbe surface of 
the crystal; 

(c) lies in the incidence plane at 
an angle of 45° to the surface of 
the crystal, and light falls at right 
angles to the optical axis. 

9.177. A narrow beam of na- 
tural light with wavelength A = 
= 589 nm falls normally on the surface of a Wollaston polarizing 
prism made of Iceland spar as shown in Fig. 5.32. The optical axes 
of the two parts of the prism are mutually perpendicular. Find the 
angle 6 between the directions of the beams behind the prism if the 
angle 0 is equal to 30°. 

9.178. What kind of polarization has a plane electromagnetic 
wave if the projections of the vector E on the x and y axes are per- 
pendicular to the propagation direction and are defined by the 
following equations: 


Fig. 5.32. 
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= Ecos (wt — kz), E, = E sin (et — kz); 
= E cos (wt — kz), E = E cos (ot — kz + n/4); 
c) E, = E cos (ot — kz), E = E cos (ot —hkz+ n)? 

9.179. One has to manufacture a quartz plate cut parallel to its 
Optical axis and not exceeding 0.50 mm in thickness. Find the maxi- 
mum thickness of the plate allowing plane-polarized light with 
wavelength À — 589 nm 

(a) to experience only rotation of polarization plane; 

(b) to acquire circular polarization 
after passing through that plate. 

9.180. A quartz plate cut parallel to the optical axis is placed 
between two crossed Nicol prisms. The angle between the principal 
directions of the Nicol prisms and the plate is equal to 45". The thick- 
ness of the plate is d — 0.50 mm. At what wavelengths in the inter- 
val from 0.50 to 0.60 um is the intensity of light which passed 


through that system independent of rotation of the rear prism? 


The difference of refractive indices for ordinary and extraordinary 
rays in that wavelength interval is assumed to be An = 0.0090. 

9.181. White natural light falls on a system of two crossed Nicol 
prisms having between them a quartz plate 1.50 mm thick, cut 
parallel to the optical axis. The axis of the plate forms an angle of 
45° with the principal directions of the Nicol prisms. The light 
transmitted through that system was split into the spectrum. How 
many dark fringes will be observed in the wavelength interval 
from 0.55 to 0.66 um? The difference of refractive indices for ordinary 
and extraordinary rays in that wavelength interval is assumed 
to be equal to 0.0090, 

9.182. A crystalline plate cut parallel to its optical axis is 0.25 mm 
thick and serves as a quarter-wave plate for a wavelength A = 
= 530 nm. At what other wavelengths of visible spectrum will 
it also Serve as a quarter-wave plate? The difference of refractive 
indices for extr aordinary and or dinary rays is assumed to be constant 
and equal to n, — n, — 0.0090 at all wavelengths of the visible 
Spectrum. 

5.183. A quartz plate cut parallel to its optical axis is placed 
between two crossed Nicol prisms so that their principle directions 
form an angle of 45? with the optical axis of the plate. What is the 
minimum thickness of that plate transmitting light of wavelength 
À, = 643 nm with maximum intensity while greatly reducing the 
intensity of transmitting light of wavelength A, = 564 nm? The 
difference of refractive indices for extraordinary and ordinary rays 
is assumed to be equal to n, — n, = 0.0090 for both wavelengths. 

9.184. A quartz wedge with refracting angle @= 3.5? is inserted 
between two crossed Polaroids. The optical axis of the wedge is 
parallel to its edge and forms an angle of 45? with the principal 
directions of the Polaroids. On transmission of light with wavelength 
À = 550 nm through this system, an interference fringe pattern is 
formed. The width of each fringe is Az = 1.0 mm. Find the dif- 
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ference of refractive indices of quartz for ordinary and extraordinary 
rays at the wavelength indicated above. 

5.185. Natural monochromatic light of intensity 7, falls on a sys- 
tem of two Polaroids between which a crystalline plate is inserted, 
cut parallel to its optical axis. The plate introduces a phase dif- 
ference ô between the ordinary and extraordinary rays. Demonstrate 


that the intensity of light transmitted through that system is equal to 
I = + l [cos? (p—g')— sin 29-sin 29" sin? (8/2)], 


where g and q' are the angles between the optical axis of the crystal 
and the principal directions of the Polaroids. In particular, consider 
the cases of crossed and parallel Polaroids. 

5.186. Monochromatic light with circular polarization falls norm- 
ally on a crystalline plate cut parallel to the optical axis. Behind 
the plate there is a Nicol prism whose principal direction forms an 
angle « with the optical axis of the plate. Demonstrate that the 
intensity of light transmitted through that system is equal to 


I = I$, (1 + sin 2g-sin ô), 


where 6 is the phase difference between the ordinary and extraordi- 
nary rays which is introduced by the plate. 

5.187. Explain how, using a Polaroid and a quarter-wave plate 
made of positive uniaxial crystal (n, — no), to distinguish 

(a) light with left-hand circular polarization from that with 
right-hand polarization; 

(b) natural light from light with circular polarization and from 
the composition of natural light and that with circular polarization. 

5.188. Light with wavelength A falls on a system of crossed pola- 
rizer P and analyzer A between which a Babinet compensator C 
is inserted (Fig. 5.33). The compensa- 
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tor consists of two quartz wedges with | 
the optical axis of one of them being 
parallel to the edge, and of the other, 
perpendicular to it. The principal direc- 
tions of the polarizer and the analyser 
form an angle of 45° with the optical axes 
of the compensator. The refracting angle 
of the wedges is equal to O (O< 1) and 
the difference of refractive indices of ” °&% C 4 
quartz is Nne— n,. The insertion of Fig. 5.33. 
investigated birefringent sample S, with 
the optical axis oriented as shown in the figure, results in dis- 
placement of the fringes upward by ôr mm. Find: 

(a) the width of the fringe Az; 

(b) the magnitude and the sign of the optical path difference 
of ordinary and extraordinary rays, which appears due to the 
sample S. 
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9.189. Using the tables of the Appendix, calculate the difference 
of refractive indices of quartz for light of wavelength à = 589.5 nm 
with right-hand and left-hand circular polarizations. 


5.190. Plane-polarized light of wavelength 0.59 um falls on 


the Polaroid Pol an interference pattern of / 

bright and dark fringes of width Az = A 

= 15.0 mm is observed. Find the specific rota- 

tion constant of quartz and the distribution /8: 

of intensity of light behind the Polaroid. F—-] 
9.191. Natural monochromatic light falls o feu 

on a system of two crossed Nicol prisms — 


between which a quartz plate cut at right — Emm 1 


angles to its optical axis is inserted. Find p p, 
the minimum thickness of the plate at which 

this system will transmit v = 0.30 of luminous Fig, 5.34 
flux if the specific rotation constant of Bee 
quartz is equal to a = 17 ang.deg/mm. 

5.192. Light passes through a system of two crossed Nicol prisms 
between which a quartz plate cut at right angles to its optical axis 
is placed. Determine the minimum thickness of the plate which 
allows light of wavelength 436 nm to be completely cut off by the 
system and transmits half the light of wavelength 497 nm. The spe- 
cific rotation constant of quartz for these wavelengths is equal 
to 41.5 and 31.1 angular degrees per mm respectively. 

9.193. Plane-polarized light of wavelength 589 nm propagates 
along tbe axis of a cylindrical glass vessel filled with slightly turbid 
sugar solution of concentration 500 g/l. Viewing from the side, one 
can see a system of helical fringes, with 50 cm between neighbouring 
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dark fringes along the axis. Explain the emergence of the fringes and 
determine the specific rotation constant of the solution. 

9.194. A Kerr cell is positioned between two crossed Nicol prisms 
so that the direction of electric field E in the capacitor forms an 
angle of 45? with the principal directions of the prisms. The capacitor 
has the length Z = 10 cm and is filled up with nitrobenzene. Light 
of wavelength 4 = 0.50 um passes through thesystem. Taking 
into account that in this case the Kerr constant is equal to B = 
= 2.2.1071? cm/V?, find: 

(a) the minimum strength of electric field E in the capacitor at 
which the intensity of light that passes through this system is inde- 
pendent of rotation of the rear prism; 

(b) bow many times per second light will be interrupted when 
a sinusoidal voltage of frequency v = 10 MHz and strength ampli- 
tude Em = 50 kV/cm is applied to the capacitor. 

Note. The Kerr constant is the coefficient B in the equation n, — 
— ng = BAE’. 
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9.195. Monochromatic plane-polarized light with angular frequen- 
cy œ passes through a certain substance along a uniform magnetic 
field H. Find the difference of refractive indices for right-hand and 
left-hand components of light beam with circular polarization if 
the Verdet constant is equal to V. 

9.196. A certain substance is placed in a longitudinal magnetic 
field of a solenoid located between two Polaroids. The length of 
the tube with substance is equal to 1 = 30 cm. Find the Verdet 
constant if at a field strength H — 56.5 kA/m the angle of rotation 
of polarization plane is equal to pọ, = -L-5?10' for one direction of 
the field and to qo, = —3720', for the opposite direction. 

9.197. A narrow beam of plane-polarized light passes through 


dextrorotatory positive compound placed into a longitudinal magne- 
tic field as shown in Fig. 5.35. Find the angl 
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Fig. 5.35. 
polarization plane of the transmitted beam will turn if the length 
of the tube with the compound is equal to Z, the specific rotation 


constant of the compound is equal to a, the Verdet constant is V, 
and the magnetic field strength is H. 

9.198. A tube of length J = 26 cm is filled with benzene and placed 
in a longitudinal magnetic field of a solenoid positioned between two 
Polaroids. The angle between the principle directions of the Pola- 
roids is equal to 45°. Find the minimum strength of the magnetic 
field at which light of the wavelength 589 nm propagates through 
that system only in one direction (optical valve). What happens if 
the direction of the given magnetic field is changed to the opposite 
one: 

9.199. Experience shows that a body irradiated with light with 
circular polarization acquires a torque. This happens because such 
a light possesses an angular momentum whose flow density in va- 
cuum is equal to M = I/w, where J is the intensity of light, œ is 
the angular oscillation frequency. Suppose light with circular 
polarization and wavelength À = 0.70 um falls normally on a uni- 
form black disc of mass m — 10 mg which can freely rotate about 
its axis. How soon will its angular velocity become equal to a) = 
= 1.0 rad/s provided J = 10 W/cm?? 


5.0. DISPERSION AND ABSORPTION OF LIGHT 


e Permittivity of substance according to elementary theory of dispersion: 


DRE MEO (5.5a) 


where n, is the concentration of electrons of natural frequency Opp. 
e Relation between refractive index and permittivity of suhstance: 


n= ye. (5.5b) 
e Phase velocity v and group velocity u: 
v= olk, u = dof/dk. (5.5c) 
e Rayleigh’s formula: 
dv 
u-—v—À-——. (5.5d) 
Un 
e Attenuation of a narrow beam of electromagnetic radiation 


I—lIge- tt, (5.5e) 


where p = x + x’, p, X, x’ are the coefficients of linear attenuation, absorption, 
and scattering. 


5.200. A free electron is located in the field of a monochromatic 
light wave. The intensity of light is J = 150 W/m’, its frequency 
is œ = 3.4:10!? s-i, Find: 

the elect 


{Li the nale PD {FO ahann D aud EZ one the ape lite Ane nf foenuc 
(JJ. tHe LALO l pil eg, WIICIU Pg; AUU fg AIG LIC arnipliruuuecs ur LOTCES 
with which the magnetic and electric components of the light wave 
feld act on the electron; demonstrate that that ratio is equal to 


$ ule, where v is the electron's velocity amplitude and c is the 


velocity of light. 

Instruction. Tbe action of the magnetic field compo 
disregarded in the equation of motion of the electron since the calcu- 
lations show it to be negligible. 

9.201. An electromagnetic wave of frequency œ propagates in 
dilute plasma. The free electron concentration in plasma is equal 
to ny. Neglecting the interaction of the wave and plasma ions, find: 

(a) the frequency dependence of plasma permittivity; 

(b) how the phase velocity of the electromagnetic wave depends 
on its wavelength À in plasma. 

23.202. Find the free electron concentration in ionosphere if its 
refractive index is equal to n = 0.90 for radiowaves of frequency 
v = 100 MHz. 

5.203. Assuming electrons of substance to be free when subjected 
to hard X-rays, determine by what magnitude the refractive index 
of graphite differs from unity in the case of X-rays whose wavelength 
in vacuum is equal to A==50 pm. 
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3.204. An electron experiences a quasi-elastic force kx and a “fric- 


tion force" yz in the field of electromagnetic radiation. The E-com- 
ponent of the field varies as E — E, cos wt. Nemlectin i 
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of the magnetic component of the field, find: 

(a) the motion equation of the electron; 

(b) the mean power absorbed by the electron; the frequency at 
which that power is maximum and the expression for the maxi- 
mum mean power. 

9.205. In some cases permittivity of substance turns out to be a 
complex ora negative quantity, and refractive index, respectively, 
a complex (n'—n + ix) or an imaginary (n' = ix) quantity. Write the 
equation ofa plane wave for both of 
these cases and find out the physical ÜÀ 7 
meaning of such refractive indices. 

9.206. A sounding of dilute plasma | > aan 
by radiowaves of various frequencies S 
reveals that radiowaves with wave- | 
Ui 
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lengths exceeding A, = 0.75 m expe- /' 
rience total internal reflection. Find 
the free electron concentration in 
that plasma. 

5.207. Using the definition of the Fig. 9.36. 
group velocity u, derive Rayleigh’s 
formula (5.5d) TDemonctrate that in the vi 
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velocity u is equal to the segment v' cut by the tangent of the 
curve v (A) at the point A' (Fig. 5.36). 

2.208. Find the relation between the group velocity u and phase 
velocity v for the following dispersion laws: 

(2) v c» i/y h; 

(b) v c» k; 

(c) v co 1/o?. 

Here A, k, and œ are the wavelength, wave number, and angular 
irequency. 

9.209. In a certain medium the relationship between the group 
and pbase velocities of an electromagnetic wave bas the form uv — 
= c^, where c is the velocity of light in vacuum. Find the dependence 
of permittivity of that medium on wave frequency, e (c). 

2.210. The refractive index of carbon dioxide at the wavelengths 
009, 534, and 589 nm is equal to 1.647, 1.640, and 1.630 respective- 
ly. Calculate the phase and group velocities of light in the vicinity 
of à = 534 nm. 

0.211. A train of plane light waves propagates in the medium 
where the phase velocity v is a linear function of wavelength: v = 
= a + bi, where a and b are some positive constants. Demonstrate 
that in such a medium the shape of an arbitrary train of light waves 
Is restored after the time interval v = 1/b. 

9.212. A beam of natural light of intensity J, falls on a system 
of two crossed Nicol prisms between which a tube filled with certain 
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solution is placed in a longitudinal magnetic field of strength H. 
The length of the tube is 1, the coefficient of linear absorption of 
solution is x, and the Verdet constant is V. Find the intensity of 
light transmitted through that system. 

5.213. A plane monochromatic light wave of intensity J, falls 
normally on a plane-parallel plate both of whose surfaces have 
a reflection coefficient p. Taking into account multiple reflections, 
find the intensity of the transmitted light if 

(a) the plate is perfectly transparent, i.e. the absorption is 
absent; 

(b) the coefficient of linear absorption is equal to x, and the plate 
thickness is d. 

9.214. Two plates, one of thickness d, = 3.8 mm and the other 
of thickness d, — 9.0 mm, are manufactured from a certain sub- 


stance. When placed alternately in the way of monochromatic 
light, the first transmits 1, = 0.84 fraction of luminous flux and 
the second, v, = 0.70. Find the coefficient of linear absorption of 
that substance. Light falls at right angles to the plates. The second- 
ary reflections are to be neglected. 

0.215. A beam of monochromatic light passes through a pile of 
N = 5 identical plane-parallel glass plates each of thickness l = 
— 0.50 cm. The coefficient of reflection at each surface of the plates 
is p — 0.050. Theratio of the intensity of light transmitted through 
the pile of plates to the intensity of incident light is v = 0.55. 
Neglecting the secondary reflections of light, find the absorption 
coefficient of the given glass. 

9.216. A beam of monochromatic light falls normally on the 
surface of a plane-parallel plate of thickness 1. The absorption coeffi- 
cient of the substance the plate is made of varies linearly along 
the normal to its surface from x, to x,. The coefficient of reflection 
at each surface of the plate is equal to p. Neglecting the secondary 
reflections, find the transmission coefficient of such a plate. 

9.217. A beam of light of intensity J) falls normally on a trans- 
parent plane-parallel plate of thickness /. The beam contains all the 
wavelengths in the interval from A, to A, of equal spectral intensity. 
Find the intensity of the transmitted beam if in this wavelength 
interval the absorption coefficient is a linear function of À, with 
extreme values x, and x,. The coefficient of reflection at each surface 
is equal to p. The secondary reflections are to be neglected. 

9.218. A light filter is a plate of thickness d whose absorption 
coefficient. depends on wavelength A as 


X (A) =a (1 — A/Ag)? em", 
where œ and A, are constants. Find the passband AA of this light 
filter, that is the band at whose edges the attenuation of light is T] 
times that at the wavelength Ay. The coefficient of reflection from 


the surfaces of the light filter is assumed to be the same at all wave- 
jengths. 
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9.219. A point source of monochromatic light emitting a luminous 
flux ® is positioned at the centre of a spherical layer of substance. 
The inside radius of the layer is a, the outside one is b. The coeffi- 
cient of linear absorption of the substance is equal to x, the reflection 
coefficient of the surfaces is equal to o. Neglecting the secondary 
reflections, find the intensity of light that passes through that layer. 

9.220. How many times will the intensity of a narrow X-ray 
beam of wavelength 20 pm decrease after passing through a lead 
plate of thickness d — 1.0 mm if the mass absorption coefficient 
for the given radiation wavelength is equal to p/p = 3.6 cm?/g? 

9.221. A narrow beam of X-ray radiation of wavelength 62 pm 
penetrates an aluminium screen 2.6 cm thick. How thick must 
a lead screen be to attenuate the beam just as much? The mass 
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equal to 3.48 and 72.0 cm?/g respectively. 

5.222. Find the thickness of aluminium layer which reduces by 
half the intensity of a narrow monochromatic X-ray beam if the 
corresponding mass absorption coefficient is p/p = 0.32 cm?/g. 

0.223. How many 50%-absorption layers are there in the plate 


reducing the intensity of a narrow X-ray beam n = 50 times? 


9.6. OPTICS OF MOVING SOURCES 


"UO rv cos 8 (5.62) 


where v is the velocity of a source, 0 is the angle between the source's motion 
direction and the observation line. 


e Doppler effect in the general case: 


, (5.6b) 


where B = v/e. 


e If 0 = 0, the Doppler effect is called radial, and if 0 = 7/2, transverse. 
e Vavilov-Cherenkov effect: 


cos ü0— L (5.6c) 


where @ is the angle between the radiation propagation direction and the velo- 
city vector v of a particle. 


9.224. In the Fizeau experiment on measurement of the velocity 
of light the distance between the gear wheel and the mirror is / == 
= 7.0 km, the number of teeth is z = 720. Twosuccessive disappear- 
ances of light are observed at the following rotation velocities of 


the wheel: nı = 283 rps and n, = 313 rps. Find the velocity of 
ight. 
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9.220. A source of light moves with velocity v relative to a receiver. 
Demonstrate that for v « c the fractional variation of frequency 
of light is defined by Eq. (5.6a). 

9.226. One of the spectral lines emitted by excited He* ions has 
a wavelength à = 410 nm. Find the Doppler shift AX of that line 
when observed at an angle 0 — 30? to the beam of moving ions 
possessing kinetic energy 7 — 10 MeV. 

9.221. When a spectral line of wavelength à = 0.59 pm is ob- 
served in the directions to the oppositeedges of the solar disc along 
its equator, there is a difference in wavelengths equal to 6A — 8.0 pm. 
Find the period of the Sun's revolution about its own axis. 

9.228. The Doppler effect has made it possible to discover the 
double stars which are so distant that their resolution by means of 
a telescope is impossible. The spectral lines of such stars periodically 
become doublets indicating that the radiation does come from two 
stars revolving about their centre of mass. Assuming the masses 
of the two stars to be equal, find the distance between them and 
their masses if the maximum splitting of the spectral lines is equal 
to (AA/A)m = 1.2.1074 and occurs every t = 30 days. 

9.229. A plane electromagnetic wave of frequency c, falls normally 
on the surface of a mirror approaching with a relativistic velocity V. 
Making use ofthe Doppler formula, find the frequency of the reflect- 
ed wave. Simplify the obtained expression for the case V «& c. 

5.230. A radar operates at a wavelength à = 50.0 cm. Find the 
velocity of an approaching aircraft if the beat frequency between 
the transmitted signal and the signal reflected from the aircraft is 
equal to Av = 1.00 kHz at the radar location. 

5.231. Taking into account that the wave phase wt — kx is an 
invariant, i.e. it retains its value on transition from one inertial 
frame to another, determine how the frequency w and the wave 
number k entering the expression for the wave phase are transformed. 
Examine the unidimensional case. 

9.232. How fast does a certain nebula recede if the hydrogen line 
À = 434 nm in its spectrum is displaced by 130 nm toward longer 
wavelengths? 

9.233. How fast should a car move for the driver to perceive a red 
traffic light (X zz 0.70 um) as a green one (À' zz 0.55 pm)? 


5.234. An observer moves with velocity v, = E c along a straight 


line. In front of him a source of monochromatic light moves with 
velocity v, — > c in the same direction and along the same straight 


line. The proper frequency of light is equal to wọ. Find the frequency 
of light registered by the observer. 

5.235. One of the spectral lines of atomic hydrogen has the wave- 
length 4 —656.3 nm. Find the Doppler shift AX of that line when 
observed at right angles to the beam of hydrogen atoms with kinetic 
energy T — 1.0 MeV (the transverse Doppler effect). 
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9.236. A source emitting electromagnetic signals with proper 
frequency w, = 3.0-10!^ s-1 moves at a constant velocity v = 
= 0.80 c along a straight line separated from a stationary observer P 
by a distance / (Fig. 5.37). Find the frequency of the signals perceived 
by the observer at the moment when 

(a) the source is at the point O; 

(b) the observer sees it at the point O. 
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5.237. A narrow beam of electrons passes immediately over the 
surface of a metallic mirror with a diffraction grating with period 


tha farm nf a strip, whose 


traioctorv of the electrons can he seen in the form of a strip, whos 
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colouring depends on the observation angle 0 (Fig. 5.38). Interpret 
this phenomenon. Find the wavelength of the radiation observed 
at an angle 0 = 45°. 

5.238. A gas consists of atoms of mass m being in thermodynamic 
equilibrium at temperature 7. Suppose o, is the natural frequency 
of light emitted by the atoms. 


(a) Demonstrate that the spe 


light is defined by the formula 
I,— I,e-9 (i -o/o9?, 


(7, is the spectral intensity corresponding to the frequency Oo, 
a = mc?/2kT). l 

(b) Find the relative width Aw/@,of a given spectral line, i.e. 
the width of the line between the frequencies at which Je = Io/2. 

5.239. A plane electromagnetic wave propagates in a medium 
moving with constant velocity V < c relative to an inertial frame K. 
Find the velocity of that wave in the frame K if the refractive index 
of the medium is equal to n and the propagation direction of the 
wave coincides with that of the medium. 

5.240. Aberration of light is the apparent displacement of stars 
attributable to the effect of the orbital motion of the Earth. The 
direction to a star in the ecliptic plane varies periodically, and the 
star performs apparent oscillations within an angle 60 — 41". Find 
the orbital velocity of the Earth. 
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0.241. Demonstrate that the angle @ between the propagation 
direction of light and the z axis transforms on transition from the 
reference frame K to K’ according to the formula 

cos 0' = i 
where B = V/c and V is the velocity of the frame K’ with respect 
to the frame K. The x and z' axes of the reference frames coincide. 

5.242. Find the aperture angle of a cone in which all the stars 
located in the semi-sphere for an observer on the Earth will be visible 
if one moves relative to the Earth with relativistic velocity V 
differing by 1.0% from the velocity of light. Make use of the formula 
of the foregoing problem. 


5.243. Find the conditions under which a charged particle moving 
uniformly through a medium with refractive index n emits light 
(the Vavilov-Cherenkov effect). Find also the direction of that 


radiation. 

Instruction. Consider the interference of oscillations induced by 
the particle at various moments of time. 

5.244. Find the lowest values of the kinetic energy of an electron 
and a proton causing the emergence of Cherenkov's radiation in 
a medium with refractive index n — 1.60. For what particles is 
this minimum value of kinetic energy equal to Tmin = 29.6 MeV? 

9.249. Find the kinetic energy of electrons emitting light in 
a medium with refractive index n = 1.50 at an angle O0 = 30° to 
their propagation direction. 


9.4. THERMAL RADIATION. 
QUANTUM NATURE OF LIGHT 


e Radiosity 
M, = £- u, (5.7a) 


where u is the space density of thermal radiation energy. 
e Wien's formula and Wien's displacement law: 


Uy = WF (a/T), Th. =b, — (5.7b) 
where Àm is the wavelength corresponding to the maximum of the function uz. 
e Stefan-Boltzmann law: 
M, = oT", (5.7¢c) 
where o is the Stefan-Boltzmann constant. 
e Planck’s formula: 


hw? 1 
Uo = PL BROR LA . (5.7d) 
e Einstein's photoelectric equation: 
mv? 
ha = A -+- 5—. (9.76) 


e Compton effect: 
AA = 2nic (1 — cos 0), (5.71) 


where &o-- hime is Compton's wavelength. 


9.246. Using Wien's formula, demonstrate that 

(a) the most probable radiation frequency «p, co T; 

p the maximum spectral density of thermal radiation (ug), a, co 
c» ; 

(c) the radiosity M, c» T*, 

5.247. The temperature of one of the two heated black bodies is 
Tı = 2500 K. Find the temperature of the other body if the wave- 
length corresponding to its maximum emissive capacity exceeds 


by AA = 0.50 um the wavelength corresponding to the maximum 
emissive capacity of the first black body. 


5.248. The radiosit lack 


AX noth prarra 
the wavelength corre 


of that body. 

9.249. The spectral composition of solar radiation is much the 
same as that of a black body whose maximum emission corresponds 
to the wavelength 0.48 um. Find the mass lost by the Sun every 
second due to radiation. Evaluate the time interval during which 
the mass of the Sun diminishes by 1 per cent. 

9.290. Find the temperature of totally ionized hydrogen plasma 
of density p = 0.10 g/cm? at which the thermal radiation pressure 
is equal to the gas kinetic pressure of the particles of plasma. Take 
into account that the thermal radiation pressure p = u/3, where u 
is the space density of radiation energy, and at high temperatures all 
substances obey the equation of state of an ideal gas. 

9.291. A copper ball of diameter d = 1.9 cm was placed in an 
evacuated vessel whose walls are kept at the absolute zero tempera- 
ture. The initial temperature of the ball is T, = 300 K. Assuming 
the surface of the ball to be absolutely black, find how soon its 
temperature decreases v| — 2.0 times. 

9.292. There are two cavities (Fig. 5.39) with small holes of equal 
diameters d = 1.0 cm and perfectly reflecting outer surfaces. The 


y 
sp 


Fig. 5.39. 
distance between the holes is Z = 10 cm. A constant temperature 
T, = 1700 K is maintained in cavity J. Calculate the steady-state 
temperature inside cavity 2. 

Instruction. Take into account that a black body radiation obeys 
the cosine emission law. 
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5.253. A cavity of volume V = 1.0 lis filled with thermal radia- 
tion at a temperature 7 — 1000 K. Find: Ea 
(a) the heat capacity Cy; (b) the entropy S of that radiation. 
5.254. Assuming the spectral distribution of thermal radiation 
energy to obey Wien's formula u (o, T) = Ao? exp (—aw/T), where 
a = 7.64 ps: K, find for a temperature 7 — 2000 K the most 
probable Eaa 
(a) radiation frequency; (b) radiation wavelength. 
5.255. Using Planck’s formula, derive the approximate expressions 
for the space spectral density u, of radiation 
(a) in the range where hw < kT (Rayleigh-Jeans formula); 
(b) in the range where hw >> kT (Wien’s formula). 
5.256. Transform Planck's formula for space spectral density ue 
adiation from the variable œ to the variables v (linear frequency) 
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and À (wavelength). 
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. . 294. Using Planck s 10mnmuia, ne p i 11L 
area of a black body within a narrow wavelength interval AA = 
— 1.0 nm close to the maximum of spectral radiation density at 
a temperature T = 3000 K of the body. 

5.258. Fig. 5.40 shows the plot of the function y (x) representing 


a fraction of the total power of thermal radiation falling within 
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the spectral interval from 0 to z. Here z = A/Am (Am is the wavelength 
corresponding to the maximum of spectral radiation density). 

Using this plot, find: l 

(a) the wavelength which divides the radi 
two equal (in terms of energy) parts at the temperature 3700 K; 

(b) the fraction of the total radiation power falling within the 
visible range of the spectrum (0.40-0.76 um) at the temperature 
5000 K; 

(c) how many times the power radiated at wavelengths exceeding 
0.76 um will increase if the temperature rises from 3000 to 5000 K. 
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5.259. Making use of Planck’s formula, derive the expressions 
determining the number of photons per 1 cm? of a cavity at a tempe- 
rature T in the spectral intervals (co, e + do) and (A, A+ dd). 

5.260. An isotropic point source emits light with wavelength 
À = 589 nm. The radiation power of the source is P = 10 W. Find: 

(a) the mean density of the flow of photons at a distance r = 
= 2.0 m from the source; 

(b) the distance between the source and the point at which the 
mean concentration of photons is equal to n = 100 cm~. 

5.261. From the standpoint of the corpuscular theory demonstrate 
that the momentum transferred by a beam of parallel light rays 
per unit time does not depend on its spectral composition but de- 
pends only on the energy flux @,. 


5.262. A laser emits a licht nulesa of duratia NAQ 
V VAHAL CA iglu pub UL Wuiduull VW. ded 


t= |» aliu 
energy E — 10 J. Find the mean pressure exerted by such light 
pulse when it is focussed into a spot of diameter d — 10 um on 
a surface perpendicular to the beam and possessing a reflection 
coefficient p — 0.50. 

5.263. A short light pulse of energy E = 7.5 J falls in the form 
of a narrow and almost parallel beam on a mirror plate whose reflec- 
tion coefficient is p = 0.60. The angle of incidence is 30°. In terms 
i the corpuscular theory find the momentum transferred to the 
piate. 

9.264. A plane light wave of intensity J = 0.20 W/cm? falls on 
a plane mirror surface with reflection coefficient p = 0.8. The angle 
of incidence is 45°. In terms of the corpuscular theory find the magni- 
tude of the normal pressure exerted by light on that surface. 

2.269. A plane light wave of intensity J = 0.70 W/cm? illumi- 
nates a sphere with ideal mirror surface. The radius of the sphere is 
R = 5.0 cm. From the standpoint of the corpuscular theory find 
the force that light exerts on the sphere. 

9.206. An isotropic point source of radiation power P is located 
on the axis of an ideal mirror plate. The distance between the source 
and the plate exceeds the radius of the plate n-fold. In terms of the 
corpuscular theory find the force that light exerts on the plate. 

9.267. In a reference frame K a photon of frequency o falls norm- 
ally on a mirror approaching it with relativistic velocity V. Find 
the momentum imparted to the mirror during the reflection of the 
photon 

(a) in the reference frame fixed to the mirror; 

(b) in the frame K. 

29.268. A small ideal mirror 


0 ass m — 10 me is anenenda , 

a weightless thread of length / = 10 cm. Find the ngle through 

which the thread will be deflected when a short laser pulse with 

energy E = 13 J is shot in the horizontal direction at right angles 
to the mirror. Where does the mirror get its kinetic energy? 

9.269. A photon of frequency c, is emitted from the surface of 


a star whose mass is M and radius R. Find the gravitational shift 
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of frequency Aw/@, of the photon at a very great distance from the 
star. 

5.270. A voltage applied to an X-ray tube being increased y = 
= 1.5 times, the short-wave limit of an X-ray continuous spectrum 


least angle of incidence at which the mirror reflection from the 
system of crystallographic planes is still observed is equal to à = 
= 4.1?. The interplanar distance is d = 0.28 nm. How high is the 
voltage applied to the X-ray tube? 

5.272. Find the wavelength of the short-wave limit of an X-ray 
continuous spectrum if electrons approach the anticathode of the 


, ; - , . . 
tube with velocity v = 0.85 c, where c is the velocity of light. 


5.273. Find the photoelectric threshold for zinc and the maximum 
velocity of photoelectrons liberated from its surface by electromag- 
netic radiation with wavelength 250 nm. 

5.274. Illuminating the surface of a certain metal alternately 
with light of wavelengths 4, = 0.35 pm and A, = 0.54 um, it was 
found that the corresponding maximum velocities of photoelectrons 
differ by a factor ņ = 2.0. Find the work function of that metal. 

5.275. Up to what maximum potential will a copper ball, remote 
from all other bodies, be charged when irradiated by electromagnetic 
radiation of wavelength À — 140 nm? 

5.276. Find the maximum kinetic energy of photoelectrons liberat- 
ed from the surface of lithium by electromagnetic radiation whose 
electric component varies with time as E = a (1 + cos ot) cos aft, 
where a is a constant, œ = 6.0.1044 s-! and œp = 3.60.10" s-i. 

5.277. Electromagnetic radiation of wavelength A — 0.30 um 
falls on a photocell operating in the saturation mode. The correspond- 
ing spectral sensitivity of the photocell is J = 4.8 mA/W. Find the 
yield of photoelectrons, i.e. the number of photoelectrons produced 
by each incident photon. 

5.278. There is a vacuum photocell whose one electrode is made 
of cesium and the other of copper. Find the maximum velocity of 


ing voltage 1.5 V is applied. Find the magnitude and polarity of 


the outer contact potential difference of the given photocell. 

5.280. Compose the expression for a quantity whose dimension 
is length, using velocity of light c, mass of a particle m, and Planck's 
constant #. What is that quantity? 

5.281. Using the conservation laws, demonstrate that a free 
electron cannot absorb a photon completely. 
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29.282. Explain the following features of Compton scattering of 
light by matter: 

(a) the increase in wavelength AA is independent of the nature of 
the scattering substance; 

(b) the intensity of the displaced component of scattered light 
grows with the increasing angle of scattering and with the diminish- 
ing atomic number of the substance; 

(c) the presence of a non-displaced component in the scattered 
radiation. 

5.283. A narrow monochromatic X-ray beam falls on a scattering 
substance. The wavelengths of radiation scattered at angles 6, = 60° 
and 0, == 120° differ by a factor ņ = 2.0. Assuming the free electrons 
to be responsible for the scattering, find the incident radiation wave- 
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5.284. A photon with energy iw = 1.00 MeV is scattered by a 
stationary free electron. Find the kinetic energy of a Compton 
electron if the photon's wavelength changed by n = 25% due to 
scattering. 

5.285. A photon of wavelength A = 6.0 pm is scattered at right 
angles by a stationary free electron. Find: 

(a) the frequency of the scattered photon; 

(b) the kinetic energy of the Compton electron. 

5.286. A photon with energy Aa = 250 keV is scattered at an 
angle 0 = 120° by a stationary free electron. Find the energy of the 
scattered photon. 

9.287. A photon with momentum p = 1.02 MeV/c, where c is 
the velocity of light, is scattered by a stationary free electron, 
changing in the process its momentum to the value p' = 0.255 MeV/c. 
At what angle is the photon scattered? 

9.288. A photon is scattered at an angle 0 = 120° by a stationary 
free electron. As a result, the electron acquires a kinetic energy 
T = 0.45 MeV. Find the energy that the photon had prior to scat- 
tering. 

5.289. Find the wavelength of X-ray radiation if the maximum 
kinetic energy of Compton electrons is Tmax = 0.19 MeV. 

2.290. A photon with energy Ao = 0.15 MeV is scattered by 
a stationary free electron changing its wavelength by AA = 3.0 pm. 
Find the angle at which the Compton electron moves. 

0.291. A photon with energy exceeding n = 2.0 times the rest 
energy of an electron experienced a head-on collision with a sta- 
tionary free electron. Find the curvature radius of the trajectory of 
the Compton electron in a magnetic field B = 0.12 T. The Compton 
electron is assumed to move at right angles to the direction of the 
field. 

0.292. Having collided with a relativistic electron, a photon is 
deflected through an angle 0 — 60? while the electron stops. Find 
the Compton displacement of the wavelength of the scattered photon. 


PART SIX 


ATOMIC AND NUCLEAR PHYSICS * 


6.1. SCATTERING OF PARTICLES. 
RUTHERFORD-BOHR ATOM 


e Angle 0 at which a charged particle is deflected by the Coulomb field 
of a stationary atomic nucleus is defined by the formula: 
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2  2bT' (6.12) 
where qı and q, are the charges of the particle and the nucleus, b is the aiming 
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ing particle. 


e Rutherford formula. The relative num- 
ber of particles scattered into an elementary 
solid angle dQ at an angle 6 to their initial pro- 
pagation direction: 


Paschen series 


M Q&S 3 


Balmer series 

aN o, ( iy NEL EN 6.1b 

sin* (0/2) ° (6.15) 

where n is the number of nuclei of the foil per 

unit area of its surface, dQ = sin 0 dO dq. | 
e Generalized Balmer formula (Fig. 6.1): 
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ni n aj (649) Fig. 6.1. 


where o is the transition frequency (in s 1 ) between energy levels with quan- 
tum numbers n, and ns, R is the Rydberg constant, Z is the serial number of a 


hydrogen-like ion. 

6.1. Employing Thomson's model, calculate the radius of a hydro- 
gen atom and the wavelength of emitted light if the ionization energy 
of the atom is known to be equal to E — 13.6 eV. 

6.2. An alpha particle with kinetic energy 0.27 MeV is deflected 
through an angle of 60? by a golden foil. Find the corresponding 
value of the aiming parameter. 

6.3. To what minimum distance will an alpha particle with 
kinetic energy T — 0.40 MeV approach in the case of a head-on 
collision to 

(a) a stationary Pb nucleus; 

(b) a stationary free Li? nucleus? 

6.4. An alpha particle with kinetic energy T = 0.50 MeV is 
deflected through an angle of 0 — 90? by the Coulomb field of a 
stationary Hg nucleus. Find: 


* All the formulas in this Part are given in the Gaussian system of units. 
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(a) the least curvature radius of its trajectory; 

(b) the minimum approach distance between the particle and the 
nucleus. 

6.5. A proton with kinetic energy 7 and aiming parameter b was 
deflected by the Coulomb field of a stationary Au nucleus. Find the 
momentum imparted to the given nucleus as a result of scattering. 

6.6. A proton with kinetic energy 7 = 10 MeV flies past a sta- 
tionary free electron at a distance b — 10 pm. Find the energy 
acquired by the electron, assuming the proton's trajectory to be 
rectilinear and the electron to be practically motionless as the proton 
flies by. 

6.7. A particle with kinetic energy 7 is deflected by a spherical 
potential well of radius R and depth U,, i.e. by the field in which 


the notential enerev of the 
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U= 0 forr >R, 
7 —U, for r < RH, 


where r is the distance from the centre of the well. Find the relation- 
ship between the aiming parameter b of the particle and the angle 0 
through which it deflects from the initial motion direction. 

6.8. A stationary ball of radius R is irradiated by a parallel 
stream of particles whose radius is r. Assuming the collision of 
a particle and the ball to be elastic, find: 

(a) the deflection angle 9 of a particle as a function of its aiming 
parameter b; 

(b) the fraction of particles which after a collision with the ball 
are scattered into the angular interval between 0 and 0 + d6; 

(c) the probability of a particle to be deflected, after a collision 


with the ball, into the front hemisphere (0 <=). 


6.9. A narrow beam of alpha particles with kinetic energy 1.0 MeV 
falls normally on a platinum foil 1.0 wm thick. The scattered par- 
ticles are observed at an angle of 60° to the incident beam direction 
by means of a counter with a circular inlet area 1.0 cm* located at 
the distance 10 cm from the scattering section of the foil. What 
fraction of scattered alpha particles reaches the counter inlet? 

6.10. A narrow beam of alpha particles with kinetic energy T = 
= 0.50 MeV and intensity J = 5.0-10* particles per second falls 
normally on a golden foil. Find the thickness of the foil if at a distance 


r — 15 cm from a scattering section of that foil the flux density 
of scattered particles at the angle 0 — 60? to the incident beam is 
equal to J = 40 particles/(cm?-. s). 

6.11. A narrow beam of alpha particles falls normally on a silver 
foil behind which a counter is set to register the scattered particles. 
On substitution of platinum foil of the same mass thickness for the 
silver foil, the number of alpha particles registered per unit time 
increased ņ = 1.52 times. Find the atomic number of platinum, 
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assuming the atomic number of silver and the atomic masses of both 
platinum and silver to be known. 

6.12. A narrow beam of alpha particles with kinetic energy 7 — 
= 0.50 MeV falls normally on a golden foil whose mass thickness 
is od = 1.5 mg/cm*. The beam intensity is J, = 5.0-10° particles 
per second. Find the number of alpha particles scattered by the foil 
during a time interval + — 30 min into the angular interval: 

(a) 59-61°; (b) over 8, = 60°. 

6.13. A narrow beam of protons with velocity v = 6-109 m/s 
falls normally on a silver foil of thickness d = 1.0 um. Find the 
probability of the protons to be scattered into the rear hemisphere 
(8 — 90°). 

6.14. A narrow beam of alpha particles with kinetic energy T = 


— 600 keV falla normally on a anlden foil ineornorating n — 
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= 1.1. 107? nuclei/cm?. Find the fraction of alpha particles scattered 
through the angles 0 <6, = 20°. 

6.15. A narrow beam of protons with kinetic energy T = 1.4 MeV 
falls normally on a brass foil whose mass thickness od = 1.5 mg/cm?. 
The weight ratio of copper and zinc in the foil is equal to 7 : 3 re- 
spectively. Find the fraction of the protons scattered through the 
angles exceeding 9, = 30°. 

6.16. Find the effective cross section of a uranium nucleus cor- 
responding to the scattering of alpha particles with kinetic energy 
T = 1.5 MeV through the angles exceeding 0, = 60°. 

6.17. The effective cross section of a gold nucleus corresponding 
to the scattering of monoenergetic alpha particles within the angular 
interval from 90° to 180° is equal to Ao = 0.50 kb. Find: 

(a) the energy of alpha particles; 

(b) the differential cross section of scattering do/dQ (kb/sr) cor- 
responding to the angle 0 — 60°. 

6.18. In accordance with classical electrodynamics an electron 
moving with acceleration w loses its energy due to radiation as 
dE — 222g 
a 3a Wo 
where e is the electron charge, c is the velocity of light. Estimate the 
time during which the energy of an electron performing almost 
harmonic oscillations with frequency œ = 5-10! s-! will decrease 

n = 10 times. 

6.19. Making use of the formula of the foregoing problem, estimate 
the time during which an electron moving in a hydrogen atom along 
a circular orbit of radius r = 50 pm would have fallen onto the 
nucleus. For the sake of simplicity assume the vector w to be perma- 
nently directed toward the centre of the atom. 

6.20. Demonstrate that the frequency œ of a photon emerging 
when an electron jumps between neighbouring circular orbits of 
a hydrogen-like ion satisfies the inequality w, — © > ©,+,. where 
@, and w, 4, are the frequencies of revolution of that electron around 
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the nucleus along the circular orbits. Make sure that as n — oo the 
frequency of the photon o —> ay. 

6.21. A particle of mass m moves along a circular orbit in a centro- 
symmetrical potential field U (r) — kr*/2. Using the Bohr quantiza- 
tion condition, find the permissible orbital radii and energy levels 
of that particle. 

6.22. Calculate for a hydrogen atom and a He* ion: 

(a) the radius of the first Bohr orbit and the velocity of an electron 
moving along it; 

(b) the kinetic energy and the binding energy of an electron in 
the ground state; 

(c) the ionization potential, the first excitation potential and 
the wavelength of the resonance line (n' — 2 — n — 1). 

6.23. Calculate the angular frequency of an ron 


the second Bohr orbit of He* ion. 

6.24. For hydrogen-like systems find the magnetic moment uj, 
corresponding to the motion of an electron along the n-th orbit 
and the ratio of the magnetic and mechanical moments u,/M,. 
Calculate the magnetic moment of an electron occupying the first 
Bohr orbit. 

6.25. Calculate the magnetic field induction at the centre of 
a hydrogen atom caused by an electron moving along the first Bohr 
orbit. 

6.26. Calculate and draw on the wavelength scale the spectral 
intervals in which the Lyman, Balmer, and Paschen series for atomic 
hydrogen are confined. Show the visible portion of the spec- 
trum. 

6.27. To what series does the spectral line of atomic hydrogen 
belong if its wave number is equal to the difference between the wave 
numbers of the following two lines of the Balmer series: 486.1 and 
410.2 nm? What is the wavelength of that line? 

6.28. For the case of atomic hydrogen find: 

(a) the wavelengths of the first three lines of the Balmer series; 

(b) the minimum resolving power A/6A of a spectral instrument 
capable of resolving the first 20 lines of the Balmer series. 

6.29. Radiation of atomic hydrogen falls normally on a diffraction 
grating of width 1 = 6.6 mm. The 50th line of the Balmer series 
in the observed spectrum is close to resolution at a diffraction angle 0 
(in accordance with Rayleigh's criterion). Find that angle. 

6.30. What element has a hydrogen-like spectrum whose lines 
have wavelengths four times shorter than those of atomic hydrogen? 

6.81. How manv spectral lines are emitted by atomic hydrogen 


6.31. many spectral lines mitted 
excited to the n-th energy level? 

6.32. What lines of atomic hydrogen absorption spectrum fall 
within the wavelength range from 94.5 to 130.0 nm? 

6.33. Find the quantum number n corresponding to the excited 
state of He* ion if on transition to the ground state that ion emits 
two photons in succession with wavelengths 108.5 and 30.4 nm. 
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6.34. Calculate the Rydberg constant R if He* ions are known 
to have the wavelength difference between the first (of tlie longest 
wavelength) lines of the Balmer and Lyman series equal to AX = 
— 133.7 nm. 

6.35. What hydrogen-like ion has the wavelength difference be- 
tween the first lines of the Balmerand Lyman series equal to 59.3 nm? 

6.36. Find the wavelength of the first line of the He* ion spectral 
series whose interval between the extreme lines is Aw = 
= 0.18-10!5 s-1, 

6.37. Find the binding energy of an electron in the ground state 
of hydrogen-like ions in whose spectrum the third line of the Balmer 
series is equal to 108.5 nm. 

6.38. The binding energy of an electron in the ground state of He 
atom is equal to E, = 24.6 eV. Find the energy requi 
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both electrons from the atom. 

6.39. Find the velocity of photoelectrons libe 
netic radiation of wavelength À — 18.0 nm from stationary Het 
ions in the ground state. 

6.40. At what minimum kinetic energy must a hydrogen atom 
move for its inelastic head-on collision with another, stationary, 
hydrogen atom to make one of them capable of emitting a photon? 
Both atoms are supposed to be in the ground state prior to the colli- 
sion. 

6.41. A stationary hydrogen atom emits a photon corresponding 
to the first line of the Lyman series. What velocity does the atom 
acquire? 

6.42. From the conditions of the foregoing problem find how much 
(in per cent) the energy of the emitted photon differs from the energy 
of the corresponding transition in a hydrogen atom. 

6.43. A stationary Het ion emitted a photon corresponding to the 
first line of the Lyman series. That photon liberated a photoelectron 
from a stationary hydrogen atom in the ground state. Find the 
velocity of the photoelectron. 

6.44. Find the velocity of the excited hydrogen atoms if the first 
line of the Lyman series is displaced by AX = 0.20 nm when their 
radiation is observed at an angle 0 — 45° to their motion direction. 

6.45. According to the Bohr-Sommerfeld postulate the periodic 
motion of a particle in a potential field must satisfy the following 
quantization rule: 
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p dq = 2nhn, 


where q and p are generalized coordinate and momentum of the 
particle, n are integers. Making use of thisrule, find the permitted 
values of energy for a particle of mass m moving 

(a) in a unidimensional rectangular potential well of width 1 
with infinitely high walls; 

(b) along a circle of radius r; 
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(c) in a unidimensional potential feld U = «z?/2, where a is 
a positive constant; 

(d) along a round orbit in a central field, where the potential 
energy of the particle is equal to U = —a/r (a is a positive con- 
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atom, find the expressions for the electron’s binding energy in the 
ground state and for the Rydberg constant. How much (in per cent) 
do the binding energy and the Rydberg constant, obtained without 
taking into account the motion of the nucleus, differ from the more 
accurate corresponding values of these quantities? 

6.47. For atoms of light and heavy hydrogen (H and D) find the 
difference 

(a) between the binding energies of 
state; 

(b) between the wavelengths of first lines of the Lyman series. 

6.48. Calculate the separation between the particles of a system 
in the ground state, the corresponding binding energy, and the 
wavelength of the first line of the Lyman series, if such a system is 

(a) a mesonic hydrogen atom whose nucleus is a proton (in a meso- 
nic atom an electron is replaced by a meson whose charge is the 
same and mass is 207 that of an electron); 

(b) a positronium consisting of an electron and a positron revolving 
around their common centre of masses. 


6.2. WAVE PROPERTIES OF PARTICLES. 
SCHRODINGER EQUATION 


e The de Broglie wavelength of a particle with momentum p: 


p= oh (6.2a) 
p' l 
e Uncertainty principle: 
Ar*Apy Fh. (6.2b) 
e Schrédinger time-dependent and time-independent equations: 
2 
T, D yy UY, 
(6.2c) 


Vp +e (EU) p=0, 


where V is the total wave function, sp is its coordinate part, V? is the Laplace 
operator, E and U are the total and potential energies of the particle. In spheric- 
al coordinates: 


99 2 9 1 3i. ô 1 ga 
2— V a ee — — a 
v= ror Find 20 (sin o x]* "snig ggr: (2d) 
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e Coefficient of transparency of a potential barrier V (z): 


where z, and z, are the coordinates of the points between which V > E. 


6.49. Calculate the de Broglie wavelengths of an electron, proton, 
and uranium atom, all having the same kinetic energy 100 eV. 

6.50. What amount of energy should be added to an electron to 
reduce its de Broglie wavelength from 100 to 50 pm? 

6.51. A neutron with kinetic energy T = 25 eV strikes a sta- 
tionary deuteron (heavy hydrogen nucleus). Find the de Broglie 
wavelengths of both particles in the frame of their centre of inertia. 

6.52. Two identical non-relativistic particles move at right 
angles to each other, possessing de Broglie wavelengths A, and Ag. 
Find the de Broglie wavelength of each particle in the frame of 
their centre of inertia. 

6.53. Find the de Broglie wavelength of hydrogen molecules, 
which corresponds to their most probable velocity at room tempera- 
ture. 

6.54. Calculate the most probable de Broglie wavelength of 
hydrogen molecules being in thermodynamic equilibrium at room 
temperature. 

6.55. Derive the expression for a de Broglie wavelength A of a rela- 


tivistic narticle movine with ineatic energy T. At what values of T 
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does the error in determining X using the non-relativistic formula 
not exceed 1% for an electron and a proton? 

6.56. At what value of kinetic energy is the de Broglie wavelength 
of an electron equal to its Compton wavelength? 

6.57. Find the de Broglie wavelength of relativistic electrons 
reaching the anticathode of an X-ray tube if the short wavelength 


limit of the continuous X-rav spectrum is egual to Aen = 10.0 pm? 


limit of the continuous X-ray spectrum is equal to 

6.98. A parallel stream of monoenergetic electrons falls normally 
on a diaphragm with narrow square slit of width b = 1.0 pm. 
Find the velocity of the electrons if the width of the central diffrac- 
tion maximum formed on a screen located at a distance | = 50 cm 
from the slit is equal to Ax — 0.36 mm. 

6.59. A parallel stream of electrons accelerated by a potential 
difference V = 25 V falls normally on a diaphragm with two narrow 
slits separated by a distance d — 50 um. Calculate the distance 
between neighbour ing maxima of the diffraction pattern on a screen 
located at a distance 1 — 100 cm from the slits. 

6.60. A narrow stream of monoenergetic electrons falls at an 
angle of incidence 0 — 30? on the natural facet of an aluminium 
single crystal. The distance between the neighbouring crystal planes 
parallel to that facet is equal to d = 0.20 nm. The maximum mirror 
reflection is observed at a certain accelerating voltage V,. Find Vo 
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if the next maximum mirror reflection is known to be observed when 
the accelerating voltage is increased n — 2.25 times. 

6.61. A narrow beam of monoenergetic electrons falls normally 
on the surface of a Ni single crystal. The reflection maximum of 
fourth order is observed in the direction forming an angle 0 — 55? 
with the normal to the surface at the energy of the electrons equal 
to T — 180 eV. Calculate the corresponding value of the interplanar 
distance. 

6.62. A narrow stream of electrons with kinetic energy 7 — 
= 10 keV passes through a polycrystalline aluminium foil, forming 
a system of diffraction fringes on a screen. Calculate the interplanar 
distance corresponding to the reflection of third order from a certain 
system of crystal planes if it is responsible for a diffraction ring of 
diameter D — 3.20 cm. The distance between the foil and the screen 


is 1 = 10.0 cm. 
6.63. A stream of electrons accelerated by a potential difference V 
falls on the surface of a metal whose inner potential is V; = 15 V. 


Find: 

(a) the refractive index of the metal for the electrons accelerated 
by a potential difference V = 150 V; 

(b) the values of the ratio V/V ; at which the refractive index differs 
from unity by not more than n = 1.0%. 

6.64. A particle of mass m is located in a unidimensional square 
potential well with infinitely high walls. The width of the well is 
equal to 7. Find the permitted values of energy of the particle taking 
into account that only those states of the particle's motion are 
realized for which the whole number of de Broglie half-waves are 
fitted within the given well. 

6.65. Describe the Bohr quantum conditions in terms of the wave 
theory: demonstrate that an electron in a hydrogen atom can move 
only along those round orbits which accommodate a whole number 
of de Broglie waves. 

6.66. Estimate the minimum errors in determining the velocity 
of an electron, a proton, and a ball of mass of 1 mg if the coordinates 
of the particles and of the centre of the ball are known with uncer- 
tainly 1 pm. 

6.67. Employing the uncertainty principle, evaluate the indeter- 
minancy of the velocity of an electron in a hydrogen atom if the 
size of the atom is assumed to be 1 = 0.10 nm. Compare the obtained 
magnitude with the velocity of an electron in the first Bohr orbit 
of the given atom. 

6.68. Show that for the particle whose coordinate uncertainty is 
Az =A/2n, where À is its de Broglie wavelength, the velocity uncertain- 
ty is of the same order of magnitude as the particle's velocity itself. 

6.69. A free electron was initially confined within a region with 
linear dimensions / = 0.10 nm. Using the uncertainty principle, 
evaluate the time over which the width of the corresponding train 
of waves becomes y = 10 times as large. 
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6.70. Employing the uncertainty principle, estimate the mini- 
mum kinetic energy of an electron confined within a region whose 
size is | = 0.20 nm. 

6.71. An electron with kinetic energy T zz 4 eV is confined 
within a region whose linear dimension is | = 1 um. Using the 
uncertainty principle, evaluate the relative uncertainty of its velo- 
city. 

6.72. An electron is located in a unidimensional square potential 
well with infinitely high walls. The width of the well is |. From 
the uncertainty principle estimate the force with which the electron 
possessing the minimum permitted energy acts on the walls of the well. 

6.73. A particle of mass m moves in a unidimensional potential 
field U = kz?/2 (harmonic oscillator). Using the uncertainty prin- 
ciple, evaluate the minimum permitted energy of the particle in 


that field. 
6.74. Making use of the un 
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mum permitted energy of an electron in we aro a 
corresponding apparent distance from the nucleus. 

6.75. À parallel stream of hydrogen atoms with velocity v — 
— 600 m/s falls normally on a diaphragm with a narrow slit behind 
which a screen is placed at a distance | = 1.0 m. Using the uncer- 
tainty principle, evaluate the width of the slit 6 at which the width 
of its image on the screen is minimum. 

6.76. Find a particular solution of the time-dependent Schródinger 
equation for a freely moving particle of mass m. 

6.77. A particle in the ground state is located in a unidimensional 
square potential well of length / with absolutely impenetrable walls 
(0< x< D. Find the probability of the particle staying within 


a region zl z « <1. 
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6.78. A particle is located in a unidimensional square potential 
well with infinitely high walls. The width of the well is l. Find the 
normalized wave functions of the stationary states of the particle, 
taking the midpoint of the well for the origin of the x coordinate. 

6.79. Demonstrate that the wave functions of the stationary states 
of a particle confined in a unidimensional potential well with infi- 
nitely high walls are orthogonal, i.e. they satisfy the condition 
l 


\ Parn’ dr = 0 if n'n. Here l is the width of the well, n are 
0 
integers. 

6.80. An electron is located in a unidimensional square potential 
well with infinitely high walls. The width of the well equal to l is 
such that the energy levels are very dense. Find the density of energy 
levels dN/dE, i.e. their number per unit energy interval, as a func- 
tion of E. Calculate GN/dE for E = 1.0 eV if l = 1.0 cm. 

6.81. A particle of mass m is located in a two-dimensional square 
potential well with absolutely impenetrable walls. Find: 
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(a) the particle’s permitted energy values if the sides of the well 
are J, and ly; 

(b) the energy values of the particle at the first four levels if the 
well has the shape of a square with side J. 

6.82. A particle is located in a two-dimensional square potential 
well with absolutely impenetrable walls (0 < zx « a, 0 « y < b). 
Find the probability of the particle with the lowest energy to be 
located within a region 0 < x < alà. 

6.83. A particle of mass m is located in a three-dimensional cubic 
potential well with absolutely impenetrable walls. The side of the 
cube is equal to a. Find: 

(a) the proper values of energy of the particle; 

(b) the energy difference between the third and fourth levels; 

(c) the energy of the sixth level and the number of states (the 
degree of degeneracy) corresponding to that level. 

6.RA. Tleine tho Sehradingar annatinn damnanctroatas that at the 


Using the Schrédinger equation, demonstrate that at th 
point where the potential energy U (x) of a particle has a finite 
discontinuity, the wave function remains smooth, i.e. its first deriva- 
tive with respect to the coordinate is continuous. 

6.85. A particle of mass m is located in a unidimensional potential 
field U (x) whose shape is shown in Fig. 6.2, where U (0) = oo. 
Find: 
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Fig. 6.2. 


(a) the equation defining the possible values of energy of the 
particle in the region E < U,; reduce that equation to the form 


sin kl = kl V R?/2mDU,, 


where k = |/ 2mE/h. Solving this equation by graphical means, 
demonstrate that the possible values of energy of the particle form 
a discontinuous spectrum; 

(b) the minimum value of the quantity U, at which the first 
energy level appears in the region E < Uy. At what minimum value 
of IU, does the nth level appear? 
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6.86. Making use of the solution of the foregoing problem, deter- 
mine the probability of the particle with energy E = Uj/2 to be 


6.87. Find the possible values of energy of a particle of mass m 
located in a spherically symmetrical potential well U (r) — O for 
r« r and U (r) = oo for r = r, in the case when the motion of 
the particle is described by a wave function sp (r) depending only onr. 

Instruetion. When solving the Schródinger equation, make the 
substitution p (r) = x (ry/r. 

6.88. From the conditions of the foregoing problem find: 

(a) normalized eigenfunctions of the particle in the states for 
which sp (r) depends only on r; 
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and the probability of the particle to be in the region r << ry. 

6.89. A particle of mass m is located in a spherically symmetrical 

potential well U (r) = 0 for r< r, and U(r) = U, for r — r,. 

(a) By means of the substitution sp (r) = x (r)/r find "the equation 

defining the proper values of energy F of the particle for E < U,, 

when its motion is described by a wave function p (r) depending 
only on r. Reduce that equation to the form 


sin kro = + kro V h2/2mriU,, where k= V 2mE/h. 


(b) Calculate the value of the quantity r2U, at which the first 
level appears. 

6.90. The wavefunction of a particle of mass m in a unidimension- 
al potential field U (x) = kz?/2 has in the ground state the form 
qp (x) = Ae-=*?, where A is a normalization factor and « is a positive 
constant. Making use of the Schrödinger equation, find the constant « 
and the energy E of the particle in this state. 

6.91. Find the energy of an electron of a hydrogen atom in a sta- 
tionary state for which the wave function takes the form Ņ (r) = 
= A (1 + ar)e", where A, a, and « are constants. 

6.92. The wave function of an electron of a hydrogen atom in the 
ground state takes the form sp (r) = Ae771, where A is a certain 
constant, r, is the first Bohr radius. Find: 

(a) the most probable distance between the electron and the 
nucleus; 

(b) the mean value of modulus of the Coulomb force acting on the 
electron; 

(c) the mean value of the potential energy of the electron in the 
field of the nucleus. 

6.93. Find the mean electrostatic potential produced by an 
electron in the centre of a hydrogen atom if the electron is in the 
ground state for which the wave function isp (r) = Ae "71, where A 
is a certain constant, r, is the first Bohr radius. 
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6.94. Particles of mass m and energy E move from the left to the 
potential barrier shown in Fig. 6.3. Find: 

(a) the reflection coefficient R of the barrier for E > Us; 

(b) the eitective penetration depth of the particles into the region 
z 0 for E < Ug, i.e. the distance from the barrier boundary to 
the point at which the probability of finding a particle decreases 
e-fold. 


Ü 
E 
| | U, 
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Fig. 6.3. 


6.95. Employing Eq. (6.2e), find the probability D of an electron 
with energy E tunnelling through a potential barrier of width 1 
and height U, provided the barrier is shaped as shown: 

(a) in Fig. 6.4; 

(b) in Fig. 6.5. 


Fig. 6.4. Fig. 6.5. Fig. 6.6. 


6.96. Using Eq. (6.2e), find the probability D of a particle of 
mass m and energy E tunnelling through the potential barrier 
shown in Fig. 6.6, where U (x) = U, (i — 2°/I*). 


e Spectral labelling of terms: "(L);, where x = 2S + 1 is the multipli- 
city, L, $, J are quantum numbers, 


L= 0,14, 2, 3, 4, 5, 6... 
(D: S, P, D, F, G, H,I,... 
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e Terms of alkali metal atoms: 


T= (rai (6.32) 
where A is the Rydberg constant, œ is the Rydberg correction. 
Fig. 6.7 illustrates the diagram of a lithium atom terms. 
e Angular momenta oi an atom: 
Mz; — hV L (L + 1), (6.3b) 


with similar expressions for Mg and Mj. 

e Hund rules: 

(1) For a certain electronic configuration, the terms of the largest S value 
are the lowest in energy, and among the terms of Smax that of the largest L 
usually lies lowest; 
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Fig. 6.7. Fig. 6.8. 
(2) for the basic (normal) term J = |L — Sj if the subshell is less than 
halfflled, and J = L + S in the remaining cases. 
e Boltzmann's formula: 
Na _ 8a Q-OTES/ATS (6.3c) 
Ni g 
where g, and g, are the statistical weights (degeneracies) of the corresponding 
levels. 
e Probabilities of atomic transitions per unit time between level 7 and a 
higher level 2 for the cases of spontaneous radiation, induced radiation, and 
absorption: 


POT Aa pint = Byto, POPs — By gly, (6.3d) 


where A 4, Ba, By, are Einstein coefficients, uy is the spectral density of radia- 
tion corresponding to frequency « of transition between the given levels. 
e Relation between Einstein coefficients: 


mÊ? 
g1Bi2 = 82891, Ba= fio? Agi. (6.3e) 


e Diagram showing formation of X-ray spectra (Fig. 6.8). 
e Moseley's law for K, lines: 


Ox == R (Z—9)3, (6.3f) 
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where o is the correction constant which is equal to unity for light elements. 
e Magnetic moment of an atom and Landé g factor: 


ug y J (J+1) bg, g=14+—— 


e Zeeman splitting of spectral lines in a weak magnetic field: 
Ao = (mygy — M£) UW BB/h. (6.3h) 


e With radiation directed along the magnetic field, the Zeeman compo- 
nents caused by the transition m, = m4 are absent. 


6.97. The binding energy of a valence electron in a Li atom in the 
states 25 and 2P is equal to 5.39 and 3.54 eV respectively. Find 
the Rydberg corrections for S and P terms of the atom. 

6.98. Find the Rydberg correction for the 3P term of a Na atom 
whose first excitation potential is 2.10 V and whose valence electron 


n the normal 3S state has the binding energy 5.14 eV. 


6.99. Find the binding energy of a valence electron in the ground 
state of a Li atom if the wavelength of the first line of the sharp 
series is known to be equal to A, = 813 nm and the short-wave 
cut-off wavelength of that series to A, = 350 nm. 

6.100. Determine the wavelengths of spectral lines appearing 
on transition of excited Li atoms from the state 3$ down to the 
ground state 2S. The Rydberg corrections for the S and P terms 
are —0.41 and —0.04. 

6.101. The wavelengths of the yellow doublet components of the 
resonance Na line caused by the transition 3P — 3S are equal to 
589.00 and 589.56 nm. Find the splitting of the 3P term in eV units. 

6.102. The first line of the sharp series of atomic cesium is a doub- 
let with wavelengths 1358.8 and 1469.5 nm. Find the frequency 
intervals (in rad/s units) between the components of the sequent 
lines of that series. 

6.103. Write the spectral designations of the terms of the hydrogen 
atom whose electron is in the state with principal quantum number 
n= 3. 

6.104. How many and which values of the quantum number J 
can an atom possess in the state with quantum numbers S and L 
equal respectively to 

(a) 2 and 3; (b) 3 and 3; (c) 5/2 and 2? 

6.105. Find the possible values of total angular 
atoms in the states *P and *D. 

6.106. Find the greatest possible total angular momentum and 
the corresponding spectral designation of the term ` 

(a) of a Na atom whose valence electron possesses the principal 
quantum number n = 4; 

(b) of an atom with electronic configuration 1s?2p3d. 

6.107. It is known that in F and D states the number of possible 
values of the quantum number J is the same and equal to five. Find 
the spin angular momentum in these states. 
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6.108. An atom is in the state whose multiplicity is three and the 
total angular momentum is Z VY 20. What can the corresponding 
quantum number L be equal to? 

6.109. Find the possible multiplicities x of the terms of the 
J PYS 

(a) *Da (b) *Pa (c) *Fi. 

6.110. A certain atom has three electrons (s, p, and d), in addition 
to filled shells, and is in a state with the greatest possible total 
mechanical moment for a given configuration. In the corresponding 
vector model of the atom find the angle between the spin momentum 
and the total angular momentum of the given atom. 


6.111. An atom possessing the total angular momentum A V6 
is in the state with spin quantum number S = 1. In the correspond- 
ing vector model the angle between the spin momentum and the total 
angular momentum is 0 = 73.2°. Write the spectral symbol for 
the term of that state. 

6.112. Write the spectral symbols for the terms of a two-electron 
system consisting of one p electron and one d electron. 

6.113. A system comprises an atom in ?*P,/, state and a d electron. 
Find the possible spectral terms of that system. 

6.114. Find out which of the following transitions are forbidden 
by the selection rules: ?D,,, > Piza ?P, — Siaa ? F4 P, 
Fija > *Dsjs. 

6.115. Determine the overall degeneracy of a 3D state of a Li 


atom. What is the physical meaning of that value? 
6.116. Find the degeneracy of the states ?P, ?D, and *F possessi 
the greatest possible values of the total angular momentum. 
6.117. Write the spectral designation of the term whose degeneracy 
is equal to seven and the quantum numbers L and S are interrelated 
as L = 38. 
6.118. What element has the atom whose K, L, and M shells 
l 


and 4s subshell are filled completely and 4p subshell is half-filled? 
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6.119. Using the Hund rules, find the basic term of the atom whose 


partially filled subshell contains 

(a) three p electrons; (b) four p electrons. 

6.120. Using the Hund rules, find the total angular momentum 
of the atom in the ground state whose partially filled subshell 
contains 

(a) three d electrons; (b) seven d electrons. 

6.121. Making use of the Hund rules, find the number of electrons 
in the only partially filled subshell of the atom whose basic term is 

(a) Fa; (b) Pajas (6) 98575. 

6.122. Using the Hund rules, write the spectral symbol of the 
basic term of the atom whose only partially filled subshell 

(a) is filled by 1/3, and S = 1; 

(b) is filled by 7096, and S = 3/2. 

6.123. The only partially filled subshell of a certain atom contains 
three electrons, the basic term of the atom having L = 3. Using 
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the Hund rules, write the spectral symbol of the ground state of 
the given atom. 

6.124. Using the Hund rules, find the magnetic moment of the 
ground state of the atom whose open subshell is half-filled with five 
electrons. 

6.125. What fraction of hydrogen atoms is in the state with the 
principal quantum number n = 2 at a temperature 7 = 3000 K? 

6.126. Find the ratio of the number of atoms of gaseous sodium 
in the state 3P to that in the ground state 3S at a temperature 7 — 
= 2400 K. The spectral line corresponding to the transition 3P — 
—- 3S is known to have the wavelength A = 589 nm. 

6.127. Calculate the mean lifetime of excited atoms if it is known 
hat the intensity of the spectral line appearing due to transition 

the ground state diminishes by a factor yn = 25 over a distance 
— 2.5 mm along the stream of atoms whose velocity is v — 


ground state was lighted by a mercury lamp emitting a resonance 
line of wavelength A = 253.65 nm. As a result, the radiation power 
of Hg gas at that wavelength turned out to be P — 35 mW. Find 
the number of atoms in the state of resonance excitation whose 
mean lifetime is 1 = 0.15 us. 

6.129. Atomic lithium of concentration n = 3.6-10!6 cm™ is at 
a temperature T = 1500 K. In this case the power emitted at the 
resonant line's wavelength A = 671 nm (2P — 25) per unit volume 
of gas is equal to P = 0.30 W/cm?. Find the mean lifetime of Li 
atoms in the resonance excitation state. 

6.130. Atomic hydrogen is in thermodynamic equilibrium with 
its radiation. Find: 

(a) the ratio of probabilities of induced and spontaneous radia- 
tions of the atoms from the level 2P at a temperature 7 — 3000 K; 

(b) the temperature at which these probabilities become equal. 

6.131. A beam of light of frequency o, equal to the resonant 
frequency of transition of atoms of gas, passes through that gas 
heated to temperature T. In this case Aw >> AT. Taking into account 
induced radiation, demonstrate that the absorption coefficient of 
the gas x varies as x = x (1 — e-^9/*7), where x, is the absorption 
coefficient for 7 — 0. 

6.132. The wavelength of a resonant mercury line is À — 
— 253.65 nm. The mean lifetime of mercury atoms in the state of 
resonance excitation is t= 0.15 ps. Evaluate the ratio of the 
Doppler line broadening to the natural linewidth at a gas tempera- 
ture T — 300 K. 

6.133. Find the wavelength of the Ką line in copper (Z = 29) if 
the wavelength of the Ką line in iron (Z = 26) is known to be equal 
to 193 pm. 

6.134. Proceeding from Moseley's law find: 

(a) the wavelength of the Ka line in aluminium and cobalt: 
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(b) the difference in binding energies of K and L electrons in 
vanadium. 

6.135. How many elements are there in a row between those 
whose wavelengths of Ką lines are equal to 250 and 179 pm? 

6.136. Find the voltage applied to an X-ray tube with nickel 
anticathode if the wavelength difference between the K, line and 
the short-wave cut-off of the continuous X-ray spectrum is equal 
to 84 pm. 

6.137. At a certain voltage applied to an X-ray tube with alumi- 
nium anticathode the short-wave cut-off wavelength of the contin- 
uous X-ray spectrum is equal to 0.50 nm. Will the K series of the 
characteristic spectrum whose excitation potential is equal to 
1.56 kV be also observed in this case? 

6.138. When the voltavo annlied ta an X.rav trhe inasnan d f 


D. E1005, vitu tne Voitage appiied to an A-ray tube increase 


V, — 10 kV to V, = 20 kV, the wavelength interval between 
the K, line and the short-wave cut-off of the continuous X-ray 
Spectrum increases by a factor n — 3.0. Find the atomic number of 
the element of which the tube's anticathode is made. 

6.139. What metal has in its absorption spectrum the difference 
between the frequencies of X-ray K and L absorption edges equal 
to Aw = 6.85.101*. s-i > 

6.140. Calculate the binding energy of a K electron in vanadium 
whose L absorption edge has the wavelength À, = 2.4 nm. 

6.141. Find the binding energy of an L electron in titanium if 
the wavelength difference between the first line of the K series and 
its short-wave cut-off is AX — 26 pm. 

6.142. Find the kinetic energy and the velocity of the photoelect- 
rons liberated by K, radiation of zinc from the K shell of iron whose 
K band absorption edge wavelength is Ag = 174 pm. 

6.143. Calculate the Landé g factor for atoms 

(a) in § states; (b) in singlet states. 

6.144. Calculate the Landé g factor for the following terms: 

(a) Fisa; (b) Diza; (e) "Fa; (d) EPa; (e) *P,. 

6.145. Calculate the magnetic moment of an atom (in Bohr 
magnetons) 

(a) in tF state; 

(b) in *D,,, state; 

(c) in the state in which $ = 1, L = 2, and Landé factor g = 4/3. 

6.146. Determine the spin angular momentum of an atom in 
the state D, if the maximum value of the magnetic moment pro- 
jection in that state is equal to four Bohr magnetons. 

6.147. An atom in the state with quantum numhere 7, — 9 
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S = 1-is located in a weak magnetic field. Find its magnetic moment 
if the least possible angle between the angular momentum and 
the field direction is known to be equal to 30°. 

6.148. A valence electron in a sodium atom is in the state with 
principal quantum number n = 3, with the total angular momentum 
being the greatest possible. What is its magnetic moment in that state? 
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6.149. An excited atom has the electronic configuration 41s?2s"2p3d 
being in the state with the greatest possibletotal angular momentum. 
Find the magnetic moment of the atom in that state. 

6.150. Find the total angular momentum of an atom in the state 
with S = 3/2 and L = 2 if its magnetic moment is known to be 
equal to zero. 

6.151. A certain atom is in the state in which S — 2, the total 


angular momentum M = y 2h, and the magnetic moment is equal 
to zero. Write the spectral symbol of the corresponding 
term. 

6.152. An atom in the state ?P,,, is located in the external magne- 
tic field of induction B = 1.0 kG. In terms of the vector model find 
the angular precession velocity of the total angular momentum of 
that ntara 
THAL GLUAIIL. 

6.153. An atom in the state *P,,, is located on the axis of a loop 
of radius r = 5 cm carrying a current / = 10 A. The distance be- 
tween the atom and the centre of the loop is equal to the radius of 
the latter. How great may be the maximum force that the magnetic 
field of that current exerts on the atom? 

6.154. A hydrogen atom in the normal state is located at a distance 
r = 2.5 cm from a long straight conductor carrying a current 
I = 10 A. Find the force acting on the atom. 

6.155. A narrow stream of vanadium atoms in the ground state 
tF ,;, is passed through a transverse strongly inhomogeneous magnet- 
ic field of length |, = 5.0 cm as in the Stern-Gerlach experiment. 
The beam splitting is observed on a screen located at a distance 
l, = 15 cm from the magnet. The kinetic energy of the atoms is 
T = 22 MeV. At what value of the gradient of the magnetic field 
induction B is the distance between the extreme components of 
the split beam on the screen equal to 6 = 2.0 mm? 

6.156. Into what number of sublevels are the following terms 
split in a weak magnetic field: 

(a) Po; (b) Fs (c) Dia? 

6.157. An atom is located in a magnetic field of induction B = 
= 2.50 kG. Find the value of the total splitting of the following 
terms (expressed in eV units): 

(a) 1D; (b) °F. 

6.158. What kind of Zeeman effect, normal or anomalous, is 
observed in a weak magnetic field in the case of spectral lines caused 
by the following transitions: 

(a) *P — tS; (b) °D; —> °P; (c) *D, > 3 Po; (d) 5], > °H,? 

6.159. Determine the spectral symbol of an atomic singlet term 
if the total splitting of that term in a weak magnetic field of induc- 
tion B = 3.0 kG amounts to AE = 104 pey. 

6.160. It is known that a spectral line 4 = 612 nm of an atom 
is caused by a transition between singlet terms. Calculate the inter- 
val AX between the extreme components of that line in the magnetic 
field with induction B — 10.0 kG. 
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6.161. Find the minimum magnitude of the magnetic field induc- 
tion B at which a spectral instrument with resolving power A/6A = 
= 1.0-10° is capable of resolving the components of the spectral 
line À — 536 nm caused by a transition between singlet terms. The 
observation line is at right angles to the magnetic field direction. 

6.162. A spectral line caused by the transition ?D, —> °P, expe- 
riences the Zeeman splitting in a weak magnetic field. When observed 
at right angles to the magnetic field direction, the interval between 
the neighbouring components of the split line is Aw = 1.32-10!? s-i, 
Find the magnetic field induction B at the point where the source 
is located. 

6.163. The wavelengths of the Na yellow doublet (*P —- *5S) are 
equal to 589.59 and 589.00 nm. Find: 

(a) the ratio of the intervals between neighbouring sublevels of 
the Zeeman splitting of the terms *P,,, and 2P i) in a weak magnetic 

Galde 


field; 


(b) the magnetic feld induction B at which the interval between 
neighbouring sublevels of the Zeeman splitting of the term ?P,, 
is n = 50 times smaller than the natural 


splitting of the term °P. N 
6.164. Draw a diagram of permitted CLL 


transitions between the terms*P,,,and ?S,, 3 — h 
in a weak magnetic field. Find the displace- M 

ments (in rad/s units) of Zeeman components LLL 

of that line in a magnetic field B = 4.5 kG. 

6.165. The same spectral line undergoing Fig. 6.9. 
anomalous Zeeman splitting is observed in 
direction 7 and, after reflection from the mirror M (Fig. 6.9), in 
direction 2. How many Zeeman components are observed in both 
directions if the spectral line is caused by the transition 

(a) "Py "Sus (b) °P > 381 1 

6.166. Calculate the total splitting A« of the spectral 

—- 5P, in a weak magnetic field with induction B = 3. 


6.4. MOLECULES AND CRYSTALS 
e Rotational energy of a diatomic molecule: 
2 
Es=a7 I 44) (8.42) 


where 7 is the molecule's moment of inertia. 
e Vibrational energy of a diatomic molecule: 


E,— ho (7). (6. 4b) 


where œ is the natural frequency of oscillations of the molecule. 
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e Mean energy of a quantum harmonic oscillator at a temperature T: 


ho ho 
(E= t-air (6.4c) 
P e Pte — 1 
e Debye formula for molar vibrational energy of a crystal 
1 T X4 on 3d 
IUGI 
U—9ne| --() | LI. (6.44) 
0 
where © is the Debye temperature, 
8 = hOmax/k. (6.40) 
e Molar vibrational heat capacity of a crystal for T « 6: 
12 T \3 
——— 4 —— 
C= UR (GZ). (6.4) 


e Distribution of free electrons in metal in the vicinity of the absolute 
Zero: 


ai Y 2 mit V EaE, (6.4g) 


112/43 
where dn is the concentration of electrons whose energy falls within the inter- 
val E, E + dE. The energy E is counted off the bottom of the conduction band. 
e Fermi level at 7 — 0: 


n2 aia 
Ep. (3n2n)*/? | (6.4h) 


where n is the concentration of free electrons in metal. 


6.167. Determine the angular rotation velocity of an $, molecule 
promoted to the first excited rotational level if the distance between 
its nuclei is d — 189 pm. 

6.168. For an HCl molecule find the rotational quantum numbers 
of two neighbouring levels whose energies differ by 7.86 meV. The 
nuclei of the molecule are separated by the distance of 127.5 pm. 

6.169. Find tbe angular momentum of an oxygen molecule whose 
rotational energy is E — 2.16 meV and the distance between the 
nuclei is d — 121 pm. 

6.170. Show that the frequency intervals between the neighbour- 
ing spectral lines of a true rotational spectrum of a diatomic molecule 
are equal. Find the moment of inertia and the distance between the 
nuclei of a CH molecule if the intervals between the neighbouring 
lines of the true rotational spectrum of these molecules are equal to 
Aw = 5.47101? s-1 

6.171. For an HF molecule find the number of rotational levels 
located between the zeroth and first excited vibrational levels assum- 
ing rotational states to be independent of vibrational ones. The 
natural vibration frequency of this molecule is equal to 
7.79.101* rad/s, and the distance between the nuclei is 91.7 pm. 
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6.172. Evaluate how many lines there are in a true rotational 
spectrum of CO molecules whose natural vibration frequency is 

= 4.09.10" s-1 and moment of inertia J = 1.44-10-?? g.cm?. 

6.173. Find the number of rotational levels per unit energy inter- 
val, dN/dE, for a diatomic molecule as a function of rotational 
energy E. Calculate that magnitude for an iodine molecule in the 
state with rotational quantum number J = 10. The distance between 
the nuclei of that molecule is equal to 267 pm. 

6.174. Find the ratio of energies required to excite a diatomic 
molecule to the first vibrational and to the first rotational level. 
Calculate that ratio for the following molecules: 


Molecule o, 1014 s71 d, pm 
(a) H, 8.3 74 
(b) HI 4,35 160 
(c) I, 0 40 267 


Here w is the natural vibration frequency of a molecule, d is the 
distance between nuclei. 

6.175. The natural vibration frequency of a hydrogen molecule 
is equal to 8.25-10'4 s-1 , the distance between the nuclei is 74 pm. 
Find the ratio of the number of these molecules at the first excited 
vibrational level (v — 1) to the number of molecules at the first 
excited rotational level (J — 1) at a temperature T — 875 K. It 
should be remembered that the degeneracy of rotational levels is 
equal to 2J + 1. 

6.176. Derive Eq. (6.4c), making use of the Boltzmann distribu- 
tion. From Eq. (6.4c) obtain the expression for molar vibration 
heat capacity Cy „ia of diatomic gas. Calculate Cy ,;, for Cl, gas 
at the temperature 300 K. The natural vibration frequency of these 
molecules is equal to 1.064 - 1014 s- 1, 

6.177. In the middle of the rotation-vibration band of emission 
spectrum of HCl molecule, where the “zeroth” line is forbidden by 
the selection rules, the interval between neighbouring lines is Ao — 
=: 0.79.1093 s-t, Calculate the distance between the nuclei of an 
HCl molecule. 

6.178. Calculate the wavelengths of the red and violet satellites, 
closest to the fixed line, in the vibration spectrum of Raman scatter- 
ing by F, molecules if the incident light wavelength is equal to A, = 
— 404.7 nm and the natural vibration frequency of the molecule 
is œ = 2.15.1014 s-t, 

6.179. Find the natural vibration frequency and the quasielastic 
force coefficient of an S, molecule if the wavelengths of the red and 
violet satellites, closest to the fixed line, in the vibration spectrum 
‘of Raman scattering are equal to 346.6 and 330.0 nm. 

6.180. Find the ratio of intensities of the violet and red satellites, 
closest to the fixed line, in the vibration spectrum of Raman scatter- 
ing by Cl, molecules at a temperature 7 = 300 K if the natural 
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vibration frequency of these molecules is œ = 1.06-10!4 s-t, 
By what factor will this ratio change if the temperature is doubled? 
6.181. Consider the possible vibration modes in the following 


linear molecules: 
fa’ CO. (0 C-O (hy CH. (H. C. C. HÀ 


(UJ Mag QV Vj, AD). Moita (EE Odi. 

6.182. Find the number of natural transverse vibrations of a string 
of length Z in the frequency interval from o to o + dw if the propa- 
gation velocity of vibrations is equal to v. All vibrations are supposed 
to occur in one plane. 

6.183. There is a square membrane of area S. Find the number of 
natural vibrations perpendicular to its plane in the frequency interval 
from o to œ + do if the propagation velocity of vibrations is equal 
to v. 

6.184. Find the number of natural transverse vibrations of a right- 
angled parallelepiped of volume V in the frequency interval from 
w to o + dw if the propagation velocity of vibrations is equal to v. 

6.185. Assuming the propagation velocities of longitudinal and 
transverse vibrations to be the same and equal to v, find the Debye 
temperature 

(a) for a unidimensional crystal, i.e. a chain of identical atoms, 
incorporating n, atoms per unit length; 

(b) for a two-dimensional crystal, i.e. a plane square grid consist- 
ing of identical atoms, containing n, atoms per unit area; 

(c) for a simple cubic lattice consisting of identical atoms, con- 
taining n, atoms per unit volume. 

6.186. Calculate the Debye temperature for iron in which 


propagation velocities of longitudinal and transverse vibrations are 
equal to 5.85 and 3.23 km/s respectively. 

6.187. Evaluate the propagation velocity of acoustic vibrations 
in aluminium whose Debye temperature is O — 396 K. 

6.188. Derive the formula expressing molar heat capacity of 


a unidimensional crystal, a chain of identical atoms, as a function 
of temperature 7 if the Debye temperature of the chain is equal to Q. 


n Am et s V D wd Ao VARSA Moa, MÀ Aur Wi LLE Ame TA Co VA AS Ae NARS RA AR Mh 


Simplify the obtained expression for the case T > O. 

6.189. In a chain of identical atoms the vibration frequency o 
depends on wave number k as © = Omax Sin (ka/2), where Omux 
is the maximum vibration frequency, k = 2z/X is the wave number 
corresponding to frequency œ, a is the distance between neighbour- 
ing atoms. Making use of this dispersion relation, find the dependence 
of the number of longitudinal vibrations per unit frequency interval 
on W, i.e. aN/do, if the length of the chain is 1. Having obtained 
dN/do, find the total number N of possible longitudinal vibrations 
of the chain. 

6.190. Calculate the zero-point energy per one gram of copper 
whose Debye temperature is © = 330 K. 

6.191. Fig. 6.10 shows heat capacity of a crystal vs temperature 
in terms of the Debye theory. Here C,; is classical heat capacity, 
O is the Debye temperature. Using this plot, find: 
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(a) the Debye temperature for silver if at a temperature 7 — 65 K 
its molar heat capacity is equal to 15 J/(mol-K); 
(b) the molar heat capacity of aluminium at 7 — 80 K if at 
T = 250 K it is equal to 22.4 J/(mol-K); 
(c) the maximum vibration frequency for copper whose heat 
capacity at T — 125 K differs from the classical value by 2596. 
HT, 
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Fig. 6.10 
6.192. Demonstrate that molar heat capacity of a crystal at 
a temperature T < ©, where O is the Debye temperature, is defined 
by Eq. (6.4f) 


6.193. Can one consider the temperatures 20 and 30 K as low for 
a crystal whose heat capacities at these temperatures are equal 
to 0.226 and 0.760 J/(mol-K)? 

6.194. Calculate the mean zero-point energy per 
of a crystal in terms of the Debye theory if the Debye temperature 
of the crystal is equal to 9. 

6.195. Draw the vibration energy of a crystal as a function o 
frequency (neglecting the zero-point vibrations). Consider two cases: 
T = 0/2 and T = 0/4, where © is the Debye temperature. 

6.196. Evaluate the maximum values of energy and momentum 
of a phonon (acoustie quantum) in copper whose Debye temperature 
is equal to 330 K. 

6.197. Employing Eq. (6.4g), find at 7 = 0: 

(a) the maximum kinetic energy of free electrons in a metal if 
their concentration is equal to n; 

(b) the mean kinetic energy of free electrons if their maximum 
kinetic energy Tmax is known. 

6.198. What fraction (in per cent) of free electrons in a metal at 
T = 0 has a kinetic energy exceeding half the maximum energy? 

6.199. Find the number of free electrons per one sodium atom 
at T = O if the Fermi level is equal to Ey = 3.07 eV and the density 
of sodium is 0.97 g/cm?, 
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6.200. Up to what temperature has one to heat classical electronic 
gas to make the mean energy of its electrons equal to that of free 
electrons in copper at 7 — 0? Only one free electron is supposed to 
correspond to each copper atom. 

6.201. Calculate the interval (in eV units) between neighbouring 
levels of free electrons in a metal at T = Q0 near the Fermi level, 
if the concentration of free electrons is n = 2.0.10"? cm~? and the 
volume of the metal is V — 1.0 cm?. 

6.202. Making use of Eq. (6.4g), find at T = 0: 

(a) the velocity distribution of free electrons; 

(b) the ratio of the mean velocity of free electrons to their maxi- 
mum velocity. 

6.203. On the basis of Eq. (6.4g) find the number of free electrons 


matal at T = (|! aa a function nf do Braclhio wavelencthse 
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6.204. Calculate the electronic gas pressure in metallic sodium, 
at T — 0, in which the concentration of free electrons is n = 
= 2.5-1072 cm-?. Use the equation for the pressure of ideal gas. 

6.205. The increase in temperature of a cathode in electronic tube 
by AT = 1.0 K from the value 7 = 2000 K results in the increase 
of saturation current by m = 1.4%. Find the work function of 
electron for the material of the cathode. 

6.206. Find the refractive index of metallic sodium for electrons 
with kinetic energy 7 = 135 eV. Only one free electron is assumed 
to correspond to each sodium atom. 

6.207. Find the minimum energy of electron-hole pair formation 
in an impurity-free semiconductor whose electric conductance 
increases ņ = 5.0 times when the temperature increases from 7, = 
= 300 K to T, = 400 K. 

6.208. At very low temperatures the photoelectric threshold short 
wavelength in an impurity-free germanium is equal to Aj, = 1.7 pm. 
Find the temperature coefficient of resistance of this germanium 
sample at room temperature. 

6.209. Fig. 6.11 illustrates logarithmic electric conductance as 
a function of reciprocal temperature (7 in kK units) for some 


1 
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n-type semiconductor. Using this plot, find the width of the forbid- 
den band of the semiconductor and the activation energy of donor 
levels. 

6.210. The resistivity of an impurity-free semiconductor at room 
temperature is p = 50 Q-cm. It becomes equal to p, = 40 Q-cm 
when the semiconductor is illuminated with light, and £ — 8 ms 
after switching off the light source the resistivity becomes equal to 
p, = 45 Q-cm. Find the mean lifetime of conduction electrons and 
holes. 

6.211. In Hall effect measurements a plate of width k = 10 mm 
and length 7 = 50 mm made of p-type semiconductor was placed 
in a magnetic field with induction B = 5.0 kG. A potential differ- 
ence V = 10 V was applied across the edges of the plate. In this 
case the Hall field is Vg = 50 mV and resistivity 9 = 2.5 Q-cm. 
Find the concentration of holes and hole mobility. 

6.212. In Hall effect measurements in a magnetic field with 
induction B = 5.0 kG the transverse electric field strength in an 
impurity-free germanium turned out to be ņn = 10 times less than 
the longitudinal electric field strength. Find the difference in the 
mobilities of conduction electrons and holes in the given semicon- 
ductor. 

6.213. The Hall effect turned out to be not observable in a semi- 
conductor whose conduction electron mobility was yn = 2.0 times 
that of the hole mobility. Find the ratio of hole and conduction 
electron concentrations in that semiconductor. 


6.5. RADIOACTIVITY 
e Fundamental law of radioactive decay: 


N — Noe M. (6.52) 
e Relation between the decay constant A, the mean lifetime t, and the 
half-life 7: 
1 In 2 


e Specific activity is the activity of a unit mass of a radioisotope. 


6.214. Knowing the decay constant A of a nucleus, find: 

(a) the probability of decay of the nucleus during the time from 0 
to £; 

(b) the mean lifetime v of the nucleus. 

6.215. What fraction of the radioactive cobalt nuclei whose half- 
life is 71.3 days decays during a month? 

6.216. How many beta-particles are emitted during one hour by 
1.0 ug of Na** radionuclide whose half-life is 15 hours? 

6.217. To investigate the beta-decay of Mg?? radionuclide, a coun- 
ter was activated at the moment ? = 0. It registered N, beta-parti- 
cles by a moment 7, —2.0s, and by a moment £, = 37, the number 
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of registered beta-particles was 2.66 times greater. Find the mean 
lifetime of the given nuclei. 

6.218. The activity of a certain preparation decreases 2.5 times 
after 7.0 days. Find its half-life. 

6.219. At the initial moment the activity of a certain radionuclide 
totalled 650 particles per minute. What will be the activity of the 
preparation after half its half-life period? 

6.220. Find the decay constant and the mean lifetime of Co*® 
radionuclide if its activity is known to decrease 4.0% per hour. 
The decay product is nonradioactive. 

6.221. A U*® preparation of mass 1.0 g emits 1.24-10* alpha- 
particles per second. Find the half-life of this nuclide and the activity 
of the preparation. 


6.222. Determine the age of ancient wooden items if it is known 
that the specific activ vity o of C1* nuclide in them amounts to 3/9 of 
that in lately felled trees. The hal f-life of C'*^ nuclei is 5570 years. 


6.223. In a uranium ore the ratio of U?! nuclei to Pb? nuclei 
is  — 2.8. Evaluate the age of the ore, assuming all the lead Pb*?95 
to be a final decay product of the uranium series. The half-life of 
U*88 nuclei is 4.5- 10? years. 

6.224. Calculate the specific activities of Na?* and U? nuclides 
whose half-lifes are 15 hours and 7.1:10? years respectively. 

6.225. A small amount of solution containing Na?* radionuclide 
with activity A = 2.0-10? disintegrations per second was injected 
in the bloodstream of a man. The activity of 1 cm? of blood sample 
taken ¢ = 5.0 hours later turned out to be A’ = 46 disintegrations 
per minute per cm?. The half-life of the radionuclide is 7 — 15 hours. 
Find the volume of the man's blood. 

6.226. The specific activity of a preparation consisting of radio- 
active Co** and nonradioactive Co® is equal to 2.2-10'? dis/(s-g). 
The half-life of Co? is 71.3 days. Find the ratio of the mass of radio- 
active cobalt in that preparation to the total mass of the preparation 
(in per cent). 

6.227. A certain preparation includes two beta-active components 
with different half-lifes. The measurements resulted in the following 
dependence of the natural logarithm of preparation activity on 
time £ expressed in hours: 


t 0 1 2 3 9 7 10 14 20 
In A 4.10 3.60 3.10 2.60 2.06 1.82 1.60 1.32 0.90 


Find the half-lifes of both components and the ratio of radioactive 
nuclei of these components at the moment ¢ — 0. 

6.228. A P?? radionuclide with half-life T = 14.3 days is produced 
in a reactor at a constant rate g = 2.7-10? nuclei per second. How 
soon after the beginning of production of that radionuclide will its 
activity be equal to A = 1.0-10° dis/s? 

6.229. A radionuclide A, with decay constant A, transforms into 
a radionuclide A, with decay constant A Assuming that at the 
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initial moment the preparation contained only the radionuclide A,, 
find: 

(a) the equation describing accumulation of the radionuclide A, 
with time; 

(b) the time interval after which the activity of radionuclide A, 
reaches the maximum value. 

6.230. Solve the foregoing problem if 4, = A, = À. 

6.231. A radionuclide A, goes through the transformation chain 
A, +A, — A, (stable) with respective decay constants A, and Ag. 
Assuming that at the initial moment the preparation contained 
only the radionuclide A, equal in quantity to Nio nuclei, find the 
equation describing accumulation of the stable isotope A3. 

6.232. A Bi? radionuclide decays via the chain 


Bi210 —> po219 —- Ph206 (stable), 
As Ae 


where the decay constants are A, = 1.60.1079 st, Aa, = 
= 5.80-10-® s-'. Calculate alpha- and beta-activities of the Bi?! 
preparation of mass 1.00 mg a month after its manufacture. 

6.233. (a) What isotope is produced from the alpha-radioactive 
Ra? as a result of five alpha-disintegrations and four B--disintegra- 
tions? 

(b How many alpha- and f--decays does U*?? experience before 
turning finally into the stable Pb* isotope? 

6.234. A stationary Pb*°* nucleus emits an alpha-particle with 
kinetic energy Tą = 5.77 MeV. Find the recoil velocity of a daught- 
er nucleus. What fraction of the total energy liberated in this decay 
is accounted for by the recoil energy of the daughter nucleus? 

6.235. Find the amount of heat generated by 1.00 mg of a Po??? 
preparation during the mean lifetime period of these nuclei if the 
emitted alpha-particles are known to possess the kinetic energy 
29.9 MeV and practically all daughter nuclei are formed directly in 
the ground state. 

6.236. The alpha-decay of Po?!? nuclei (in the ground state) is 
accompanied by emission of two groups of alpha-particles with 
kinetic energies 5.30 and 4.50 MeV. Following the emission of these 
particles the daughter nuclei are found in the ground and excited 
states. Find the energy of gamma-quanta emitted by the excited 
nuclei. 

6.237. The mean path length of alpha-particles in air under 
standard conditions is defined by the formula R = 0.98-107?? v; cm, 
where v, (cm/s) is the initial velocity of an alpha-particle. Using 
this formula, find for an alpha-particle with initial kinetic energy 
7.0 MeV: 

(a) its mean path length; 

(b) the average number of ion pairs formed by the given alpha- 
particle over the whole path R as well as over its first half, assuming 
the ion pair formation energy to be equal to 34 eV. 
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6.238. Find the energy Q liberated in B-- and f*-decays and in 
K-capture if the masses of the parent atom M,, the daughter atom 
M , and an electron m are known. 

6.239. Taking the values of atomic masses from the tables, find 
the maximum kinetic energy of beta-particles emitted by Be! 
nuclei and the corresponding kinetic energy of recoiling daughter 
nuclei formed directly in the ground state. 

6.240. Evaluate the amount of heat produced during a day by 
a B--active Na? preparation of mass m = 1.0 mg. The beta-particles 
are assumed to possess an average kinetic energy equal to 1/3 of the 
highest possible energy of the given decay. The half-life of Na is 
T — 15 hours. 

6.241. Taking the values of atomic masses from the tables, calcu- 
late the kinetic energies of a positron and a neutrino emitted by C 
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nucleus for the case when the daughter nucleus does not 


recoil 
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6.242. Find the kinetic energy of the recoil nucleus in the positron- 
ic decay of a N” nucleus for the case when the energy of positrons 
is Maximum. 

6.243. From the tables of atomic masses determine the velocity 
of a nucleus appearing as a result of K-capture in a Be? atom provided 
the daughter nucleus turns out to be in the ground state. 

6.244. Passing down to the ground state, excited Ag? nuclei 
emit either gamma quanta with energy 87 keV or K conversion 
electrons whose binding energy is 26 keV. Find the velocity of these 
electrons. 

0.249. A free stationary Ir' nucleus with excitation energy 
E — 129 keV passes to the ground state, emitting a gamma quan- 
tum. Calculate the fractional change of gamma quanta energy due 
to recoil of the nucleus. 

6.246. What must be the relative velocity of a source and an 
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absorber consisting of free Ir!?! nuclei to observe the maximum absorp- 
tion of gamma quanta with energy e = 129 keV? 

0.241. A source of gamma quanta is placed at a height k = 20 m 
above an absorber. With what velocity should the source be displaced 
upward to counterbalance completely the gravitational variation 
of gamma quanta energy due to the Earth’s gravity at the point 
where the absorber is located? 

6.248. What is the minimum height to which a gamma quanta 
source containing excited Zn® nuclei has to be raised for the gravi- 
tational displacement of the Méssbauer line to exceed the line width 
itself, when registered on the Earth’s surface? The registered gamma 
quanta are known to have an energy e = 93 keV and appear on 
transition of Zn® nuclei to the ground state, and the mean lifetime 
of the excited state is t = 14 ps. 
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6.6. NUCLEAR REACTIONS 


e Binding energy of a nucleus: 
I E : "nn FF na C Pa 
E, = 4my t+ (A — 4) my, — 1H, (5. 6a) 
where Z is the charge of the nucleus (in units of e), A is the mass number, my, 
m,, and M are the masses of a hydrogen atom, a neutron, and an atom corres 


ponding to the given nucleus. 
In calculations the following formula is more convenient to use: 


Ep = ZAg + (A —Z)An— A, (6.6b) 


where Ag. An, and A are the mass surpluses of a hydrogen atom, a neutron, 


and an atom corresponding to the given nucleus. 
e Energy diagram of a nuclear reaction 


Mu» M*¥ +m’ +t M'--Q (6.6c) 
F. [| * L3 F 


¥t + iy cec = He 1 FLA! 


is illustrated in Fig. 6.12, where m+- M and m' -+ M’ are the sums of rest masses 
of particles before and after the reaction, T and T’ are the total kinetic ener- 
gies of particles before and after the reaction 
(in the frame of the centre of inertia), E* is 
the excitation energy of the transitional 
nucleus, Q is the energy of the reaction, E 
and Æ’ are the binding energies of the par- 
ticles m and m’ in the transitional nucleus, 
7, 2, 3 are the energy levels of the transi- 
tional nucleus. 

e Threshold (minimum) kinetic energy 


fonna Iannnv€ainm nantinla at which an andnar- 
OF an incoming partitio uv wise UA wees 
gic nuclear reaction 
=m L AT 
Tn=— — 101 (6.6d) 


becomes possible; here m and M are the 
masses of the incoming particle and the 
target nucleus. 
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scattered elastically by an initially stationary Li® nucleus. Find 
the kinetic energy of the recoil nucleus if the angle of divergence 
of the two particles is 9 = 60°. 

6.250. A neutron collides elastically with an initially stationary 
deuteron. Find the fraction of the kinetic energy lost by the neutron 

(a) in a head-on collision; 

(b) in scattering at right angles. 

6.251. Find the greatest possible angle through which a deuteron 
is scattered as a result of elastic collision with an initially stationary 
proton. ] E 
— 6.252. Assuming the radius of a nucleus to be equal to & = 
= 0.13 / A pm, where A is its mass number, evaluate the density 
of nuclei and the number of nucleons per unit volume of the nucleus. 

6.253. Write missing symbols, denoted by z, in the following 
nuclear reactions: 

(a) Bl (x, a) Be*; 
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(b) OY (d, n) z; 

(c) Na? (p, x) Ne?*: 

(d) x (p, n) Ar". 

6.254. Demonstrate that the binding energy of a nucleus with 
mass number A and charge Z can be found from Eq. (6.6b). 

6.255. Find the binding energy of a nucleus consisting of equal 
numbers of protons and neutrons and having the radius one and a half 
times smaller than that of AI?" nucleus. 

6.256. Making use of the tables of atomic masses, find: 

(a) the mean binding energy per one nucleon in O!$ nucleus; 

(b) the binding energy of a neutron and an alpha-particle in 
a B}! nucleus; 

(c) the energy required for separation of an O!6 nucleus into four 
identical particles. 

6.257. Find the difference in binding energies of 
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6.258. Find the energy required for separation of a Ne?’ nucleus 
into two alpha-particles and a C'? nucleus if it is known that the 
binding energies per one nucleon in Ne??, Het, and C? nuclei are 
equal to 8.03, 7.07, and 7.68 MeV respectively. 

6.259. Calculate in atomic mass units the mass of 

(a) a Li? atom whose nucleus has the binding energy 41.3 MeV; 

(b) a C!? nucleus whose binding energy per nucleon is equal to 
6.04 MeV. 

6.260. The nuclei involved in the nuclear reaction A, + A, > 
—- AÁ; + A, have the binding energies E}, Ez, E4, and E,. Find the 
energy of this reaction. 

6.261. Assuming that the splitting of a U? nucleus liberates the 
energy of 200 MeV, find: 

(a) the energy liberated in the fission of one kilogram of U*?95 
isotope, and the mass of coal with calorific value of 30 kJ/g which 
is equivalent to that for one kg of U?35; 

(b) the mass of U? isotope split during the explosion of the atomic 
bomb with 30 kt trotyl equivalent if the calorific value of trotyl 
is 4.1 kJ/g. 

6.262. What amount of heat is liberated during the formation of 
one gram of He* from deuterium H?? What mass of coal with calo- 
rific value of 30 kJ/g is thermally equivalent to the magnitude 
obtained? 

6.263. Taking the values of atomic masses from the tables, calcu- 
late the energy per nucleon which is liberated in the nuclear reaction 
Li? + H? -> 2He*. Compare the obtained magnitude with the energy 
per nucleon liberated in the fission of U*?* nucleus. 

6.264. Find the energy of the reaction Li? + p — 2He* if the 
binding energies per nucleon in Li? and He* nuclei are known to b 
equal to 5.60 and 7.06 MeV respectively. 

6.265. Find the energy of the reaction N" (a, p) O! if the kinetic 
energy of the incoming alpha-particle is 7, — 4.0 MeV and the 
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proton outgoing at an angle 0 = 60° to the motion direction of the 
alpha-particle has a kinetic energy 7p = 2.09 MeV. 

6.266. Making use of the tables of atomic masses, determine the 
energies of the following reactions: 

(a) Li? (p, n) Bef; 

(b) Be?’ (n, y) Be'*; 

(c) Li? (a, n) BM; 

(d) O" (d, a) NU. 

6.267. Making use of the tables of atomic masses, find the velocity 
with which the products of the reaction B!? (n, a) Li’ come apart; 
the reaction proceeds via interaction of very slow neutrons with 
stationary boron nuclei. 

6.268. Protons striking a stationary lithium target activate 
a reaction Li? (p, n) Be’. At what value of the proton's kinetic 
energy can the resulting neutron be stationary? 

A 950 An alnha nmnartinlo with kinatia onorrv T— 5.2 MaV 


Vr. mU. £415 ALPHA pet CIVIU YY LULL ALILI CULU ULEULE Y E —— Usi LL TY 
initiates a nuclear reaction Be? (a, n) C'* with energy yield Q = 
= -F5.7 MeV. Find the kinetic energy of the neutron outgoing at 
right angles to the motion direction of the alpha-particle. 

6.270. Protons with kinetic energy T — 1.0 MeV striking a lith- 
ium target induce a nuclear reaction p + Li’ — 2He*. Find the 
kinetic energy of each alpha-particle and the angle of their divergence 
provided their motion directions are symmetrical with respect to 
that of incoming protons. 

6.271. A particle of mass m strikes a stationary nucleus of mass M 
and activates an endoergic reaction. Demonstrate that the threshold 
(minimal) kinetic energy required to initiate this reaction is defined 
by Eq. (6.6d). 

6.272. What kinetic energy must a proton possess to split a deuter- 
on H? whose binding energy is Ey = 2.2 MeV? 

6.273. The irradiation of lithium and beryllium targets by a 
monoergic stream of protons reveals that the reaction Li'(p, n)Be' — 
— 1.65 MeV is initiated whereas the reaction Be*(p, n)B* — 1.80 MeV 
does not take place. Find the possible values of kinetic energy of 
the protons. 

6.274. To activate the reaction (n, œ) with stationary B} nuclei, 
neutrons must have the threshold kinetic energy Tip = 4.0 MeV. 
Find the energy of this reaction. 

6.275. Calculate the threshold kinetic energies of protons required 
to activate the reactions (p, n) and (p, d) with Li’ nuclei. 

6.276. Using the tabular values of atomic masses, find the thresh- 
old kinetic energy of an alpha particle required to activate the 
nuclear reaction Li? (a, n) BY. What is the velocity of the B!? 
nucleus in this case? 

6.277. A neutron with kinetic energy 7 = 10 MeV activates 
a nuclear reaction CP? (n, a) Be? whose threshold is Tin = 6.17 MeV. 
Find the kinetic energy of the alpha-particles outgoing at right 
angles to the incoming neutrons' direction. 
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6.278. How much, in per cent, does the threshold energy of gam- 
ma quantum exceed the binding energy of a deuteron (E, = 2.2 MeV) 
in the reaction y + H? +n + p? 

6.279. A proton with kinetic energy T = 1.5 MeV is captured 
by a deuteron H?. Find the excitation energy of the formed nucleus. 

6.280. The yield of the nuclear reaction CP(d, n)N** has maximum 
magnitudes at the following values of kinetic energy T; of bombard- 
ing deuterons: 0.60, 0.90, 1.55, and 1.80 MeV. Making use of the 
table of atomic masses, find the corresponding energy levels of the 
transitional nucleus through which this reaction proceeds. 

6.281. A narrow beam of thermal neutrons is attenuated y = 
— 360 times after passing through a cadmium plate of thickness 

= (0.50 mm. Determine the effective cross-section of interaction 
ese neutrons with cadmium nuclei. 
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6.282. Determine how many times the intensity of a narrow beam 
of thermal neutrons will decrease after passing through the heavy 
water layer of thickness d = 5.0 cm. The effective cross-sections of 
interaction of deuterium and oxygen nuclei with thermal neutrons 
are equal to o, = 7.0 b and o, = 4.2 b respectively. 

6.283. A narrow beam of thermal neutrons passes through a plate 
of iron whose absorption and scattering effective cross-sections are 
equal to o, = 2.5 b and o, = 11 b respectively. Find the fraction 
of neutrons quitting the beam due to scattering if the thickness of 
the plate is d — 0.50 cm. 

6.284. The yield of a nuclear reaction producing radionuclides 
may be described in two ways: either by the ratio w of the number 
of nuclear reactions to the number of bombarding particles, or by 
the quantity k, the ratio of the activity of the formed radionuclide 
to the number of bombarding particles, Find: 

(a) the half-life of the formed radionuclide, assuming w and k 
to be known: 

(b) the yield w of the reaction Li'(p, n)Be* if after irradiation of 
a lithium target by a beam of protons (over t = 2.0 hours and with 
beam current J = 10 wA) the activity of Be? became equal to A = 
— 1.35.10? dis/s and its half-life to 7 — 53 days. 

6.285. Thermal neutrons íall normally on the surface of a thin 
gold foil consisting of stable Au? nuclide. The neutron flux density 
is J = 1.0-10!* part./(s-cm?). The mass of the foil is m = 10 mg. 
The neutron capture produces beta-active Au’ nuclei with half-life 
T — 2.7 days. The effective capture cross-section is o = 98 b. 
Find: 

(a) the irradiation time after which the number of Aul? nuclei 
decreases by n = 1.0%; 

(b) the maximum number of Au? nuclei that can be formed dur- 
ing protracted irradiation. 

6.286. A thin foil of certain stable isotope is irradiated by thermal 
neutrons falling normally on its surface. Due to the capture of 
neutrons a radionuclide with decay constant À appears. Find the law 
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describing accumulation of that radionuclide N (t) per unit area 
of the foil's surface. The neutron flux density is J, the number of 
nuclei per unit area of the foil's surface is n, and the effective cross- 
section oi Iormation of active nuclei is ø. 

6.287. A gold foil of mass m = 0.20 g was irradiated during 
t = 6.0 hours by a thermal neutron flux falling normally on its 
surface. Following v — 12 hours after the completion of irradiation 
the activity of the foil became equal to A = 1.9.10? dis/s. Find 
the neutron flux density if the effective cross-section of formation 
of a radioactive nucleus is o — 96 b, and the half-life is equal 
to T — 2.7 days. 

6.288. How many neutrons are there in the hundredth generation 


if the fission process starts with Ny» = 1000 neutrons and takes 
place in a medium with multiplication canstant b — 4.05? 


th multiplication constant k = 
6.289. Find the number of neutrons generated per unit time in 
a uranium reactor whose thermal power is P = 100 MW if the 
average number of neutrons liberated in each nuclear splitting is 
v = 2.9. Lach splitting is assumed to release an = 
o0 MeV. p g ase an energy E 
6.290. In a thermal reactor the mean lifetime of one generation 
of thermal neutrons is + = 0.10 s. Assuming the multiplication 
constant to be equal to k = 1.010, find: 
(a) how many times the number of neutrons in the reactor, and 
consequently its power, will increase over t = 1.0 min; 
_ (5) the period 7 of the reactor, i.e. the time period over which 
1tS power increases e-fold. 


6.7, ELEMENTARY PARTICLES 


e Total energy and momentum of a relativistic particle: 


D — mar? d 3A TGAN 3. 5 5 
i£ = mof -+ T, pes V4 (14 + Zmgc?), (6.7a) 
where T is the kinetic enarmv pf the aa-tizla 
CG Hae Visa in ve Lut par waits . 
e When examining collisions of particles it pays to use the invariant: 


E3— pic? = mjet, (6.7b) 
where E and p are the total energy and the total momentum of th i 
to collision, mg is the rest mass of the formed particle. e system prior 


e Threshold (minimal) kinetic energy of a particle m striki i 
l cing a stationa 
particle M and activating the endoergic reaction m + M >m 1 ine T bi 


T= Cb y (mM e2, (6.7c) 


Where m, M, Mi, Ma, . . . are the rest masses of the respective particles. 
e Quantum numbers classifying elementary particles: 
Q, electric charge, 
L, lepton charge, 
B, baryon charge, 
T, isotopic spin, T, its projection, 
S, strangeness, S = 2000 — B, 
Y, hypercharge, Y = B 4 S. 
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e Relation between quantum numbers of strongly interacting particles: 


Q-T Fanta. (6-78) 
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ons of particles aws of conservation of the Q, L and 


the laws 
he laws of conservation of $ (or Y), T, and 
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B charges. In strong interaction 
its projection T, are also valid. 


6.291. Calculate the kinetic energies of protons whose momenta 


proper lifetime of these pions. Oo 
— 6.294. There is a narrow beam of negative pions with kinetic 
energy T equal to the rest energy of these particles. Find the ratio 
of fluxes at the sections of the beam separated by a distance | = 
= 20 m. The proper mean lifetime of these pions is v, = 25.5 ns. 

6.295. A stationary positive pion disintegrated into a muon and 
a neutrino. Find the kinetic energy of the muon and the energy of 
the neutrino. 

6.296. Find the kinetic energy of a neutron emerging as a result 
of the decay of a stationary E^ hyperon (D~ —n + n7). 


6.297. A stationary positive muon disintegrated into a positron 
and tern nantinne Bind tha wraataet naeahle kinatic anarev nf the 
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positron. 

6.298. A stationary neutral particle disintegrated into a proton 
with kinetic energy 7 — 5.3 MeV and a negative pion. Find the 
mass of that particle. What is its name? 

6.299. A negative pion with kinetic energy 7 — 50 MeV disinteg- 
rated during its flight into a muon and a neutrino. Find the energy 
of the neutrino outgoi i to the pion’s motion direc- 
tion. 

6.300. A Z* hyperon with kinetic energy Tz = 320 MeV disinteg- 
rated during its flight into a neutral particle and a positive pion 
outgoing with kinetic energy Ta = 42 MeV at right angles to the 
hyperon's motion direction. Find the rest mass of the neutral particle 
(in MeV units). 

6.301. A neutral pion disintegrated during its flight into two 
gamma quanta with equal energies. The angle of divergence of 
gamma quanta is © = 60°. Find the kinetic energy of the pion and of 
each gamma quantum. 

6.302. A relativistic particle with rest mass m collides with 
a stationary particle of mass M and activates a reaction leading to 
formation of new particles: m + M — m, + m, +.. ., where the 
rest masses of newly formed particles are written on the right-hand 
side. Making use of the invariance of the quantity E? — p*c?, dem- 
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onstrate that the threshold kinetic energy of the particle m required 
for this reaction is defined by Eq. (6.7c). 

6.303. A positron with kinetic energy T = 750 keV strikes a sta- 
tionary free electron. As a result of annihilation, two gamma quanta 
with equal energies appear. Find the angle of divergence between 
them. 

6.304. Find the threshold energy of gamma quantum required 
to form 

(a) an electron-positron pair in the field of a stationary electron; 

(b) a pair of pions of opposite signs in the field of a stationary 
proton. 

6.305. Protons with kinetic energy T strike a stationary hydrogen 
target. Find the threshold values of T for the following reactions: 


~. n T on | wn | wd 
(a) p + p—>pt+p+pt+p; )pt+tpoptpto, 


6.306. A hydrogen target is bombarded by pions. Calculate the 
threshold values of kinetic energies of these pions making possible 
the following reactions: 


(a) t^ + p — K* + 2; (b) n? 4+ p — K* 4- A*. 

6.307. Find the strangeness $ and the hypercharge Y of a neutral 
elementary particle whose isotopic spin projection is 7, — 4-1/2 
and baryon charge B = +4. What particle is this? 

6.308. Which of the following processes are forbidden by the law 
of conservation of lepton charge: 

(1) n —p--e7 +v: (4) p+ e >n +v; 

(2) m+ —u* +e + et; (5) pt —e* + vov 

(3) 17 +p + v; (0 K- —yu- + v? 

6.309. Which of the following processes are forbidden by the law 
of conservation of strangeness: 


(1) 17 + p—+Z- + Kt: (4) n + p> A® + St; 
(2) T + p —> 2t + K5; (5) n -+ n -8 + K++ K5; 
(3) n7 +p — K*-- K--- n; (6) KK E p —Q- + K* 4- K*? 
6.310. Indicate the reasons why the following processes are for- 
bidden: 


(1) Z- — A? + 37; (4) n -+ p — X* + AS 
(2) uw” + p — Kt + K5; (5) x7 — u^ + et +e; 
(3) K- + n +Q- + K* + K$; (6) wo — e7 + ve + vy. 


1.1. v = 1/2t = 3.0 km per hour. 

1.2. (v) = 2v, (v, + v, (us + vi + va). 

1.3. At=tV1—4(v)/wt=15 s. 

1.4. (a) 10 cm/s; (b) 25 cm/s; (c) ty = 16 s. 

1.5. (r4 — ry)/} ry — rol = (v, — vill Ve — Vi |. 

1.6. v' = Vv?+ v? + wy cos p œ 40 km per hour, g’ = 19°. 
p 

1.7. “= Lay EI 8-0 km per hour. 

1.8. ta/tg=—wW/V wy? —1 — 1.8. 

1.9. 0 — arcsin (1/n) + 1/2 = 120*. 

1.10. 1— vg; V 2(1 —sin 0) = 22 m. 


1.11. 1 = (v, +v) V vyvo/g=2.5 m. 

1.12. ¢ = 2a/3v. 

1.13. It is seen from Fig. 1a that the points A and B converge 
with velocity v — u cos «, where the angle « varies with time. The 
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Fig. 1. 


points merge provided the following two conditions are met: 
T T 
| (v — u cosa) dt =l, | vcosa at — us, 
0 0 
where + is the sought time. It follows from these two equations that. 
t = vl/(v* — u’). 
1.14. z, — z, = l — wr (t + 1/2) = 0.24 km. Toward the train 
with velocity V = 4.0 m/s. 
1.15. (a) 0.7 s; (b) 0.7 and 1.3 m respectively. 
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1.16. tm ete Imin AGES am 

1.17. CD — UV v? — 4. 

1.18. See Fig. 10. 

1.19. (a) (v) = xR/x = 50 cm/s; (b) Iv) = 2R/« = 32 
(c) (w| = ?nR/3* = 10 cm/s’. 

1.20.. (a) v = a(1 — 2at), w = —2aa = const; (b) At = 1/a, 
s = a/2a. 

1.21. (a) z= v (1 —t/2T), x =0.24, 0 and — 4.0 m; 

(14—t/2t) Vvo for txv, 

(b) 1.1, 9 and 11 s; (c) zl 
24 and 34 cm respectively. 

1.22. (a) v — a?t/2, w—a2/2; (b) ()-al s/92. 


1.23. (a) s= (?/sa) vj; (b) t-2y vya. 


1.24. (a) y= — 2b/a2- (b v=ai—2btj, w= —2bj v= 
= V a+ ADR, w= 2b: (c) tan a=a/2bi; (d) (vy) ai —btj, Kvil = 
-Va-»a. 


1.25. (a) y—z—z?aía; (b v-—ay1-4-(1—2at)?, w=2aa= 
= const; (c) t= 1/a. 

1.26. (a) s=awt: (b)n/2. 

1.27. v — V (1 4+. a2) w/2b. 

1.28. (a) r = vot + gt?/2; (b) (v) = 
= vo + gt/2, (v) = Vo — g (vog)/g?. 

1.29. (a) + = 2 (vy/g) sin q; 
b) k= (v2/2g) sin? a, l = (v?/g)sin 2a, 
a = 76°; 
(c) y = xz tan a — (g/2v? cos? a) z*; 
(d) Ry = vi/g cosa, R, = (vi/g) cos? a 

1. 30. See Fig. 2. 

1.31. 1 = 8h sin a. 

1.32. 0.41 or 0.71 min later 


_ Wo sin (0, — 0,) 
1.33. At = z $088, + cos 8, T11 S. 


1.34. (a) z-—(a/2v)y*; (b) w-av w.-ayly14- (ay/vg)? 
Wa = avy/ V 1 3- (ayfvy)*. 

1.35. (a) y = (b/2a) 2: (b R = viw, = v/V w — w = 
= (a/b) [1 + (zb/ay2]?^?. 

1.36. v= Y 2az. 


4 27 w-—aV1--(&nn?-—0.8 uu" 

isois W Gy iT Saf" = U.O m/s4. 

1.38. (a) v = va/(1 + Vva/R) = ve-R; (b)w—y?2 v?/ Re2s/R = 
= V 2v?/R. 


1.39. tana = 2s/R. 

1.40. (a) Wy = a?o?/R = 2.6 m/s?, w, = aw? = 3.2 m/s?; (b) Wmin = 
=40? V 1—(R/2a)?=2.5 m/s2, Ly» = +a V1 — R2/2g2— + 0.37 m. 
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[t 4- (1— t/T)?] vy£/2. for tot. 


1.44. R=a3/2bs, w=a V 1 -+ (4bs?/a3)?2. 
1.42. (a) w = 2av?*, R = t/,a; (b) w = bv?/a*, R 


a“, = 
1.43. v = 2Ro = 0.40 m/s, w = 4Ro? = 0.32 m s?, 


1.44. w= (v/t) VÀ + 4t =0.7 m/s?. 

1.45. wo = 2nnv/l =2.0-103 rad/s. 

1.46. (a) (w)=2a/3=4 rad/s, (f)— V 3ab — 6 rad/s?; (b) B= 
=2Y 3ab = 12 rad/s?, 


1.47. t=% (Aa) tana =7 s. 
1.48. mu = 09/3. 
1.49. (a) p = (1 — e) w/a; (b) e = @,e =. 
1.50. o, — -- V 2f, sing, see Fig. 3. 
1.51. (a) y —v?/Bx (hyperbola); (b) y= V2wz/ao (para 
1.52. (a) w4 = v*/R == 2.0 m/s?, the 
vector w4 is permanently directed to the ^ 
centre of the wheel; (b) s = 8R = 4.0 m. 
1.53. (a) v4 —2wt-— 10.0 cm/s, vg— 
2wi=7.1 cm/s, v,—0; (b wą = 
=2w V1 + (wi?/2R)2=5.6 cem/s?, W p= 
—wY14-(1—w/Ry —2.5 cm/s?, wo= 
= wt?/R=2.5 cm/s? 
1.54. Ra=4r, Rg=2)2r. 
1.55. œ = V oF +07=5 rad/s, f—0,0,— 
1.58. (a) o =a "Zi L (btla? — / 
—1.3 rad/s^; (b) 17°. 
1.57. (a) o —v/R cosa =2.3 rad/s, 60°; (b)p-(v/Rytana- 
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= 2.3 rad/s? 
=0.2 rad/s?. 
1.59. Am — 2mwi (g + w). 
6 — tig — k (m4 4- ma) E (1 +k) Mo 
1.60. w= myt m4 +m e T= mo F mi ma 28° 
1.61. (a) F= Eaua So (py tan amin = em eme 
, min ~~ m4 + ma . 


mı- ms 
1.62. k = [(r? — Ay (m 4- 1)] tan a = 0.16. 
1.63. (a) m,/m, > sim & 4. k cos ar (b) m/m, < sin a — k cos q; 
(c) sina — k cosa < m,m, «sin a + k cos a. 
1.64. W, = g (n — sin a — k cos a)/(n + 1) = 0.05 g. 
(m 


1.65. When t< to, the accelerations W, = W; = at/ m, +m) 
= = kgm, Coy -+ m,)/am. doe Fig. 4. 


1.66. tan 2a = —1/k, a = 495; tmin = 1.0 s. 
1.67. tanB=k; Tmin —mg (sin a + kcosa)/ V TFF. 


mg?’ cosa | __ m?g? cos a 
1.68. (a) v= Ja sinia ? (b) s= ga? sinia " 


1.69. v= y (2g/3a) sina. 
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1.70. t= V 21/(3w 4- kg). 
0 n41— ms) $+ 2mgwo 
1.71. © v= me ; 
mm 
(b) F= En (g — Wo). 
1.72. w= 2g (2n — sina)/(4q- 1). 
_, Ámymg + mo (m,— ma) 
1.73. Wi ám,ms + mo (m + mg) 9' 
1.74. Fir = 2imM/(M — m) t. 
1.75. t— V 21(4+ g/3g (2 — 0) — 1.4 s. 
1.76. H = 6hn /(n + 4) = 0.6 m. 


Fa mM,y-—m 
w/m 2 


1 m.m, 8 Wo): 


lU f Aer, 
| lp " 
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| 
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a ta Z 
Fig. 4. Fig. 5. 
1.77. wa = g(1 + yn cot? a), Wg = g/(tan a + » cot a). 
1.78. w = g V 2/(2+k+ M im). 
1.79. Wmin = g(4 — ky + k). 
1.80. Wmax = g (1 + k cot a)/(cot a — k). 
1.81. w = g sin a cos a/(sin’a + m,/m,). 
UT M +-2m (1— cos a) * 
1.83. (a) KE) =2 V 2 mv?/nR; (b) (E) = mu. 
1.84. 2.1, 0.7 and 1.5 kN. 


1.85. (a) w—gV1--3cos20, T —3mgcos0; 
(b T=mg V3; (c) cos0—1/V3, 0—54.7*. 

1.86. œ 53°. 

1.87. 0—arccos (2/3) zz 48, v—y 2¢R/3. 

1.88. e = 1/(x/me? — 1). Is independent of the rotation di- 
rection. 

1.89. r= R/2, Vmas= 1/5 V kgR. 

1.90. s = 1^, RV (kg/w,)?—1=60 m. 

1.91. v <a Y kgla. 

1.92. T = (cot 0 + w?R/g) mg/2n. 

1.93. (a) Let us examine a small element of the thread in contact 
with the pulley (Fig. 5). Since the element is weightless, dT = 
= GF, = kdF, and dF, = T da. Hence, dT/T = k da. Integrat- 
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ing this equation, we obtain k = (In y9)/a; (b) w = g(n— ny)/(n - n). 
1.94. F = (mv?/R) cos? a. 


1.95. F= —mw?r, where r is the radius vector of the particle 


l 
i 
i 
I 
| 
j 
l 
l 


relative to the origin of coordinates; 
F=mw?V 22+ y?. 3 
1.96. (a) Ap = mgt; (b) | Ap| = 
= —2m(v yg)/g. 
1.97. (a) p = at?/6; (b) s 


| 


1.98. s = (ot — sin wt) Fymo?, 


1.99. t= m/w; s = 2F ymo; 


1.100. (a) v =v Em, i— oo; 
—1 
=. (c) W) = Vn uh . 
r X Fr VW "| in y 


1.101. t= Że) 


vov lna (vg/v) ! 
1.102. s = i tana, Umax = V £ sinatana, 


instruction, To reduce the equation to the form which is convenient 
to integrate, the acceleration must be represented as dv/dt and then 
a change of variables made according to the formula dt = dz/v. 

1.103. s = t/s a (t — t)93/m, where t£, = kmg/a is the moment 


of time at which the motion starts. At t < £y the distance is s = Q. 

1.104. v' =v,/V 1 -F kv?/mg. 

1.105. (a) v = (2F/mo) | sin (o£/2); (b) As=8Fimw?, (v) = 
= 4F/nmo. 

1.106. v = v,/(1 + cos q). Instruction. Here w, = —w,, and 
therefore v = —v, + const. From the initial condition it follows 


that const = vy. Besides, v, = v COS Q. 

1.107. w = [i — cos (I/R)] Rg/l. 
ISB (Ww a _2+nV5 + m? 
9; (D) 00899 = "Bü Ew ^" 


i 


1.108. (a) v= V 2gR/ 
= W,/g, 9, 17°. 

1.109. For n <1, including negative values. 

1.110. When œR > g, there are two steady equilibrium posi- 
tions: 0, = 0 and 0, = arccos (g/o?R). When w?R <g, there is 
only one equilibrium position: 0, = 0. As long as there is only one 
lower equilibrium position, it is steady. Whenever the second equi- 
librium position appears (which is permanently steady) the lower 
one becomes unsteady. 

1.111. k zz (os?/v) sin p=7 cm, where œ is the angular veloc- 
ity of the Earth's rotation. 


1.112. F—my 22+ er? + (2v'9)? « 8 N. 
1.413. Foor = 2mo?r V 1 + (v/or)* = 9.8 N. 


where n= 


1.114. 
1.115. 
—17 N. 
1.116. 


(a) w'-—o?R: (b) Fi, — mor V (2R/r? —4. 
F,—mo?R y 5/9=8 N, Fa,—?/,me*R V 5--8g/392R = 


(a) F = 2mvo sin g = 3.8 kN, on the right rail; (b) 


along the parallel from the east to the west with the velocity v — 


1 
= -> of cos q zv 


2 


420 km per hour. Here œ is the angular rotation 


velocity of the Earth about its axis, R is its radius. 


1.117. 


Will deviate to the east by the distance zz 


~ oh V 2^/g —24 cm. Here o is the angular velocity of the 
Earth's rotation about its axis. 


1.118. 
1.119. 


1.120. 
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helaie 


1.122. 
1.123. 
1.124. 
1.125. 
1.126. 


1.127. 


1. 129. 


where k = kjk,/(k, + k,). 


1.130. 


— mg/2a. 


1. al. 


(b) Fmax = 59/27a?, see Fig. 7. 


1.132. 


whose ratio of semiaxes is a/b= 


=V Bla: 
alb = B/a. 
1.133. 
1.134. 
1.135. 


1.136. 


1.137. 
1.138. 


1.139. 


1.140. 
1.141. 


1.142. 
1.143. 
1.145. 


P 
(a) (P) = —kmgv,2 = 
A 


= F (r, — rj) = —17 J. 
= ma*t?/8. 

== 2as V4 + (s/R)2, 

== mg (k + NS 

= —kmgl/(1 — k cot a) = —0.05 J 

in = (m, + m,/2) kg. 

(1 — n) qyngl/2 = —1.3 J. 

0, P = mg (gt — v, sin a). 

= mRat. (P) = mRat/2. 

—2 W; (b) Pmax = —!/muy ag. 


= 1/mo? (r; — r?) = 
A min = 1/,k(Al)?, 


A a y a t 


A= 3mg/4a, AU = 
(a) ro = 2a/b, steady; 


(a) No; (b) ellipses 


also ellipses hat wit ith 


The latter field is potential. 
s = v?/2g (sina + k cos a), A = —mv7k/2(k + tan a). 
h= H/2; Smax = H. 
p= 2/3 V gh/3. 
Umin = V 9gl; 
i= Lv R. 
Al= (1+ V 1+ 2kl/mg) mg/k. 
v= Vy 19g1,/32 =1.7 m/s. 

— “rgh 1— cos 0 
A= (sin 6-1 k cos 6) cos 0 = 0.09 J. 
A= xen (4 -+ 4)/2(1 — n}, where y = mo?/x. 
We = g (mi — m,)*/(m, + m,)?. 
r = (g/w*) tan 0 = 0.8 cm, T = mg/cos 0 = 5 N. 


T —3mg. 


1.146. (a) F;,— mg [sinc + (w?l/g) ccsa] = 
« V g(k—tan a)/l(1 + ktan a) —2 rad/s. 

1.147. (a) V = (mv: +m oVa)/ (m, + ms); (b) T= Lt (Vy — 
— v,)?/2, where p = mm, (m, + mo). 

1.148. E = E + mV3/9. 

1.149. E = p (v? + v})/2, where p = mym,/(m, + m,). 

1.150. p = p, + mgt, where p; = mv, + m,v,, m = m; + mg; 
To = Vot + gt?/2, where Vo = (mv; + m,v,)/ (m, + my). 

1.151. vo = xy um,/(m, + m,). 

1.152. (a) Lmax = ho + Fix, (b) lmaz = h + 
-+ 2m,F/x% (m, + m,), 

1.153. (a) Al > MU (b) h = = (1 + xAl/mg)? mgi8u = = 8mg/x. 

1.154. v, = —mv/(M — m), v, = Mv/(M — m). 


1.155. Vrear = Yo — vot mei su. 
m (2M -}-3m) 


(b) o< 


Lmin = lo; 


XlZu Vjorm = 
2m 


1.156. (1) v= Mim uj (2) V, = — TF LMF u, 
V/v, — 1 -- m/2(M +m) 7 1. 

1.158. Ap=mY 2gh (n4-1)/(n—1) —0.2 kg-m/s. 

1159. (a) I= —J45— 15. (b) F=- 


1.160. 1 = mI'/2M. 
.T=(p cosa— M V 2gl sin a)/Mg sina. 


1.162. (a) v — (2M/m) V gl sin(0/2; (b) nr i—m/M 

1.163. k = Mv?/2g (M + m). 

1.164. (1) A = —pgh, where p = mM/(m + M); (2) Yes 

1.166. v = 1.0i + 2.04 — 4.0k, v zz 4.6 m/s. 

1.167. AT = —p (v1 — v,)?/2, where u = mym,/(m, + m,). 
1.168. (a) n = 2m,/(m, + m,); (b)  — 4mym,/(m, + m,)*. 
1.169. (a) mim, = = 1/3; (b) m,/m, = 1 + 2 cos O = 2.0. 

1.170. i = 1/, cos? a = 0.25. 

1.171. Vmax =V (1 + V2 (n—1) — 1. .Ü km per second. 

1.172. Will continue moving in the same direction, although 


this time with the velocity v' — (1—V1— 2n) v/2. For n«1 the 


velocity v' zz rp/2 — 5 cm/s. 
1.173. ATIT — = (1 + m/ M) tan? 8 + m/M — 1 = —40%. 
1.174. (a) pp V vivi (b) T—!Ap(vi-rv2) Here p= 


= mam. (my -H Ma). 

1.175. sin Omax = M/m. 

1.176. v' = —v (2 — n’) /(6 — n’). 
equal, or greater than V 2. 

1.178. Suppose that at a certain moment ¢ the rocket has the 
mass m and the velocity v relative to the reference frame employed. 
Consider the inertial reference frame moving with the same velocity 
as the rocket has at a given moment. In this reference frame the 
momentum increment that the system “rocket-ejected portion of gas” 


Respectively at smaller n, 
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acquires during the time dt is equal to dp = m dv + pdt-u = F dt. 
What follows is evident. 
1.179. y = —u In (m/m). 


1.180. m = met, 
1.181. a = (ulvo) In (m,/m). 
1.182. v= — 1n —™ = 


u Mout ’ Mtg ut ` 
1.183. v = Ft/m,(1 + pt/m,), w = F/m,(t + pt/m,)*. 
1.184. v= V 2gh In (l/h). 
1.185. N=?2b Y a/b. 
1.186. M = */,mgu,t* cosa; M = (mv?/2g) sin? a cosa = 
= 97 kg-m?/s. 


1.187. (a) Relative to all points of the straight line drawn at 
right angles to the wall through the point O; 
(b) | AM | = 2 mvl cos a. 

.188. Relative to the centre of the circle 


1.1 elative to the cen 
| AM | =2 V 1 —~(g/w2l)2 mgllo. 
1.189. | AM | = hmV. 
1.190. M — movit’. 
1.491. m = 2kr*fo?. 
1.192. vo = V 2gl/cos 6. 


oo 


1.194. M, = Rmgt 

1.195. M = Hmgi sin a. Will not change. 

1.196. M’ = M — Irypl. In the case when p = 0, i.e. in the 
frame of the centre of inertia. 

1.198. M = 1/, lmvg. 


1.199. Emax zz mvi/x«P. The problem is easier to solve in the 
frame of the centre of inertia. 
1.201. (a) 5.2 times; (b) 13 km/s, 2.2-10-4 m/s?. 


stews = BABY AT au 


1.202. T = ay (r + Ry/29M. It is sufficient to consider the 
motion along the circle whose radius is equal to the major semi-axis 
of the given ellipse, i.e. (r + R)/2, since in accordance with Kepler’s 
laws the period of revolution is the same. 

1.203. Falling of the body on the Sun can be considered as the 
motion along a very elongated (in the limit, degenerated) ellipse 
whose major semi-axis is practically equal to the radius R of the 
Earth's orbit. Then from  Kepler's laws, (9v/T) = ((R/2)/ R}, 
where q is the falling time (the time needed to complete half a revo- 
lution along the elongated ellipse), T is the period of the Earth's 
revolution around the Sun. Hence, t = T/4V 2 = 65 days. 

1.204. Will not change. 


1.205. 1— Y yM (T/2n)2. 


1.206. (a) U = —ym,m,/r; (b U = —y(mM/) in (14 la); 
F=ymM/a(a+l). 


1.207. M =m V 2mgr,ry/(r,-i-r;), where ms is the mass of 
the Sun. 

1.208. E = T + U = —ymm,/2a, where mg is the mass of 
the Sun. 

1209. r,— 4" - li VIO nsina], where q= 
=T ymgs, ms being the mass of the Sun. 

1.210. Tmin = (ymglv;) [V 1 + (lv?/ymg)?—1], where mg is the 
mass of the Sun. 

1.211. (a) First let us consider a thin spherical layer of radius o 
and mass 6M. The energy of interaction of the particle with an ele- 
mentary belt 6S of that layer is equal to (Fig. 8) 


dU = —"* (m6M/21) sin 0 dé. (*) 


According to the cosine theorem in the triangle OAP P = p? + 
-+ r? — 2pr cos 0, Having determined the differential of this expres- 
sion, we can reduce Eq. (*) to the form that is convenient for integ- 
ration. After integrating over the whole layer we obtain 6U — 
= —ym 6M/r. And finally, integrating over all layers of the sphere, 
we obtain U = —vymM/jr; (b) F, = —dU/ar = —«qmMir. 


1.212. First let us consider a thin spherical layer of substance 
(Fig. 9). Construct a cone with a small angle of taper and the vertex 
at the point A. The ratio of the areas cut out by the cone in the layer 
is dS, : dS, =r? : ri. The masses of the cut volumes are proportion- 
al to their areas. Therefore these volumes will attract the particle A 
with forces equal in magnitude and opposite in direction. What 
follows is obvious. 

1.213. A = —3/.ymM/R. 

( —(vM/H3)r for r<R 


1.214, G=) —(vMír)r for r>R; 
—3/,(1—r2/3R2)yM/R for rR, 
P= —yM Ír for rR. See Fig. 10. 


1.215. G = —*/4rypl. The field inside the cavity is uniform. 
1.216. p = 9/, (1 — r*/ R9 M?*/xR*. About 1.8-109 atmospheres, 
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1.217. (a) Let us subdivide the spherical layer into small ele- 
ments, each of mass 5m. In this case the energy of interaction of 
each element with all others is 6U = —ym 5m/R. Summing over all 


elements and taking into account that each pair of interacting ele- 

ments appears twice in the result, we obtain U = —vm?/2R; 

(b) U = —3ym?/5R. 
On [2/2 4.5 days (6=0), 

1.218. A x 7T mar] 0.84 hour (8=2). 

1.219. W, : We : Wz = Í : 0.0034 : 0.0006. 

1.220. 32 km; 2650 km. 

1.221. h = R/(9gRlv? — 1). 

1.222. h = R (gR/v? — 1). 

1.223. r=, 3M (Tn) —4.2-10* km, where M and T are the 
mass of the Earth and its period of revolution about its own 
axis respectivelv; 3.4 km/s, 0.22 m/s?. 

4.224. M — (An RS y T?) 4 + To? = 6 - 10% kg, where T is 
the period of revolution of the Earth about its own axis. 


(995. ot  28R yf 3M. _ 70 km/s, w= (44 RX 
£4240. V a S V R @eV Ratti Ss m \ H T 
x V/ Æ) =4.9 m/s, Here M is the mass of the Earth, T is its 
7M } 7 


period of revolution about its own axis. 


1.226. 1.27 times. . 
1.227. The decrease in the total energy Æ of the satellite over the 


time interval dt is equal to —dE = Fv dt. Representing E and v as 
functions of the distance r between the satellite and the centre of the 
Moon, we can reduce this equation to the form convenient for integ- 
ration. Finally, we get t œ% (V — 1) mlay gR 

e 


490900 ,, __ 7 bmle n = 927 km/s 
1.2440, U1 = 1.0; Ano, vs meet stds Oe 


1.229. Av = V MIR (4— V 2) = —0.70 km/s, where M and R 
are the mass and the radius of the Moon. 

1.230. Av — Y gR (V2—1)—93.27 km/s, where g is the stan- 
dard free-fal} acceleration, R is the radius of the Earth. 


1.231. r=nR/(1 4- V 0$) =3.8-108 km. 
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1.232. A zz ym (My, Ri, + M,/R,) = 1.3-109 kJ, where M and 
R are the mass and the radius of the Earth and the Moon. 


Ps RARVIM 


a maag nf tha Cu s fa ha nal í £1 
ue mass Oi vie oun, r 1S ine rad]us or ine 


— Mr M 
ry ytri gif, iig 15 
Earth’s orbit. 

1.234. 1 = 2aF,/mw = 1.0 m. 

1.235. N —(aB—bA)k, where k is the unit vector of the z 
axis; l= | aB — bA |/V A2 4- B2. 

1.236. l= |aA —5B |/V Æ+ BE. 

1.237. Fres = 2F. This force is parallel to the diagonal AC and 
is applied at the midpoint of the side BC. 

1.238. (a) J = 1/.ml?; (b) f= t/m (a? + LN 

1.239. (a) I = ‘Tp npbH* = 2.8 gem?*; (b) J = 3/, mR*. 
| — ifan D 
oh = mM. 

1.241. 7 = (37/72) mR? = 0.15 kgem?. 
1.242. I = 2/5 mR?. 
1.243. (a) e = gt/R (1 + M/2m); (b) T = mgt/2(1 + M/2m). 
1.244. T = i/amg, wy = gmr’/I. 
1.245. œ = V 6F sin ọ/ml. 
1.246. B= | my— m, |g Ty _ m,(m-+-4m,) 
(mm, + m/2) R? T, ms (m-1- mi) ` 

1.247. A= — mac Ema) msg? 

m-+2(m ma ' 
1.248. n = (1 + Kk?) o? R/8zik (k + 1) g. 
1.249. t = 3 oHR/kg. 
1.250. (e) = 1/300- 
1.251. B = 2mgz/ RI (M + 2m). 
1.252. (a) k > 2/, tan a; (b) T = 5/, mgt sin? a. 
1.253. (a) T = !/, mg = 13 N, p = 2/3; g/R = 5010? rad/s? 


1.254. w' = ?/; (g — wy), F = !/ m (g — w,). 

1.255. w = g sin a/(i + J/mr?) = 1.6 m/s?. 

1.256. Fmax = 3kmg/(2 — 3k); Wmax = 2kgl(2 — 3k). 
( 


_ F(cosa—r/R) . F272 (cos  —r/RY? 
1.257. (a) w= —————-; (b) A= ———— 
1-F* 2m (1 
1.258. T = 1o mg tY) UY 
1.259. w = 3g (M + 3m)/(M + 9m + I/R*). 


1.260. (a) o Som tote; (p) T ee bem 
1.261. w, = F/(m, + 2m; w, =%y wy. O 
i202. (A) b= “ig Woiti Ng; (b) Aa = —t/motR?. 
1.263. œ = V 10g (R + ry/iTr?. 

1.264. v, — V t/g R (7 cos a — 4) =1.0 m/s. 

1.265. v, =V 8gR. 

1.266. T = m. 

1.267. T = T/ mv? (1 + 2/,72/ R2). 
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1.269. N = 1/,,mq*/? sin 20. 
1.270. cos 0 = 3/, g/l, 
1. 271. Az = 1/, ka. 


272. v' = ey V 1 + 3m/M. 


273, F —9/,/ml —9 N. 


| 9m—4M . 8Mv* 
1.274. (a) v = gayam 0 P= tae 


1.275. (a) v=(M/m) V2/,g1 sin (a/2); 
(b Ap = M V 4/egl sin (a/2); (c) £ zz Yel. 
1.276. (a) o = (1 + mm o (b) A = tmo? (1 + 2m/M). 


1.277. (0) = — gite (b) N e — ta do 
1 m m 
4.972 fa) O pahe. A A. Ma, . NT 
&emé Os. (dj. GP Fi LE > (JJ) A = — zm pī (1— o) a 
1.279. v' = v (4 — n)/(4 +n), o = 12/1 (4 + n). For yn = 4 
and y > 4. 


1.280. (a) Ago = IIo + I), Aue = 22oHI; (b) N= 
= how + I). 


1.281. o= Veen 2gll —6.0 rad/s; F — mgly/1—25 N. 


1.282. (a) M = i/a mel? sin0, M, = M sin 6. (b) | AM |= 
= i/,4naol sin 20; (c) N = 1 mox 
x sin 20. ! 

1.283. (a) w’ = mgl/Iw = 0.7 rad/s; | A] 
(b) F = mo? sin 0 = 10 mN. See Fig. 11. | «0 

1.284. — e = (g + w) l/nnR? = 3x (OV 
x10? rad/s | SS 

1.2 w = ml V g?--wi/Io = | 


= 0.8 rad/s. The vector œ forms the 
angle 0 = arctan (w/g) = 6° with the ver- 


tical. F 
1.286. F' = 2/, mB?ow'/l = 0.30 kN. 
1.287. Fmax = nmr'ogo/1T —0.09 kN. Fig. 11. 


1.288. N = 2nnlv/R = 6 kNem., 

1.289. Fada = 2nnlv/RÍ — 1.4 kN. The force exerted on the 
outside rail increases by this value while that exerted on the inside 
one decreases by the same value. 

1.290. p = «EAT = 2.2-10? atm, where a is the thermal expan- 
Sion coefficient. 

1.291. (a) p 2 Om Ar/r = 20 atm; (b) p ~ 2o,, Ar/r = 40 atm. 
Here o,, is the glass strength. 


1. 292. n = V 2a. o. m/o/nl = 0. R. 402 rps, where g 
strength, and p is "the density of copper. 

1.293. n— y/o, /p/2xH —23 rps, where 9o, is the tensile 
strength, and p is the density of lead. 

1.294. zz l0, mg/2n dE — 2.5 cm 

1.295. e = '/,F,/ES. 
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1.296. T = !/me*L (1 — r*/7), Al = 1/; pw?l8/E, where p is 
the density of copper. 

1.297. AV:— (1 — 20) FUE = 1.6 mm?, where u is Poisson's 
ratio for copper. 

1.298. (a) Al = !/; pgP/E; (b) AV/V = (4 — 2u) AUl, where p 
is the density, and p is Poisson's ratio for copper. 

1.299. (a) AV/V = —3 (1 — 2p) p/E; (b) 8 = 3 (1 — 2yyE. 

1.300. R = !/, Eh?/pgl? = 0.12 km, where p is the density of 
steel. 

1.301. (a) Here N is independent of z and equal to Nọ. Integrat- 
ing twice the initial equation with regard to the boundary condi- 
tions dy/dx (0) = 0 and y (0) = 0, we obtain y = (N/2EI) z?. This 
is the equation of a parabola. The bending deflection is à = 
=N., U/2EI, where J = a*/19. 


Prod "wl 


(b) In this case N (2) = = F (l — z) a an = (F/2EI) ü — 2/3) 25; 
A = FD/3EI, where J is of the same nd tud as in (a). 


1.302. A = FB/48EI. 

1.303. (a) à = 3/5 pgl*/Eh*; (b) A = 5/, oglt/Eh®. Here p is the 
density of steel. 

1.304. à = 9*/,Bpi*/ ER?, where p is the density of steel. 

1.305. (a) @ = (J/22r* ArG) N: (b) q = QU/nrtG)-N. 

1.306. N = n (d; — di) Gq/391 = = 0.5 kN-m. 

1.307. P = !/, nriGqao = = 17 kW. 

1.308. N = 1/; Bm (r3 — r*)(r; — ri). 

1.309. U = i/mEs*/p = 0.04 kJ, where p is the density of steel. 

1.310. (a) U = t/anr*Po*g?/E; (b) U = 2/, ur*LE (AU/I?. Here p 
is the density of steel. 

1.341. A w 1/, 12h? E/T = 0.08 kJ. 

1.342. U = 1/, nr'Gq*/l = 7 J. 

1.313. u = 1/, Gq?r?/ P, 

u 1.344. u = — 18 (ogh)? = = 23.5 kJ/m?, where ĝ is the compressi- 


DIilivy 

1. "315. Pi > Po, Vi <Va The density of streamlines grows on 
transition from point 7 to point 2. 

1.316. Q = 8,8, V 2gAh/(S? — 83). 

1.317. Q= S Y 2g^hpo/p. 

1.318. v — V 2g (hı +h.9./p;)=3 m/s, where p, and p, are the 
densities of water and kerosene. 

1.319. kh = 25 cm; lmaz = 50 cm. 

1.320. h = 1/, v?/g — ho = 20 cm. 

1.321. p = py + pgh (1 — R?/r?), where R, <r < R,, p, is the 
atmospheric pressure. 

1.322. A = !/pV?/s*i*?, where p is the density of water. 

1.323. c=V hig S /s. 

1.324. v. — ah V 2i/h—1. 

1.326. F = 2pgS$ Ah = 0.50 N. 

1.327. F = ogbl (2h — D) = 5N. 
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1.328. N = plQ?/nr? = 0.7 Nem. 

1.329. F = pgh (S — s/S — 6 N 

1.330. (a) The paraboloid of revolution: z = (o?/2g) r?, where z 
is the height measured from the surface of the liquid along the axis 
of the vessel, r is the distance from the rotation axis; (b) p = p, + 
+ 1/,0@?r?. 

1.331. P = nqo?R*/h = 9 W. 


— la (r/R3) 
1.332. U = Ug nR RA , 


R1Rl 1 xy. u RiR 
1.333. (a) o=o a) ’ (b) N =4nno, Ri— Rj 
1.334. (a) Q = V, nvu,FR*; (b) T = t/aniBPpvs; (c) Fy = 

= 4nylvy; (d) Ap = Aulo R*. 
1.335. The additional head Ak = 5 cm at the left-hand end of 
the tube imparts kinetic energy to the liquid flowing into the tube. 


Beam tha randAitinn ov2/9 


LUL vuv vOnüiviun pv / 


1.336. e2^x = 5. 


1.337. v,—v, uM = 5 um/s. 
2 


eni 


[- Mi 


cAh we vet y = V 2g Ah — n 


— 05 FE TU EM Ld e LAU ——= Bev m/s. 


1.338. d= ]/ -Bent _5 mm, where p, and p are the den- 
(P— Po) Pog 


sities of glycerin and lead. 


d? 
1.339. t= — 4 =0. 
t 187 ln n —0.20 s 
1.340. v —c V q(2—1) —0.1e, where c is the velocity of 
light. 


1.341. (a) P—a(14-V4—382; (b) P—«a(V1—f?-- V 4— g^. 
Here f —V/c. 

1.342. l= l V (4 — R? sin? 0)/(1 — B2) = 1.08 m, where B —v/c. 

1.343. (a) tan 0' = Vig Hence @’=59°; (b) S= 
-—S,V1-—?cos$0—3.3 m?. Here f —v/c. 


At \ 
iit 


fy ; ^. - 
1.844. v—c V. (2—5-) - —0.6-105 m/s. 


1.345. ly — cAt' V 1 — (At/At')? = 4.5 m. 

1.346. s=cAtV 1 — (At/AD? — 5 m. 

1.347. (a) At, = (lv) V4 — (vlc)? —1.4 us; 
(b) —1y 1 —(v/c —0.42 km. 

1.348. 1,  vAt/V 1— (v/c)? 17 m. 

1.349. =V Az,Az,=6.0 m, v—cy 4 —Az,/Az;—2.2-108 m/s. 

2lg/ At 

1.350. v= TAT 

1.351. The forward particle decayed At = l/c (1 — f?) = 20 ps 
later, where B = v/e. 


1.352. (a) m e EI 
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(b) ta —tg=(1 — V1— (v/cf) lv or tg—t4— (14V 1— (vie) lj/v. 
1.853. (a) t(B) &lyv, t(B')-—(lyv)V1—(vies (b) t(4)= 
= (lv) V 1 — (vle)*, t (4') = lov. 
1.354. See Fig. 12 showing the positions of hands "in terms of K 
clocks". 


A —— 
CAA 66-9 -$9- GS 
A 
Th, 
NL NLA 


NEA NIZ NY N AY ONG 


Fig. 12. 


1.355. z— (1— V1 — B2) e/B, where B—V/c. 

1.356. It should be shown first that if At = t, — t, > 0, then 
At’ = t, — ti > 0. 

1.357. (a) 13 ns; (b) 4.0 m. Instruction. Employ the invariance 
of the interval. 
, V (ox— Veto (1 — Vict) 
= 1 —vyV/c? . 
1.359. (a) v = v, + v, = 1.250; (b) v = (vy + vy (4 + vole!) = 
1.360. 1 = ly (4 — P?y(4 + 2), where B = vic. 
1.361. v = V vi + vi — (v,vs/c?). 
1.362. s— Ato V zur Lin ni Cim o Ra where p = V/c. 


I= 89 aoa’ 


gr ___V1—f? sin 


Lvi ’ where B= V/e 
cos 98— V/c 


1.364. tan0—v'V/e? V 1 — (V/c)?. 

1.365. (a) w = w (1 — f?*/1 — o/c); (b) w = w (1 — p). 
Here B = V/c. 

1.366. Let us make use of tlie relation between the acceleration 
w' and the acceleration w in the reference frame fixed to the Earth: 

w = (1 —v"/c?) 32 © 

This formula is given in the solution of the foregoing problem 
(item (a)) where it is necessary to assume V = v. Integrating the 
given equation (for w' — const), we obtain v — w'tlV4 + (w'tlcy.. 
The sought distance is 1 = (V1 + (w't/c — 1) c?/w' = 0.91 light- 
year; (c — vye = 1/2 (c/w't)* = 0.4796. 
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1.367. Taking into account that v — w't/V TF (w'tjcy?, we get 


w* y a44(9Y]1.a5 months. 
c F Vc / J 


tt c In 
V 1+(w’tle)? ~ w L 

1.968. m/m, zz i UV 20 Be 70, where p —v/c. 

1.369. v = cV y (2 + ny(1 + n) = 0.6c, where c is the velocity 
of light. The definition of density as the ratio of the rest mass of a 
body to its volume is employed here. 

1.370. (c — vc = 1 — H + (mec/py]-7 = 0.4496. 

1.371. v= (cin) V € —1 = tæ V 3. 

1.372. A = 0.42 moc? instead of 0.14 moc’. 

1.373. tcp 3 = 2.6-108 m/s. 


v= 
4 374 For E «c 4 tho ratio is Tim pe <= J p fe 
ie “Ke P C A TEF Fa A ine 0. 


the ratio Loe 043. 
1.375. p= V T (T+ 2m c?)/c — 1.09 GeV/c, where c is the velo- 
city of light. 
1.376. F — (Ijec) V T(T + 2m,c2), P=TI/e. 
1.377. p— mof — v?jc?). 
1.378. v= Fet/V mie? + F222, l= 
1.379. F = m,c?/a. 
1.380. (a) In two cases: F || v and F1 v; (b) F, =mọw V 1 — 2, 
Fy = mow/( 1 — 8?) 32. where B —v/e- 
1.382. e' =e V (1 — 8)/(1 4-B), where B —V/c, V —?/sc. 
1.383. E? — p 22 = m? 2¢4, where mg is the rest mass of the par- 


Y 
ud 
H J 
M 


5 
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V (mac?/ F)? F et — myc?/F. 


1.384. (a) T=2m,c? (V1 x T/9msc? —1) — 711 MeV, 

P= V tlam T —940 MeV/c; (b) V =c V T/(T + 2myc?) —2.12-109 m/s. 
1.385. Ma = V 2m, (T + 2mge?)/e, V=e V THT + 2myc?). 

1.386. T' =2T (Ps Dm?) mye = 1.43-103 GeV. 


1.387. E; max = =e c?. The particle m, has the 


highest energy when the energy of the system of the remaining 
two particles m, and m, is the lowest, i.e. when they move as 


a single whole. 2ul 

uc 

1.388. v/e = 1— em 

1 4- Qn/mQ)^* 

(as in solving Problem 1.178) and the relativistic formula for 
velocity transformation. 


2.1. m = pV Ap/po— 30 g, where p, is the standard atmospher- 
ic pressure. 

2.2. p = '/, (PıT/ Tı — Ap) = 0.10 atm. 

2.3. m/m, = (1 — a/M,)/(a/M, — 1) = 0.50, where a = 
= mRT/pV. 


2.4. p= 


. Use the momentum conservation law 


po (mq + Ma) 


RT (n/t mM = 41.5 g/l. 
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2.0. (a) Pu tatty RU = 2.0 atm; (b) M = 
= (v1M, + vM, vs May (vi + v, + vg) vd g/mol. 

2.6. T = Torn’ m — 1)/y (0? — 1) = 0.42 k 

2.7. n= nn 


In (1 F AV/V) * 
- P = peer, 
2:9; t = (V/C) ln y = 1.0 min. 
2.10. AT = (mg + p, AS) L/R = 0.9 K. 
2.11. (a) Tmax — ?/s (pol) V py3a; (b) Tmax — po/eBH. 
2.12. Pmin = 2RY aTa. 
2.13. dT/dh = —Mg/R = —33 mK/m. 
2.14. dT/dh = —Mg (n — 1)/nR. 
2.15. 0.5 and 2 atm. 


2.16. (a) h = RT/Mg = 8.0 km; 


mer we VJ C7 ECE iTi 


2.17. m = (1 — e~Meh/RT) p,S/g. 
— =| ho dh / | pdh = RT/Mg. 


2.19. (a) p = p, (1 — p h «la; (b) p = p,/(1 + ah)". Here 
n = a o 


2.18. ke 


2.20. =n, eMw?r2/2RT_ 
2.21. p.a —eRTIM = 280 atm; p = pRT/(M — pb) — ap?/M? = 
= 80 atm. 


2.22. (a) T = a (V — b) (4 + n RV (nV + b) = 133 K; (b) 


p = RT/(V — b) — a/V? = 9.9 atm. 
2.23. a = V? (Tip, — T,py (T, — T4) = 185 atm-l?/mo?, b = 
=V — R(T, — T,)/(p, — py) =0.042 l/mol. 
2.24. x = V? (V — dR TV? — 2a (V — by. 
2.29. T > albR. 
2.26. U = pV/(y — 1) = 10 MJ. 
2.27. A AT = - 1/4 Mv? (Y — 1) R. 
2.28. T = ia PV Pav o/(PiViT, + pyVaTi) p= 
= (PaVa + PeVe)/(Vi + Va). 
2.29. AU = —pWATIT, (y — 1) = —0.25 kJ, Q' = —AU. 
2.30. Q = Ay/(y —1) = 7 J. 
2.31. A = RAT = 0.60 kJ, AU = Q — RAT = 4.00 kJ, 


Y= 25 RAT) = 1.6. 
2, Q = vito ore 1/n) = 2.5 kJ. 
Vi'1 (2 — 1) -E Vee (¥1— 1) 
2a. MET EARN 
2.94. Cy = 0.4 J/(g- K), Cp = 
2.35. A EAT fn tt, 
2.36. Á’ = poVo In [(n + 1)?/4n]. 
237. y — 1-1 (n — DAQINRT, — In n) = 1.4. 
2.98. See Fig. 13 where V is an isochore, p is an isobaric line, T 
is an isothermal line, and S is an adiabatic line. 
2.39. (a) T = Taxv-9* = 0.56 kK; (b) A’ = RTg(o- 0^ — 
— 1)\/(y — 1) = 5.6 kJ 


0.65 IJ/(g+K). 
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2.40. The work in the adiabatic process is n = (qv — 

- ity — 1) ln y = 1.4 times greater. 
.T= T, [n + 1)9/4qv-1v2, 

242 v = V XRT — 1) M — 3.3 km/s. 

2.49. Q = RAT (2 — yy ( — 1). 

2.45. C, = R (n — yy (n — 1) (y — 1); C, «0 for 1 <n <y. 

2.46. C= R(n—+y)/(n — 1) (y — 1) = —4.2 J/(K-mol), where 
n= ln p/n a. 

2.47. (a) Q = Bin = vy AT/n — 1) y — 1) = 0.11 kJ; (b) 
A = —RAT/(n — 1) = 0.43 k 


EE A NA, 
z^ "4 ~ 
í e 7 () 7 
Fig. 13 
2.48. (a) AU = aV2(n? — 1)/(y — 1); (b) A = 1/,0V? (n? — 1); 
(c) C = Y,R (y + 1)/( — 1 
2.49. (a) C = —Ri(y —1); (b) TV«-1/2 = const; (c) A = 
= 2RT,(1 — t?) — 1). 
2.50. (a) A = (1 — a) RAT; (b) C = Rí(y —1) + R(4 — ay 
1 


e 
2.51. (a) A = AU (y ^ 1ya; Q = AU [1 + (y — 1)/al; (b) € = 


= Rí(y — 1) + Ria. 

2.52. (a) C = C, + RlaV; (b) C=C, + RIA + aV). 

2.53. (a) C = yR/ (v — 1) + aR/p,V; (b) AU = po (Vz — 
—V)/l(y —1); A = Py (Vz — V) + a In (V/V); Q = Ypo (V4 — 
—V,)/(y — 1) + a ln Wut, . 

2.04. (a) C = C, + RT aV; (b Q =a, (V, — Vi) + 


+ RT, la (V/F). 
2.59. (a) Vo TIR = const; (b) TeB/6V — const; (c) V — aT = 
= const. 


2.56. (a) A = a ln q — RT, (n—1)/(y—1); (b) pVv e% (v-ty»v = 


— 


2.57. A— RT ln ș 
der Waals constants. 

2.58. (a) AU=a/V,—a/V,=0.11 kJ; (b Q=RT in pump 
—3.8 kJ. 
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b ta (+ ~ +) , where a and b are Van 


=F Y, 


2.59. (a) T (V — b)*/v = const; 
R 
(b) C, — Cy —4 1— 2a (V D RTV i 
vVar a (y — — 

2.60. AT = — BELLES RA K. 

2.61. Q = va (V, — Vy V,V, = 0.33 kJ. 

2.62. n = plkT = 1:10° cm; (1) = 0.2 mm. 

2.63. p = (1 + n) mRT/MV = 1.9 atm, where M is the mass 
of an N, mole. 

2.64. n = (plkT — p/m,)/(1 — m/m,) = 1.6-10!° cm, where 
m; and m, are the masses of helium and nitrogen molecules. 

2.65. p = 2nmv? cos? 0 = 1.0 atm, where m is the mass of a 
nitrogen molecule. 

2.66. i = 2/(pv?/p — 1) = 


2.67. v/vaq= V FY (i4-2)/3i; (a i 0.75; (b) 0.68. 


Jb AT OWT £ 
(OV —9J Prio L 
2.68. (e)— (3N — 5/2) KT for linear molecules. 
1/2(N —1) and 1/(2N —5/3) respectively. 
2.69. (a) Cy — 'R, v = 9/5 (b) Cy = (3N — 5/2) R, y = 
= (6N — 3\/(6N — 5); (c) Cy =3 (N — 4) R, y= 
= (N — ?/}/ (N — D 


ma mala 


T7 al 
T volume molecules. 


/(8N —2) for volume molecules, 
3N — 3/2) for linear molecules. 


1A 
1 
HS molec alana A! - 2/5, 


Í. l (cp — Cy) = 32 g/mol. i = 2/(cpley — 1) = 5. 
2. ia) 1=2G, IR — i) = 5; (b)i = 2 [C/R + i/(n — 1) = 
where n = 1/2 is the polytropic index. 
73. y = (ivi + 7v,)/(8¥, + 5v,). 
.74. Increases by Aplp = = MwRT = 2. 2%, where i = 5. 
75. (a) vs = V 3RT/M - 3RT/M =0.47 km/s, (e) =5/,kT =6.0-1072 J; 
)v Vag = ay 2kT np d? = 0. 15 m/s. 
2.76. n° = 7.6 times. 
2.77. Q = 1f, (y? — 1) imRT/M = 10 kJ. 
2.78. Wsg = v 2kT/I = 6.3. 1012 rad/sec. 
2.79. (£e = kT = 0.7-10-%° J. 
2.80. Decreases qienrt times, where i = 5. 
2,81. Decreases ni b/d-5 — 2.5 times. 
2.82. C = 1/,R (i + 1) = 3R. 
2.83. vp, = V 2p/p = 0.45 km/s, (v) = 0.51 km/s, Vs = 
= 0.55 km/s. 
2.84. (a) ÔN/N = (8/V m) e715y = 1.66%; 
(b) &N/N — 12 Ve T E 8596. 
m (Av? 


2.7 
7 


+ 
? 


« o m(vé$—w) — . u 2 nlan 
2,86. (a) T = "kin ue) = 229 K; (b) v= — 
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Av)? 

2.87. T= EN UP 0.37 kK. 

9 QQ / 8kT ln (malm) 

2.00, v—Vy ee = 1.61 km/s. 

2.89. T= /smv2/k. t 

2.90. dN/N = (xr) en mttth nv, dv, dv,. 


2.91. (vy) —0, {| vz |) — V 2kT/nm. 
2.92. (v2) — kT/m. 


2.93. v — lAn(v) where (v)= V 8kT/nxm. 
2.94. p— | ?mv,-v, dn (Va) = nkT, where dn (v,) = 
0 
= (m/2nkT)!'*n . g- meX/24T dy. 
2.95. (1/v) = V 2m/nkT = ån (v). 
2.96. dN/N —2n (nkT) ?"e-s^T V & de; ep, — !/,kT; no. 
2.97. 6N/N — 3 V 6x e-3/26 = 0.9%. 
AN A fare 
2.98. UN C qur | Ve e-e/kT de, 


b Ld . - £o 
The principal contribution to the value of the integral is provided 
by the smallest values of e, namely € ~ sọ. The slowly varying factor 
Ve CAT be takon from undor tha radical 


eil I vanea wan SS FREE VARAVA VOLO VAAVO REKAVR REA 


value V e,. Then 


if aconmilnand tha annnatan 


Q1 + 
sign CU2ULSTLIL/CUL LIU GCUILILSLALL V 


ANIN —2 V e6/nkT e-e0/4T, 
2.99. (a) vg, — V 3kT/m; (b) eg, — KT. 


2.100. dv= | dn (dQ/4n) v cos 0 =n (2kT/nm)'!* sin 0 cos 0 d0. 


v 
n/2 

2.101. dv — | dn (dQ/4z) v cos 0 — x (m/9nkT)?/* e-m»"t/2sTyS dy. 
8-0 

2.102. F = (KT/AR) In « = 0.9-40 


F -49 N. 
2.103. Na = (6RT/nd*Apgh) In q zv 6.4 
2.104. n/n, = e(Ma- Mi£h/RT — 4.39, 
2.105. h = 5 1n Qaa) 
QUE T m)g * 
2.106. Will not change. 
2.107. (U) = kT. Does not depend. 


2.108. w zz nRT/Ml zz 70 g. 


u 2RTp In 
2109. M — Vd i-re: 
2.110. o = y (2RT/MP) In n= 280 rad/s. 
2.141. (a) dN — ny e-er*/^TAx2 dr; (b) ror — V kT/a; (c) dN/N — 
= (a/nkT)* ^ e-ori^T4nr2 dr. (d) Will increase q?/2-fold. 


105 mol". 
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um 


2.112. (a) dN = (2nn,/a3/?) e-U/^T V U dU; (b) Upp = YokT. 
2.113. In the latter case. 

2.114. (a) q—1—n1-vY—0.25; (b) q—1—n!/v-1 —0.18. 
2.115. e = (1 — n/n = 9. 

2.116. n = 1 — 2TJ/(T, + T,). 

2.117. n = 1 — m~ = 60%. 

2.118. n = 1 — n- 0-17, 

2.119. n = 1 — (n + qY/4 + yn 

2.120. In both cases q—1— 2. 


n —1 


2.121. In both cases q—1— J 


ninn’ 
2422. 4-1 — 21. 
n—1 nY—1 
2.123. (a) n=1—7 ; (b) n=1— — TEE 


- Y(n—1) 
2.124. (a) 1=1— l= Go pale: 
b n-1 n—i+(y—1)lnn 
t—1) Inv 
2.125. ELLE 
t—i) Inn 
2.126. q= vina + (t—1) v/v —10) ` 
9. a a —— 
(t-F) 0T Y TI) 
1 


The $ amna litr Q = —— 
T 


2.127. n=1— 


2.12 


* PATE 


à Imes 
a auu UaLLUY 


when T, is replaced by T mas and T, by Tmin. Then Q1/Tmax— 


-— QT min <0. Hence 
Q1— Q: Tmax— Tmin NER ôg. 
m die or N< Nearnoi:- 2 v 
2.129. According to the Carnot theorem di BA 
6A/5Q, = dT/T. Let us find the expressions 
for 6A and 6Q,. For an infinitesimal Carnot 
cycle (e.g. parallelogram 7234 shown in | 
Fig. 14) 
6A = dp-dV = (0p/0T),dT- dV, 
It remains to substitute the two latter expressions into the former one. 
2430. (a) AS =T 19 J(K.mo); (b) AS =VRlne 
=25 J/(K-mol). l m 
2.191. n = e^S/v& — 2.0. 
2.132. AS = vR In n = 20 J/K. 


R 
2.133. AS = — -F P Inn= —10 J/K. 


2.134. AS = (y ìn a — In B) vR/( — 1) = —14 J/K. 


Fig. 14. 
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2.135. S,—S,=vR (In a— zi )=4.0 J/K. 
—__(n—-YR 

2.136. AS = LC LU. n- E 

2.137. AS. 2027 Ina — 46 J/K. 

2.138. Vin = vpy/o (1 24- y). 


2.139. T— T, (Ria) 1n (V/V,). 
2.440. AS = R Ìn [(V, — by (V4 — b). 
2.441. AS = Cy In (T/T) + Rin [(V, — by(V, — b). 
2.142. S = aT*/3. 
2443. AS = m la ln (TuT) --b(T, — 7 
9144. C = Sin: C «0 for n «O0. 
2.145. T = T,e($-S0/C, See Fig. 15. 5 
2.146. (a) C= —a/T; (b b) Q— a In (7,/T.); IN. 
IA A — mv ln (TP. iT NL i TA 
(c) A — « 1n (T,/T,) -- Cy (Tı £ gj- üe«g 
2. "uH (a ) n = (n — 1)/2n; (b) Hn = (n — p 
— 1 (n + 1). F 
2.148. AS = vR In n = 20 J/K. So 
2.149. AU = (2Y-1 — 1) RT,)/(y—1), AS = Fig. 15. 
= H ln 2. 


2.150. The pressure will be higher after the fast expansion. 

2.151. AS =v,R In (4 + n) + v,R In (1 + 1/n) = 5.1 J/K. 

2.152. AS — mae In (TIT, ) + MoCo In (TIT, ) = 4.4 J/K, where 
T = (m,eT,-r m,c,T,)/(m,e, + MCa), c; and c, are the specific 
heat capacities of copper and water. 


2.158. AS = Cyne >0. 
2.154. (a) P= 1/2; (b) EESCTUPES where t 10-5 s is 


the mean time which takes a helium atom to cover distances of 
the order of the vessel's dimensions. 


2.155. Qn, = NIVI(N/2)!]2 = 252. Pyp = Qp-/2N = 
1/32, 5/32, 10/32, 10/32, 5/32, 1/32 


| N! 49 
2.156. P, UAM —n) 27 , 

respectively. 
2.457. Pa =- py P 4— p) 7^, where p- V/V. 


2.158. d= V/ lnn? = 0.4 um, where n, is Loschmidt's num- 
ber; (n) = 1/n?— 1.0. 10*. 


2.159. Will increase Q/Q, = (1 + AT/T,y"4/? = 401.3110 
times. i 

2.160. (a) Ap = 4a/d = 13 atm; (b) Ap = 8ald = 1.2.10 a 

2.161. h = 4a/pgd = 21 cm. 

2.162. a = T (4 — në/n)/ (n? — 1). 

2.163. p — p, + p gh + 4ald = 2.2 atm. 

2.164. h = Ip p (m — 1) + 4a (n? — 1)/dl/pg = 5 m. 

2.165. Ah = 4a | cos 0 | (d, — dı)/dıdapg = 11 mm. 
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2.166. R = 2a/pgh = 0.6 mm 

2.167. x = l/(1 + pod/4a) = 1.4 cm. 

2.168. a = [o£ + Poli(l — h)] d/4 cos 0. 

2.169. h = 4a/pg (d, — dj) = 6 cm. 

2.170. k = 2a cos O/pgadq. 

2471. V, = indi y 28180 I8. og ems. 

2.172. Ri — R, Z fhogh?/a = - 0. 20 mm. 

2.173. m zz 2nR al cos 0 |(n? — 1)/gh = 0.7 kg. 

2.174. F zz 2am/ph? = 1.0 N. 

2.175. F = 2nA?a/h = 0.6 kN. 

2.176. F — oped’ = = 13 N. 

2.177. t = 2lynRt/art. 

2.178. Q = 2na*/og. 

2.179. (a) F = nad? = 3 bd; (b) F = 2nad* = 10 uJ 

2.180. AF = 2nad? (2-1? — 1) = —4.5 uJ. 

2.181. A’ = F + pV in (p/ py). where F = 8nR?a, p = p, t+ 
+ 4a/R, V = */,nR3. 

2.482. C — Cy = M/4RI(Q + 8/epor/a). 

2.184. (a) AS = —2 (da/dT) Ao; (b) AU = 2 (a — T da/dT) x 
X Ao. 

2.185. A = AmRT/M = 1.2 J. 


2.186. m, = (V — mViy (V; — Vi) = 20 g, 
V; is the specific volume of water. 


V, — 1.0 1. Here 


2.187. my zz Mp, (Vy — V)/RT = 2.0 g, where p, is the stan- 
dard atmospheric pressure. — uin 
2.188. y= (n — 1y(N — 1); n = 1/(N + 1). 


2.189. AS = mq/T = 60 kJ/K; AU = m(q — RT/M) = 2.1 MJ, 
where T = 373 K. 
(Q—mcNT) |. — . . 
2.190. k zx 7S MIT) ^ = 20 cm, where c is the specific 
heat capacity of water, AT = 100 K, q is the specific heat of vapo- 
rization of water, T _is its boiling temperature. 
2.191. A = me (T — i To) RT/lqM = 25 J, where c is the spec cific 


heat capacity of water, 7 is the initial vapour temperature equal to 
the water boiling temperature, as is seen from the hypothesis, q is 
the specific heat of vapour condensation. 

2.192. d zz 4aM/nopRT = 0.2 um, where p is the density of 
water. 

2.193. u = np,V M/2nRT = 0.35 g/(s-cm?), where p, is the 
standard atmospheric pressure. 

2.194. p = uV 2xRT/M = 0.9 nPa. 

2.195. Ap = a/V*M = 1.7-10* atm. 

2.196. p; c pq. About 2-10* atm. 

2.198. a = 22 | d eel Der = 3.6 atm. 1?/mof£?, 
— 0.043 I/mol. 

2.199. Vi, = "/ART,/Mp., = 4.7 cm*/g. 

2.200. (x + 3/v?) Bv — 1) = t, + = 1.5. 


b=!t/RT er Per = 
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2.201. (a) Viner = 80m/M=5.0 1; (b) Pmax== 24/270? = 230 atm. 

2.202. T., = 9/4, a/bR = 0.30 kK, per = 4/3 MIb = 0.34 g/cm’, 

2.203. «4 = 8/3 Mp.,/pRT., = 0.25, where p is the density of 
ether at room temperature. 

2.204. Let us apply Eq. (2.4e) to the reversible isothermic cycle 
1-2-3-4-5-3-1: 


r bas = dU + © pdV. 


Since the first two integrals are equal to zero, $ p dV = Q as well. 


The latter equality is possible only when areas / and JI are equal. 

Note that this reasoning is inapplicable to the cycle 7-2-3-7, for 
example. It is irreversible since it involves the irreversible transi- 
tion at point 3 from a single-phase to a diphase state. 

2.200. n = c | t [/g —0.25, where q is the specific heat of melt- 
ing of ice; at £ = —80°C. 

2.206. AT = —(TAV'/q) Ap = —7.5 mK, where q is the spec- 
ific heat of melting of ice. 

2.207. Vi, z gAT/TAp = 1.7 m?/kg, where q is the specific heat 
of vaporization, 7 — 373 K. 

2.208. p,, & po (1 + qMAT/RT?) = 1.04 atm where g is the 
specific heat of vaporization, p, is the standard atmospheric pressure, 
AT -— 1.1 K. 

2.209. Am/m = (gMIRT — 1) AT/T = 5%. 


oe [9M / d 111 a » ye 
2.210. p= p, exp | TH Ur-—7]| . These assumptions are admis- 
- 0 
ible in the case of a v narrow temperature interval, far below 


S apour 
the critical temperature. 
2.211. n zz epT AV'/g? = 0.03, where c is the specific heat ca- 
pacity of ice, 7 ~ 273 K, q is the specific heat of melting. 
2.212. (a) 246 K, 5.1 atm; (b) 0.78, 0.57, and 0.21 kJ/g. 
2.243. AS zz m le ln (T,/T4) + g/T,] = 7.2 kJ/K. 
2.244. As zu qu /T, + cln (T/T) + q,/T, = 8.6 J/(g- K). 
2.215. AS — meln (T/T,) — —10 J/K, where c is the specific 
heat capacity of copper, 7 — 273 K (under these conditions only a 
part of the ice will melt). 
2.216. (a) When m,c,t, < mg, not all the ice will melt and 
AS = msc, (42 -1- n=) —9.2 J/K; 
(b When mc, œ> m,g, the ice will melt completely and 
AS = To +e (m, In — m; In) = 18 J/K, 
m4T4--msT, — mgle 
myt ma i ° T 
1 T, 2e \ 
2.217. AS = mq (7-— 7) + me (7-1 — In zt.) 0.48 J/K. 
2.248. C = C, — qMIT = —74 J/(K-mol), where C, = 
= Ryl(y — 1). 


QUA 


where T = 


2.219. AS = qMIT, + C, In (T,/T,). 
2.220. (a) n ~ 0.37. (b) d ae 03. 
2.224. À = Al/In m. 
2.222. (a) P — 
2.223. (a) À 
hours. 
2.924. 18 times. 


2.225. A = (2nN 413b (kT JV Inpo) = 84 nm. 


2.226. v= nd’ PN ay 2y/MRT, = 9.9 GHz. 
2.227. (a) 0.7 Pa; (b) 2:10!* cm~, 0.2 pm, 


2.228. (a) v= V Qn d?n (v) = 0.14.1019 sl 
(b) v = 1 V2n den? (v) = 1.0 x 1028 s!.cem ?, where n= 


w= yV 8RTinM. Pol 


DEEST / 


2.229. (a) A = const, v oc Vf; (b) à ec T, v oc 4/V T. 
2.230. (a) à = const, v increases Vn times: 
times, v increases n times. yn Tues; (b) À decreases n 
231, oc -6/5. - 
oc 7-5/2, e "ra. V, v oc V-*/5 (b) X oc p-9", v oc pT; (c) ho 
2.232. (a) NOV, v oc V-**5/P. (by X oc p-1^ (42/2. 
fo) hoe PHa- y ge pampang, |) EPG v oc prm 
2.233. (a) C = 'AR (4 + 2i) = 23 J/(K-mol); (b) C = 
— 1 DA | OX — of THI won 
igit Q T 4) — 29 JIK - mol). 
2.234. n=nge-*/*, where t=4V/S w), (v) - V SRT / nM. 
2.235. Increases (1+ n)/(1 -- V n) times. 
2.236. Increases a3/B = 2 A, 
2.237. (a) D increases m times, n=const; (b) D increases 


n3/2 times, n increases Vn times. 
2.238. D decreases n*/ æ 6.3 times n increases 71/5 
2.239. = 3; = 1; = 
240, O18 am. nci 
2.241. dar/dye = 1.7. 
2.242. N, zc 2nnoRV/AR; p = V2 kTInd'nAR = 0.7 Pa. 


2.243. n = (4/R? — 1/R?) Ny/Axo. 
2.244. N = innoatlh. 


2.245. N —!faoa*p V xMJ92RT. 


na*M | pi— p? 

um GM 

bAi. T = (xT + aT Igi (nVll, + uL). 

2.248. x = (1, + Ig) (lh, + Lyn). 

on "i = T, (TA T)y: q = (a/l) In (TT). 

200. == (AT), where a = (1/C 1/C . 

2.291. T = T, (1 + (z/I) (T/T) £ fy, whore is the dis- 

tance from the plate maintained at the temperature Ti 
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d 
Er 


jig 3/2 (ri 73/2) Tw 
.252. q = —==-—— = = 40 W/m?, where i=3, d is the 
2292. q 9n3/ ld Na V M / 


dai ameter of Lolium atam 


2.253. À = 23 mm >l, consequently, the gas is ultra-thin; 


q = p wW) (ty — ty6T (y —1) = 22 W/m’, where (v) = 
= V8RTIaM, T = (T, + Ta). 
— T, 
2.294. T = Tt UR) TR 8 
onam (ii 
2.255. T — T, +p m =). 


2.256. T = T, + (R? — r°) w/4x. 
2.257. T = T, + (R? — r°) w/6x. 


3.4, The ratio Fe/F gr is equal to 4-10*? and 1-10% respectively; 
qim = 0.86:107!? C/kg. 
3.2. About 2-10% N. 


3.3. dg/dt =3/,a V 2ne mg/l. 


3.4 qa = — dida ——; r, = n Vntr Ya 
° (YatvV 4:2)" VatV a 
qq 
3.5. AT = giis 
3.6. E = 2. 75i — " 6i, — 4,0 kV/m. 
3.7. ELLO 2. 
V 2me, (1 4- z2)?/? 
3.8. E— Tate, Za = 9.10 kV/m. 
— gl ML. 
3.9. E= s py For Dr the strength E zz ine, Tz? as 
in the case of a point charge. Emax = LP for 1— r/y 2. 
_ _3qR* 
3.10. E= Anert" 
qÀ 
3.12. (a) E = ER ; (b) E= rpm For z 5H the 


a — 2 
strength E X ple where p = 1 A?Ap). 


3.13. (a) B= ; (b) E — ix pia In both cases 


AT Eg VITA 
E Teg for r D a. 

3.14. E = ay? The vector E is directed at the angle 45° to 
the thread. 


3.15. (a) 


306 


3.16. E = — !/,ar/e,. 

3.17. E = —1/;ko,/e), where k is the unit vector of the z axis 
with respect to which the angle 0 is read off. Clearly, the field inside 
the given sphere is uniform. 

18. E = —'AaR?/e,. 

3.19. | b | = !A4AR/e,. The sign of (D depends on how the direc- 

tion of the normal to the circle is chosen. 


1 
3.20. |D) == - (1 —yrranm )- The sign of «(D depends on 
how the direction of the normal to the circle is chosen. 
3.21. | D | = Hnpro (R? — r?)/ £o. 
3.22. Emax = Meg. 


3.23. E = f, 0/6, with the direction of the vector E corres- 
ponding to the angle q = x. 


3.24. D = 4nRa. 
3.25. (a) E = £e - (1—3) for rx; R, E- E 
(b) domes — ‘Vs Rie for rg —?/4 R. 
3.26. q— onto. E = ! ats. 
3.27. B= = = (1—e-97*. Accordingly, E x~ $ and Ew 


PORE V 
~ Bear? * 

3.28. E — !/,ap/e,. 

3.29. E = !/ap/eg, where the vector a is directed toward the 
axis of the cavity. 


3.30. Ap = 


for r>R; 


Dey 2 


q f, 4 \ 
— |i- ). 
aneyH A V 1+ (a/R) ) 
3.34. Pi — P: = Pn Inn=5 kV. 
3.32. g='/,0R/e,, E = —1 O/ £e. 


3.33. p= E (V1 (Re —1), E- E. (4 — LL). When 
\ ^ 285 | y EFR? 
] Q than m. " OR po J has qm D than mo g 
U + LUIGI Y= Pe , D = De ; WilUll b > ft, ucl Up z-— Angl ; 


Ez dne g, where q— ax R?, 


3.04. p = c R/ne,. 

3.35. E = —a, i.e. the field is uniform. 

3.36. (a) E = —2a (xi — yj); (b) E = —a (yi — zj). Here i, j 
are the unit vectors of the z and y axes. See Fig. 16 illustrating the 
case a >0. 

3.37. E = —2 (axi + ayj + bzk), E = 2V a? (x? + y?) + bZ. 
(a) An ellipsoid of revolution with semiaxes V ola and V qld. ( (b) 
In the case of q >0, a single-cavity hyperboloid of revolution; 


when ọ = 0, a right round cone; when q < 0, a two-cavity hyper- 
boloid of revolution. 


2 
3.38. (a) P= gag: (b) ?— € (1—5:). r<R. 
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3.39. E =V E? + E} = = teat = Vi+scos?@, where E, is the 
radial component of the vector E, and £s is its component per- 
pendicular to Æp. 

20. 

3.40. E,— e soos 4 E,=3 P 3 sintcost . 

E 1p at the points located on the lateral. surface of a cone whose axis 
is directed along the z axis and whose semi-vertex angle 0 is found 


T | 


NX 


Fig. 16. 
from the relation cos 0 = 4/V 3 (0, = 54.7°, 0, = 123.5°). At these 
points E = E, = 22 . 
3.44. R= V EN 
3.42 
3.43. q— ————rs., E= Logo BU where 


ARE (R.L22)9/2 ' 


€ o A 


Ü Z 
Fig. 18 
E, is the projection of the vector E on the x axis. The func- 
l 
tions are plotted in Fig. 17. If |x| SA, then PX meat and 
gi 
Ex 21£9z3 T 
I x aj . 
3.44. p= = = See Fig. 18 

2e, V 2R? ’ T 2e, (zt + R2)3/? 8 
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), Bx oh __. Itz, 


am —P h — 
+ oe, z? aar 4L 7 2ngr? $ vv JIiC (ERU F — dJdLEiL 
formulas for the potential ọ the plus sign correspon 
space adjoining the positively charged plate and the minus sign 
to the space adjoining the negatively charged piate, 


3.46. (a) F=0; (b) F= — (c) F= 


"3 
= 
tn 
ect 
o 
ct 
jamg 
ce 


Sie, neg ? ie ` 
= 3 - 
3.47. F=f r=. 107:6 N. 
3.48. p= —azy + const. 
y? 
3.49. p=ay (4-— a2) + const. 
3.90. @ = —y (ax + bz) + const. 
3.51. D = GEAT. 
3.52. p = 2e,Aq/d*; E = pd/e,. 
3.53. p = —6ea. 
3.54. q = AL V neka. 
2 
3.55. A= “Tonal ` 
(2V 2—1) 42. u 1 q 
3.56. (a) F- Ti (b E-2 (1—- sz) 
rm 2/0 4% 9 
r (2 y 2—1) g? 
3.07. F Prel 
3p? 
3.98 32ne,14 
TOREM 
9. o Borm ' find a ' 
3.61. (a) o=; (b) o(r) = — VETSC 


_ lq . — 
3.62. (a) o= — PERT i (b) E 


1 q 
Ane, 4 (4 -H1 (RDA? 
———— -. 
= 4ney R 
3.63. 9 — 
— 1 +o 
3.64. 9 — g if m A) 
q, ( l/r—1/a it a xir x b, 
int, ^ | (1—b/a)r if r ze b. 
3.66. (a) Ez, = Aq/d, Ey, = Eg, = V2 Ej; (b) |0, | = 04 = 
= l&EgAq/d, 8, = | 03 | = 3/,8,Aq/d. 
3.67. qı = —q (l — zyl, qa = —qz/l. Instruction. If the charge 
g is imagined to be uniformly spread over the plane passing through 
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of TEARE 


b 
3.65. p= —2 qu P= 


that charge and parallel to the plates, the charges q, and q, remain, 
obviously, unchanged. What changes is only their distribution, and 
the electric field becomes easy to . 
calculate. K^ | 

3.68. dF/dS = 1/,0%/e5. SN Áo 

3.69. F— 4.5—,—0.5 kN. Ü d 

NER? T 
3.70. F = Vn R?ote,. 
nop 

3.71. N= Te—1)e,£ = 3-108, Fig. 19. 
where nz, is the concentration of molecules. 
3.72. F = EP" 


pars. n f LAR (attraction) 
Yes VL T | 0.298 (repulsion). See Fig. 19. 
3.74. = —— z F, g = c 


g—1 
£ ánr3 q- 


€ 
3.76. dinn= —q(&—1)/e, dur =q (€ —1)/e. 


9 79 
DINE 


“6 


3.77. See Fig. 20. 
3.78. E- ^ V cos? a + e^ sin®a,=5.2 V/m; 


tan a = e tan €g, hence, a=74°; a' = ei E, COs Qa = 64 pC/m?. 


3.79. (a) $ Eds = e! nR?Ecos 0; (b) È Ddr=—e, (&—1) X 
X LE, sin 0. 
3.80. (a) g- | pl/ee, for l1 « d, l —pl?/2ee, for l<d, 


pd/ey for l>d, y — — (d/2& + 1 — d) pd/&, 
for ld. 
The plots E; (z) and @ (x) are shown in Fig. 21. (b) o' = pd (e — 1)/e, 
p = —o (e — 1ys. 
opr/3e,e for r< R, 
3.81. (a) E=| pR3/3e,r? for r> R; 
(b) p' = —p (e — 1)/e, o' = pR (e — 1)/3e. See Fig. 22. 
3.82. E 


= — £g A. 
3.83. E = —P, (1 — z'/d)/e,, U = 4dPy/3e,. 
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3.84. (a) E, = 2eB /(e + 1), E, = 
= 2ee,H,/(e + 1); (b) E, = Ey, E; = Eye, D, = D, = eg Eo. 
3.85. (a) E, = E, = E, D, = &)Eo, D, = £D; (b) E, — E,— 
D,. 


3.86. E = q/2ne le + 1) r?. 
3.87. p = poe/(e — 1) = 1.6 g/em?, where e and p, are the per- 
mittivity and density of kerosene. 


Fig. 21. Fig. 22. 


3.88. Omax = (€ — 1) e, E = 3.5 nC/m*, g = nR? (e — 1) e E = 
= 10 pC. 
3.89. (a) Since the normal component of the vector D is contin- 
uous at the dielectric interface, we obtain 
o — —gl (e — 1)/2nr? (e + 1), for 1 +0 and o’ +0; 
(b) g —q (& — 1)/(e + 1). 


3.90. F = q? (e — 1yA6xe P? (e + 1). 


- 


391. D q/2x (1 + £) r* in vacuum, 
UT UT | eg/2x (1 + &) r? in dielectric; 
QURE MM à in dieleetri 
o = g/2ne, (4 + &)r 0 in vacuum and in dielectric. 
3.92. o = gl (e — 1y/2nr?e (e + 1); for 1 +0 and o’ +0 
3.93. o = gl (e — 1y/2nr?e. 
3.94. E, = Ph/egd (between the plates), E, = —(1 — h/a)P/e,, 
D, = D, = Phid. 
3.95. p' = —2a, i.e. is independent of r. 


3.96. (a) E = —P/3e,. 
3.97, E, = E — P/3e,. 
3.98. E = 3E,/(e + 2), P = 3e&E, (e — 1)/(e + 2). 
3.99. E = -—P/2e,. 
3.100. E = 2E,/(e + 1); P = 2g;E, (e — 1Y(se + 1). 
L Ane eR, 
AFE) R/R * 

3.102. The strength decreased — !/,(e +1) times; g = 
=1/,C6 (e — 1)\/(e + D. 

£g . zm 2 — Es 
3.103. (a) C= dU dye (b) a = V cated: 
3.104. (a) C = £o (€g— &,) S/d 1n (83/21); (b) p' = — q(e5 — e,)/dSe?. 


3.101. C 
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3.105. C = 4neoa/1n (R;/ Ry). 

3.106. When e,R,E,, = e, R,E, s. 

3.107. V = RE, Hn (R,/R,) + (e)/£5) In (Ry Ra). 
3.108. C œ me, In (b/a). 

3.109. C æ 2nejln (2b/a). 


3.110. C zz2ne,ea. Instruction. When b >> a, the charges can 
be assumed to be distributed practically uniformly over the sur- 
faces of the balls. 


3.111. C x ánga. 

3.112. (a) Crotal = — C, + C; + Cs; (b) Ciotat — C. 

3.113. (a) C = 2e,8/3d; (b) C = 3e,58/2d. 

3.114. M < Vi (1 +. C4/ C ,) — 9 kV. 

3.115. U = 6/0 + 39 + n) = 10 V. 

3.116. C, = C (V 5 — 1y/2 = 0.62C. Since the chain is infinite, 
all the links beginning with the second can be replaced by the ca- 
pacitance C, equal to the sought one. 

3.117. Vi = gíC, — 10 V, V,—gíC,-—5 V. where q = 

= (pa — B +- €) C 1C s/ (C, + Ca). 

118. V, = (E, — EA + € JC 2), Va =(6, — 6,)/(1 + CC). 

5:119; q = |é, — €, CCC, 4 -+ C,). 


3.120. pa — oa = Bt In the ease when C,/C,= 
C, 
= C4 C, 
3.1914. a— 0.08 mC 
en YMO MICRO, O BM 
3.122. n= Eee qa = — 6C, Ca/(C; + C3). 


q2 = EC, (C 1 C/C, C= — 36 pC, q3 = € (C: — C,) = +60p C. 
3.124. Pa — pg = (C262 — C164)/ (C, + C5 + CS). 
3.125. Qi — € C$ + GaC3— 6, (Ca + C4) 


Cit Cac Cs , 
opp fie HECE CHE g G4 + SOS Ea (CE C) 
P2 = Cit C4 4- C3 200197 Ci+CetCy 
BCC, d- Cs (C1 + C3) 
3.126. Crore; — e Fe e o7 


3.127. (a) W=(V2+4)q2/4ne,a; (b) W=(V 2—4) q?/4neoa; 
(c) W= — y 2g?/Anega. 

3128. W = 22 E, 

"EQ a 
3.129. W = —g°/8n egl. 

3.130. W = giga 4n Eol. 

3.131. AW = —4¥,VC,C,/(C, + C,) = —0.03 mJ. 

3.132. Q = 6°CC,/(2C + C,). 

3.133. Q = 1/,C€®. It is remarkable that the result obtained is 
independent of é,. 

A (a aż q102 
3.134. W = W, +- W, + Wa, = ( - + ont A ). 


41180 
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3.135. (a) W = 392/20ne,R; (b) W/W, = 1/5. 
3.136. W = (g?/81e,s) (1/a — 1/b) = 27 ml. 
3.137. A = (g!/8ne,) (4/R, — 4/R,). 


3.138. A= Meta) (i) 


3.139. F, = c?/2e,. 

3.140. A — (q*/8n e) (A/a — 1/b). 

3.141. (a) A= q? (x5 — z;)/28,8; 

(b) A =e,SV? (zx, — zy/2z,2,. 

3.142. (a) A = !4CV?n/(1 — n}? = 1.5 mJ; 

(b) A= 4/,CV*ne (e — 1)/le — n (e — 1)? = 0.8 mJ. 

3.143. Ap = £8 (e — 1) V?/2d* = 7 kPa = 0.07 atm. 

3.144. h = (e — Do"/2&sepg. 

3.145. F = nHe,(e — 1) V?/d. 

3.146. N = (e — 1) e,R?V ?/Ad. 

3.147. I = 2negakv = 0.5 pA. 

3.148. 7 zz 2ne, (€ — 1) rvV/d = 0.11 uA. 

3.149. (a) a = (a + may + m); (b) & æ (as + mn) + n). 

3.150. (a) /gR; (b) 7/48; (c) ?/,R 

3.151. R, = R (V3 — 1). 

3.152. R= (1+ Vi + 4R2,/R,) R/2=6 Q. Instruction. Since 
the chain is infinite, all the links beginning with the second can be 
replaced by the resistance equal to the sought resistance R. 

3.153. [Imagine the voltage V to be applied across the points A 

and B. Then V—IR-I o Ho, where I is the current carried by the 


The current. I can E represented às a a superposition of two cur- 
rents. If the current I flowed into point A and spread all over the 
infinite wire grid, the conductor AB would carry (because of symmet- 
ry) the current 7/4. Similarly, if the current J flowed into the grid 
from infinity and left the grid through point B, the conductor AB 
would also carry the current 7/4, Superposing both of these solutions, 
we obtain 7, = 7/2. Therefore, R = R2 

3.154. R = (p/2n1) In (b/a). 

3.155. R = p (b — a)/4nab. In the case of b — oo R = p/4na. 

3.156. A = = 4nAtab/(b — a) Cinn. 

3.157. p/2xa. 

3.158. m j = 2alV/or*; (b) R = p/4na. 

3.159. (a) j} = LV/2pr? In (Llaj, (b) R, = (p/m) ln (l/a). 

3.160. 7 = VC/peeg = 1.5 pA. 


3.161. RC = = PEE. 

3.162. o = D, = D cosa; j = D sin «/£8gp. 

3.165, g = eo Ps — p) T l 

3.166. © = EV (£203 — £1P1)/(pı1dı + Pode), O =O if gp, = 
— Eos. 

3.167. q = esl (£505 — £191). 

3.168. p — 2eoV (y — 1)/d* (n + 1). 
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3.169. (a) Ry = 2na/S?; (b) E = 2nal/S?. 
3.170. t = —RC In (I — V/V,) = 0.6 us. 
3.171. p = tege In 2 = 1.4.10 Q-m. 
9.172. I = [(q — 1) E/R] e-"URC, 

3.173. V = &/(n + 1) = 2.0 


< 


ierit AX — —- IL mm £t1, Ag 


ternal resistance Ra. 


3.176. @) T= ai D) pa on = 0. 
3.178. AN JR, + Ry R, + R,R) — 12 A, I, = IR /R,= 


— 0.8 A 
3.179. V = VQ,RzARI 4+ R, (l — z) zl; for RSR Væ 
z Vz 
3.180. € = (€,R, + 8R) (R, + Ra), R, = R,R, + R, 
3.181. I = (Ri, — R,£)/(RR, + RiR, + R,R) = 0.02 A, the 
current is directed from the left to the right (see Fig. 3.44). 
3.182. (a) I, = [R3 (8; — 8) + R6, + QV(B,R, + RR, + 
4+-R3R,) = 0.06 A; (b) qa — pe = €, — ILR — 0.9 V i 
3.183. I = [€ (R, + Ry) + £,R a/R (R, + R4) + R,Ry. 
3.184. Pa — 9p = lg ats (f, + Ra) — EIR, (Ra +R) (RR: + 
+ fiefs + RyRy) = 
" RS Oo P (Pı — "o2 + fy (P1 — out R, + RR; + 
3.186. [=~ (rm tg) 
I= Fe (m [TAGS E RQAR Rtg] 1) = 1-04. 
The current flows from point C to point D. 
3.187. Rag =r (r + 3R)(R + 3r). 
3.188. V = !/,6 (1 — e-2#/RC) 


3.189. (a) Q = 4/, @R/At; (b) O = V, In 2-g2R/At. 

3.190. Re an, $) Q = ein 2g 

3.192. Q = I (€ — V) = 0.6 W, P = —IV = —2.0 W. 

3.193. I = V/2R; Pras = VYAR; m = 1/2 

3.194. By 2n = 2%. 

3.195. T — T, = (1 — e-At/C) VIER. 

3.196. R, = R R (Ri + Ry) = 12 9. 

3.197. R = R,R/(R, + R,): 
Qmax = (ER; + 6,R, AR Re (Ry + Rs). 

3.198. n = V Nr/R = 

3.199. Q = ACERA, 4 Ry) = — 60 mJ. 

-200. (a = — V*u/(1 — = —(). ; = 
= U,CVn/(1 — n) = 0.4 fay 9-049 ml; (b) A 

3.201. AW = —1, (e — 1) CV? = —0.5 mJ, Á mech = 
= 1, (e — 1) CV? = 0.5 mi. 


3.202. h zz !/,€ (e — 1) V?/pgd?, where p is the density of water. 

3.203. (a) q = gse- Ute; (b) Q = (i/a — 1/b) Ql OTt EJE. 

3.204. (a) q = qo (4 — e-*/RC) — 0.18 mC; (b) Q = 
= (1 — e-?vRCyg?/2C = 82 ml. 
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3.205. (a) Z = (V,/R) e-?!/RC; (b) Q = 1/, CV? 
` 9.206. e/m = lor/qR = 1.8- 10" C/kg. 
3.207. p = lIm/e = 0.40 uN<s. 
3.208. s = enl (vj ~ 10° m, where n is the concentration of 


free electrons, (v) is the mean velocity of thermal motion of an 
electron. 
9 04 fa +  g,/C0/Fr .. 9 RAG: IL T | ~~ 7AF AHN hant 
LUT. (ap L = ChbO/t = ð MS; (D) FP = entpi = 1.U MIN, 


where p is the resistivity of copper. 
3.210. E = (I/2ne,yr) V m/2eV =32 V/m, Aq—(I/Ane,) V m/2ey = 
=-Q.80 V. 
3.211. (a) p(x) = — */segaz-?/3; (b) j = */se,a?/? V 2ejm. 
3.212. n = Idle (uy + uz) VS = 2.3.4108 cm. 
3.213. ug = wel? /2V,. 
3.214. (a) n, = Isale V = 6-10? cm-3-s-}; 
= 6-107 cm~. 


n = V nur = 


anim fifi *— oe 

9.219. £=(H—1)/ V rn; —15 ms. 

3.216. t = eynU/en;d? = 4.6 days. 

3.217. I = evert. 

3.218. j = (e4 — 1) enj/a 

9 040 fay D __ TF/OD Ako”. fh] _ 122 TF jO/ D2 2338/9 O 

Diii. ld) D — gif att = Vee Udy, Wj] D — Ugit dj adt To)” = 
= 2.3 uT. 

3.220. B = npol tan (n/n)/2nR, for n ->œ B = yuI/2R 

3.221. B = 4y,J/nd sin q = 0.10 mT. 

3.222. B = (n — ọ + tan q) wf/2nk = eeu 


3.223. (a) Bate (“2-8 e); (b) B= Hot (= + Yi, 


T a A 

uoAZ/An?Hr, where r is the distance from the cut. 
uoZ/ n^ R. 

3.226. (a) B = (p,/4n) (nJ/R); (b) B = 
(c) B = (u,/4n) (2 + x) I/R. 

3.227. B= ubi TY 2/1 —2.0yuT. 

3.228. (a) B= (po/4n) V 4+ n? I/R = 0.30 pT; (b) B= (119/47) x 

xV2--2n4- n? I/R = 0.34uT; (9) B = (uo/4n) V 2 I/ R — 0.11 pT. 

3.229. (a) B = u,i/2; (b) B= — wi between the planes and 
B = 0 outside the planes. 

3.230. B= pol inside the plate, 

ugjd outside the plate. 

3.231. In the half-space with the straight wire, B = p,//2nr, 
r is the distance from the wire. In the other half-space B = 0. 

9 999 Tha mivan intaaral jie anu al to u Í. 


CF e iw CF dul 8 A il Sivuar AJL Let os anv equa ~o 


n Í ‘/ouo fjr] for rxz R, 


(uo/4n) (1 + 31/2) I/R; 


3.233. B= 

Į 1/oUo [jr] R?/r? for rze RB. 
3.234. B = !/,u, [jl], i.e. field inside the cavity is uniform. 
3.235. j (r) = (b/u,) (1 + @) rat. 


Bho 


pont /V 1+ (2R/)?. 
3.237. ‘on = ord 1— z/Vy 22+ R2 EN. where z>0 outside 
)e SO i 23 


— 1.0 uWb/m. 

3.244. P = O2 = u,n1 S/2, 
where (D, is the flux of the vec- 
tor B through the cross-section of 
the solenoid far from its ends. 


3.242, P = (u,/4n) 2Nh 1n q= 
= 8 pWb. 

3.243. Pm = 2nRBlug = -2 -/ Q tf 2 TIR 
= 380 mA-m*. 

3.244, Pm = NIP = Fig. 23 
—0.5 A-m? 

Mol N In (b/a) 

3.245. (a) B= 2 (ba) = 7 uT; 
(b) Pm = '/,nfN (a? + ab + b?) = 15 mA-m? 

3.246. (a) B = !/;ugoo R; (b) Pm = !/,nooR* 

3.247. B = Ms oR = 29 pT. 

3.248. Dy = '/,q@R?0; Pmi M = g/2m. 

3-249. B = 0. 

3.290. Fy /Fe = ugg? = (v/e)? = 1.00.10-78. 

3.201. (a) Fi = po AR = 0.20 mN/m; (b) Fy = p,/?/nl = 
= 0.13 mN/m. 

3.202. B = nd*o,/A4RI = 8 kT, where Om is the strength of 
copper. 

3.203. B = (2pgS/I)tan 0 = 10 mT, where p is the density 
of copper. 

3.254. B = Amgl/NIS = 0.4 T. 


3.255. (a) F = 2uIT n (á — 1) = 0.40 uN; (b) A= 
= (uw all p/n) In [(2y + 1)/(2n — 1)] = 0.10 uJ. 
3.256. Rx V ues (Inn)/n=0.36 KQ. 


3.257. F,— ol2/n2R. 
3.258. F= He hia In (4 + b/a). 
3.259. F, — B*/2, 


as 
3.260. In all im. cases F, — (Bi — B; ;)/2uo. The force is direct- 
ed to the right. The current in the conducting plane is directed 
beyond the drawing. 
3.261. Ap = IB/a = 0.5 kPa. 
3.262. p = ppol?*/8n?R?. 
3.263. p = tuor? P. 
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3.264. Iu, = V 2Fiim/MonR. 

3.265. P = wB*d*R/(R + od/Sy*; 
is P = Pha, = 1 B*dSlp. 

3.266. U = '!/,u?/n*?R?ne = 2pV. 

3.267. n = jBleE = 2.5.10” i-i: almost 1: 1. 

3.268. u, = 1/nB = 3.2.10? BON S). 

2 960 (a) F-=0: (6) F= lám QIn /r*, FHR 

OAU F (D) i (p 9/4 Vy at Dy iy 
= (uo/4n) of p, Irt, F 1 r. 

3.270. F = (po/4n) 6x Ip,a/(R? + 2°). 

3.271. F = 3usgpimpog/nl* = 9 nN. 

3.272. I' zz 2Bxr*|u ,R* = 0.0 kA. 


3.273. B' =B V y? sin? a + cos? a. 
3.274. (a) $ HdS = F*B cos 0: (a — 1)/upo; 


(b) § B dr — (1 — p) Bl sin 0. 


3.275. (a) Iur = xl; (b) Poi = yI; in opposite directions. 
3.276. See Fig. 24. 
3.277. B= Ehe L á 


when R = od/S, the power 


—" 
h 
E» 


3.278. B — Boni n u). H 
3.279. B = 3Bu/(2 + u) 
3.980. H. — NI/L—6 kA/m ———— 


3.281. H zm bBlnd = | J 
=0.10 kA/m. G T 
3.282. When b & R, the per- 
meability is u ~ IRBIN — 
— bB) = 3.7-10°. 
3.283. H = 0.06 kA/m, Umas zz 1.0-10*. 
3.284, From the theorem on circulation of the vector H we 
obtain 


Fig. 24. 


Hond 
P H 

Besides, 7 and H are interrelated as shown in Fig. 3.76. The requir- 
ed values of H and B must simultaneously satisfy both relations. 
Solving this system of equations by means of plotting, we obtain 
H æ 0.26 kA/m, B zz 1.25 T, and u = Blu,H zz 4-105. 

3. 285. A 1/94 SB Wo. 

3.286. (a) tm—=1/V 4a; (b) y = pF max V e/a/VB? —3.6-107*. 

3.287. f ~ 1 XY Bip. 

3.288. £,— By V 8w/a. 

3.289. H = Bwul(R + R u), Where Ry 


B es Hott _ — 1.51— 0.987H. (kA/m). 


3.290. (a) Aq = 1⁄0? amie — 3.0 nV: (b) Ag æ lY,.HBHa? = 
hd Vm ? yu J T e 
— 20 mV. 
C 
3.291. | Ear = —!/.9Bd? = —10 mV. 
A 
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3.292. 6, = '/,(—1)" Bapt, where n = 1, 2,... is the num- 
ber of the half-revolution that the loop performs at the given mo- 


ment i. The plot &; (t) is shown in Fig. 25 where t, = V 2xn/B 


[2 


ipe 
3.293. Ina = a/r, where a = Yy,lvl/nR. 
Mo 2fa*v 

3.294. 8, = fe ES. &| 
3.295. 6, =", (wa3B3 4+ 2mg sin ot)/aB. 
3.296. v= ee 

O g sino 
3.297. W = dAIEBBROm: 
3.298. (P) = V, (n oa*B)*/R. 
3.299. B = !gR/NS = 0.5 T. 


3.300. q— 5 poal qn ot i e is indepen- 


aR  b—a Fig. 25 

dent of L. NBs £9. 
E I v -— b » FL. X T3 } - b 2 
3.301. (a P= 58-8 In —; (b F= 3 (Ac in =) . 


M 
) 
3.302. (a) s = v,mR/PB?, (b) Q = m. 

3.303. y= (1—e-%), where a, = B?l?/m R. 

3.304. (a) In the round conductor the current flows clockwise, 
there is no current in the connector; (b) in the outside conductor, 
clockwise; (c) in both round conductors, clockwise; no current in 
the connector, (d) in the left-hand side of the figure eight, clockwise. 

3.305. J = Vw. (a — bin = OS A 


t.e AQUÍ “py — he OF ike 


3.306. Eim = t/,na@N Bz. 
3.307. €; = 3/,wl BE = 12 mV. 


. 
3.308. E=] /opontr — for r<a, 
!/ugnIa?/r for r — a. 


3.309. I = !/u,nSdl/p = 2 mA, where p is the resistivity 
of copper. 


3.310. E = t/;ab (n — 1)/(n + 1). 
3.911. o — — =i B (t). 


272 
3.312. F, max = DUE. 


3.313. Q = t/,a*«3/R. 
3.314. I = 4/4 (b? — a?) Bhio. 


3.915. l= V Anl LI, — 0.10 km. 


3.316. L- 2 dur ; where p and p, are the resistivity and the 
density of copper. 


3.347. t= —  In(1—1) — 1.5 s. 
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° 4n lp, — 
density of copper. 
D Yin r Mo 1 a... of ,, ET /.. 
3.319. Ly=— in y= 0.26 pH/m. 
3.320. L=% pN2a in (1 +4) 
, À on ^ TTF) 
3.321. L, = p/b = 25 nH/m 


3.323. (a) I = na?B/ L: (b) A = ¥/,n%a4B?/L. 
3.324. J = I, (4 + QU = 2A 


3.325, I = — HP __50 A. 
Lo (in =" —2) 
3.326. I=- [1 + (q— 1) emt, 
3.827. I = Š (A — ec HHL), 
__ €L, EN 6 L4 
3.328. Nai)? DEG 
3.329. La — 55^ In (1+) 


3.331. (a ) Ly. S ~ !/ a nati; (b) P, = 1/ uo na*I/b. 
3.332. p,, = 2aRq'u N. 
3.333. L4, = tamo gnati, 


3.334. I, = 32 (1 — e- tfi), 
LE? : 

3.835. Q= sar cg = 3 Mb 

3.836. W = !/,NOI = 0.5 J. 


3.337. W = BHn®a2b = 2.0 J, where H = !/;, NI/nb. 


3.338. (a) Weap/Wm © bind = 3.0; (b) La bee 


3.339. W, = uM oa*/8x. 


3.340. E — BIV equo = 3- 108 V/m. 
3.341. wy,/We = £yugo?a*/P = 1.110775 
3.343. (a) Ligtgt = 2L; (b) Lii = LIQ, 


3.344. L= V liL. 
Hota? 
3.346. nem ES Tacos, 


3.348. The displod idet. current “shoul ld be taken into 


in addition to the conduction current. 
3.349. Em = I,/e,0S = 7 V/cm. 


o orn Ir hara JT .— rVm 1/22 1 
5d yv T 


O.O00U. 1i =H, COS (wi 4-«), WICIC iim = 


and « is determined from the formula tan a= e&9£0/0. 


b+ nd/y 


= 0.15 H. 


fe orna 
\=0 / 
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Bro f R, 
3.351. «-| s Br orr< 
'1/,BR2/r for r> R. 
Here B = uml pw?’ sin ot. 
> 59r . 2qv . qv 
3.392. (a) ja= Gers (b ia= —3L5. 
3.353. 2m=0, james quor. 


3.354. H= 4 


ánr? * 

3.355. (a) If B (2, then V x E = —óB/ót = 0. The spatial 
derivatives of the field E, however, may not be equal to zero 
(V x E 5&0) only in the presence of an electric field. 

(b) If B (2, then V x E = —0B/o0t + 0. But in the uniform 
feld V x E =Q. 

(c) It is assumed that E = af (t), where a is a vector which is 
independent of the coordinates, f (t) is an arbitrary function of time. 
Then —dB/ot = V X E = 0, that is the field B does not vary with 
time. Generally speaking, this contradicts the equation V x H = 
= OD/ót for in this case its left-hand side does not depend on time 
whereas its right-hand side does. The only exception is the case 
when f (t) is a linear function. In this case the uniform field E can 
be time-dependent. 

3.396. Let us find the divergence of the two sides of the equation 
V x H = į + @D/dt. Since the divergence of a rotor is always equal 


to zero, we get 0 = V-j Tox (V-D). It remains to take into 


account that V.D — p. 
3.357. Let us consider the divergence of the two sides of the 
first equation. Since the divergence of a rotor is always equal to 


zero, V. (0B/ót) = 0 or Z (V.B) = 0. Hence, V-B = const which 


does not contradict the second equation. 
3.358. V x E —-[oB]. 
3.359. E' — [vB]. 
3.360. o = £y DB = 0.40 pC/m*?. i 
3.361. p= — 2e@B = —0.08 nC/m?, o-—e&jaeB — 2 pC/m?. 
3.362, B fo LDN, 
4n r 
3.364. E' = br/r?, where r is the distance from the z’ axis. 


aor m" a [rv] 1 . » a: - - ; . 
3.965. B =—nr Where r is the distance from the z' axis. 


rrr 


3.367. (a) E'- E / SE ceta .9 kv/m; tana’ = 822 


1— p? B y TB’ 
h x 51%; (b) p'—-BEsin*? — 4, uT. 
whence @ (b) Vi u 
320 


3.368. (a) E/— -PBsino — 4 4 nV/m: 


cyi—Bp ^ ' 
1— B? cos? a 
() B= By/ *Pete 9.9 T, vaste, 


3.370. B'— B V1 (Fi-IPA2 


i— (E/cB)? zz 0.15 mT. 
. 3.371. Suppose the charge g moves in the positive direction of 
the x axis of the reference frame K. Let us pass into the frame K' 
at whose origin of coordinates this charge is at rest (the z and 2’ 
axes of the two frames coincide and the y and y’ axes are parallel). 


In the frame K' the field of the charge has the simplest form: E' = 


1 q i + Li * 
= Aun Pil with the following components in the plane z, y 
!——— L r nee: E 
Es = 4ne, r'3 zT, Ey— 4ne, r'8 y.» 


Now let us make the reverse transition to the initial frame K. At the 
moment when the charge q passes through the origin of coordinates 


of the frame K, the z and y projections of the vector r are related 
to the z' and y' projections of the vector r’ as 

z=rcos0=2' V1—(v/c)?, y=rsindO=y’. 
Besides, in accordance with the formulas that are reciprocal to 
Eqs. (3.6i), 


E,=Ey, E= E/V 1— (vo). 
Solving simultaneously all these equations, we obtain 
Op: TE i gr 1—8? 
E= Ei +E, [= áneg r? (41— f? sin? 6)3/2 * 
Note that in this case (v = const) the vector E is collinear with 
the vector r. 
3 
3.372. v= V */,alelm = 16 km/s. 
al? m 
3.373. tan a= —- Seve ° 
3.374. (a) z-—2E,a; (b) w=gE,/m. 
3/9, t= =E =3. . 


eE 
3.376. w == m AF T/m 


3.377. (a) tan 0 = I V1— (vc), where e and m, are the charge 
and the mass of a proton; (b) v, —vy/ V 1 4- (1 — v/c?) (eEt/m,c2)2. 

3.378. a = arcsin (aB V z) = 30°, 

3.379. (a) v=reB/m=100 km/s, T =2nm/eB=6.5 us; (b) v= 


TY STS anm 
= 4 B 2— „D " = e == d. . 
c/ V +(m,c/reB)?=0.51 c, T BV es 4.1 ns 
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3.380. (a) p=aqrB; T =m? (V1+ (qrBimyc)?—1); (e w= 
c? 


S PA- Cnoc/gr BY] 


3.381. T = nm,c?, 5 keV and 9 MeV respectively. 
^» 999 AT. Os V Omya DI anga —9ON ^m 
2.004. AL = L y Ay ED GOS U 5 2.U Uli. 
2 
2229 jm... Ony 
Ue UVU fi 


- qi = "9 (B,— Bi)? ` 
3.384. r= 2p | sin (q/2)], where p=- sin a, P= 


L. 


leB 
mv cos % ' 


Ho € 
3.385. Tmax = ae, where b—-— 


V V 
3.386. v= sping? V” = Bra) 
2 2 B 
3.387. (a) Yn = (b) tan a = se 


3.388. z=/ tan iy for z« 1 this equation reduces to 
y = (2m EIqI* B?) 2. | 
3.389. F= mEI/qB —20 uN. 


3.390. Al = Sid tan p=6 cm. 
3 394. g/m — 206220 BP 


3:931. qum =— SERz 
3.392. (a) z = a (ot — sin wt); y = a (1 — cos ot), where a = 
= mE/qB?, œ = qBim. The trajectory is a cycloid (Fig. 26). Ihe 


Fig. 26. 


motion of the particle is the motion of a point located at the rim 
of a circle of radius a rolling without slipping along the z axis so 
that its centre travels with the velocity v = E/B; (b) s = 8mE/gB*; 
(c) (vz) = E/B. 


e f Hol \? @ 
3.393. V=2 —( &-) ind. 


2b ^ 2m 
3.394. BXu V my. 
3.395. y => tsin ot, r= DR (sin wi— wt cos ot), where 


a = gE,/m. The trajectory has the form of unwinding spiral. 
3.396. V > 2n?v?mr ^rle = 0.10 MV. 
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3.897. (a) T= SO" —12 MeV; (b) v = | 2-—20 MHz. 


Ar 


n?vmr? An?vimr8 
3.398. (a) t= wo 17 us; (b) s S —My = 0.74 km. 
N 
Instruction. Here s M D. a~ » Vn where p. ice the valarity af 
PS, n ait > WileT v vg i2 LUO VELUCILY OF 


n=l 
the particle after the nth passage across the accelerating gap 
N N . 


Since N is large, > Vnz | V ndn. 
ù 


i 
3.399. n = 2nvW/ieBc? = 9. 


3.400. @ = w/V1 + at, where o, = qB/m, a = gBAW/nmie2 
3.400. v = '/argBim, p =r/2 1 7 ame. 


3.402. N = W/e® = 5-109 revolutions, s = 2nrN = 8-408 k 
3.403. On the one hand, m 
ap -epn £ 49 


Ve J; C 
anr ai 


where p is the momentum of the electron, r is the radius of the orbit, 
Q is the magnetic flux acting inside the orbit. 

On the other hand, dp/dt can be found after differentiating the 
relation p = erB for r = const. It follows from the comparison of 
tho aynracetnna nhtainad that AD fJ — if? Jvpnr. /J. T as z 
va Va PUSS UV LALMCU ULIIAL UD g Ut — ig & (D; / &t. 1n particular, 


this condition will be satisfied if B, = !/, (B. 
3.404. ry— V 2B,/3a. 


3.405. dE/dr = B (ry) — 1/, (By = 0. 

3.406. AW = 2nr?eB/ At = 0.10 keV. 

3.407. (a) W— (V1 (reB/mgc)?—1) mqc?; (b) s= WAt/reB, 
4.1. (a) See Fig. 27; (b) (v,/ao)* + (x/a)? = 1 and w, = — oz. 


Fig. 27 
4.2 (a) The amplitude is equal to 2/9. and the nerind jie T _ 
t : r VM UOGR UV Ue, UID LIU pUrLi00 i15 £ == 

= m/w, see Fig. 28a; (b) v£ = 4c?z (a — ), see Fig. 28b 

F "7 z - 1 ` P - 

4.9. X = a COS (wt +a) = — 20 cm, v, = — 81 cm/s, where 
a= V z? + (vso/o)?, & — arctan (— v,o/o2,). 
21* 323 


4.4. 0 = V ($—v3r(a — zi ); a= Y (viz? yz) v3. 1 48. T= 


448. T— nV ml/F —0.2 s. 
4.5. (a) (v) = 3a/T = 0.50 m/s; (b) (v) — 6a/T — 4.0 m/s. 4.19. T — 2n V nig n—1) (n—1)2 1.1 s. 
7} , 4.20. T —2 y tg [n/2 + arcsin (a, (/B)}. 
/ /N eh OS 4,94. tp Uo 2h Y i-n—yY 1—n where n= w/g 
E-——4 f | Vise E 
—T0—————-—L———-— A909 TH V Anm/ogr? — 9. 5 a 
a 4.22. T — V 4nm Jog? s. 
Ay \/ \ T 4.23. T «2n V «( 1—m]) m/x —0.13 s. 
Ü x zm n4 4.24. T = 2n VAS Rd 
(a) (b) 4.25. T — nV m/x, where x= xng (4 + *9). 
4.26. o — y 2T,ml. 
Fig. 28. A LL 
4.27. T — 2n V m/Spg (1 + cos 8) — 0.8 s. 
4.28. T T =q ly 2l/kg — 1. o s. 
2y2 22 ,.. 
4.8. (a) Wx) = 3. 49; (b | = 2V? ao; (c) Ww) = 4.29. (a) x + (g/R) x = 0, where x is the displacement of the 
— 24-V 24-V2) aa body relative to the centre of the Earth, R is its radius, g is the 
n standard free- fall acceleration; (b vm y Rig = = 42 min, 
47. s= a n+ 1—eos (wi— n1/2)], n is even, (c) v = V gR = 7.9 km/s. 
a [n -- sin (ot —nn/2)], n is odd. 4.30. T —2nV lj g — w | = 0.8 s, where Ilg- wl] -— 


Here n is a whole number of the ratio 2ot/n. — V g2-+ uw? — 2gw cos p. 
4.94. T =2n/V x/m — 9? — 0.7 s, o2» V x/m — 10 rad/s. 
4.92. k = 4xca[gT* = = 0.4. 
4.33. (a) 0 = 3.0° cos 3.51; ing A 


(b 0 = 4.5° sin 3.55; (c) 0 = WE m 
= 5.4? cos (3.5¢ + 1.0). Here ¢ 
is expressed in seconds. 10 
4.34. F = (m + m)g 
+ m,aw* = 60 and 40 N. 05 
4.95. (a) F=mg (1+ 
mE mE cos ot), see Fig. 30; g dd en wi 
Fig. 29. ^ (b) ag = 8/@?=8 cm; (c) a= Fig. 30. 
4.8. 0.6 = (o V 2h/g — 1) g/o? — 20 cm. 
s= m. 4.36. (a) y = ( — cos wt) mg/x, where œ = V x/m; (b) Tmax = 
4.9. dP/dx = 1(/nV a? — xi = 2mg, Tm mas 
4.10. In both cases a = 7. 4.37. (air)? - + a (yvy? = 1. 
4.11. Vmax = 2.7300. . . 4.38. (a) y = (1 — cos ot) w/o’; (b) y = (wt — sin et) «o. 
4.12. 47.9 and 52.1 s-1, 1.5&. . Here o = V xm. 
Ha a or 8 Hz. " : 4.39. Ahmas — mglk = 40 cm, E = m?gl/2k = 4.8 mJ 
14. (a a^ + y*/b? = 1, clockwise; (b) w = —? = 
4.15. (a) y? = 427 (1 — z?/a?); Q) "o 2d Daja See 4.40. a= (mg/x) V 1-F2hw/mg, E — mgh + m2g?/2x. 
Fig. 29. ^ ^ ; 4.41. a— (mg/x) V 1 4-2hx/(m + M)g. 
4.16. T—2x V mja3U, 3 4.42. Let us write the motion equation in projections on the 
210. = 1 0 i . 
4.17. T — 4na V ma/b?. 2 * and y axes: 2. Las 
324 j zr = Gy, y = —oz, where œ = a/m. 


Integrating these equations, with the initial conditions taken into 
account, we get x = (vaw) (1 — cos wt), y = (vow) sin wt. Hence 
(r — voe? + y? = (vla. This is the equation of a circle of radius 
vo/o with the centre at the point xy = v,/w, yg = O. 


4.43. Will increase V1 + 2/, (R/l)? times. It is taken into 
account here that the water (when in liquid phase) moves translation- 
wise, and the system behaves as a mathematical pendulum. 


444. o V 3E (1424). 


4.45. (a) T=2n V l/g —1.1 s; (b) E=1/,mgla2=0.05 J. 


4.46. Pm =Po 1+ mR2G?/ 2g}, E = t/km. 

4.47. (T) = !/gngl0? + 1/,,.ml?62. 

4.48. T = 4n/o. 

4.49. I = mË (o2 — gll)/(o] — o1) = 0.8 g-m*. 

4.50. o= Y aoi lot). 

4.51. z—1/2Y 3, Tun—2nV. lig V 3. 

4.52. T = n V2Rh/g, l,,4 = hi2. 

4.53. wo = V 3aw?/2l. 

4.54. = V x/(m 4- Ij R3). 

4.55. Wp = PR . 

4.96. T —2n V 3 (R— r)/2g. 

4.57. T=n V 3m/2x. 3m/2x. 

4.58. oy — V x/p, where u = mm, (m, + m). 
. 4.59. (a) w= V x/u.—6 s-1 ; (b) E—!/uv? —5 nd, a=v,/o= 
—2 cm. Here u= m4m;/(m, + m;). 

4.60. T=2nV P'/k, where I' 5 HI, 4- I). 

4.61. 0/0, — V 1 F 2mo/mc œ 1.9, where mo and me are the 
masses of oxygen and carbon atoms. 

4.62. 9 — S V 2wp,/mV,, where y is the adiabatic exponent. 

4.63. q— 4h V neymg (n? — 1) — 2.0 uC. 

4.64. The induction of the field increased n? = 25 times. 

4.65. x= (vy/o) sin ot, where ox HY mle 


iA ome ai 12] 9 
. c= (1 — cos ot) g/o?, W 


> 
> 


D cC 
"E 
Qmm, 
2 


ere a 3D /VMV T 
ere o —íiD/ y mL. 


a and ae; (b) t4— 


X77 “Tt 


ES (arctan & pnn) , where 
Q \ 8! / 


/68. (a) K (0) = — Be». @ (0) = (P — o3) 93 (b) tn = 
(arctan 33 P. na). where n=O, 1, 2, .. 


` 
ll 
re oF 
= 
To 


eo 
to 
Oo 


nd 


4.69. (a) a, = fol zo | (b a= 


7 


-| —n/2, when z,>0, 


oo --z/2, when zy <0; 
—|zs|V1--(B/o)?, a=arctan(—f/o), with —n/2<a<0, if 


0 
p 2 Pp if "dt 


TOUR Juj e C, V M, dO li Tp 9. v. 


.B2oyn—1-5 s. 
i (a) v (t) =a V o? 3-B2e-8t; (b) v(t) =| xo | V 1T (B/o)? e-P*. 
4.72. 'The answer depends on what is meant by the given ques- 
tion. The first oscillation attenuates faster in time. But if one takes 


the natural time scale, the period 7, for each oscillation, the second 
oscillation attenuates faster during that period. 


4.73.  — nV / V 14-0 — n3) (4/21) 23.3, n - V T3- On) = 
— 4.3 times. 

4.74. T = V (An? + 12) Az/g =0.70 s. 

4.75. Q = nn/ln q= 5-102, 

4.76. sai (i+e7*/?)/(1 — e7- M2) — 2 m. 

4.77. Q = i) ti 1=1.3-102. 

4.78. T =V 3/5 (4n? +22) Rjg — 0.9 s. 


4.79. o— y 2% ( REY? 
mR? \ m 


4.80. n = — 9AAI/nR'*T. 


4.81. 1 = 2RI/a*B 
4.82. (a) T=2nV m/x 
tions, here A — kmg/x. 


4.83. x= - Zom 
4.84. The motion equations and their solutions: 
t-< T, P + ex = F/m, {x = (1 — cos wot) F/k, 


E> T, 2+ we z =Q, rz = a cos [we (t£ — t) +al, 
where o, = k/m, a and & are arbitrary constants. From the conti- 


nuity of z and z at the moment t = + we find the sought amplitude: 
a = (2Fik)|sin (w,t/2)}. 


oscilla- 


» 


85; (b) n = (£o — A)/4A 


oi (COS (99 — cos Qt). 


_ 1—(A/2n)? g AFoAl An? 

4.B9. Ores = 4+ (4/20)? ^T > Gres tama (1) 

4.86. o, — V (o --02)/2— 5.1.10? s-1 

4.87. (a) WO, = V oio (b B— Ia. — go 9y 2 a= 

VM =o (0405, VJ H | "2 wiley Us v = 

"Vas arzo 

4.88. y = (1 + A*/ An?) aÀ = 2.1. 

4.89. A = naF, sin q. 
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4.90. (a) Q — !/, V ot i225 (b) A= nma? (o1 — 


o2)? tan? p 
— o?) tanp=6 mJ. Here o= Y x/m. 


4.91. (a) (P) o re rua: (b) 0 — o, (Pmax = F3/4Bm. 
4.92, Dmax — P... 100 y, 
—C(P)max n*— 1 


20? Ip] N m)? — 
4.43. (a) A= —nQmNmsing; (b) Q= y (cos a + 20°F Pn) ) 
4.94. w= V ne?/egm = 1.65-1018 5-1, 
4.95. V? + PLIC = Vi. 


4.96. (a) I — I sin of, where Im=VmVC/L, w= 1/ Y LC; 


T NIT 
y C FENES A. 


T 
4 99. V = 1/, (1 + cos wt) Vo, where the plus sign refers to 
the left-hand capacitor, and the minus sign to the right-hand one; 


o = y 2/LC. 
4.100. 1 =->- cos (t/V LC). 
4.101. (a) tn =; (b) n= | arctan ( — P.) an]. Here 
=0, 1, 2, 7 
4.102. VV V 1— T. 
4.103. Vo= I, V L/C e-* sin (ot+ a) with tana = e/; Vc (0) = 

L 
=InV CEFET 


4.104. W,/We = LIC R? = D. 
4.105. L = "m + L,, R = Ri oo Rg. 


4.106. t = 1n n —05s. 
tv 


4.107. n= E 1-16. 
4.108. 99—9 =1— —Vrrumgr © r= 0.5%- 


Oo y 141/20 
4.109. (a) Wy = 1/,8? (oe CR?)(r + RP = 2.0 mJ; (b) W = 
= Wet = 0.10 mJ. 


4.110. t% 5 In y= 1.0 ms 
ft 1 > 1Q./4mC | 
4.111. (a) o= Y IC imd (b) Q=5 L o4 
When solving the proble m, it should be taken into account that 
dq/dt = I — I’, where q is the charge of the capacitor, / is the cur- 
rent in the coil winding, I’ is the leakage current (I' = V/R). 
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V2m 


4.112. Q= 37m + = 1.0-102, 


4413. (P) = R (3) = 1/,R72, = 20 mW. 
4414. (P) = 1/,RCV3/L = 5 mW. 


a 4 L 
HS o=4 ka ERIC?’ R<3V v 
4 1 1 1 

4.117. Ife t/ VTC. I= Im = Ey £ at the moment 
tm =V LC. 

4.118. l=- oE gun loos (ot — p)— cos Q- e7!E/-], tang = oL/R. 

V 
4.119. 7 — SS = [co s (wt —p)—cos q-e-7RC], tang — 
V P+ 1ol? 

-——L. Vir (~~ Ta 
— oRC . LR A Z 

4.120. The current lags behind / 
the voltage by phase angle p, defined f Aris 
by the equation tan p= HNA VR, of current 

ánp (a) 


4.121. The current is ahead of 
the voltage by the phase angle 
o=60°, defined by the equation 


V' ama fend wh m 


4.122. (a) V LV, + V. cos (ot — a), v re 
a = arctan (oRC); (b) RC—y n? ne — 1/0 == 22 ms. 

4.123. See Fig. 31. 

4.124. (a) Im=VWm/ V R23 (oL—1/9C) —45 A; (b tang= 
C = — 60° (the current is ahead of the voltage); 
(c) Ve=Im/oC —0.65 kV, Vr Is V R?4-9?L?--0.50 kV. 

4.125. (a) o — V e: —2p2; (b) o—o2/V o2— 262, where o? 
—1/LC, B= R/2L. 


4.126. For C= —7—28 pF; Vi — V. V 1-F (oL/Ry = 0.54 kV; 
Vo— VsoL/R —0.51 kV. 

4.127. I= I,cos(ot-J-q), where Im= V T+ ORC) and 
tan p= o RC. 


aol 
0 V C (LiLa-— Lh)' 
(n—1?P 4° 


— "O10, (nj—1) 1 
.131. (a) œ= V 0102; (b) Q-y Six D ot. 
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4.133. 19/1 = V 1 -- (Q2 + 1/4) (i? — 1)2/2, 2.2and 19 respectively. 4.156. See Fig. 33. 
4.134. t='/onbp. 
4435. (a) P= — Io ze 1.451; (b) I=- Iz ME, 4.157. Ap= — n (1 =n) m =0.3 rad. 
n y 3 y8 4.158. r= (a,r, + azr) / (24 + a5). 
4199. v= zag | 1-1 khz. 4.150. (a) y = ir? 908m 7i; (b) Us = T —15 cm/s. 
4.137. The current lags behind the voltage by the phase angle inu. 


4.160. (a) See Fig. 34a. The particles of the medium at the points 
lying on the solid straight lines (y = z + nA, n = 0, 1, 2, .) 


{ . 

4.138. For R=oL—r=0.20 kQ; Pma =z y = OAL kW. 

4.139. Increased by V n —1 ~ 3096. | 
4.140. For Q» 1 the ratio is Ao/@ ze !/; V n—1/ Q — 0.596. 


Ir 
| \ Te 
lr Axisof | N Axis of Lp _Arisof 
Nog \ voltages voltages Q | voltages 
\ M | SS 
\ | “= h 
Lp 4 Lig I 


oscillate with maximum amplitude, those on the dotted lines do 
| not oscillate at all. 
i (b) See Fig. 34b. The particles of the medium at the points lying 
on the straight lines y = x + na, y = x + (n + 1/2) ha 


= g + (n + 1/4)A 


oen 
kit} fv Vow 


ie 29 
rig. oz. 


4.441. P, = th (V? — Vi — VR = 30 W. 
4.142. P, = '/, (I* — p I?) R=?25 W. 


illata tivaly alone tho an AOE 
ore Lilia vG L lines 


at 
Ivey Vals LLEWOU av 


? 


4. 144. See Fig. 32. 


4.145. (8) Gres V. pc —te —3:10* rad/s; (b) T=VRC/L= 


-3 mā, o YUE-to A, ev fo (E Mtas 
4.146. tang — oC (Rtt attat | 


R3 wth? 
4.147, Z= ms 


*L.LQ2 ab 
4.149. (Fs) = gigi RL ant 


o (Y T4-- V 74) ; 
4.151. Ap = 2 | (z,— z2) cos a. + (y, — ya) cos B + (2, — Za) cos y |. E 


4.152. k= o(4-2e LAN +2), 
4,153. E = acos{(1—V/v) ot — ka], where v= ok. 


4.159. (a) a/À = 5.1-10-5; (b) Um = 11 cm/s, 3.2. $ 
(c) (QE/0z),, = 3.2- 10-5, (QE/0t),, = v (08/42) m, where v = 0.34 km/s i 
is the velocity of the wave. | 


right angles to them, or move along the circles (here n = 0, 1, 2, . . .). 
| At all other points the particles move along the ellipses. 
E 4.461. (w) = 2/4w. 
| 4.162. (D) = 2nl27, (4 — ————) = 20 uW. 
( - 2aPI, (1 ggg) T P 
4.163. (D) = P/V 1+ (2R/k)? «0.07 W. 
330 


4.164. Fee Fig. 35, for (a) and (b); see Fig. 36 for (c). 
4.165. (a) wp = 1/,pa%w? sin? kx-cos* wt; (b) wy, = !/;pa?o? X 
X cos? kz- sin? wt. See Fig. 37. 


4.166. “maz = 5 mm; to the third overtone. 


4.167. Al 1.4. 


£-7/4 


Fig. 36. 


4.169. v = 2l» = 0.34 km/s. 
4. 170. (a) Vn = 4r Qn +1), six oscillations; (b) vn = 


3r 02. 


4.171. v PTT / E ..3,8(9n 11) kHz; four oscillations with 


2l F 
frequencies 96. 6, 34.2, 44. 8, and 49.4 kHz. 
4.172. (a) Tmax = '/MO"amas; (b) (T) = '/gm@?amax- 
4.173. W = !/,nSpo?*a?/k. 
4.174. v = woul? — u?) zu 2v,u/v = 1.0 Hz. 
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qt 


4478. u— 72 (V EE (ving)? —1) & = ~ = 0.5 m/s. 
4.176. o=— (V1-F (Aviv? —1) = M s-1 
4.471. v— JV TE IAT = 135 kHz. 


L A70 fa ap a; {fd 2x zt LTT. fEX 8, :1/ 34 , e £y On 1 
4.1/0. (d) V — Vg/l1 —1]) —9 KZ, (iD) r—ty 1-4-m*—U.92 Km. 


4.179. Decreases by 2u/(v + u) = 2.0%. 

4.180. v = 2vyu/(v + u) = 0.60 Hz. 

4.181. y= SEES = 6.1073 m“, 

2^ '1 

4.182. (a) L'— L — 20yxloge = 50dB; (b) z = 0.30 km. 

4.183. (a) L = La + 20 log (ro/r) = 36 dB; (b) r> 0.63 km. 

4.184. B = In(rg fy) / Vx + g- 0/v] = 0. 12 s- 1 

4.185. (a) Let us consider the motion of a plane element of the 
medium of thickness dz and unit area of cross-section. In accordance 


with Newton's second law o dxt = —dp, where dp is the pressure 


increment over the length dz. Recalling the wave equation E = 
2 2 2 Li a a a > 
= v*(G*E/üz?), we can write the foregoing equation as 


0?t 
ov? gzs 4T = — dp. 
Integrating this equation, we get 
opis 
Ap = —pv 3; + Const, 


In the absence of a deformation (a wave) the surplus pressure is 
Ap = 0. Hence, const = 0. 
4.186. (D) = nR? (Ap)2/2pvÀ = 11 mW. 
4.187. (a) (Ap)m = V pvP/2nr? = 5 Pa, (Ap) n/p = 
(b) f = (Ap)s/2nvpv = 3um, a/A = 5-104 
4.188. P = 4nrte2"J,-10 = 1.4 W, where L is expressed 
in bels. 


4.189. A. — (1/Y &—1) c/v — —50 m. 

4.190. t —2(|/ ,— V 2) l/c 1n (e,/e;). 

4.191. J/iais = c/2nvgg, = 2.. 

4.192. H=+ V &/uo [kEm] cos (ckt), where e is the velocity of 
the wave in vacuum. 

4.193. (a) H —e,E, V &j/n; cos kx = —0.30e, 
(b) H = e,E,, V ey/us cos (ckt — kz) = 0.18e;. Here e, is the unit vector 
of the z axis, H is expressed in A/m. 

4.194. En = 2nvl*E,,/c = 13 mV. 


5-410-: 


4.196. (S) = tke gc? En o. 
= !/,¢,ck}, = 3.3 wW/m?. 


mÁ/m?; 


(b) (S) = 
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4.198. Since t>> T, where T is the period of oscillations, W = 
= UV ££o/ Lo E? man R?t = 5 kJ. 

4.199. B = B, sin kz-sin wt, where Bm | Em, with Bm = Eme. 

4.200. Sy, = !/,e,cE sin 2kz-sin 2wt, (S,) = 0. 

4.204. Wm’ We = '/gequyw?R? = 5.0-10-3. 

4.202. W./Wm = !/seguoo?R? = 5.0.10 -15, 

4.204. Ds = PR. 

4.205. S — I* V m/2eu / Ar2e,r?. 

4.207. To the left. 

4.208. D — VI. 

4.209. (D) = 1! V, cos q. 

4.211. The electric dipole moment of the system is p = Yer, = 
= (e/m) Mrc, where M is the mass of the system, rg is the radius 


vector of its centre of inertia. Since the radiation power P oc p? Oc 


œ rg, and in our case ro = 0, P = 0 too. 
1  e?g291 


ER 2 ( ge? 42 
213. P= (Aneg)? 3c? (aE) . 
~ 1 metg? 
215. AW/T = 1/,e3B/e,c3m?2 = 2-10-18, 
2 
2 


.216. T=T,e-%t, where a= 1/,e¢B2/me,c3m3, After tp m 
~ t a 
.9 8 for the electron, 


1.6.101? s=0.5-103 years for the proton. 

4.217. S,/S, = tan? (l/c) = 3. 
l 4.218. (a) Suppose that t is the moment of time when the particle 
is at a definite point z, y of the circle, and t’ is the moment when 
the information about that reaches the point P. Denoting the observed 
values of the y coordinate at the point P by y’ (see Fig. 4.40), we 
shall write 


f= 1-50. y (à) =y (2). 


The sought acceleration is found by means of the double differen- 
tiation of y' with respect to t": 
dy dy dydi dy de d (dy y v ole 
d dti di dv^ dr dv di ( dt ) ^ ü 
where the following relations are taken into account: z = R sin wt, 
y = R cos ot, and o = v/R. 

(b) Energy flow density of electromagnetic radiation S is pro- 
portional te the square of the y projection of the observed accelera- 
tion of the particle. Consequently, S/S, = (1 + v/o — vic)4. 

4.219. (P) = S/,nr*8,. n mM 

4.221. P = 1p otne. 
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4.222. (PY (8) = (e/m? sn. 
4.223. (P)/(S) = Hb (Aim)? of 
Ut ^. n (o$— w?)?* 
4.224. R = 3P/A6ncyoM, ~ 0.6 um. 
5.1. (a) 3 and 9 mW; (b) © = "s (Vi + Va) D, /A = 1.6 Im, 
where A = 1.6 mW/Im, V, and V, are the values of relative spectral 
eye for the given wavelengths. 


5.2. E = V uye,AQ/2nr?V,, hence Em = 1.1 V/m, Hy = 
= 3.0 mA/m. Here A = 1.6 mW/lm, V, is the relative spectral 
response of an eye for the given wavelength. 


1—V41—(RAY? I 
5.3. (a) (E) — !/4Eg; (b) (By = i Y LOUP T= 50 Ix. 


5.4. M = 2/ Tg. 

5.5. (a) D = nLAS sin? 0; (b) M = aL. 

5.6. hw R, E = LS/AR? = 40 lx. 

5.7. I = I cos? 0, D = n4 R?/h? = 3-10? Im. 

5.8. Emax = (9/160 V 3) pES/R? = 0.21 1x, ‘at the distance 
R/V 3 from the ceiling. 

5.9. E — nL. 

5.10. E = nL. 

5.11. M = E, (1 + RP*/R?) = 7-10? Im/m*. 

5.12. E, = nLRB?/h* = 25 lx. 

5.13. e' — e — 2(en) n. 

5.14. Suppose n,, n,, n, are the unit vectors of the normals to 
the planes of the given mirrors, and e,, e, €a, e; are the unit vectors 


of the incident ray and the rays reflected from the first, second, 
and the third mirror. Then (see the answer to the foregoing problem): 
e, = e, — 2 (eon) Ny, e, —e,— 2 (en) Mg, es = e, — 2 (esn;) ns. 
Summing termwise the left-hand and right-hand sides of these 
expressions, it can be readily shown that eg = —er- 

5.15. 0, = arctan n = 53°. 


5.16. n/n, — 1/V m$ —1 = 1.25. 
5.17. z= [1 — V (1 — sin? 6)/(n? — sin? 0)] d sin0-- 3.1 cm. 
5.18. h! = (hn? cos? 6)/(n? — sin? 0)37, 
5.21. O = 83°. 
5.22. From 37 to 58°. 
5.29. € = 8.T. 
2 sin (8/2) 


5.24. Aa ————À— An = 0.44*. 
V 1— n? sin*(8/2) 
5.27. (a) f = IB/(1 — B?) = 10 cm; (b) f = /BiB./(B2 — Bx) = 


= 2.5 cm. 
5.28. I’ = pl of? (f — s? = 2.0.10? cd. 
fF on Ce eee O +. n -—— d cnmxPna nf lieht ann qe ite ima gA 
ease OUPPOSt o 15 d PULL JUULIL VA LEHU AUU d its silage 
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circles with the centres at S and S’ and radii SO and S’M. Conse- 
quently, the optical paths (DM) and (OB) must be equal: 


n: DM = n'.OB. (+) 


However, in the case of paraxial rays DM zz AO + OC, where 
AO zz h?/(—2s) and OC ~h/2R. Besides, OB = OC — BC z: 
cz k'?/2R — h'?/2s'.. Substituti: 


taking into account that h’ zz h, we obtain n'/s' — n/s = (n'—n)/R. 
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Se a ar Rer ar =h eee 


n 
cm. 
(a) B = 1 — d (n—1)/nR = —0.20; (b) E = nn?D*L/Ad? = 

5.83. (a) D == D, (n — ng)/(n — 1) = 2.0 D, f — —f = ng/ D = 
= 85cm; (b © = '/,M, (2n —n, —1)y(n —1) = 6.7 D, f= 
= 1/0 æ 15 cm. f = n,/M z 20 cm. Here n and n, are the refrac- 
tive indices of glass and water. 

5.35. Az zz Alf?/(l — f} = 0.5 mm. 

5.36. (a) f = [P — (ADP?]/Al = 20 cm; 
(b) f. =l Y w(4 + V»)? = 20 em. 

5.37. h = V Wh" = 3.0 mm. 

5.98. E = (1 — o) nLD?/Af* = 15 Ix. 

5.39. (a) Is independent of D; (b) is proportional to D?. 

5.40. f = n,R/2(n, — n,) = 35 cm, where n, is refractive index 
of water. 

5.41. f = R/2(2n — 1) = 10 cm. 

5.42. (a) To the right of the last lens at the distance 3.3 cm from 
it; (b) 2 = 17 cm. 

5.43. (a) 50 and 5 cm; (b) by a distance of 0.5 cm. 

5.44. T = D/d. 


5.45. p = V/V n = 0.6’. 


5.46, I" = (+1) map! =3,1, where n, is the refractive 


jndex of water. 
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9.49. (a) T = 2aly/dy = 15, where l, is the distance of the best 
vision (25 cm); (b) T < 2al,/d,. 


9.90. The principal planes coincide with the centre of the lens 
The focal lengths in air and water: f = —1/0 = —11 cm, f = 
= n/® = +15 cm. Here O = (2n — n, — 1)/R, where n and No 
are the refractive indices of glass and water. The nodal points coincide 
and are located in water at the distance z = f' + f = 3.7 cm from 


the lens. 
9.91. See Fig. 39. 
9.94. (a) The optical power of the system is (D = @, + D, — 
— dD,D, = + 4 D, the focal length is 25 cm. Both principal planes 


7T "i H H y 
i ! 
I | 
| 
! 


CL Ld 


(2) (6) (c) 


are located in front of the convergin 
of 10 em from the converging lens 


4f Pn fram tha Aitrarceines la 
Au VALL LL'ULMR VIC ULV OLR LIS it 


(b) d = 5 cm; about 4/3. 

9.99. The optical power of the given lens is D = (D, + o, — 
— (din) O,®,, x = dd,/nO = 5.0 cm, z' = —dd/nb = 2.5 cm, 
i.e. both principal planes are located outside the lens from the side 
of its convex surface. 


! àv à Qistancte 
ne at a distance of 


^ - Nm Jm x 


, Oo 
is (x = dD,/M and z' = — d@,/o); 


5.56. f = x The lens should be positioned in the front 


principal plane of the system, i.e. at a distance of z= 
= fid/(f, + fa — d) from the first lens. 

9.97. D = 20’ — 20?]/n, = 3.0 D, where ' = (2n—ng—1)/R, 
n and n, are the refractive indices of glass and water. 

9.98. (a) d = nAR/(n — 1) = 4.5 cm; (b) d = 3.0 cm. 

9.99. (a) D = d (n — 19/nR? > 0, the principal planes are locat- 
ed on the side of the convex surface at a distance of d from each 
other, with the front principal plane being removed from the convex 
surface of the lens by a distance of R/(n — 1); (b) b — (1/R,—1/R,) x 
X (n — 1)/n <0; both principal planes pass through the common 
curvature centre of the surfaces of the lens. 

9.60. d = t/n (f, + R,)/(n — 1) = 9.0 cm, T = R/R, — 5.0. 
9.61. D = 2(n* — 1)/n?R = 37 D. ! 

5.63. p = 3-10" m; IVn|— 1.6-10-7 m-. 

9.65. 1.92. 
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9.66. Let us represent the Ath oscillation in the complex form 
ER = aetlot+(h—1)9] = ageiot, 


where aj = aet- is the complex amplitude. Then the complex 
amplitude of the resulting oscillation is 


= a (elo N — 1)/(eie — 1). 


Multiplying A* by the complex conjugate value and extracting 
the square root, we obtain the real amplitude 


1—cosN«o  sin(Nq/2) 


A=a 1—cosq l sin(@/2) ' 

9.67. (a) cos 0 = (k — q/2n) dad, k —0, +1, +2, 
(b) p = 1/2, dih = k + 1/4, k = 0, . 

5.68. Ag = 2n [k — (d/À) sin (ot "n a)], 
+2, 

5.69. à = 2AzrAh/l (n — 1) = 0.6 um. 

9.71. (a) Ar = À (b + r)/2ar = 1.1 mm, 9 maxima; (b) the 
shift is ôx = (b/r) 61 = 13 mm; (c) the fringe pattern is still sharp 
when ôr < Az/2, hence 6&4 = (1 + r/b)/Aa = 43 um. 

9.72. à = 2aAzr = 0.64 um. 

9.73. (a) Ar = M/a = 0.15 mm, 13 maxima; (b) the fringes 
are still sufficiently sharp when ôr < Az/2, where 6z is the shift 
of the fringes from the extreme elements of the slit, hence, may = 
= M?/2ab = 37 um. 

5.74. A — 2a O(n — 4) Az/(a + b) = 0.6 um. 

9.79. zz M20 (n — n') = 0.20 mm. 

9.76. The “fringes are displaced toward the covered slit over the 
distance At = = hl (n — 1Yyd = 2.0 mm. 

9.77. n =n + NMI — 1. 000377. 

5.78. (a) Let E, E’, and E” be the electric field vectors in the incident, 


where k=0, +i, 


reflected and transmitted waves. Select the x-, y-axes at the interface so that 


they coincide in direction with E and H in the incident wave. 
The continuity of the tangential components across the interface 


yields 


E+E’ =E”. 


The minus sign before H’ appears because H’ ! 
Rewrite the cerond equation taking into accou 


SRM TEE DUM LEAN, ORE RARUS EA tee 


the obtained and the first equation find: 


tH. 
unt that H «r£, Solving 
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Hence, we see that E’’ and E are collinear, that is. cophasal. 


(D E = E(n, — njy/(n, + nj), 


that is at n, > n, and E’ 11 E the phase abruptly changes by s at the inter- 


face. If n, « n, the phase jump does not occur. 


5.79. d — 1/4 (1 -- 2k) /V/ n2 —sin?0, —0.14(1 +2k) um, where 
k=0, 1, 2, .. 
5.80. dmin —0.65 um. 
5.81. d Fm (1-- 2k) /V n, where k=0, 1, 2, 
y n1— sin? 0 
5.82. d A —Bdán328.86 = —15 Hin. 
d (r£— r3) 
5.83. ^" Anl? (i— k) * 
5.84. Ag — 085 


20, y n2— sin? 04 ` 

5.85. (a) Ə = t/,A/nAx = 3’; (b) AMX zz Azíl = 0.014. 
9.86. Ar zz !/,AR/r. 

9.87. r' M 2RAh —1.5 mm. 

5.88. r= V r? -~ (k —1/2) 4R —3.8 mm, where k— 6. 


9.89. 4 = !/, (d; — di) B (kg — k,) = 0.50 um, where Kk, and 


k, are the numbers of the dark rings. 
5.90. D = Xn — Ok — DA/d = 9. 4D. wh 


eUa M^ 08 æi C BAM 00 0 rum 


number of the bright ring. 

9.91. (a) r= V 2kX (n— 1)/D —3.5 mm, where k=10; (b) r= 
=r/V n, =3.0 mm, where n, is the refractive index of water. 

5.92. r= V i/a (112k) A Rn, — 1.3 mm, where k=5. 

9.93. Kmin = AM. — X) = 140. 

3.94. The transition from one sharp pattern to another occurs 
if the following condition is met: 

(k + 1) X, = EM, 


where k is a certain integer. The corresponding displacement Ah 
of the mirror is determined from the equation 2Ah = ki,. From these 
two equations we get 


Ah = 


X ann Ta 1G tha 
, vv 11C1v fv io LLG 


AyAg À? 
20.—A9^ SAR — 0.3 mm. 


9.95. (a) The condition for maxima: 2d cos 0 = kA; hence, the 
order of interference k diminishes as the angle 0, i.e. the radius of 
the rings, increases (see Fig. 5.18). (b) Differenting both sides of 


the foregoing equation and takine into aecount that on transition 


ee wT eee ae ean EA i A L a YRL V V AA WVROCARARS AC UC A 


from one maximum to another the value of k changes by unity, we 
obtain 60 = 1/ Md sin 0; this shows that the angular width of the 
fringes decreases with an increase of the angle 0, i.e. with a decrease 


in the order of interference. 
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5.96.(a) kmax = 2d/A = 1.0-109, (b) AX = A/k = 42/2d — 5 pm. 


2 
5.97. [p= zs | rd 
9.98. b = ar*/(kka — r°) = 2.0 m. 
9.99. X = (r3 — r?) (a + b)/2ab = 0.60 um 
2.100. (a) 7 zz AI,, I1 zm 2I; (b) Ez lo 
9.101. (a) I æ 06; (b) J z I2. 
5.102. a) I, 0: I = ifl I; = ihe, I, = Ih, Ils 
2 


. 2 
æ (1 — q/2ny,; (b hielo, Jo Z2 I Io I 02 helo Ts = 
= Jg I = (i + p/2r) 


screen. 


5.103. (a) h = X (k + 3/8)/(n — 4) = 1.2 (k + 3/8) um; (b) h = 


re 


I 
I. Here q is the angle covered by the 


= 1.2 (k + 7/8) um, (c) h = 1.2k or 1.2 (k + 3/4) um. Here k = 
= 0, 4, 

5.104. h = A (k + 3/4)(n — 4), where k=O, 1, 2, 
(b) Imax © 8I ,. 


9.105. Amin 7 X (k + 5/8/(n — 1) = 2.5 um, where k = 2. 
5.106. r= V kAfb/(b — f) — 0.90 Vk mm, where k— 1, 3, 5, 
5.107. b = bin? = 1.0 m. 

5.108. (a) y = ybla = 9mm; (b) hmin © abXD (a + b) = 
= 0.10 mm. 

5.109. f£— ab/(a + b) = 0.6 m. This value corresponds to the 
principal focal point, apart from which there are other points as 
well. 

5.110. (a) k = 0.60 (2k + 1) um; (b) A = 0.30 (2k + 1) um. 
Here k = 0, 1, 

9.111. (a) Lou min 2 z 1.7, | (b) A = 2 (Az)?/d(v, — v) = 
= 0.7 um, where v, and v, are the corresponding values of the para- 
meter along Cornu's spiral. 

5.112. Ieenir. Hedge. 7 2.0. 

5.113. X = (AR)*/2b (v, — v,)? = 0.55 um, where v, and v, are 
the corresponding values of the parameter along Cornu's spiral. 
5.114. hà (k + 3/Ay(n — 1), where k = 0, 1, 

5.115. 7,/T, zz 1.9. 

9.116. 7 zz 2. 8I, 

9.117. 7,: I4: T4229 13:4:7. 

9.118. Iz Az Fy. 

5 119. 7g c^ (sin? a)/a?, where «—(nb/A)sin0; b sin 0 = kà, 


5.120. The condition for a maximum leads to the transcendental 
si 


in 0. The solution of this 


equation (by means ion) provides the following 


root values: a, = 1.431, à, = 2.4601, a, = 3.47n. Hence b sin 0, = 
= 1.43A, b sin 6, = 2.404, b sin 6, = 3.475. 

5.121. b (sin 0 — sin 0,) = kA; fork = +1 and k = —1 the 
angles 0 are equal to 33° and 27° respectively. 
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5.122. (a) A0 = arcsin (n sin 0) — 6 = 7.95; (b) from the con- 
dition b (sin 0, — n sin 0) = +À we obtain A40—0,,— 0, = 
= 7.7. 

5.123. A œ (a? — aè) d/2k = 0.6 pm 

9.125. 55°. 

9.126. d = 2.8 um. 

5.127. à= (d sin A0)/ V 5— 4cos A6 = 0.54 pm. 

9.128. (a) 45°; (b)-64*. 

5.129. z—2R/(n —1) V (d/4)? —1 — 8 cm. 

5.130. From the condition d [n sin 0 — sin (0 + 6,)] = kà we 
obtain 0, = —18.5°, 64, = 055; kmax = +6, O46 = 4- 78.5". See 
Fig. 40. 

5.131. hy, = à (k — 1/2/(n — 1), — where k—1, 2,...; 
a sin 0, = A/2. 

5.132. v — Avf/ Ax — 1.5 km/s. 

133. Each star produces its own diffraction pattern in 
h a 1 


lane, with their zerot! 


5 24s Va 


AB 
zai 


Ak=0 
Fig. 40. Fig. 41. 


by an angle » (Fig. 41). As the distance d decreases the angle 0 be- 
tween the neighbouring maxima in each diffraction pattern increases, 
and when 0 becomes equal to 2), the first deterioration of visi- 
bility occurs: the maxima of one system of fringes coincide with the 
minima of the other system. Thus, from the condition 0 = 2:p and 
the formula sin 0 = A/d we obtain p = A/2d zz 0.06". 


9.134. (a) D= k/d V 1— (kid — 6. 9 ang. min/nm, where k= 2; 
(b D-—kj/dV 1—(kX/d —sin0,)? —13 ang. min/nm, where k=4. 
5.13 


9. d0/dÀ = (tan 0)/4. 
5.136. A0 = 2MNd V4— (kild) = 11". 
5. 139. 0 = 46° " 
9.140. (a) In the fourth order; (b) 6A4, zz A?/1 = 7 pm. 
9.141. (a) d = 0.05 mm; (b) l = 6 cm. 
5.142. (a) 6 and 12 um: (b) not in the first order, yes in the se- 


cond order. 
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5.143. According to Rayleigh’s criterion the maximum of the 
line of wavelength X must coincide with the first minimum of the 
line of wavelength A + 6A. Let us write both conditions for the least 
deviation angle in terms of the optical path differences for the 
extreme rays (see Fig. 5.28): 

bn — (DC + CE) = b (n + 6n) — (DC + CE) =A + 6X. 
Hence, bón zz A. What follows is obvious. 

9.144. (a) A/A == 2bB/AÀ3; 1.2.10* and 0.35.10* (b) 1.0 cm. 

5.145. About 20 cm. 

5.146. R = 7-104, Aymin zz 4 cm. 

29.147. About 50 m. 

9.148. Suppose Ay and Ay’ are the minimum angular separations 
resolved by the telescope's objective and the eye respectively 
(Aw = 1.22A/D, Ap’ = 1. 22M dy). Then the sought magnification 
of the telescope is Tmin = Ay/Np = Did, = 13. 

5.149. Amin = 0. 61A/sin a = 1.4 um. 

9.190. Suppose dmin is the minimum separation resolved by the 
microscope's objective, Av is the angle subtended by the eye at 
the object over the distance of the best visibility Z, (25 cm), and 
Ay’ is the minimum angular separation resolved by the eye (Ai = 
= 1.22X/d,. Then the sought magnification of the microscope is 
In — Ap / Ap = = 9 (la /d. o) sin o = 30. 

9.151. 96, 60, 84, 107. and 134°. 

5:152. a = 0.28 nm, b = 0.41 nm. 

5.153. Suppose a, B, and y are the angles between the direction 
to the diffraction maximum and the directions of the array along the 
periods a, b, and c respectively. Then the values of these angles can 
be found from the following conditions: a (1 — cosa) = k,A, 
b cos B= = kA, and c cos y = kà. Recalling that cos’a + cos?B + 
+ cos*y = 1, we obtain 

c 2ky/a 
B (&i/a)* + (e5/b)* + (k,/c)3 * 
2 35/7m . 

9.154. A= Vz sina = 244 pm, where k — 2, m is the mass 
of a NaC] molecule. 

29.155. d= Pumpe) V k? + kè? — 2k, k, cos (2/2) = 0.28 pm, where 
k, and k, are the orders of reflection. 


5.156. r = l tan 2a = 3.5 cm, where « is the glancing angle 
found from the condition 2d sin a = kà. 


9.157. I4. 

5.158. (a) Ij (b) 2I,. 

9.199. E = no = 0.6 mi. 
5.160. n = ih (cos q)AUN-1) — 0.12. 
9.161. I/I = zæ 60. 
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5.162. Ipo nat = PI — P) = 0.3. 
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5.163. P = (n — 1)/(1 — n cos 29) = 0.8, 

5.164. (a) Let us represent the natural light as a sum of two mutual- 
ly perpendicular components with intensities /,. Suppose that each 
polarizer transmits in its plane the fraction a, of the light with 
oscillation plane parallel to the polarizer’s plane, and the fraction 
& with oscillation plane perpendicular to the polarizer's plane. 
The intensity of light transmitted through the system of two pola- 
rizers is then equal to 

Ij = arly + al os 
when their planes are parallel, and to 
Ly = aalo + auae, 
when their planes are perpendicular; according to the condition, 
Iy/T, =n. 

On the other hand, the degree of polarization produced separately 

by each polarizer is 


Po = (a, — @,)/(a, + a4). 
Eliminating a, and a, from these equations, we get 
Py= V (n— 1)/ (m+ 1) = 0.905. 


(b P= V 1 —1/ņn? — 0.995. 
5.165. The relative intensity variations of both beams in the 
cases A and B are 


n = (AIT) (AIT) p = cot? (9/2), g = 11.5. 
5.166. 90°. 
9.167. (a) p = ih (n? — 1Y?/(n? 


1 4- n2)? — 4n? 
(b) P= pt — 0) =p ant 
index of glass. 


5.168. 7 = I, (1 — o)/n = 0.7217,, where n is the refractive 
index of water. 

5.169. p = [(n? — 1y (n? 
refractive index of water. > 

p e (1— 0) 

5.170. P,=P;=1, Pz = 4775 = 0.087, P,—i1—35d—5 = Ot? 

5.171. (a) In this case the coefficient of election from each 
surface of the plate is equal to p = (n? — 1)?/(n? + 1), and therefore 
I, = I (4 — py? = 10/,n*/(1 + n? = 0.7251, 
‘Li D 1—(1— p’)? (1 4- n3)4— 16n* aw (VAD rhanna ta tha anna 
(JJ t = itap Gane) isn ^6 IU, Where p i5 uie GOC 
ient of reflection for the component of light 
oscillates at right angles to the incidence plane 

5.172. (a) P = (1 — a^Ny(1 + 49), where a 1 
n is the refractive index of glass; (b) 0.16 , 0.31, 0.67, and 0.92 re- 
spectively. 


+ 1)? = 0.074; 
~ (0,080, Here n is the refractive 


+ 1)] sin? = 0.038, where n is the 


9.173. (a) p = (n — 1)?/(n + 1)? = 0.040; (b) A/D = 1 — 
— (1 — p)?N = 0.34, where N is the number of lenses. 


9.175. (a) 0.83; (b) 0.044. 
N N 
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9.176. See Fig. 42, where o and e are the ordinary and extraor- 
dinary rays. 

9.177. ô zu 11°. 

2.178. For the right-handed system of coordinates: 

(1) circular anticlockwise polarization, when observed toward 
the incoming wave; 

(2) elliptical clockwise polarization, when observed toward the 
incoming wave; the major axis of the ellipse coincides with the 
straight line y = z; 

(3) plane polarization, along the straight line y = —z. 

9.179. (a) 0.490 mm; (b) 0.475 mm. 

3.180. 4 = 4dAn/(2k + 1); 0.58, 0.55 and 0.51 um respectively 
at & = 15, 16 and 17. 

9.181. Four. 

0.182. 0.69 and 0.43 um. 

9.183. d = (k — 1/2) An = 0.25 mm, where k = 4. 

9.184. An = A/OAz = 0.009. 

3.185. Let us denote the intensity of transmitted light by J, 
in the case of the crossed Polaroids, and by /j in the case of the 
parallel Polaroids. Then 


I, = tI sin? 2@-sin? (8/2), 
"m = olg {4 — sin? 2pesin? (6/2)]. 
The conditions for the maximum and the minimum: 


Polaroids | Imax | Imin 


L | A=(k+1/2) A, p= n/A4 | A=ki, for any 9 
i | å= kh, for any ọ | A=(k+1/2)4, p= 7/4 


Here A is the optical path difference for the ordinary and extraor- 
dinary rays, k = 0, 1, 2,... 
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5.187. (a) The light with right-hand circular polarization (from 
the observer's viewpoint) becomes plane polarized on passing through 
a quarter-wave plate. In this case the direction of oscillations of 
the electric vector of the electromagnetic wave forms an angle of 
+45° with the axis OO’ of the crystal (Fig. 43a); in the case of left- 
hand polarization this angle will be equal to —45° (Fig. 430). 


(b) If for any position of the plate the rotation of the Polaroid 


(located behind the plate) does not bring about any variation in 
the intensity of the transmitted light, the initial light is natural; 


01 om 


(a) (5) 
Fig. 43. 


if the intensity of the transmitted light varies and drops to zero, 
the initial light is circularly polarized; if it varies but does not 
drop to zero, then the initial light is composed of natural and cir- 
cularly polarized light. 
5.1898. fa) Az = thd (n 


.188. (a) Az 
= —2 (n, — no) O62 < 0. 

5.189. An = ad/n = 0.71-10-*5, where œ is the rotational con- 
stant. 

5.190. « = n/Az tan © = 21 ang. deg./mm, I(x) ~ cos? (nz/Az), 
where x is the distance from the maximum. 

5.191. dmin = (1/a) arcsin V 2n = 3.0 mm. 

5.192. 8.7 mm. 

5.193. [a] = 72 ang. deg./(dm-g/cm?). 

5.194. (a) Emin = 1/V 4B1 = 10.6 kV/cm; 
ruptions per second. 

5.195. An = 2cHV/w, where c is the velocity of light in vacuum. 

9.196. V ='/, (q, — P/H = 0.015 ang. min/A. 

5.197. If one looks toward the transmitted beam and counts the 
positive direction clockwise, then q = (a — VNH) l, where N is 
the number of times the beam passes through the substance (in 


— Va (hy dfn’ — n — 
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(b) 2.2.10? inter- 
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5.199. ¢ = mcw,/AJ = 12 hours. Although the effect is very small, 
it was observed both for visible light and for SHF radiation. 
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3.200. (a) a — eF,/mw?=5-107* cm, where Ey=V 2I/e,c, v= 
=40 = 1.7 cm/s; (b) F,,/F, = 2.9107, 

9.201. (a) &—1— nge?/egmo?, v= eV IF (serie ne?) A2, 

9.202. n, = (An?s?me,Je*Y(1 — n?) = 2.4.10! cm. 

5.203. n — 1 = —nge M 8n? egmc = —5.4. 1077, where Hg is 
the concentration of electrons in carbon. 

9.204. (a) z = a cos(ot + q), where a and q are defined by 
the formulas 

eEoím o 2Bo 
~ Yü-eyiasac 597 wa 


Here p — y/2m, œ= k/m, m is the mass of an electron. (b) (P) — 
mp GE my? o m ( eEg 


Sa oppg (Pinas ap Un 
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9.205. Let us write the wave equation in the form A = A jet(ot-h», 
where k = 2nz/A. If n' =n + ix, then k = (2n/h,)n’ and 
A = A oe? *x/Asgi(9t — 2ztnx/A4). 
or in the real form 
A = Age*'"* cos (wt — k' x), 
i.e. the light propagates as a plane wave whose amplitude depends 
on z. When x <0, the amplitude diminishes (the attenuation of 


the wave due to absorot tion). When n' — ix. then 


LP e Ad XA AER wap» Ar il Lawak ty nad vrug EEA 


A == Aye*’* cos wt. 


This is a standing wave whose amplitude decreases exponentially 
(if x < 0). In this case the light experiences total internal reflection 
in the medium (without absorption). 


9.206. n, = 4n*eqme*/e?A? = 2.0-109 cm. 

5.208. (a) u = ?/5 v; (b) u = 2v; (c) u = i/v 

5.209. e = 1 + A/o?, where A is a constant. 

9.210. v = c/n = 1.83.10* m/s, u = [1 + (A/n) (dn/dX)l] cin = 
= 1.70-108 m/s. 

9.211. It is sufficient to discuss three harmonic components of 
the train of waves (most easily with the help of a plot). 

5.212. I = !/I,e-" sin? og, where g = VIH. 

9.213. (a) I =I, (1 —oy (1 + p? T^ + 


) = 
= V — pl — p (b)T = Ly A pol + pott.. J= 
= I6 (4 — p)*/(4 — clo? where o = exp (—xd). 
5.214. x= T9. 0.35 om, 


4 (4 mAN 
5.215. x=- In 2————— = 0.034 om, 
23.216. t = (1 — p} exp [—1/; (x, + x4) ll. 


Dn 
ei 


346 


e M Leal 


9.217, I — Ij, (1— p} ar 
T] 
9.218. AÀ = 21, V (1n nad Te 
D 
5.219. [= xp (4—9)e-6-2. 


5.220. Will decrease exp (ud) = 0.6-10? times. 
5.994. d — 


TF o miii hea d=0.3 Inm. 


9.222. d = (In 2)/u = 8 mm. 

0.223, N = (In yn)/In 2 = 5.6. 

9.224. c = 2lz (n4 — nj) = 3.0-108 m/s. 

9.229. First of all note that when v <c, the time rate is practic- 
ally identical in the reference frames fixed to the source and to the 
receiver. Suppose that the source emits short pulses with the inter- 
vals To. Then in the reference frame fixed to the receiver the distance 
between two successive pulses is equal to À — c7, — v,T,, when 
measured along the observation line. Here v, is the projection of the 
source velocity on the observation line (v, — v cos 0). The frequency 
of received pulses v = c/A = v,/(1 — v,/c), where vy = 1/T,. Hence 
(v — vovo = (v/e) cos 0. 


5.226. AX = —A V 2TÍmc? cos 0 = —26 nm. 

9.227. T = ánRà c6 = 25 days, where R is the radius of the 
Sun. 

29.228. d = (AMA) net/n = 3-107 km, m = (AMAX)scu2ny = 


= L9 9.4029 kg, where a 1e tha ora itational annatant 


et aw Wee fF LJ ë UEL V Brav 71l U LULIVLLIOAL VUILILJLGOILUL. 

5. 229. o = w (i + P — p), where B= Vie; ow 
zz oo (1 + 2V/c). 

3.230. v = !/,AAv zz 900 km per hour. 

9.291. Substituting the expressions for t’ and 2’ (from the Lorentz 
transformation) into the equation wt — kr = o't' — k'z', we 
obtain 


=o’ (1--ByV1—B, k=k 4 --ByV1—p, 


where D = V/c. Here it is taken into account that w’ = ck’. 
5.232. From the formula o'—o V (1—8)/(1--B) we get B= 
= y/c = 0.26. 


5.233. vc 7.1-10* km/s. 


5.234. w=, V 3/7. 
5.230. AA = ATím,c? = 0.70 nm, where m, is the mass of the 


atom. 

5.236. (a) o = a! V 1 — p? — 5.0. 1099 s-1 : (b) o— «o V1—p2— 

. 1 , Here 8—v/c. 

9. 237. The charge of an electron and the positive charge induced 
in the metal form a dipole. In the reference frame fixed to the elec- 
tron the electric dipole moment varies with a period 7" = d'/v, 


where d' = d V 1 — (vic). The corresponding "natural" frequency 
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is v’ = v/d’. Due to the Doppler effect the observed frequency is 


' V i- (vc)? —— vid 


4 — (v/e)cos6 ^ 1—(v/c) cos 6° 


The corresponding waveleneth is À, — ely = d frin — enc AY Whan 
ii ?ro ye VV CA YR UAR RES uk a ry wi ¥ a“ veru Vso Vie YY LIUC III 
0 = 45° and v zz c the wavelength is À ~ 0.6 um. 


5.238. (a) Let v, be the projection of the velocity vector of the 
radiating atom on the observation direction. The number of atoms 
with projections falling within the interval v,, v, + dv, is 


n (v4) dv, ~ exp (—mv}/2kT) - dv,- 


The frequency of light emitted by the atoms moving with velocity 
v, is © = €, (1 + v,/c). From the expression the frequency distri- 
bution of atoms can be found: n (o) do = n (v4) dvx. And finally 
it should be taken into account that the spectral radiation intensity 


Io ~n (0). (b) Ac/o, = 2 V (2 In 2) kT /me?. 


cin 4- Y c 1 

5.239. U =T} Vien" If V & c, then uz —+V (1—5). 

5.240. v = t/c00 = 30 km/s. 

5.242. 0' = 8°. 

5.243. The field induced by a charged particle moving with 
velocity V excites the atoms of the medium turning them into sources 
of light waves. Let us consider two 
arbitrary points A and P along the 


path of the particle. The light waves Ner” 
emitted from these points when the 

particle passes them reach the point £ 

P (Fig. 44)simultaneously and amplify Fe N 

each other provided the time taken 7 B y 


by the light wave to propagate from 
the point A to the point C is equal 
to that taken by the particle to fly 
over the distance AB. Hence, we 
obtain cos 0 — v/V, where v — c/n is the phase velocity of light. 
It is evident that the radiation is possible only if V — v, i.e. when 
the velocity of the particle exceeds the phase velocity of light in 
the medium. 

9.244. Tmin=(n/V n?—1-—1)mc?; 0.144 MeV and 0.26 GeV 
respectively. For muons. 

5.245. T= (— 25999... 4| me? = 0,23 MeV. 

\ y n?cos? 0—1 J 
5.247. T, =bT,/(b+ TAX) —1.75 kK. 
5.248. Àm =3.4 um. 


4 9720 [24 A (19 le ws ia ahnws A 11 
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5.250. T= 3cRp/oM =2.107 K, where R is the universal 
gas constant, M is the molar mass of hydrogen. 


Fig. 44. 
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9.201. t = (n? — 1) cpd/180T? = 3 hours, where c is the spe- 
cific heat capacity of copper, p is its density. 

5 252. T= T, V d/2i — 0.4 kK. 

5.253. (a) Cy = (0UJOT)y =16 of Vie=3 nJ/K, where U= 
=4oT*Vile; (b) S = 1660 T?V/3c = 1.0 nJ/K. 


5.254. (a) Gp, = 3T/a = 7.85-101* s-1 ; (b) Apr = 2nca/5T = 


= 1.44 um. 
9.255. (a) ug = (kT/n?c?) o?; (b) us = (R/12c?) o? eT host, 
1622h v3 1622chA~> 
9.206. Uy = —À Uu = 


ce} pemhv/kT L}? WIL VU, 
9.297. AP = 4n? hT AAD’ (e2she/hb 1) = 0.31 W/cm”, where 
b is the constant in Wien's displacement law. 
2298. (a) 1.1 um; (b) 0.37; (c) P,/P, = (TJ/T* (14 — yy(1—y9)— 


— 
— 


4 w2 aw 8nA-4 dà 
5.259. ng dw = T VAIRT qp nj di = goithe/RTn 4" 


29.260. (a) (D = PA/8n?chr* = 6.109? cms; 


(b) r = V PA/2hn/2nc = 9 m. 
5.261. dpldt = ®,/c. 


5.262. (p) = ^ (1 + p) E/nd?ev zz 50 atm 

5.263. p= (Ele) V1-- p?--2pcos 20 —35 nN.s 

5.264. p = (Ilc (1 + p) cos? 0 = 0.6 nN/cm? 

5.265. F = nR7J/e = 0.18 uN 

5.266. F = P/2e (1 + v). 

5.267. (a) Ap= he XE (b Ap zn - Here f— 


— Víc. It is evident that in the reference frame fixed to the 
mirror the latter obtains the smaller momentum. 

5.268. sin (0/2) zz E/mc V gl, 0— 0.5*. 

5.269. Aw/m, = — (1 — e-YM/Re) < 0, i.e. the frequency of 
the photon decreases. 

5.270. V = 2nhe (1 — 1/nYeAX = 16 kV. 

5.271. V = nAcled sina = 31 kV. 

5.272. Amin = 2nAÀ/mc (o —1) 22.8 pm, where y=1/V1—(v/c)?. 

5.273. 332 nm, 6.6-10° m/s. 

(n2— halha) 

5.274. A= 2nch "ha (1) = 1.9 eV. 

5.279. Pmax = 4.4 V. 

5.276. Tmas = Kh (Oo + 9) — A; = 0.38 eV 

5.277. w = 2nchJleX — 0.020. 

5.278. Umax = 06.4109 m/s. 


tn 970 (V. V. tha nnlamtx nf tha ennt 
Ves Wy ea ta 
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is opposite to that of external voltage. 
5.280. A/mc, the Compton wavelength for the given particle. 
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9.281. Let us write the energy and momentum conservation laws 
in the reference frame fixed to the electron for the moment preceding 
the collision with the photon: Ra -+ mec? = mc?, holce = mv, where 


m = my V 1 — (v/c. From this it follows that v — 0 or v = c. 
The results have no physical meaning. 

5.282. (a) Light is scattered by the free electrons; (b) the increase 
of the number of electrons that turn free (the free electrons have the 
binding energy much lower than the energy transferred to them by 
the photons); (c) the presence of a non-displaced component is due 
to scattering by the strongly bound electrons and the nuclei. 

9.283. À = 4nkc Ísin (0,/2) — « sin (06,/2)]/(Qq — 1) = 1.2 pm. 

5.284. T = hon/(1 + yn) = 0.20 MeV. 

5.285. (a) œ = 2nc/(4 + 2nh/mc) = 2.2.10?9 rad/s: 


2Anch/À 
5.286. ho’ — ho — 0.144 MeV. 


1 1-2 (hw/me2) sin (0/2) 
5.287. sin (8/2) = V me (p— p')/2pp'. Hence 0— 120°. 
5.288. ħo = [4+ V 1+ 2mc?jT sin? (8/2)| T/2 — 0.68 MeV. 
5.289. A = (2nh/mc) (V 1 4- 2mc?/T,,,, —1) — 3.7 pm. 

_ V AnfilmcAA—1 
5.290. tan q = "T+ homi , 
204. p= Een 3.4 cm. 

92. AX = Alae sin? (0/2) — 1.2 pm. 


— (9ncle) V mr? = 0.24 um. 


wm — 31? 
v vw . 


(a) "nin = = 0.59 pm; (b) ruis = (2Ze!/T) (1 + malmi) = 


Berm ty o: 
or St 


n (a) Omin == 
+ cosec (0/2)] Ze?/T = 0.56 pm. 
. pzz2 y 9mT/[A4- (QT /Ze?)21. 
. T, — mye*m,b?T — 4 eV. 
u Fn sin (0/2) 

6.7. b= VIX mcos C where n=V1+U,/T. 

6.8. (a) cos (0/2) = b/(R +r); (b) dP = t/, sin 0 dO; 
= 1/2. 

6.9. 3.3-4075. 

6.10. d = (4/r°T?/nIZ*e*) sin* (0/2) = 1.5 um, where n is the 
concentration of nuclei. 


6.11. Zpt-— <= Zag V mApe/ Aag = 78. 
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(o) P= 


6.12. (a) 1 6. 106. (b (b) N — = nnd (Ze? TY. cot? (8, /2) 1 I oT = 2.0-407, 
where n is the concentration of nuclei. 

6.13. P = nnd (Ze?/mv’)? = 0.006, where n is the concentration 
of nuclei. 


6.14. ANIN = 1 — nnZ'etT? tan? (8,/2) = 
3450 


(Ze*/T) cot? (0/2) = 0.23 pm; (h) Tmin = 


645. AN/N = 2 (0.72 4+ 0.3 xi) paN acot? = 1.4.40, 


where Z, and Z, are the "atomic numbers of copper and zinc, 
M, and M, are their molar masses, Na is Avogadro’s number. 
6.16. Ao = n (Ze?/T)* cot? (0/2) = 0.73 kb. 
6.17. (a) 0.9 MeV; (b) do/dQ — Ao/An sin* (0/2) = 0.64 kb/sp. 
6.18. t = (3mc?/2e?o?) In n = 15 ns. 


6.19. t zz m?c?r3/Ae* zz 13 ps. 
6.21. Tn = V nh/mo, En = nho, where n = 4, 2, , 0 = 
= V kim. 
6.22. 
T1, pm v, 109 m/s T, eV Ep eV qi, V. Pr, Y A, nm 
H | 52.9 | 2.18 | 13.6 | 13.6 | 13.6 | 10.2 | gs 
Bd | 26.5 | 4.36 | 54.5 | 54.5 | 54.5 | 40.8 | 30.4 | 
6.23. wo = me!Z?|h?n? — 92.07.1016 s-1!, 
6.24. un = neh/2mc, W,/M, = e/2mc, m = ug. 
6.95. B — met/chd — 195 kG 
6.27. The Brackett series, News = — 2.63 um. 
6.28. (a) 657, 487 and 434 nm; (b) A/6A zz 1.5-10*. 
6.29. For n» 1 sinO z nncilR, whence 9 ~ 60°. 
6.30. He*. 
6.31. N = ijan (n -—— 1). 
6.32. 97.3, 102.6 and 121.6 nm. 
6.33. n — 5. 
176nc - 
6.34. R = ASTRA = 2.07-10!8 st, 


6.35. Z = V (176/15) ne/ RAX =3, Li**. 

6.36. A= (2ne/Aw) (Z V R/Ao —1)/(2Z V R/Aa —1) = 0.47 um. 
6.37. E, = 54.4 eV (Het). 

6.88. E — E, + 4hR = 79 eV. 

6.39. v= V 2 (fio — 4AkR)/m = 2.3-109 m/s, where o :-2:3c/4. 
6.40. Tmin = AR = 20.5 eV. 

6.41. v = 3AR/4me = 3.25 m/s, where m is the mass of the 


6.42. (e — e’)le zz 3AR/8mc? = 0.55-10*%, where m is the 


6.43. v = 2VAR/m = 3.1.1096 m/s, where m is the mass of 
the electron. 

6.44. v = 3RAA/8n cos 8 = 0.7-10% m/s. 

6.45. (a) E, = n*n*h*/2mP; (b) E, = n°h?/2mr’; 
= nh V ajm; (d) E, = —ma?/2h?n?. 


(c) En = 
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6.46. E, = pe*/2h?, R = pet/2h3, where u is the reduced mass 
of the system. If the motion of the nucleus is not taken into account, 
these values (in the case of a hydrogen atom) are greater by m/M zz 
= 0.095%, where m and M are the masses of an electron and a pro- 
ton. 


6.48. (a) 0.285 pm, 2.53 keV, 0.65 nm; (b) 106 pm, 6.8 eV, 
0.243 um 


6.49. 123, 2.86 and 0.186 pm. 

6.50. 0.45 keV. 

6.51. For both particles A= 21 (1+ m,/m4)/ V 2m, T —8.6 pm. 
6.52. K= 214 V ALAR, 

6.53. A = 2nħ/ V 2mkT —1928 pm. 

6.54. First, let us find the distribution of molecules over de 


Broglie wavelengths. From the relation f (v) dv = —ọ (A) dà where 
f (v) is Maxwell's distribution of velocities, we obtain 


p (A) = Aremu, a = 2n?R3/ nkT. 


The condition dp/di=0 provides Apr = n/V mkT =0.09 nm. 

6.55. A= 2n V 2mT (1-+T/2me?), T < 4mc*AMA — 20.4 keV. (for 
an electron) and 37.5 MeV (for a proton). 

6.56. 7 —(/2— 1) me? 0.21 MeV. 

6.57. 1 — XA,/ V 1-- meh xh — 3.3 pm. 

6.58. v= 4nhl/mbAz = 2.0-109 m/s. 

6.59. Ax — 2nAl/d V 2meV — 4.9 um. 

6.60. V, = n2h2/2me (V n— 1)? d? sin20 = 0.15 keV. 

6.61. d= nhk/V 9mT cos (0/2) = 0.21 nm, where k= 4. 

6.62. d= nhk/y 2mT sin 0— 0.23 + 0.04 nm, where k=3 and the 
angle 0 is determined by the formula tan 20— D/2l. 

6.63. (a) n= V14- F,JV —1.05; (b) V/V: >1m(2 +n) — 50. 

6.64. E, = n*i?h?/|2mD, where n = 1 

6.66. 1-104, 1.10 and 1-10-?? cm/s. 

6.67. Av ~ h/ml = 1.106 m/s; v, = 2.2.106 m/s. 

6.69. Ai ~ nml?/h zz 10-19 s. 

6.70. Tmin zz h?/2mD = 1 eV. Here we assumed that p ~ Ap 
and Az = L. 

6.71. Aviv ~ h/1y 2mT = 1-10-4. 

6.72. F zz lmt. 

6.73. Taking into account that p ~ Ap ~ h/Az ~ liz, we get 
E = T + U & BR*[2ma? + ka?/2. From the condition dE/dx = 0 


ind z, and then Emin z A V kim = how, where o is the oscillat- 
or's angular frequency. The rigorous calculations furnish the value 
ho/2. 

6.74. Taking into account that p ~ Ap ~A/Ar and Arr, 
we get E = p*/2m — elr zz h?/2mr? — elr. From the condition 
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dE/dr = 0 we find re © Alme = 53 pm, Emin c —met/2h? = 
= —13.6 eV. 

6.75. The width of the image is A a ô+ A' = 6 + Al/p6, 
where A' is an additional widening associated with the uncertainty 
of the momentum Ap, (when the hydrogen atoms pass through the 
slit), p is the momentum of the incident hydrogen atoms. The func- 
tion A(6) has the minimum when 6 zc V hilmv — 0.04 mm. 

6.76. The solution of the Schródinger equation should be sought 
in the form V = »p (z)-f (t). The substitution of this function into 
the initial equation with subsequent separation of the variables z 
and ¢ results in two equations. Their solutions are : (x) ~ e^, 
where k — V 2mE/h, E is the energy of the particle, and f (t) ~ 
~e tot, where o = E/h. Finally, V = gei(hx-9D, where a is a cer- 
tain constant. 

6.77. P=1/3+ V 3/2n — 0.61. 

A cos (nnz[l), if n= 

6.78. y=! Aul ON id 

| Asin(unz/i), if n= 
Here A= y 2Q/l. 

6.80. dN/dE = (ljnh) V m/2E; if E —1 eV, then dN/dE=-= 
= 0.8.10" levels per eV. 

6.81. (a) In this case the Schródinger equation takes the form 


1, 3, 9, ..., 
2, 4, 6 


bd sees 


Let us take the origin of coordinates at one of the corners of the 
well. On the sides of the well the function Y (z, y) must turn into 
zero (according to the condition), and therefore it is convenient to 
seek this function inside the well in the form wp (z, y) = asin kiz X 
X sin ky, since on the two sides (x = 0 and y —0) p = 0 automa- 
tically. The possible values of k, and k, are found from the condi- 
tion of *p turning into zero on the opposite sides of the well: 


P (h, y) =0, kh = + (n/n, ny = 14, 2, 3,..,, 
p (x, la) = 0, ka = + (n/1,) ns, no = 1, 2,3, .. 


The substitution of the wave function into the Schrédinger equa- 
tion leads to the relation k? + k? = K?, whence 
Es, = (nG + nE) n*h?/2m, 
(b) 9.87, 24.7, 39.5, and 49.4 units of A2/mi?. 
6.82. P = 1/3 — V 3/An = 19.5% 


nOs == -J 0 


6.83. (a) E = (ni + nj + nj) n*A?/2ma*, where n,, n,, n, are 
itegers not equal to zero: (b) AE = n?A?/ma?; (c) for the 6-th level 
ni + ni + rè = 14 and E = 7n?ħ?/ma?; the number of states is equal 

six (it is equal to the number of permutations of a triad 1, 2, 3.) 
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6.84. Let us integrate the Schrödinger equation over a smal} 
interval of the coordinate z within which there is a discontinuity 
in U (x), for example at the point z = 0: 


+6 
arp 5 ab . 8 f 2m E —U) w dx 
Fe (+9)— Ze (—9= | ae 


Since the discontinuity U is finite the integral tends to zero as 


5— 0. What follows is obvious. l 
6.85. (a) Let us write the Schrödinger equation for two regions 


O<cxr<l, wp + kip = 0, E 2mE/i’, 
z>l, p, — xp, = 0, x? = 2m (Uo — E)R?. 


Their common solutions 
Vi (2) = a sin (ke + a), pe (2) = be^ + ce 


must satisfy the standard and boundary conditions. From the condi- 
tion 3, (0) = 0 and the requirement for the finiteness of the wave 


|o — 
AX WN... 
0 (NUT : m Am 

| £N 


Fig. 45. 


function it follows that « — O0 and c=0. And finally, from the 
continuity of wp (x) and its derivative at the point z = l we obtain 
tan kl = —k/x, whence 


sin kI= + kl V W)2mPU,. 


Plotting the left-hand and right-hand sides of the last equation 
(Fig. 45), we can find the points at which the straight line crosses 


the sine curve. The roots of the equation corresponding to the eigen- 
values of enerey E are found from those intersection points (kl); 


ec Fx 
Vülucv3 Vi Citing y a ! 


for which tan (kl); < 0, i.e. the roots of that equation are located 
. 21 1 fal nnemante nf tha ahaniasa axis are shown 
ın the eyen quadrants (these SEMEL UL LUC (XLIbh3S''AOAOGQ Gass VAR V wee EY 07 


heavy in the figure). It is seen from the plot that the roots of the 
equation, i.e. the bound states of the particle, do not always eAist. 
The dotted line indicates the ultimate position of the straight line. 


(b) (BUS min = nR?/8m, (PU o)n min = (2n — 1) 8m. 
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6.86. Suppose that P, and P, are the probabilities of the particle 
being outside and inside the well. Then 


( 03e 7 2% dz 

Po — iÍ EN 2 

P; l T 2+ 3n’? 
V a? sintkr dz 
0 


where the ratio b/a can be found from the condition wy, (D) = sp, (1). 
Now it remains to take into account that P, +P ; = 1; then P, = 
= 2/(4 + 3n) = 14.9%. 

The penetration of the particle into the region where its energy 
E < U is a purely quantum phenomenon. It occurs owing to the 
wave properties of the particle ruling out the simultaneous precise 
magnitudes of the coordinate and the momentum, and consequently 
the precise division of the total energy of the particle into the poten- 
tial and the kinetic energy. The latter could be done only within 
the limits set by the uncertainty principle. 

6.87. Utilizing the substitution indicated, we get 


X + ky = 0, where Kk? = 2mE/h’. 
We shall seek the solution of this equation in the form y = 


tha haunaAant anmAatitian ala fw x — (à AIT mhtain le = Ua ae arhana 
LILG JJUUILUGIL.y UU LIIULLULIX14 t -— UV WEE UJ COLLE "er fiddly Wiillc 
n —1,2,... Hence, E, = n?n?R?/2mr;. 
1 sin (nmr/ro) 
6.88. (a) yp (r) 2 ——— —————*, n=1, 2, ...; (b) rp, = 
y 2xro r 


6.89. (a) The solutions of the Schródinger equation for the func- 
tion y (r): 
r<ro, y,— Asin (kr +a), where k=) 2mE/R, 
r >To, Xa = Bex"+ Ce-*", where x= V 2m (U, — E)/À. 


Since the function v (r) is finite throughout the space, a = 0 and 
B = 0. Thus, 


sin kr 


qi 4——, pa =C 


From the continuity of the function wp and its derivative at 
the point r = r, we get tan kr, = —k/x, or 


Ae it wae demonstrated in the enlutinn nf Prohlem 6.8! this equa- 
4X1 Lv Yow UULLVLIOUL u ULL RIVA VEE VE L LYALL Ng Veh ab wy et 
tion determines the discontinuous spectrum of energy eigenvalues. 


(b) rU, = n?h*/8m. 
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6.90. a = mol/9h, E = ho/2, where o = V kim. 

6.94. E = —me*/8h?, i.e. the level with principal quantum 
number n = 2. Sas l i 

6.92. (a) The probability of the electron being at the interval 
r, r + dr from the nucleus is dP = x? (r) 4nr?dr. From the condi- 
3 f . 
tion for the maximum of the function dP/dr we get rp, ry 
(b) (F) == 2e7/ri; (c) (U) = —eHr,. 


6.93. Po = | (p/r) 4xr? dr —-e/r,, where p —-e? is the space 


charge density, : is the normalized wave function. — 
6.94. (a) Let us write the solutions of the Schródinger equation 
to the left and to the right of the barrier in the following form: 


r0, wy (x) = aye -4 b,e~ikix, where k,— V 2mE/h, 
xl», wo (x) = atr" + bec ihr, where k= V 2m (E —Ug)/Rh. 


Let us assume that the incident wave has an amplitude ay and the 
reflected wave an amplitude by. Since in the region z >Ü there 1s 
only a travelling wave, ba = 0. The reflection coefficient R is the 
ratio of the reflected stream of particles to the incident stream, or, 
in other words, the ratio of the squares of amplitudes of correspond- 
ing waves. Due to the continuity of p and its derivative at the point 
r — 0 we have a, + b, = a, and a, — 5, = (k,/k;) 42, whence 


R = (ba, = (hy — ky, + ka). 


(b) In the case of E < Uo the solution of the Schródinger equa- 
tion to the right of the barrier takes the form 


v, (z) = ag +-b,e-%, where x— V 2m (U,— E)/R. 


i i = bility 
From the finiteness of (x) it follows that a; 0. The proba 
of finding the particle under the barrier has the density P, (1%) = 
= pi (z) ~ e^. Hence, Tejp = 1/2x. 


2l Ai ml. 
6.95. (a) D x exp [ — 4 V 2m Us— E) | ; 


8l y 2m 3/2. 
(b) D zexp[ — oz (U,— E) |. 


6.96. D œ~ exp | — ni m (U,— E) |. 


(Ah U 
6.97. —0.41 for an S term and — 0.04 for a P term. 
6.98. a= VRRI(E,—e91)—3— — 0.88. 


rE 
6.99. E, = ARI(V. BA4A,/2ncAX m 1» — 5.3 eV. 


6.100. 0.82 pm (3S > 2P) and 0.68 um (2P — 25). 
6401. AE = 9nhcAMM = 2.0 meV. 

6.102. Aw = 1.05.1014 rad/s. E 

6.103. 3S., 3Pua 3Ps 3Dojo 3D s/e 

6.104, (3) 152, 3. 4, 5: (b) 0, 1, 2, 3, 4, 5, 6; (c) 4/2, 3/2, 5/2, 


7/2, 9/2. 
356 


6.105. For the state +P: AV 3/2, AV 15/2, and A V 32/2; for 
the state 5D: 0, AV 2; AVB, AV 12, Ay 20. 

6.106. (a) 23/2, M maz =A V 63/2, (b) *F,, Mmax= 2h V 5. 

6.107. In the F state M,--%|/6; for the D state it can be 
only found that M, >ħy 6. 


6.108. 3, 4, 5. 

6.109. (a) 1, 3, 5, 7, 9; (b) 2, 4, 6; (c) 5, 7, 9. 
6.110. 31°. 

6.111. ?D,. 

6.112. *P,, IDs, F3, Pon Dy 2s Fg gh 
6.113. The same as in the foregoing problem. 
6.114. The second and the third term. 

6.115. g = 4 +6 = 10. 

6.116. 4, 7 and 10. 

6.117. 3F 3. 

6.118. As. 

6.119. (a) Saz; (b) ?*P,. 


6.120. (a) *Fs3, A V 15/2; (b) 4Fo/2, h3y 11/2. 

6.121. (a) Two d electrons; (b) five p electrons; (c) five d elec- 
irons. 

6.122. (a) ?P,, (b) *F,. 

6.123. *F,5. 


6.124. u = ug V 3d (8559). 

6.125. n = n?e-^9/^T — 3-10-17, where o = R (1 — 1/n?). 

6.126. N/N, = (glgg) e-^9/^T = 1.14.1074, where g and £g, 
are the statistical weights (degeneracy ratios) of the levels 3P and 
3S respectively (g = 6, gy = 2). 

6.127. + = l/v ln  — 1.3 ps. 

6.128. N = AxP/2nch = 7.10°. 

6.129, t = (nho/P) (glg,) e-^9/hT = 65 ns, where g and ge 
are the degeneracy ratios of the resonant and the basic level. 

6.130. (a) Ping/Pap = l/(eh9/hT — 1) az 107?*, where o — 
= 3/,R; (b) T = 1.7.10* K. 

6.131. Suppose that J is the intensity of the passing ray. The 
decrease in this value on passing through the layer of the substance 
of thickness dz is equal to 


—dI = xI dz = (N,B,, — NB a) (Ile) ho dz, 


where N, and N, are the concentrations of atoms on the lower and 
upper levels, B,, and Ba; are the Einstein coefficients. Hence 


# = (Hiec) N Bis (1 — gN Mg). 


Next, the Boltzmann distribution should be taken into considera- 
tion, as well as the fact that Aw >> kT (in this case N, is approxim- 
ately equal to Wọ, the total concentration of the atoms). 


6.132. AXpop/AN at © App = 109, where vp, = V 2RT/M. 
357 


6.133. à = 154 pm. 

6.134. (a) 843 pm for Al, 180 pm for Co; (b) z5 keV. 
6.135. Three. 

6.136. V = 15 kV. 

6.197. Yes 

6.138, Z — 14-2 V (n — 1) eV BAR (n — V/V) = 29. 


6.139. Z = 1 + V 4Ao/3H = 22, titanium. 

6.140. E, = VAR (Z — 1} + 2nch/Arj = 5.5 keV. 

6.141. Ay = hw (2ac/o AX — 1) œw 0.5 keV, where oœ = 
= 3/,R(Z — 1)*. 

6.142. T = 3/,h R (Z — 1)? — 2nch/Ag = 1.45 keV, v= 
= ?.26-107 m/s. 

6.143. (a) g = 2, with the exception of the singlet state, where 
g = 0/0; (b) g = 1. 


6.144, (a) —2/3; (b) 0; (c) 1; (d) 5/2; (e) 0/0. _ 
6.145. (a) V 12g; (b) 2V/3/9ng; (c) (8/V 3) pse 


6.146. Ms =2 3h. 
6.147. u= (8/V 3) pe. 
6.148. un —3 V 7/dpg. 
6.149. u —(5 V 5/2) wp. 
6.150. M =R 3/2. 


6.451. 5P,. | 
6.152. œ = up/gB/h = 1.2-10% rad/s, where g is the Landé 
factor. 


6.153. Fmax = BB max’ l0B/0z| = (3/V 8) x1gJ peler? = 
= 4.107? N. 
6.154. F = 9Iyuglcr? = 3-10- N. 
6.155. àBlàüz = 2T5/gJugl, (l, + 21) = 15 kG/cm. 
6.156. (a) It does not split; (b) splits into 6 sublevels; (c) does 
not split (g = 0). 
6.157. (a) 58 ueV; (b) AE = 2gJugB = 145 pev. 
6.158. (a) Normal; (b) anomalous; (c) normal; (d) normal (both 
terms have identical Landé factors). 
6.159. L = AEl/2u5B = 3; !F,. 
6.160. AX = MeB/2nmc? = 35 pm. 
6.161. Bmt = 4.0 kG. 
6.162. B = h^olgus = 3 kG. ] 
6.163. (a) 2 .1 (the ratio of the corresponding Landé factors); 
b) B = 2nchAX gu mA = 5.5 kG. 
6.164. Aw = (41.3, +£4.0, +6.6)-10'° s-! , six components. 
& 465. (a) Six IA and four (2): (b) nine (7) and six (2). 
UYU. VO) Wia Aie emm ji V7 \*/ V, 
6.166. Aw = (mig, — M83) maxeP/mc = 1.0-10% s-i. 
6.167. o = 4 V 2h/md? = 1.57-1041 s-! , where m is the mass 
of the molecule. 
6.168. 2 and 3. 
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6.169. M = V md? E/2 = 3.54%, where m is the mass of the mole- 
cule. 

6.170. J = h/Aw = 1.93-10-* g.cm?, d = 112 pm. 

6.171. 13 levels. 


am APT AT 1/o0Fr../7% 99 ewe 
O.bfidae IV — y ALO h = 00 11065. 


6.173. dN/dE æ V 1/2h2E, where I is the moment of inertia 
of the molecule. In the case of J — 10 dN/dE —1.0-10* levels 
per eV. 

6.174. E ip! E o = oud?/h, where p is the reduced mass of 
the molecule; (a) 36; (b) 1.7-10*; (c) 2.9-10*. 

6.175. N pib! N pot = 1/3e- (97 2BY/RT = 3.1-10-4, where B = 
= Ah/2I, I is the moment of inertia of the molecule. 

6.176. According to the definition 


> Ey exp (— Ep/kT) u 5 Ey exp (— aE») 


Ey= 
en >) exp (— E,/kT) X) exp (— QE») 


where E, = fiw (v + 1/2), a — 1/kT. The summation is carried out 
over v taking the values from 0 to oo as follows: 


(E) = — -2 In >) exp (—aE,) = — 2 jn Poa) 


ða 1—exp (—aħo) ~ 
| ko ho . 
«2 | exp(Ao/kT) —1 ' 
8 (ES R (ho/kT8 gh@/at MEM 
— LE d LE f — AE Lier tee 4 had — . 
C vu =N = panty 0.56R, 


where R is the universal gas constant. 


6.177. d= V 2h;juAo —0.13 nm, where p is the reduced mass 
of the molecule. 

6.178. A = AJ/(1 F eÀ,/2nc) = 423 and 387 nm. 

6.179. œ = nc (A, — A,YA,A, = 1.37-10!* rad/s, x = 4.96 N/cm. 

6.180. 7,/I.—exp (—how/kT) — 0.067. Will increase 3.9 times. 

6.181. (a) See Fig. 46a in which the arrows indicate the motion 
directions of the nuclei in the molecule at the same moment. The 
oscillation frequencies are o,, @2, @3, with œ; being’ the frequency 
of two independent oscillations in mutually perpendicular planes. 
Thus, there are four different oscillations. (b) See Fig. 46b; there 
are seven different oscillations: three longitudinal ones (Oi, W., 03) 
and four transversal ones (@, €,), two oscillations for each 
frequency. 

6.182. dN, = (I/nv) do. 

6.183. dN, = (S/212?) o do. 

6.184. dN, = (V/n?v*) o? do. 


6.185. (a) © = (A/k) nun; (b) O = (Rik)v V 4nny; (c) 09 = 
= (h/k) v V/ n?n. 


ME 
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6.186. © = (h/k) V 18nn / wip + 2v?) = 470 K, where n, is the 
concentration of the atoms. 


C 0 H C C H 
0 w, — OO Ot i; 


"oeoo fp EO O_O en t)» 


$ ; W; em — MO — ia ái (tij 
Wy 
(a) ! { " 


(6) 


Fig. 46. 


6.187. v zz kO/h Y 6n2n, =3.4 km/s, where no is the concent- 


ration of the atoms. The tabulated values are: vj — 6.3 km/s, 
— 23.1 km/s 


UI, T wet KHL >. 


6.188. The oscillation energy of a mole of a “crystal” is 
9/T 


+(5) |e), 


where x= AÀo/kT. Hence the molar heat capacity is 
6/T 

| sdr G/T 

J e*—1 e9/T 14 


U — Re| + 


C-R( 


When T >> O, the heat capacity C ~ 


6.189. (a) dNidw = Wna V wax — — (b) = l/a, i.e. 
is equal to the number M the atoms in 

ay the chain. 
aw) 6.190. U, = 9RO/8u = 48.6 J/g, 


where p is the molar mass of copper. 


p oe 6.191. — (a2) O x 220K; (b) C = 
10 J/(mol- K); (C) Omax = 41 X 
x 10! rad/s. | 
6.193. Yes, because the heat capac- 
ô ity is proportional to 7? at these tem- 
84 peratures. 
6.194. (E) = 3/, kO. 
PU TS Taine $196. homes = 28 meV, Mus 
wis 47 ~ 10-19 g-cm/s. y 
Fig. 47. 6.197. (a) Tmax = (3x?n) PR 2m; 


(b) (T) = T max 
6.198. n = 1 — 2 zz 6596. 
6.199. d. 93. 
6.200. ~3-10* K. 
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6.204. AE = 2x?R*|mV (3n?ny/? = 2-107? eV. 

6.202. (a) dn, = (m?/n*?h?) v? dv; (b) W)/Umax = 3/4. 
6.203. dn; = 8n4^* dA. 

6.204. p = an (T) = (n 3/ Ox h*/5m) n5 22 5-10* atm. 


6.205. A = kT (nT/AT — 2) = 4.5 eV. 


6.206. n=V1+U0,/T =1.02, where Up=TmaxtA, Tmax= 


— (3n2n)?!? A2/2m. A is the work function, 


6.207. Emin = Feige In y= 0.33 eV. 
2 
6.208. sil. — Fa = —0.05 K=, where p ~ eMur, 


AE, is the forbidden band width. 
Alno 
6.209. AE = — 2h ign t? and 0.06 eV. 


6.210. t= t/n =fr bs Pe 0.01 s. 
1 

6.211. n = hB V/elpy 4 = 5:10 cm, uy = IV y/hBV = 
= 0.05 m?/(V- s). 

6.212. |u; — ut! = 1/nB = 0.20 m*/(V s). 

6.213. n*/n- = n? = 4.0. 

6.214. (a) P = 1 — exp (—At); (b) — 1/^. 

6.215. About 1/4. 

6.216. 1.2.10". 

6.247. 1 ~ 16 s. 

6.248. T — 5.3 days. 

6.219. 4.6.10? part./min. 

6.220. A = — (4/t) In (4 — n) æ wt = 1.1-107* st, « = 1/A 
— 1.0 years. 

6.221. T — 4.5.10? years, A — 1.2-10* dis./s. 

6.222. 4.1.10? years. 

6.223. About 2.0.10? years. 

6.224. 3.2.1017 and 0.8-10° dis/(s-g) respectively. 

6.225. V = (A/A^) exp (—1 ln 2/T) = 

6.226. PE 19%. 


6.227. T, = 1.6 hours, T, = 9.8 hours; N,/N, = (T/T) X 
x exp (In A,— In A,) = 10. 
6.228. t = —(T/ln 2) In a — Alq) = 9.5 days. 
6.229. (a) Na (t) -- No — = (e-t — e-^at; 
UA 
(b) ty = r Caha) . 
1^ fg 
6.230. (a) Na (t) = ANyot exp (—AM); (b) tm = 1/À. 
E u 
6.231. Ny (= N (4 - S. 
. dVXAU/ iv \ i Aa — Ay } . 
6.232. Ng = Nod, exp (—J4) = 0.72.10 part./s, Ng = 
= No (e^t — e7 XA (A, — Ay) = 1.46-10!! part./s. Here No 
is the initial number of Bi?!^ nuclei. 
6.233. (a) Pb?*5; (b) eight alpha decays and six beta decays. 
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6.234. v 
6.235. 1. 
6.236. 0 


= 
D 
< 


mu mn o oe ear a 


6.237. (a 
( (My— Majc? for B^ decay and K-capture, 

6.238. o=} (My— M,—2m)c? for Bt decay. 

6.239. 0.56 MeV and 47.5 eV. 

6.240. 5 MJ. 

6.241. 0.32 and 0.65 MeV. 

6.249. T ~t/,0 (Q + 2mc) Myne = 0.11 keV, where Q = 
= (My — Mc — 2m) c*, m is the mass of an electron. 

6.243. 40 km/s. 

6.244. 0.45 c, where c is the velocity of light. 

6.945. Ae/e = E/2mc? == 3.61077, where m is the mass of the 
nucleus. 

6.246. v zz elme = 0.22 km/s, where m is the mass of the nuc- 
leus. 

6.247. v = ghle = 65 um/s. 

6.248. hmin = he*/get = 4.6 m. 

6.249. T = T,/[1 + (M — m)/4mM cos? 0] = 6.0 MeV, where 
m and M are the masses of an alpha particle and a lithium nucleus. 

6.250. (a) q = 4nM/(m + M)? = 0.89; (b) n = 2m/(m + M) = 
— 2/3. Here m and M are the masses of a neutron and a deuteron. 

6.251. Omax = arcsin (m,/m,) = 30°, where m, and m, are the 
masses of a proton and a deuteron. i 

6.252. 2.10!! kg/cm?, 1-1035 nucl./cm*. 

6.253. (a) d; (b) F!*; (c) a; (d) CI? 

6.255. Be’, E, = 56.5 MeV. 

6.256. (a) 8.0 MeV; (b) 11.5 and 8.7 MeV; (c) 14.5 MeV. 

6.257. E, — Ep = 0.22 MeV. l 

6.258. E = 20ene — 2-48, — 12sc = 11.9 MeV, where eè is 
the binding energy per nucleon in the corresponding nucleus. 

6.259. (a) 8.0225 a.m.u.; (b) 10.0135 a.m.u. 

6.260. Q = (Es + £i) — (E, + E). 

6.261. (a) 8.9.1019 kJ, 2.7-109 kg; (b) 1.5 kg. 

6.262. 5.74-107 kJ, 2-10* kg. i 

6.263. 2.79 MeV; 0.85 MeV. . 

6.264. Q = 8e, — Teri = 17.3 MeV. 

6.265. Q = (1 + np) Tp — (1 — Na) Ta 
x cos 0 = —1.2 MeV, where np = m,/mo, 

6.266. (a) —1.65 MeV; (b) 6.82 Me 


2 V apne Tp T, X 
a = Malmo. 
Ve m J o vM 


(d) 3.11 MeV. 
6.267. v, = 0.92.10? m/s, vj, = 0.53-1 
6.268. 1.9 MeV. — mM 
Q-F(1—ma/mc) T 
6.269. 7, ———PYmams 
6.270. 9.1 MeV, 170.5". 


— 8.5 MeV. 
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(c) —2.79 MeV; 


6.272. T > Ey (my + malma = 3.3 MeV. 
6.273. Between 1.89 and 2.06 MeV. 


6.274. O = —11/,, T, = —327 MeV 
* . /12 t th — wef IVLUY. 


b 
6.275. 1.88 and 5.75 MeV respectively. 
6.276. 4.4 MeV; 5.3-10° m/s. 
6.277. T,— 1 | (m, —m.) m MaMa m 71 
matm L` * VO mtm | 
M4, M2, Mz, m, are the masses of neutron, a 
alpha particle, and a Be? nucleus. 


6.278. By E,/2mc? = 0.06%, where m is the mass of a deuteron. 
6.279. E = Q + 2/37 = 6.5 MeV. 


6.280. Ey = Ey +S 191, 16.9, 17.5 and 17.7 MeV, 


where Æp is the binding energy of a deuteron in the transitional 
nucleus. 


6.281. o. = (MINọp d) In ņ = 2.5 kb, where M is the molar mass 


of cadmium, N is the Avogadro number, p is the density of cadmium 


aAurAwW J wh WEA BAKA ARCA CRAS. 


6.282. Ij/I = exp [(20, + o,) nd] = 20, where n is the concen- 
tration of heavy water molecules. 

6.283. w = {1 — exp [ — (o, + o,) ndl} o,/(o, + o,) = 0.35, 
where n is the concentration of Fe nuclei. 

6.284. (a) T = (wlk) In 2; (b) w = ATelIt In 2 = 2.1073. 

6.285. (a) t = n/oJ = 3-109 years; (b) Nmgx = JoN,T/in 2 = 
= 1.0-105, where N, is the number of Aut’? nuclei in the foil. 

6.286. N = (1 — e-M) Jno/h. 

6.987. J = Aarti N. (4 — a-MY — BLAND mart fem? cV whara À 
. Umi. v AT IGIV Gg VL c J} — v'uivV padrlv./tuIn *5)], WREIE A 
is the decay constant, N, is the number of Au nuclei in the foil. . 


, 6.288. N = N,k'-! = 1.3-105, where i is the number of genera- 
ions. 


6.289. N = vP/E = 0.8-10!9 s-1, 

6.290. (a) N/N, = 4-10; (b) T = v/(k — 1) = 10 s. 
6.291. 0.05, 0.4, and 9 GeV respectively. 

6.292. (1) — ct; Y n(n +2) =15 m. 


6.293. v, = ImclV T (T + 2mc?) = 26 ns, where m is the rest 
mass of a pion. 


6.294. J/J, — exp[ — Imc/v, V T (T + 2me?)| —0.92, where m is 
the rest mass of a negative pion. 

6.295*. T, = (x — My) /2My = 4.1 MeV, E, = 29.8 MeV. 

6.296*. T = [(mx — ma} — m%]/2my = 19.5 MeV. 

6.297*. Tax = (my — me)*/2m, = 52.5 MeV. 


C nucleus, an 


m 


> ae m — mp4- T -- V mi 4- T (T + 2my)-—1115 MeV, a A 
article. 


6.299*. E, = !/, (m3 — mi3y(ma + T) = 22 MeV. 


* In the answers to Problems 6.205 6.299 marked [by an asterisk the 
quantity mc* is abbreviated as m. 
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SS O 
6.300". m= V m} 4 m4 — 2 (mz 4- Tz) (ma + T4) — 0.94 GeV, 
neutron. 


6.301%. Ta = ma [cosec (0/2) — 1], Ey = m4/2 sin (0/2). For 
© = 60° the energy Tn = Ey = Ma. 

6.303*. cos (0/2) = 1/V 1 + 2m/T, whence O = 99°, 

6.304*. (a) £i, = Am, = 2.04 MeV; (b) ttn = 2mg (A+my/mp) = 


= 320) MeV. 

6.305*. (a) Tin = Mp = 5.6 GeV; (b) T4, ma (Amy FMn) 2M y — 
— 0.28 GeV. 

6.306. (a) 0.90 GeV; (b) 0.77 GeV. 

6307. S = —2, Y = —1, 8? particle. 

6.308. Processes 1, 2, and 3 are forbidden. 

6.309. Processes 2, 4, and 5 are forbidden. 

6.310. Process 1 is forbidden in terms of energy; in other pro- 
cesses the following laws of conservation are broken: of baryon 
charge (2). of electric charge (3), of strangeness (4), of lepton charge 


viialgu (ajy YA Vite ee eee 


(5), and of electron and muon charge (6). 


* In the answers to Problems 6.300-6.305 marked by an asterisk the quan- 
tity mc? is abbreviated as m. 


sin? &-1- cos? a= 1 
sec? a— tan? a= 4 
cosec? a— cot* o —1 
sin a@-cosec q= i 
cos & Sec a= 1 


tan a-cota=14 


1 


Sing — -m 
V t4 cot? a 
4 
cos a= —— ————— 
V 1-r-tan?a 
sin 2 œ = 2 sin & cosa 
cos 2a = cos? a — sin? q 
2 tan gœ 
an 2a = ————— 
t i1 -— tan? a 
26. 
Acoto 


1. Basic Trigonometrical formulas 


sin (2 + B) = sin a cos D + cos a sin p 
cos (a + D) = cos g cos P F sin e. sin p 


|. tana + tan B 
tan (a + 8) — 17r tan a-tan D 


ant m nant A o4 
cot (a — cot à copt 1 
(o. + B) cot B + cot æ 


i oD 2 
. - 0 a ats, — 
sin %— sin p = 2 cos GTP gin p 
2 2 
ay | o LR 
cos œ + cos p = 2 cos = cos -z p 
cosa—cosB=—2sin TP. sin P. 
tana + tan B = _sin (x + p) 
cos a. cos p 
cot o, + cot p= 4 Sin (@ + B) 
sin & sin p 


sin-4— = y {—cos à 
2 2 


cos © = y 1-+-cos a 
2 2 


2 sin a sin f = cos (a— B) — cos (a+ P) 
2 cos a cos B — cos (x— p) 4- cos (a-+B) 


2 sin æ cos f. — sin («— D) H- sin (o 4- D) 


VGL 


PART ONE 


1.1 
11 


1. 


13 


KINEMATICS 

Let ^ be the stream velocity and v' the velocity of motorboat with respect to water. The 
motorboat reached point B while going downstream with velocity (v, + v) and thea returned 
with velocity (v — v) and passed the raft at point C. Let t be the time for the raft (which 
flows with stream with velocity A to move from point A to C, during which the motorboat 
moves from A to B and then from B to C. 


Therefore 
l (v, t v') v -1 SENE 14-9!) .. ` 
Vo (v - v9 A —————— R —»Vo 
—— 
l — | — — 
On solving we get v, = — l C me 
e 7097 90 2r — 


Let s be the total distance traversed by the point and ¢, the time taken to cover half the 
distance. Further let 2t be the time to cover the rest half of the distance. 


S S 
Therefore 57 Yoh Or t= 2v; (1) 
and jT *v)t or zr "ET (2) 
Hence the sought average velocity 
s 2 vy (vi + v2) 


s 

e n+ [s/2v, F [s/(v, * v] - Vy tV t2v, 

As the car starts from rest and finally comes to a stop, and the rate of acceleration and 

deceleration are equal, the distances as well as the times taken are same in these phases 

of motion. 

Let At be the time for which the car moves uniformly. Then the acceleration / deceleration 
T — 


2 


time is each. So, 


NM 


jami 
D 


{+ fe A2Y! f- Ae 
i t = Oi T ~ Al 
<V> T= 2 Sw EN y py MBA 
2 4 | / 2 
t J 
2 2 4<v>T 
or At” = t- 
Ww 

Fyuu—-———————« 

rience =T Ō 1- wr = 155 


(a) Sought average velocity 
s 200cm 


«V» = tU 2g 7 10 cm/s 


dca 
(b) For the maximum velocity, d should be 


maximum. From the figure — is maximum for 
i al 


all points on the line ac, thus the sought 
maximum velocity becomes average velocity 
for the line ac and is equal to : 


(c) Time t should be such that corresponding to it the slope z should pass through the 


S , 
T From figure the tangent at point d 
0 


passes through the origin and thus corresponding time t= t= 16 s. 


point O (origin), to satisfy the relationship T- 


1.5 Let the particles collide at the point A (Fig.), whose position vector is 73 (say). If ¢ be the 


1.6 


time taken by each particle to reach at point A, from triangle law of vector addition : 
— — —> —  — 


Iri- rl | f fd 
therefore, =5 (2) -> | — 
|v2-7 vi WESA / at 
From Eqs. (1) and (2) n/c 
— 
—> —> -> —> 2 | 
"n 2r,-(v-v)5 - 
1 2 7 Iv2- vl O E 
P-ro -v x 
or, ——- D-—E——E , Which is the sought relationship 
ir-ri |v5-vil ~ 
We have 
—! -> — — 
vot YT ve (1) 


From the vector diagram [of Eq. (1)] and using properties of triangle 


pom 


Vo Vin eres = 97m Q wv 
! . —» 
mi Ye on sin MB ND 


45 


sin (n-p) sinO - v' 
~  .:-1{vsin | N CM 
8 


< 


or 0 = sin y p 
Using (2) and putting the values of v and d mE ry: 
0 = 19.1" "0 
Let one of the swimmer (say 1) cross the river along AB, which is obviously the shortest 
path. Time taken to cross the river by the swimmer 1. 
d ; (where AB = d is the width of the river) (1) 


For the other swimmer (say 2), which follows the quickest path, the time taken to 
cross the river. 


d 
6-7 (2) 
B o ' B €«———— X — l 
l e 
—-» ^Á 
| i | | ^T — 
€ VO ' l ^T — 
V I| Í Pd 

d. S —* d | Vo — 
V. —? ? 
! v yl —> 
| NC 4 = 


In the time t, drifting of the swimmer 2, becomes 


Yo . (2) 
X= vyh = v4 (using Eq. 2) (3) 


X. Yo" (using Eq. 3) (4) 
According to the problem t, = t^ +f; 
d d "0 ue 
of, fT > y T vu 
y? v 


On solving we get 
Yo 


E 
(=$) -a 


y"? 


u = = 3 km/hr. 


4 


1.8 Let | be the distance covered by the boat A along the river as well as by the boat B acr 


1.9 


1.10 


the river. Let vy be the stream velocity and v' the velocity of each boat with respect 
water. Therefore time taken by the boat A in its journey 


l l 
fA — t 
V T Vo v= vo 
and ior the boat B tg" —L uou... 2l 
v^ — vo v" — vg v^ — vg 
H Lh y Li h y’ Y 
tg y' — Vo V T -1 | | 
On substitution [A / tg « 1:8 


Let v, be the stream velocity and v’ the velocity of boat with respect to water. A 
Va 
v = y» 2» 0, some drifting of boat is inevitable. 


Let v" make an angle 8 with flow direction. (Fig.), then the time taken to cross the rive 


(where d is the width of the river) 


/ ain O 
V 


For x i» (minimum drifting) 


d Vo} ; 
E (cot 0 +  cosec 0) = 0, which yields MEUM I 


J 1 
cosO = -—= - 
n 


N= 
Le 


Hence, 0 « 120° 0 
The solution of this problem becomes simple in the frame attached with one of the bodies. 
Let the body thrown straight up be 1 and the other body be 2, then for the body 1 in the 


~ e . L4 e 
frame of 2 from the kinematic equation for constant acceleration : 


> > — 1 2 
ri" roaz * "012! * 5 Yn! 
— — —> — 
So, 7127 Vou2j5 (because w,, = 0 and ronz" 0) 
— —> 
or, [rio l= [voaz] t (1) 


But  |val= l*ol- vo 


mn NUN ——————— S. a PUN oe a 


A^ p AC | p 
pt KUCS UL Uldlixiv 


V12) = V v2 +v - 2 vo Vo cos (x/2 - 8j) 


Hence, the sought distance 


DAE vg V 2 (1 -sin 0) t= 22 m. 


y AE 
, fro 


5 


1.11 Let the velocities of the paricles (say v and v; | ) becomes mutually perpendicuiar after 


time t. Then their velocitis become 


—»! > > >’ —_> — ^. 
. ^. 
y -V«tgt;V-Vtgl (1) fs 
c Pip so Py aO Án ws 
£a "1 772 M i "2 / ~ 
4 ^ 
—  — > — i `> 
or, (w*gt):'(vj*gt)- 0 a | EN 
L] 
2 n / 1. 
or ~ V4 Va +gt = U ad E E E n — 
V? r V2t—* v 3 i 
V vyv 
Hence, t= —12 (3) 
g ud 


1 
Now form the Eq. 77; = Taz) + Your! + Wot 


AR | Voraay | ^ (because here Wp = 0 and T12) = 0) 


Hence the sought distance 
EM yi * V5 EN 
|ri2l" V viy (as | Voc12) |= vi + Vy) 


8 


1.12 From the symmetry of the problem all the three points are always located at the vertices 
of equilateral triangles of varying side length and finally meet at the centriod of the initial 
equilateral triangle whose side length is a, in the sought time interval (Say £). 


AN 
AN 
//INNN 


IK 


// / ] E N NNNNN 


Let us consider an arbitrary equilateral triangie 
of edge length / (say). 


Then the rate by which 1 approaches 2, 2 approches 3, and 3 approches 1, becomes : 
zd. ,.vcos[-23 
dt 3 


t 
On integrating : - f dl = = f dt 
0 


6 


1.13 


1.14 


Let us locate the points A and B at an arbitrary instant of time (Fig.). 


If A and B are separated by the distance s at this moment, then the points converge or 
4, -ds 
dt 


On intergating, KO 
r . B 


= y — u cos a where angle a varies with time. 


ro f a 4 
~Jjds= | (v—ucos a) dt, F PE 
l 0 | — Pd 7 
(where T is the sought time.) V Pa 
T Í a 
| ^A. 
^ 


or l= [(v-ucos a) dt (1) | 
0 


As both A and B cover the same distance in x-direction during the sought time interval, 
so the other condition which is required, can be obtained by the equation 
Ay = f y, at 
J * 
T 


So, rere (2) 
0 


Solving (1) and (2), we get T= 
Tr: -u 


One can see that if u= v, or u< vy, point A cannot catch B. 

In the reference frame fixed to the train, the distance between the two events is obviously 
equal to /. Suppose the train starts moving at time ¢= O in the positive x direction and 
take the origin (x = O ) at the head-light of the train at £ 0. Then the coordinate of first 
event in the earth's frame is 


and similarly the coordinate of the second event is 
Xp = a "tex -i 
The distance between the two events is obviously. 
X-X = l -wv(t* v/2) 20-242 km 


in the reference frame fixed on the earth.. 

For the two events to occur at the same point in the reference frame K, moving with 
constant velocity V relative to the earth, the distance travelled by the frame in the time 
interval 7 must be equal to the above distance. 

Thus Vt=l—-wt(t+t/2) 


So, V=a—-w(t+t/2) =403 m/s 


el T 


The frame K must clearly be moving in a direction opposite to the train so that if (for 
example) the origin of the frame coincides with the point x, on the earth at time ż it 


eranocadac narith thea naint a 


COInCIGCS Wiw wuce pviuit A» at time ft + T. 


7 


1.15 (a) One good way to solve the problem is to work in the elevator’s frame having the 


1.16 


observer at its bottom (Fig.). 
Let us denote the separation between floor and celing by h = 2-7 m. and the acceleration 
of the elevator by w= 1:2m/ s? 
From the kinematical formula 
1 


ea o LU f. u +2 f1) a 25! 
J= Jo * "Oy "5 My" (ij | 
Here y= 0,y)= +h, vo, = 0 | 
ad wLlw "a | ^4 | 
ame My "bot(y) ^ "ele (y) | | | 
= (-g)-(w)= -(gew) | dnm | 
- | . A in 
So, 0= h+>(-(g+w)} 0? | | — 
2 o! 
or, t= 2h = 07s. 
gtw 


baaa 


(b) At the moment the bolt loses contact with the elevator, it has already aquired the 


velocity eaual ta elevator o ° 
¥ "^. J vynus Las d wai w Y (49 J e 


Vp = (1:2) (2) = 2:4 m/s 


In the reference frame attached with the elevator shaft (7 
(ground) and pointing the y-axis upward, we have for 
the displacement of the bolt, Vo. 


Hence the bolt comes down or displaces downward relative to the point, when it loses 
contact with the elevator by the amount 0-7 m (Fig.). 


Obviously the total distance covered by the bolt during its free fall time 


2 2 
- 2|. 07m« ES uz L 
s= ea Be] 07m + (93) ^7 1-3 m. 


Let the particle 1 and 2 be at points B and A at t= O at the distances /, and l, from 


Let us fix the inertial frame with the particle 2. Now the particle 1 moves in relative to 
this reference frame with a relative velocity Vin = Vi - v; and its trajectory is the straight 
line BP. Obviously, the minimum distance between the particles is equal to the length of 
the perpendicular AP dropped from point A on to the straight line BP (Fig.). 


e 


posh 


an 


"d 


—— 
^A 
"n ` 
E 
> 
v? 
V 
AA 
^ 
. (21 n 
From Fig. (b), Vj; = V v] +v; , and tanO = " (1) 
The shortest distarice 
AP = AM sin 0 = (OA - OM) sin 0 = (l, — 1, cot 0) sin 0 
AP | ] 2 Vi yl -vjl ie 1 
or - h i 1 v. Y, a) EN v - 1) A 1*5. (using ) 
\ ij v Myr %2 Y v1 "2 
The sought time can be obtained directly from the condition that (/, — v, £) + (L — v, t) 


Lv, -Lbv 
. . LÀ e e 1 1 2 2 
is minimum. This gives t = . 
vi * V, 


€ car uum P 
So, CD = x, and if the speed of the car in the field is v, then 
to cover the distance AC = AD -x on the highway 


E- 
e 
5 
e 
S 
^ 
e 
B 
lon 
Ne 
B. 
e 


n AD - x (1) 

SEL A C —2X — 
and the time taken to travel the distance CB Fh KN .  ]^^ 
in the field NS | | 

VI^. Xx | 

Dl (2) c5 

P d 

So, the total time elapsed to move the car from point A to B A) Í 
AD-x Vli«x \ dig 
[x t +b = 4——— YT 
^ V V | 

For t to be minimum \ B 

dx V | "n I“ + 
or Wx = + or x= I 


t > Yr 
Thus, Ax, ()= [v,dt= fa- z= s; (1) 1 

0 . 0 
4 


Putting t= 1, we get, Ax, = s= = unit 


For the part ab : -4 


w= O and v, = v= constant = 1 


Thus Ax, ()= [v,dt= far- (t-1)= s, (£) 
1 


Putting 
For the part b4 : w, = 1 and v, = 1-(¢-3)= 4-t)= v 


t 


| t? 15 
Thus Ax ()= fa-0d- 41-5-> = s; (t) 
3 
For the part 4d v, -1andv,- -(1-4)= 4-1 
So, = |v |=t-4 for t>4 
t "^ 
Thus Ax (O= füa-n4- 4:- 5-8 
4 . A 
4 
Putting t= 6, Ax,= -1 
2 
Cimilarle (N lÀ — fi LEE | Jr - WAREN At — Do 
wJRALALIAQLAA 24 Ww 7 J l Vx l Ucet J LU ‘tJ use 2 
4 
Putting t= 6, s,» 2unit 


For the part d 7 : 
v= |v, |= 2(7-1) for t—7 


EBD 


w,= 2 and v, ~2+2(t-6)= 2(t- 7) 


9 


6 
x VEN | 1 44 so 
Now, Ax (t)= J 2 (t- 7) dt t°- 14r 48 

= t 

Putting t= 4, Ax; - -1 

6 
Similarly ss()- [20-04 - 14:- :2- 48 

t 
Putting t= 7, SS- 1 
On the basis of these obtained expressions w, (t), x (t) and s (t) plots can be easily plotted 
as shown in the figure of answersheet. 


fa) Ban valn 
\@) ALAVA VACARE vVusvwity 
u Total distance covered 
«y» = 
ime elanced 
A ELELE vain wee 
S5. xx - KA nm /a {45 
— - = Juv ULI > (i) 
t T 


fa w 


(b) Modulus of mean velocity vector 


|<v>]|= lari, -— 32cm/s (2) 


(c) Let the point moves from i to f along the half circle (Fig.) and vy and v be the spe 


at the points respectively. 


We have — - w 


e 
= 


Vo 
So, «y» x ; 
f. 
J dt 
0 
So, from (1) and (3) 
Vtv 
2 
Now the modulus of the mean vector of total acceleration 
—» 
— | ^ vi | V — Vg | 
[<w>|=+— = 
At t 
Using (4) in (5), we get : 
— 
^ |«w»]|- 
Ja du haa -> > 44 A S 
(4) WC üdve r = URL —7U IJ 
H > dr —-» . 
90, yz —-»0(1-7a 
dt 
> dv. 
and w= —--—2a0aà 
dt 
(b) From the equation 
( ) eq 9 — —> 


So, the sought time Ar = L 
As v= a(1-2a1) 
So, y = |v] = 


Uu 


m 


11 


Hence, the sought distance 
1/2a 1/a 


s= fva- f a(1-2at)dt+ f a(2at-1)dr 
0 1/2a 


(a) As the particle leaves the origin at t= 0 

So, Ax x x= fva (1) 

As v= vl--i| 
1 \ 7 

where vg is directed towards the +ve x-axis 

< EESE l4. 0 i 

30, V. Vo V - d (2) 


From (1) and (2), 


t 
IS h) 
x= f vil--—idt= v t|l-— (3) 
J e| J 0 2x] v) 
0 
Hence x coordinate of the particle at t= 6s. 
6 
x= 10x6[|1- = 24cm = 0-24m 
2x5 
Similarly at t= 10s 
x= 10 x 10 (1 - 10 = 0) 
x 
\ | 4 
and at t= 20s 
20 
x= 10x20|1- = -200 cm= -2m 
2x5 
(b) At the moments the particle is at a distance of 10 cm from the origin, x = + 10 cm. 
Putting x= +10 in Eq. (3) 
arm an '" t \ 2 aft an FA 
10= 10 11 7 49 or, (^ -—10¢+10= 0, 
10 + v 100-40 
So, t= f= 2 z5-xvyl15s 
Now putting x= -10in Eqn (3) 
t 
-10= 10|1 -—|, 
T) 
On solving, t= 5+ V35 s 


As t cannot be negative, so, 


t=(5+V35 )s 


12 


1.22 


Hence the particle is at a distance of 10 cm from the origin at three moments of time : 


(c) We have 


So, 


and 


t= 5+ VIS s,S«vV35 s 


L t\.. MEN 
vo l1 -—|dt for ts t = vot(1- 12x) 
[d E V E 

o \ 4 


Ss = 


t 


s- f (i-a f) for t» t 


m as shown in the answer 


As particle is in unidirectional motion it is directed along the x-axis all the time. As at 


t= 0, x= 0 
So, 
Therefore, 


Or, 


AS, 


On integrating, 


Ax=x=5 and 2 Ww 
, dt 


2Vs | 2Vs 2 
vio 
dt 2 
v t 
[4 = | 54 a, 2 
J v=] 2 Or, v= 2 (2) 
0 0 


(b) Let s be the time to cover first s m of the path. From the Eq. 


se fva 
J 
f^? a 1? 
s=] 7 d-v (using 2) 
0 
or t= EVs 
a 


2V S /a 


2 
f B t dt 
[va 0 a Vs 


J 
«y» = — = — 


According to the problem 


posi 
iN 
Jv) 


0 S 
C or, r 
or, -J Vv dv» aj ds 
Vo 0 
, 2 372 
On integrating we get s = a "o 
Again arrarding tn the nrnhlem 
4 Ap eee Ga © WWA SP AL t» ew ed rpevvewseee 
d V [^ dv 
-~ = aVv or -—= adt 
[ v 
0 
OF, f dv a [dr 
J vy 1 
Vo 
2 Y Vg 
Thus [= 
a 
1.24 (a) As r=ati-bt*j 
So, x= at, y= -bi? 
| -bx* 
y= —3 
a 


and therefore 


v dv avy (as v decreases with time) 


am a ee = ow c -— 


—_ — om m — m — 


(3) 


14 


1.25 


which is Eq. of a parabola, whose graph is shown in the Fig. 


(b) As r-ati-bt^j. 
— dr œ, »" 
v= =a -2bt) (1) 


So, v= Va°(-2bt) -Va?«4b?tr? 


Diff. Eq. (1) w.r.t. time, we get 


— 
— dv A: T> 
W= —-= -2bj 
GL 


(c) COS Qt = LL 
2bt 
Or COS Q = 


a 
SO tanga = —— 
, 2bt 
a= tan? 2 
or = lan 
, 2bt 
SAN POL. peat trmlnite: :antíne- 
(a) SHC TiiWdil V AOCILy VCCUOI 


t 
Ez f (217 2»:j)at 
0 


—» . T T 
<v >= = ———— = al -bt]j 
fa t 
jat 
rience, [SV >j= Va t(—0i) = và +D i 
(a) We have 


x= atand y= at(1-at) (1) 
Hence, y (x ) becomes, 


2 


= y- 9 x (parabola) 
a 


(b) Ditferentiating Eq. (1) we get 
v,= a and v, - a(1-2at) (2) 


x 


1.26 


1.27 


bed 
n 


So, v= Vv; +v, =aV1+(1-2at)* 
Diff. Eq. (2) with respect to time 
w,= Üand w,- -2aa 
~ roro » 
50, w= Vw tw = 2aa 


(c) From Eqs. (2) and (3) 


We have v= aj+a(1-2at)j and w= 2aaj- 


vw -a(1-2at,)2aa 


x 1 
So, COS —- -F = 
4 v2 vw aV¥1+(1-2at,) 2ao 


On simplifying. 1-2a= +1 


Differentiating motion law : x= asinwt, y= a(1-cosot), with respect to time, 
= 4 W COS Wt, Vv, = aw sin wt 


Vy y 
—> — 
So, v= aocosotj* aosinotj (1) 
FEN | —— m 
and v= aw x Const. (2) 


Differentiating Eq. (1) with respect to time 


dv" _ o> Lt 
w= ps ~a œ? sin wt i+ a o? cos wt j (3) 


(a) The distance s traversed by the point during the time v is given by 
T T 
s= fvdt= fawd= awt (using 2) 
0 0 


(b) Taking inner product of v and w 


` Fd 


We get, v°w= (aw cos wt i+ aw sin œt j ) (ao sinot(-i)*tao cos wt -J) 


So, v we - a? o sin wt cos wt ta’ w sin wt cos wt = 0 


v 


v, ie., the angle between velocity vector and acceleration vector equals =. 


IE 


z 

7 

x 

sl 
N 


Accordiing to the problem 


— T> 
w=w(-j) 
dv dv 
So, w, = —* = 0 and w, = —*= -w (1) 
* dt » dt un 
Differentiating Eq. of trajectory, y= ax - b x?, with respect to time 
d adx dx 
oY -2bx = (2) 
dt dt dt 
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dy dx 
So, p = a py" 
^ |x=0 ^ x20 
Again differentiating with respect to time 
72 a 12. /dx* 2 12 
<%= 5° -2b|55| -2bx =F 
dt dt | dt | dt 
EP" 
OT _w= a(0)-25( =) ~9bRvIMN\ facing 1\ 
> W (UJ M dt j OXY) (using 1) 
dx w . , 
OI, d V35 (using 1) ( 
Using (3) in (2) dy = a Ņ I (4 
dt 0 2b 


1.28 As the body is under gravity of constant accelration g , it's velocity vector and displacemen 


vectors are: 


1 
and Ar= r= volt set (r= Oatt = 0) (2 
a — aL Llond a sana i. 
250, «V» Over We iirst i Seconas 
AL? > -> 
— Ar , — 5t 
«y» = m —: yo 3 
At t 0 2 ( ) 
Hence from Eq. (3), <v> over the first t seconds Au 
n Ó 
«y» = V+ Èq (4) 


For evaluating t, take 
vy = (v9 * gt + gt) = ve +2 etter? 


2. 2e 2,2 
or, v= vo*t(vyg)te gt 


But we have v= vy at ¢= 0 and 'Vo 


4 DSA 


Also at t= r (Fio Y falen from en 
LS d "AW [ d L4 \* 2°} erst T b. rd a wih 


1.29 


Hence using this propety in Eq. (5) 


AS cx 0, so, t= - 5 
8 

Putting this value of v in Eq. (4), the average velocity over the time of flight 
—> NOC g) 


with velocity 


(a) From the Eq. Ay = PD 


. 1 
0 = v9 sin at— 7 gv 


As t = 0, so, time of motion t = 


p 


e 


ata 


2 Vp Sin q 


(b) At the maximum height of ascent, v, = 0 


so, from the Eq. 


0- (ysina)’-2gH 


2 


Hence maximum height H = 2g 


2 . 
Vg Sin CL 


v2 = V6, * 2 w, Ay 


A 


v= t2 Mog ttg 


20,8) 


wanner A 
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During the time of motion the net horizontal displacement or horizontal range, will be 


obtained by the equation 


Av= v tiw Tt 
Ox 2 x 
Or, R= vycos at —=—(0)t 
when R=H 
e . 2 
sima visina 
0 — 0 are ban re — A on 
mE Z——— OI. Vd UU = 4 SU 
g 2o 
oÓ TO" 
(c) For the body, x(t) and y (t) are 


(1) 


a 


and y= vosinat- le (2) 


Hence putting the value of t from (1) into (2) we get, 
lo] 
x 1 x g x? 
Y= vySIna|————|-Zz28|io————|-»xlna-- ———, 
(o CUS “J a \ "0 UU» 7] Z Vo COS a 


Which is the sought equation of trajectory i.e. y (x) 

(d) As the body thrown in air follows a curve, it has some normal acceleration at all the 
moments of time during it's motion in air. 

At the initial point (x = 0, y = 0), from the equation : 


2 
V . . 
W= Ro (where R is the radius of curvature) 
v2 v2 
0 0 
gcosa= — (see Fig.) or Ry = 
0 g cos à 
At the neak noint v = 0 va v - v. enc r1 and the angential arceleratinn ic 7ern 
4 Av CAAWY prun peste "y hd] y "x "0 wes WAV CERRAR SE 8 UL ERAS REVUE A TeAWEWZULAW ER A40 KA 
y? 
Now from the Eq w, = — 
7 À A 
a 2 V. T at ^o ma 
vo CLUS U m 0 CUS U 
& — R P] Wai L = g 
e 


Note : We may use the formula of curvature radius of a trajectory y (x) to solve 


part (d), 


|w 


2 
[1+ (dy/dx) | 


R= [Zyra] 


We have, v, = vo cos a, v, = Vo Sin a. - gt 
^ 
As vT1 u, all the moments of time. 
Thus v= DM 
N a v= e in a) 
OW, w--—.-1.4 —(g t-gvgsina 
Cg ^ 2vd 07 y gio 
5 : Vy 
= -2 (wsina-gt)= -g — 
v, “o gt) By. 
| vy | 
Hence [w| =g y 
Z V 2 SA 
Now w,=Vw -w;= V g -g E 
V. —— H^ 
Or w,- g— [w here v, = V v? ud 
V, 


pami 
R 
ver 


1.32 


bd 
ie) 


“J 
— 
IE? 
Cc. 
ce 
af 
É 
ga 
=. 
=| 
e 
© 
mh 
- 
© 
=. 
© 
[am 


On the basis of obtained expressions or facts the sought plots can be drawn as shown in 
the figure of answer sheet. 
The ball strikes the inclined plane (Ox) at point O (origin) with velocity vp = V 2gh (1) 


As the ball elastically rebounds, it recalls with same velocity vp, at the same > angle a from 


the normal or y axis (Fig.). Let the ball strikes the incline second time at P, which is at 
a distance / (say) from the point O, along the incline. From the equation 


where t is the time of motion of ball in air 
while moving from O to P. 
2 Vg 
As t#0, so, t= — (2) 
§ 


Now from the equation. 


1 
X=v,t+—wil 
(€ 2 
l= vodinarilos ar 
[ d OQ mo 29? 7 77 
l i (2 Yo) | 1 sin 
SO = Vy.sin a — a 
| imet g J'28| 
2. 
4 vg sin QA 
- - (using 2) 
§ 


Hence the sought distance, l= teguina = 8hsina (Using Eq. 1) 


Total time of motion 


2 vg Sin a x 9-8 x 
t= ———._ or sina = ~& = ~~" (1) 
g "2 Vo ) U 

and horizontal range 


R 5100 85 


R= vy cosa v or cos m q DT 2401" 4« (2) 
From Eqs. (1) and (2) 
(984^. (85y 


+ 
(aso | (a 
On simplifying x* — 2400 x? + 1083750 = 0 
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1.34 


Solving for i we get 
AL 2400 x V 1425000 2400 x 1194 
nm 2 > 2 
Thus t= 42:39 s= 0-71 min and 


N 


—à 
~ 


4 g 


Y 
——————— 
< 
N 
N 
d 


At cos 8 AÁ 2 NOU) 
From Eq. (1) t= —— 2 (3) Var r 
cos ĝ, - cos 0, IL P 
E IIN O 
From Eqs. (2) and (3) VAGA V1 
2 vo sin (0, - 05) jt 
At = ——— as Ate 0 U 
2 (cos 6, + cos 0,) 
ON £ 17 
According to the problem 
fa\ ay . u or day = Uv f 
\e) dt "0 wA wy o == 
| A ^. 
Integrating J dy s v oJ dt or y= vt (1 
0 0 
Ad anlar ox eA ax — pu" pup" dal 2-49. e 4 Adae  f--1- 
Z£Z3IIU disu WU Haye d = uy UI GA = “yu = u Voi Ue (using 
x t ^ 
c. f. f. .. . 1l1..,.2 l14y ,...« 
»0, r= avo yt 4, OF, A= HEF 75 » (USTs 1) 
"o "o Le pe vo 
(b) According to the probiem 
v= v and v æav (9 
"y "U "77 "x =J ed 
H ^) 
So, v= Vv tv = V vý+tay 
2 y 
Therefore w,= v vy dy 2 y 
t dt Vvseay d Via \2 
Y Vogt y Vi-ct(dy|/vg 
\ | 
Diff. Eq. (2) with respect to time. 
dv dv dv 
Y= w = 0 and —= w = a= av, 
y dt x dt 9 


N” 


ww” 
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V 2.7 av 
Hence w, =Vw - wW = ——— 


ET. (V1 + (ay/%) 


(a) The velocity vector of the particle 
v= ai+bxj 
do, 0y 
So, gl a4 bx (1) 
x [4 
From (1) f dx= a f dt or, x= at (2) 
0 0 
nd 7 £z hv At = hat At 
4 ALLIMI “y Uv UH Cues ww 
y t 
f f 1 > 
Integrating J dy = ab J tdt or, y= zabt" (3) 
A 2 
b 
From Eqs. (2) and (3), we get, y= xe (4) 
(b) The curvature radius of trajectory y (x) is : 
3 
[1 + (dy / dx)? P 
n= L J (5) 
Dr 
Let us differentiate the path Eq. y = —2x^ with respect to x 
dy b. amd 2X P 
dx" a" and 727a (6) 


2 
, a [ . {b \ ] 
K= —]i+jļ—x 
b a 
In accordance with the problem 
— —> 
w,- üt 
v dv 
But w= pP or v dv = w,ds 
Qn 1 v= (7. + C — a AP 
WX, Ww v Ve wv J ww wee ae F 
> — —>, * . 
or, vdv= ai-dr= adx (because a is directed towards the x-axis) 


Hence v= 2ax or, v= V2 ax 


1.38 


The velocity of the particle v= at 
So dv oo waqaq 
? d  ' 
2 2,2 
And aY ; = 
Wm" RT R (using v = at) 
From s= fvdt 
-2aRy= ajvdt= zat? 
0 
So, 4an t^ 
a R 
From Eqs. (2) and (3) w, = 4xan 
Hence w= Vw +w 
= V a « (Ax am. = aV 14167 x = 0-8 m/s? 
According to the problem 
LA - Iw, | 
-d v 
F t Lx. — 
or v (t), a" R 
Integrating this equation from vj = vs v and Os ts t 
"a t 
dv 1 Vo 
- —- — [dt or, v 
r i CIR) 
vdv v , 
Now for v (s), - d ^R Integrating this equation from v, s vs v and Os sss 
SO, f^ fe or, In ~ — = -2 
Hence v= ve "7 


(b) The normal acceleration of the pom 
2 - 2s/R 


2 
—— __ Vn ^7 L1— 
SO, w= V2 w= Age c 


(1) 
(2) 


(3) 


(2) 
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139 From the equation v= avs 


1.40 


1.41 


wud, a de a ca |, 
t dt 2vs dt 2vs 2’ 


As w, is a positive constant, the speed of the particle increases with time, and the tangential 
acceleration vector and velocity vector coincides in direction. 
Hence the angle between v and W is equal to between w,1 an w, and a can be found 


w 2 
by means of the formula : "ERAN a s/R 2s 
Bd d a /4 A 
From the equation l= asinot 
dl 
—= y= awcoswt 
dt 
So, w,#= 2. -aw sinwt, and (1) 
a? o cos? w t pu 
WTURT R (2) 
(a) At the point l= 0, sino :z 0 and coswt= x 1 so, wt= 0, x etc. 
2 2 
a o 
Hence w= WT R 
Similarly at/= + a, snwt= + 1 and coswt= 0, so, w,= 0 
Hence w= |w |= ao 
As w,= a and at t= 0, the point is at rest 
So, v(t) and s(t) are, v= at and s= = at? (1) 
Let R be the curvature radius, then 
2 22 
v at 2as , . 
WT R= R” R (using 1) 
But according to the problem 
Ww, = br* 
2,2 2 2 
4_a t - a a . 
So, bt "R % pi^ 2bs (using 1) (2) 


Therefore w= V w? +w = Y a^ «(2as/ Ry) = V a? + (4 bs? | Y (using 2) 


f  ; wy 4^ 
Hence w= av 1+ (4b) 


1.42 (a) Let us differentiate twice the path equation y (x) with respect to time. 


t” dt? dt dt 

Since the particle moves uniformly, its acceleration at all points of the path is normal and 
. * . 2 2 . L] . 
at the point x = Q it coincides with the direction of derivative d^ y/dt'. Keeping in mind 
dx 

that at the point x = 0, dl V, 

Ig vl 
We oet Ww = | 9 Y| = Jay = W 

x= 0 

242. Y. o 1 

20, Ww," LAV "y, Or R= 
PAY Latt 


Note that we can also calculate it from the formula of problem (1.35 b) 
(b) Differentiating the equation of the trajectory with respect to time we see that 


2 dx 2 dy 
bix + FY 70 (1) 


which implies that the vector (b? x i+ a^ yj} is normal to the velocity vector 


y= e i+ & J which, of course, is along the tangent. Thus the former vactor is along 
the normal and the normal component of acceleration is clearly 
box E. qtd 
ae” gp 
Wa (ET AGIT 
(bx + ay’) 
on using oc D.D? Atvn AN wea an hand anato A 
i USI Ww, iW f/f |f]. Z3 4" U, y 7" E U dii DY di XA — V 
VN 
dr x= 0 
Differentiating (1) 
j(deY afd dy SETE 
— — + = 0 
(8) ae) a) Ae] 
Atl — d. Z4 VM dy Mf ca n 
Also from (1) == Oatx= 0 
So Lar] = + v (since tangential velocity is constant = v ) 
Tu ( d’y \ b 4 
hus V3 = tV 
a 
à b Y 
an w| = E "UR 


1.43 


1.44 
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Let us fix the co-ordinate system at the point O as shown in the figure, such that the 
* — L4 . * 
radius vector r of point A makes an angle 0 with x axis at the moment shown. 


Note that the radius vector of the particle A 
rotates clockwise and we here take line ox as 


reference line, so in this case obviously the ny A ^^ 
/ An\ \ Po ii, A = 


angular velocity w= | -— taking N / FA N 
|. d 9 
anticlockwise sense of angular displacement as > 
V f? ! 


positive. 


MAR. l' pg 
sinO  sin(x-20) 
Let us write, 

F= rcos 0; +r sin 07 = 2 R cos’ 0 j* Rsin20j;- 


Differentiating with respect to time. 
— 


Also from the geometry of the triangle OAC 9 C 


r, r= 2Rcos 0. 


v= 2R2cos0(- sin 0) 


A. 
&|[S 
~ 


Of v= 2R(=Z- |Lsin20 i> cos 20) 


or, v= 2Rw(sin20i—cos* Oj) 


> - ^2 224 
SO, |v| or v= 2wWK=04m/s. 
An s 2 rnanan nt c alan nnngtnnt ne -i dv N 
As UJ) IS UUIISUdIH, V ID dio vuUlibiladiit anu w, = d U, 
2 2 
y 2«oR 
So, Ww w= R” (ory. 4w?R= 0:32 m/s 


Alternate : From the Fig. the angular velocity of the point A, with respect to centre of 
the circle C becomes 


d(20) i (748 
dt dt 


Thus we have the problem of finding the velocity and acceleration of a particle moving 
along a circle of radius R with constant angular velocity 2 w. 


| x 2 = constant 
Hence v= 20K and 


Differentiating ọ (t } with respect to time 


do. 
d 2at (1) 


For fixed axis rotation, the speed of the point A: 


vewR= 2atR or R= 771 (2) 
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1.45 


1.46 


Differentiating with respect to time 


w= dv 2aR= z (using 1) 
' dt t 
But vr nna ing 2 
u w, = — = ————-»2gtfy (usin 
s“ R” v/2at (using 2) 
2 2 2 
So, w= wesw? =V (v/t)' *(2atv) 
V/1.A4542,4 
= — y i +42 t 
t 
The shell acquires a constant angular acceleration at the same time as it accelerates linearly. 
The two are related by (assuming both are constant) 
w B 
— a md 
l ai 
Where w = linear acceleration and ĝ =_angular acceleration 


Then, w= Y2:2xn- V2 T Gnny 


Qc 2. ^.5] banan 
put y = 2wl, hence finally 


© = 2Xnv 
l 


Let us take the rotation axis as 2-axis whose positive direction 
notes nf tha neredin nm 


screw rule (Fig.) 


Mia ffoecantiating mlz wi eth. encmart tn fime 
(a) SPUMUIVIITIG Valla Y J Wit a pert v t Le 
dq 21.2 ay 4 
-7 a-3bt'= o, (1) and 
dw do 
Z 
a" qin hem -6b (2) 
From (1) the solid comes to stop at At= t= V 3b 
The angular velocity o = a-3bt?, for 0stsVa/3b 
"m f (a-3b2)d: 
fodr 5 ; 
So, <W>= i -[at-bt'] 
fat Va/3b 


Similarly B= [B,|- 6b: for all values of t. 


is associated with the 


P p - va 


sh a ha - ^ Aa ie -— Fi Fitrue i Pia. 
positive direction OL uic corama te P, wue rotation 1 dHEIC, IE aUI uau with the right-hand 


Z 


Dann a 


— 
> j 
E 


( 


——— J 
va P | VaT35 = 24/3 


1.47 


1.48 
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So, cgo 104,9 7 uas 


(b) From Eq. (2) B, = - 6bt 


So, ( B,),- Va/3b = — 6b Vi - -2Vab 


Hence B= | (B,) = 2v3ab 
7"t= ¥a/3b 
Angle a is related with | w,| and w, by means of the fomula : 
- Wa 3: 2 » a i t nn ear 
tan a = Tw]? where w,= 0° R and |w,|= BR (1) 
w 
t 
where R is the radius of the circle which an arn point of the body circumscribes 


€ t 
Integrating within the limit f dw = a f tdt or, " 


2 2,4 
2 at SÍ 
So, w,= wR 2 | R 4 R 
and Iw,|z BR= atR 
Putting the values of | w,| and w, in Eq. (1), we get, 


2.4 3 
tina = 8/4. ae or , t= | 4) ana | 
atR 4 (a) | 


In accordance with the problem, B, « 0 


Thus - do. k Yo , where k is proportionality constant 


dt 
d o f kt 
Of, - Vo k [ 4: Of, vo = Yo, - 7] (1) 
0 


YO, 
When o = 0, total time of rotation t= 1 = 2 


12,2 


/ k^t | 
-krVo. 
J | o+ kt ap | 4: 


4 


Average angular velocity « w > = 


fat 2 Voy / k 
r 2.23 ; 3? Wy / in 
2,3 i Yo 
Hence < w >= oprt -É Vo f | 255 = ay 
L m | Jo 7 
We have w =W)-@Q = zi 
Integratin this Eq. within its limit for (q) t 
f d í Wy -kq 
FP _. (dt or, n — -kt 
J M-kP 4 Wp 
Op -kt 
Hence Q- "ith ) 


(b) From the Eq., @ = o9 - k 9 and Eq. (1) or by differentiating Eq. (1) 


-kt 
w= (€ 

Let us choose the positive direction of z-axis (stationary rotation axis) along 
po In accordance with the equation 

d o, F4 P 

——z- or w, —— = 

dt Z 7d 7 Z 

or, 0,d 9,» f, dq» Boos pd q, Wy 
Integrating this Eq. within its limit fo A 


p 
Ot, f do, B f cos pay 


0 `% | NS SZ 


[e 


Hence wo,= + V2fsino 


The plot c, (y) is shown in the Fig. It can be seen that as the angle p grows, the vector 


@ first increases, coinciding with the direction of the vector Bo (w, > 0), reaches the maximum 


0 aan Row Gr m dm I Rr Remy en mm enm T MAT 


at p= @/2, then starts decreasing and finally turns into zero at ọ = x. After that the body 
starts rotating in the opposite direction in a similar fashion (c, « 0). As a result, the body 


will oscillate about the position ọ = q/2 with an amplitude equal to 1/2. 
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1.51 Rotating disc moves along the x-axis, in plane motion in x- y plane. Plane motion of a 
solid can be imagined to be in pure rotation about a point (say 7) at a certain instant 
known as instantaneous centre of rotation. The instantaneous axis whose positive sense is 

omi ned eurl sni ee een thee: P Oh. en niet D] 109 Vom neers an inst ta mtan nmin 
tLe SULIU dilU W hich Passes through uc pou 4,159 AGOWI do lliotiitdii cuu» 


Therefore the velocity vector of an arbitrary point (P) of the solid can be represented as : 


v, = OX Tp, l'py (1) 

On the basis of Eq. (1) for the C. M. (C) of 

the disc ^u 
za Q) | 


According to the problem ve tt i and 


Of} K ie. olx-y plane, so to satisy the 


Ran do h HP M 


| 
Eqn. (2) rz is directed along (- "ns ). Hence point L Ia X 
I is at a distance ro; = y, above the centre of QO + 1 C V | 


the disc along y — axis. Using all these facts NM / 
in Eq. (2), we get NA 
Ve 
Vo™ wy Or y= — (3) 


(a) From the angular kinematical equation 


W,= Wo, t p. d (4) 


On the other hand x= vt, (where x is the x coordinate of the C.M.) 


Or, t= — (5) 
V 


From Eqs. (4) and (5), œw = Br 


is value of œw in 3) we get y = z" hyperbola 
Using thi Eq. (3) we get y mA” T YP ) 
(b) As centre C moves with constant acceleration w, with zero initial velocity 
So x=- tw? and v,» wt 
? 2 e 
Therefore yv=wĵt 2x æ Vovrw 
9 Vv wW pm t 
"e VIwx 
Hence y= —-= (parabola) 
w o 


1.53 


b Wd 


The plane motion of a solid can be imagined as the combination of translation of the C. 
and rotation about C.M. 
—»P 


. —» -— —» 
So, we may write VAT VctVAC —7 ~ 
-> — 4 
= Vot OX C (1) and 
> > > [ can lol sx 
Wwa = WctWic VA J / 
— 2, Om N/ 8 Z 
-WotO t-l'uc)tipXTAC) (2) 


22 is the position of vector of A with respect to C» 
In the problem vc = v = constant, and the rolling is without slipping i.e., ve ve wR, 
So, wc = 0 and f = 0. Using these conditions in Eq. (2) 


— — ^ y ^ 
Wet œ (-rac)= e  R(-uc)e (uc) 


^ — 
Here, u, ç is the unit vector directed along r, ç. 


wheel. 


(b) Let the centre of the wheel move toward right (positive x-axis) then for pure tolling 
on the rigid horizontal surface, wheel will have to rotate in clockwise sense. If w be the 


V 
angular velocity of the wheel then w = * = a 


Let the point A touches the horizontal surface at t = 0, further let us locate the point A 
at t= t, 

When it makes O = «o t at the centre of the wheel. 

From Eqn. (1) VA Vet DX Mao 


> , tS OO Ar a 
= yi*to(-k)x[KcosUü (-) - sin U(-2) | 
Of, v,= VitoR[cosot(-i)*sincotj ] 
T. T> 
= (v -cos wt)i+vsinœwtj (asv= wR) 


So, v= V (v - v cos œt} + (v sin wt)” 
= vV 2(1- cos of) = 2 vsin (wt /2) 


Hence distance covered by the point A during T= 2 n/w 
2x/w 


- n o 
s- | v, dts J 2 v sin(wt/2) dt = Pis 8R. 


0 

Let us fix the co-ordinate axis xyz as shown in the fig. As the ball rolls without slipping 

along the rigid surface so, on the basis of the solution of problem 1.52 : 
Ve-Vy-oxr.-0 

Thus 9 e f 1 (1) 


v,» oR and @tt(-k) as V? tfi 


and TAA — 
w.= BR and Pt ck) as w 


tt 
At the position corresponding to that of Fig., 


in 
accordance with the problem, B \ 


w.= W, SO V,» wt y C | 
V x Ve 
d = — we = w i t R 
an v= nR and f R (using 1) ^ a Vs 
(a) Let us fix the co-ordinate system with the frame ITT 1 


attached with the rigid surface as shown in the Fig. 
As point O is the instantaneous centre of rotation of the ball at the moment shown in Fig. 
SO, De 0, 


Now, V= Vot@ X Tac 

— —P > — 

=zvpiitwm(—-k)xRi)= (v.4+okR)i 

C ^ 7 vs vC 7 
— — 

QA > 9. tam Dats (ncine 1) 
50, VA" Vct Z2WLEIEYISIDng ij 
ennt, T -> -> -> 20075 (f TNO psy 
Similalry vg = VotWX Pao ™ Voit @(-kK)xXR (i) 


= voit @R(-j) = vcitvc(-J) 
So, vg « V2 v, V2 wt and vg is at an angle 45° from both zand j (Fig.) 
(b) wp» Weto (= Fo) + BX Foc 
v2 A W FBR 
—> A . 
= et (~ 760) =e (— uoc) (using 1) 
^ e ° — 
where uoc is the unit vector along roc 
vo 


SO W wt 
= —— u 
"OR R 


directed towards the centre of the ball 


(using 2) and w is 


— -ip 2 —> -> 
Now W, = Wo 4 o (- rac ) + DX Tic 
= wi+œ R(-j)*B(-k)xRj 


f.i 


; Omr? . f IM fecet 
= (w+ pR )i+—(-)) (us 


_/ w't4 a / lwy 
So, w= V 4w*4 = = 2w V 1 +| —] 
R VAR] 

Simia wh = pee CD FR 


= wisoR(-i)*B(-k)xR() 


Me) an, P 
= |v- | i+ BR CJ) (using 1) 


uu 
N 


= - a JE wE (using 2) 


So, ,- V Iw-——l +n 
Oo Ww w R + Ww 


1.54 Let us draw the kinematical diagram of the rolling cylinder on the basis of the solutioi 
of problem 1.53. 
A Vaz? a tAr 
Z , Yun À 


rv |— N 


As, an arbitrary point of the cylinder follows a curve, its normal acceleration and 
radius of curvature are related by the well known equation 
W= UR 
2 
» A VA 
SO, tor point A, WA()" p- 
A 
2 
€ . 
Or, R,= —z = dr (because v, wr, for pure rolling) 
w, 
Similarly for point B, 
w = "s 
B") m 
Ry 
2 
2 _, (02v) 
wr cos 45? = —— ——, 
^B 
% 
Or, Rp” 2V2 — = 2V2 r 
or 


1.55 The angular velocity is a vector as infinitesimal rotation commute. Then the relative angular 
velocity of the hodvu 1 with re«neot ta the hadu ^ ie clearly 
aww VAR CAL batten y A VWI svopuur ws WAL vvu 4s LO VAUGSAE VY. 
— —> —> 
Mio = 0; - 02 
as for relative linear velocity. The relative acceleration of 1 w.r.t. 2 is 
[ 49) 
\ dt j, 


\ / 


1.56 


1.57 
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where S' is a frame corotating with the second body and S is a space fixed frame with 
origin coinciding with the point of intersection of the two axes, 


— —> 
dw, do, >» > 
but ula + W, X W) 
t js t js 
, , , JEN 0, 
Since S rotates with angular velocity w, . However ul? O as the first body rotates 
with constant angular velocity in space, thus 
P. —> -> 
12 = 0; X (^. 


Note that for any vector b; the relation in space forced frame (k) and a frame (&') rotating 
with angular velocity Ts m 


ap zi + Oxb 
IK 


We have Qs ati * bt? j (1) 
So, w= V (at. t (b? , thus, w],_ 19, = 7.81 rad/s 


Differentiating Eq. (1) with respect to time 


B= e». ait2btj. (2) 
So, B= V a^ + (2 bt) 
and Bl, 10, = 13 rad/s? 
(b) cos a = op. (at i+ bi? j )- (ai « 2 bj ) 
OD — V (ar + (bt?) V a? + bt)? 


Putting the values of (a) and (b) and taking t= 10s, we get 
as 17° 


(a) Let the axis of the cone (OC) rotates in anticlockwise sense with constant angular 


velocity a and the cone itself about it’s own axis (OC) in clockwise sense with angular 
velocity wn (Fig.). Then the resultant angular velocity of the cone. 


v ws 


O= ( + Wo (1) Q' 
As the rolling is pure the magnitudes of the EN EN 
vectors z and - nan ha angili fannd fernen — N iJ 
0 val vv vao y iounad MOILL 
Fig. 
v= ————, Wo = v/R (2) 
R cota 


As d Lp from Eq. (1) and (2) 
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1.58 


w= V o" +0 


V (——Y. (27 - ———— « 23 rad/ 
rns R R cosa rad/s 


M 7 


(b) Vector of angular acceleration 


» —! — 
; do d(o +g) 
<= — 0 —M— — lane > em ne oe ee at ` 
p = = IU. Ww = CUD Ht J 


dt 


t 


— , — — — 
| dW | = cy w dt or in vector form d oy = (o x wy ) dt. 
—>' —» 
Thus D- o xo, 


The magnitude of the vector D is equal to 


B= w ov, (as w Lo) 


yV 


p= k Teo 2:3 rad/s 


So, 


The axis AB acquired the angular velocity 
Q = Bt (1) 

Using the facts of the solution of 1.57, the -> 

angular velocity of the body W'=RB " 


w= Vo «o^ 


e 


And the angular acceleration. 
| — ; 7 — —! eod 
B- do GW too) do, 790 
dt dt dt dt 


do, ., 
= () X Wp >» and 2 


og 


But 


So, B= (Borx o9) * Bo 
As, By Li so, B= V (oo Bot)” + B2 = By V 1+ (w0? = 0-2 rad/s” 


i-e 


(2 


o 
[e | 


L2 THE FUNDAMENTAL EQUATION OF DYNAMICS 


31.59 Let R be the constant upward thurst on the aerostat of mass m, coming down with a 
constant acceleration w. Applying Newton's second law of motion for the aerostat in 
projection form 


F, = mw, 
mg -R= mw (1) 
Now, if Am be the mass, to be dumped, then using the Eq. F, - mw, 
R - (m - Am) g = (m - Am) w, Q) 
From Eqs. (1) and (2), we get, Am = ore 


1.60 Let us write the fundamental equation of dynamics for all the three blocks in terms of 
projections, having taken the positive direction of x and y axes as shown in Fig; and using 
the fact that kinematical relation between the accelerations is such that the blocks move 
with same value of acceleration (say w) 


my &~T,= mw (1) X AN, M2 
uum > p IE 
T, -T,-kmn,g=m,w (2) y 2 h 
and T -km g= m,w (3) la 
2 2 2 v7 | Y, | n | 7» 
The simultaneous solution of Eqs. (1), (2) and T Y m 
(3) yields, Í mı 29 


[ mg - k (m, +m) | 


[ | Tq 
"^8 wmm, 4! T 


(1 * k) mg A 
and = m 
2 My +m, +m, 28 Mog 
As the block mọ moves down with acceleration w, so in vector form 


m +m, +m, 
1.61 Let us indicate the positive direction of x-axis along the incline (Fig.). Figures show the 
force diagram for the blocks. 


Let, R be the force of interaction between the bars and they are obviously sliding down 
with the same constant acceleration w. 
_ N2 S 


7 
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ey 


tv 


Newton’s second law of motion in projection form along x-axis for the blocks gives : 


m, gsina- -k m ocosa+Rz=m 


Sann ww 1” *1 e ara Ne v m, vw 


m,gsina-R-k,m,gcosa*- m, w 
Solving Eqs. (1) and (2) simultaneously, we get 
k, m, + k, m, 


w= gsma-gcosa- em, and 
m, m, (k; - k) gcosa 
m; +m 


ust slide down the plane. w= O , so from Ean. (3) 


own the plane, w= 0 

, kı m, +k m, 

g sin a - g cos a —— — —- = 0 
m, +m, 


or, (m,* mjsina = (k, m, + k, m,) cosa 


(k, m, + k, m) 
mtm, 


C a 1 Whan tha hadu ic launched ne^ 


ac 
Gow De VV ARVAL LEEW vu Y AO GUILIA ind «d . 


R= 


ence tan a = 


(3) 


Let k be the coefficeint of friction, u the velocity of projection and / the distance traversed 
along the incline. Retarding force on the block = mg sin a + k mg cosa and hence the 


retardation = g sin a + kg cos a. 
Using the equation of particle kinematics along the incline, 


0x u^ -2(gsina*kgcosa)l 


on I 2 (g sin a + kg cos a) a) 
and 0 = u - (g sin a + k g cos a) t 
Or, u= (gsna+kgcosa)t (2) 
Using (2) in (1) / - l (g sin a+ kg cos a) ? (3) 
Case (2). When the block comes downward, the net force on the body 
= me sin a — Em e cos a, and hen its acceleration = gsina—kgcosa 
mg sin a — km g cos a and hence its acceleration = gsina - kgcosa 
Let, t be the time required men, 
|= ; sina - k g cos a) t? (4) 
From Eqs. (3) and (4) 
Ê . sina - kcos a 
tí? sna+kcosa 
But - - (according to the question), 


Hence on solving we get 


2 
k- CC D una= 0-16 
m +1) 
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163 At the initial moment, obviously the tension in the thread connecting m, and m, equals 
the weight of m.. 


(a) For the block m, to come down or the block m, to go up, the conditions is 
m,g-T20 and T-m,gsina -fr20 


where T is tension and f, is friction which in the limiting case equals km,g cosa. Then 


20 "1" 7 C 
or — > (k cos a + sin a) ~“ T AN 
m, A kd ) 
eed a AV D ud ts 
(b) Similarly in the case EN NAC A 1 
m. esinda- m g> fr ~\ bf All 
mE] & ous t m9 7 J'hm ra mi A 
aT y AT 
or, m, g sin a - m, g > km, g cos a o T A v 
ms ms 18 r NN d A mg 
Or, — < (sin & — K cos qx) 
rrea 
(c) For this case, neither kind of motion is possible, and fr need not be limiting. 
TY 12 e ` m, fie , ` 
Hence, (k cos & + sin a) > — > (sina — k cos a) 


ey 


mass m, goes up or down. 


2*2 2.6 21 


Here, m,/m, = n> sina + k cos o, (substituting the values). Hence the mass m, will come 
down with an acceleration (say w). From the free body diagram of previous problem, 

m,-g-T-m,w (1) 
and T-m,gsina-km,gcosa - m,w (2) 
Adding (1) and (2), we get, 


m,g-m,gsina—-km,gcosa e (m, +m,)w 


ws (m,m,-sina-kcosa)g  (n-sina-kcosa)g 
7 (1 + m,/m,) 147 
Substituting all the values, w= 0-048 g ~0-05 g 
As m, moves down with acceleration of magnitude w= 0.05 g » 0, thus in vector form 
acceleration of m, : 


-> (n-sina-kcoso)g — 
Wa 17m 0.05 g. 


1.65 Let us write the Newton's second law in projection form along positive x-axis for the 
plank and the bar 


fr= m,w,, fr= mw, (1) 
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1.66 


1.67 


At the initial moment, fr represents the static 
friction, and as the force F grows so does the 
friction force fr, but up to it’s limiting value 
Le. fr = fri 7 KN = km, g. 

Unless this value is reached, both bodies moves 
as a single body with equal acceleration. But 
as soon as the force fr reaches the limit, the 
bar starts sliding over the plank i.e. w,z w.. 


ATD OS Vy Cane teme OE 1 


Substituting here the values of w, and w, taken from Eq. (1) and taking into account that 


km 
f, k m, g,we obtain, (at - km, g)/m, 2 P g, were the sign "=" corresponds to the moment 
1 


t= ft) (say) 
k g m, (m, + m.) 


Hence, fo = 
am, 
km, g 


1 


If t < fọ, then w, = (constant). and 


w, = (at - km, g)/m, 


On this basis w, (t) and w, (t), plots are as shown in the figure of answersheet. 


Let us designate the x-axis (Fig.) and apply F,= m w, for body A : 
mgsina-kmgcosa- mw 


OI, w= gsina-kgcosa 
Now, from kinematical equation : 


lsec a = 0 « (1/2) wt? 
Or t= V 21seca/(sina-kcosa)g / 
JOT Gnd a) wo hea © Ne rf hl 
cin ^ EN Pre P a | raed 
= y 21/(sin2 0/2 - k cos a) g AY " 
(using Eq. (1)). 
"ES k cos? a. , mg 
2 
for t... da = 0 de 
E 5, - 
. 2cos20 ., . - [x «4 d 
L.e. — 3  +4kcos asma 0 d 
1 
or, tan2a=-7=a= 49 
and putting the values of a, k and / in Eq. (2) we get ¢,,, = 1s 


Let us fix the x -y co-ordinate system to the wedge, taking the x — axis up, along the 
incline and the y - axis perpendicular to it (Fig.). 


1.68 
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Aaencwy oh , Pa. 9°... Tue «1. T. 
Now, we draw the free body diagram for the 
bar. y J^ 
r 
T atara mel AlaevrtrnnJan nanma Al lees te aa ara n arba maa N T Y D 
t u> apply LN VUIL > >C Id 14 W Lil PIOJCCUOILL , A Pat 
[orm along x and y axis for the bar : ir O NK Z 
TcosB-mgsina -fr- 0 (1) VA Q^ 
f 


wo weg wv aC. = oo dm on m an an am a e ~~ 
But f, = KN and using (2) in (1), we get 
T= mgsina +k mg cos a/(cos B + k sin f) (3) 


For T n the value of (cos B + ksin B) should be maximum 


d (cos p + ksin p). ` 
So, T: 0 or tan k 


Putting this value of B in Eq. (3) we get, 
m g (sin a + k cos a) , mg (sin a + k cos a) 


Tun = 
1/V1« K? «x2 / V1 Kk? V1i+k? 


First of all let us draw the free body diagram for the small body of mass m and indicate 


x — axis along the horizontal plane and v — axis. perpendicular to 1 


"BA I ver U alfy WAR h^ £4%/74 £40°/54 9444 i "e nu —e J Tsang perpencicui A it, 


Let the block breaks off the plane at f= t ie. N= 0 


as shown in the figure 


BEF VVABE. BAR BEAD aiwa we 


So, N=mg-atsna= 0 


o, fy = 8 (1) 


a sin a 


a 
L35] 


From F, = mw,, for the body under 
investigation : 
md y/dt= atcosa ; Integrating within the 
limits for v (t) 


LÁ 


m f dv, = acosa [ t dr (using Eq. 1) 
0 


0 
ds acosa 
So, = —-- ( (2) 
dt 2m 
nteorating Hnn (9) far cín 
SALE fed UE LEAT, Gds tuus (=) BWA h? wJ 
acosa t? , 
$- — — (3) 
Lin le > 
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1.69 Newton's second law of motion in projection form, along horizontal or x — axis i.e. 


1.70 


| md 


71 


F,2 mw, gives. 


F cos (as) = m y 2 (as a = as) 


ds N 

Or, F cos (as) ds - mv dv ^t 
Integrating, over the limits for v (s) ol 

FT p ia ide 

= Í cos (as) ds = — 7777777/7777777 

mJ 2 | 

4 / 2F sin a mg 
Or v= ——— 
" ma 
, m 
- V2gsina/3a (using F= TÉ) 
which is the sought relationship. 
From the Newton’s second law in projection from : 
For the bar, 
T -5 P, = (Oron iw 
A ka TUTE b lid J vw 
For the motor, 
T- kng= mw 
Now, from the equation of kinematics in the frame of bar or motor 
, "RR a ” wis [aw BSR 
l= 5 (w+ w) t? 


From (1), (2) and (3) we get on eliminating T and w 


t= Y 2l/(kg + 3 w) 


o] | | m |. 
- d d d d d 4 2 Ph 
p TITTI: LLES 
di 
Let us write Newton’s second law in vector from F= mw. for both the b 


AIT. > = — — 


frame of ground). 


T +m, g= m W, (1) 

T. +m, g= m, W, (2) 
These two ) equations contain three unknown 
quantities W, , w» and T. The third equation 
aa meres 275 2 es tha 1,-2.. nan mhm l2 tionship 
is pryviuce by uic Kin¢tmaric rea uonstip 
between the accelerations : 

— — > _ > — > san 


Li 
Pd A". 


wherc w is th acceleration of the mass my 
with respect to the pulley or elevator car. 
Summing up termwise the left hand and the 
right-hand sides of these kinematical equations, we get 


— 


r2 
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wW +m = 2W, (4) 
The simultaneous solution of Eqs- (1), (2) and (4) yields 
 (m,-m)g+2m w 
Ww, = 


mi, m, 


Using this result in Eq. (3), we get, 


m, + m, 


arrr Ene hath haw 1 and 
avv IUI UVU, Val L diiū 


S i 
of x, and x, as shown in the figure and assuming that body 2 


= 


taken the positive directio 
starts sliding, say, upward along the incline 


T,-m,gsina= mw (1) N p. 
m,g-T,= mw (2) n 

For the pulley, moving in vertical direction / Ti 

from the equation F, = mw, N 774 A d t 
t "ALL i 

(as mass of the pulley m, = 0) 2 X2 

or I, = 2T, (3) 

Ac the langth nf the threadc are ennctant the mA 

fio Ww niue! — his VA LALLY ud py MER esl N29, 

kinematical relationship of accelerations e 

becomes 


io P a ‘AN 
w= 4 Wi UT 


Simultaneous solutions of all these equations yields : 


2 "pue . 
8|2— -sina 


we l . 2g(2n-sino) 
' (mj \ (4n +1) 
| 4— «1| 


As n> 1, w is directed vertically downward, and hence in vector form 


2.2 g (27 - sin a) 
4"n41 
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1.73 Let us write Newton’s second law for masses m, and m, and moving pully in vertical 


1.74 


direction along positive x — axis (Fig.) : 


mg-T= m wy (1) Ww —h 
m g-T= m Wx (2) ht 
Mo 
T, -2T = 0 (as m = 0) pra } 

1 ASIII LIA 

or T, = 2T (3) AT; 
ain using Newton’s second law in projection j (^ 
faren far mace see alana nnattasra wv 5 PM nts rmn | Aila 
LULLILE LULE LES QD0 ""*0 GM, prYvosrsve ^1 Vil UVI J r w ‘| | Vv Q 
(Fig.), we get ! ES T Y 
T, = mo Wo (4) 
The kinematical relationship between the |x 
accelerations of masses gives in terms of mg mao 
projection on the x - axis RG 
Wi, + Wo, = 2 Wo (5) 


m PEDEM 44. = 


Simultaneous solution of the obtained five equations yields : 
w= [4 m, m, + mo (m, - m) ] g 
i A4m,m,*mg(m, * m.) 
In vector form 
— 
"1  A4m,m,«*mg(m, + m») 

AS the thread is not tied with m, so if there were no friction between the thread and the 
ball m, the tension in the thread would be zero and as a result both bodies will have free 
fall motion. Obviously in the given problem it is the friction force exerted by the ball on 


the thread, which becomes the tension in the thread. From the condition or language of 
the problem w,,» w, and as both are directed downward so, relative acceleration of 
M = w,,- w,, and is directed downward. Kinematical equation for the ball in the frame 


of rod in projection form along upward direction gives : 


I= Wy wt (1) A. 


T (t) 
Newton’s second law in projection form along T-f 
vertically down direction for both, rod and ball os! 
gives, 
Mg - fr= Mwy (2) 


Multiplying Eq. (2) by m and Eq. (3) by M 
and then subtracting Ea (3) from (2) and after 


Amd po Tease an a7 er zaw wean —* eM. ALPE AD a AR Nm 7 MALTS "AP AA WP we 


using Eq. (1) we get 


2] m LA 
=z Aw b AVR FEG j 
fr (M -m)t? d 


1.75 


1.76 
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Suppose, the ball goes up with accleration w, and the rod comes down with the acceleration w,. 
As the length of the thread is constant, 2 w, = w, (1) 


From Newton’s second law in projection form along vertically upward for the ball and 
vertically downward for the rod respectively gives, 


T-mg= mw, (2) 
and Mg-T’= Mw, (3) 
but T-2T (because pulley is massless) DA (4) 
From Eqs. (1 au (2), (3) and (4) M a 
mg (2-"sg,. TU 
m a AM n+4 (in upward direction) T 
2(2 
and w= 20 -ng (downwards) FO! T! 
° (n*4) ^ 
From kinematical equation in projection form, we get T' 
zx 1, a2 
MEME | 
as, w, and w, are in the opposite direction. Fn] 
] - Y 

Putting the values of w, and w», the sought n 


= V21(n+4)/3(2-n)g = 14s 


Using Newton’s second law in projection form along x — axis for the body 1 and along 
negative x — axis for the body 2 respectively, we get 


m,g-T,= m w (1) UHHH 


I;-m,ge mw, (2) h 
For the pulley lowering in downward direction T) 
from Newton’s law along x axis, 
T, - 2 T; = 0 (as pulley is mass less) V7; | 
or, T, = 2T, (3) A an " 
As the length of the thread is constant so, f F | s 
m= 2w (4) ý mg L 
The simultaneous solution of above equations yields, TINT 17 24 
2 (m, — 2m E 
w = 2(m -2mj)s- 2 (n -2) (as z n) (5) 
^ 4m,+m, n+4 m, 


Obviously during the time interval in which the body 1 comes to the horizontal floor 
covering the distance h, the body 2 moves upward the distance 2h. At the moment when 
the body 2 is at the height 2h from the floor its velocity is given by the expression : 


E .[2(n-2g1 8h(n-2)g 
v-2w,Q2h)-2 LLL S 24 ——À—-—e 
"1*4 "4 


After the body m, touches the floor the thread becomes slack or the tension in the thread 
Zero, thus as a result body 2 is only under gravity for it's subsequent motion. 


i 
i 


1.77 


1.78 


further goes up under gravity by the distance, 


Thus the sought maximum height attained by the body 2 : 


He hth = the 5-2), 60^ 
(*4 n+4 


Let us draw free body diagram of each body, i.e. of rod A and of wedge B and also draw 
the kinemetical diagram for accelerations, after analysing the directions of motion of 
A and B. Kinematical relationship of accelarations is : 
WA 
tan Q = — (1) 
WB 
Let us write Newton's second law for both bodies in terms of projections having taken 
positive directions of y and x axes as shown in the figure. 
m,g-Ncosae m, w, (2) 
ana AT sfe n o m a 1AN 
aiu AY OHIU = iB WB J] 
Simultaneous solution of (1), (2) and (3) yields 


= ——§ — and 
m,sina-*mgcotacosa  (14mcot? a) 


WA 


Wha = = 
B tna (tana+ncota) 


B 


a? _, 
^ NUN Wy 
yd & Ymad | LA oC | 
ec 4 
n cr 
O 


Note : We may also solve this problem using conservation of mechanical energy instead 
of Newton’s second law. 


a T ww r r F ar be wa A Ws xw w- ee 6 YF è 


Let us draw free body diagram of each body and fix the coordinate system, as shown in 
the fi igure. After analysing the motion of M and m on the basis of force diagrams, let us 


pe popen Leon nee ntinal Smee, 4 on—n—nnentf'-Laen 


law the KINCS Cdl diagram IOI a€Cccivcrauois (Fig. ) 


AS the length of threads are constant SO, 
dS yy 7 ds, and as VAM and D$ do not change their directions that why 


LE | - [Wa | = w (say) and 
— | — — 
way tt vy. and Wy tt vy, 


1.79 
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— 
(UM F 
T 
T T fr 
N Yy Lm 
FAT "d 
Twine 
LÁ 
/ [Ar m | N 
WM 
AS W, =W y * Wy 
so, from the triangle law of vector addition 
w,= V2 w (1) 
From the Eq. F, = mw, , for the wedge and block : 
T-N= Mw, (2) 
and N= mw (3) 
Now, from the Eq. F, = mw,,for the block 
mg —- T - kN » mw (4) 
Simultaneous solution of Eqs. (2), (3) and (4) yields : 
- mg g 
w= 


(km + 2m + M) = (k+2+M/m) 
Hence using Eq. (1) 


=- 8V _ 
= (2+k+M/m) 
Bodies 1 and 2 will remain at rest with repect to bar A for w,,, $ W S W,,,,, Where wis 


the sought minimum acceleration of the bar. Beyond these limits there will be a relative 
motion between bar and the bodies. For 0 < w < w i» the tendency of body 1 in relation 


to the bar A is to move towards right and is in the opposite sense for wz Wray On the 
basis of above argument the static friction on 2 by A is directed upward and on 1 by A 
is directed towards left for the purpose of calculating w 


Let us write Newton’s second law for bodies 1 and 2 in terms of projection along positive 


x - axis (Fig.). 7 7 
T-fr,= mw or, fr,- T-mw (1) AINT — W 
As body 2 has no acceleration in vertical f " ZO) 
direction, so | A 
fr,"mg-T (3) d 
ma T 


From (1) and nd 


| 
| f, 
But f+ finsk(N, +N) | | Ymg 
or fr, + fru < k (mge + mw) (5) a. —— S 
J A J PA hj [9] f x J TI 7 f Í 7 j 7 ; 7 7 j T /, / j 7 j r í ' 7 7 ,, j TITLI 


~ 
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1.80 


1.81 


From (4) and (5) 
m (g - w) s mk (g +w), or wz g (1-4) 


(1 +k) 
Hence ye BORK 
mn (14k) 
On the basis of the initial argument of the solution of 1.79, the tendency of bar 2 with 
t to 1 will be to move up along the plane. 
Let us fix (x - y) coordinate system in the frame of ground as shown in the figure. 
From second law of motion in projection form along y and x axes : 


mgcosa- Ns mwsina 


or, N= mí(gcosa-wsina) (1) 
mgsinat fr= mwcosa 

or, fr= m(wcosa-gsina) (2) 

but fr s kN, so from (1) and (2) 

(wcos a - gsina) sk(gcosa * wsina.) 
or, w(cosa - ksina)sg(Kkcosa *sina) 
(cosa * sina) 

or, w sg =, 


cos a. - ksin a 
So, the sought maximum acceleration of the 
wedge : 
(kcosa+sina)g (kcota+1)g 


w where cota> k 


max cos a. — k sin a cota -k 
Let us draw the force diagram of each body, and on this basis we observe that the prism 
moves towards right say with an acceleration w, and the bar 2 of mass m; moves down 


the plane with respect to 1, say with acceleration Wy , then, w, = Wy + w, (Fig.) 


Let us write Newton’s second law for both bodies in projection form along positive 
y, and x, axes as shown in the Fig. 


m,gcosa-N=m, W2(y,)™ ma | "26, + o | = m,(O+w sina | 


J 
Or, m,gcosa-N= m,w sina (1) 
and |. ANsinda = mw; (2) 
Solving (1) and (2), we get 
w M, g Sin Q cos à 9 sin à cos Q 
' m, m,sin^a (m,/m,) *sin^a 
N 
Ww [| w Na 
Taf ‘Mg . 
P4 had o] AL \ 
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1.82 To analyse the kinematic relations between the bodies, sketch the force diagram of each 


. 
body as shown in the figure. 


the basis of force diagram, it is obvious that the wedge M will move towards right 


n 
and the block will move down along the wedge. As the length of the thread is constant 


Wear vv AR — UAAR vy w^ WP. Aw BN Wh VEEN — ABA CLR WW ARE BEER EE 


AT. 22 _ 22 a2. ni E pu 


the distance travelled by the block on the wedge must be equal to the distance travelied 


> > — 


A oo 2r 


222 222 "E P PH. EL DL EN wf Lulu ru mS D a O 
AS Wn = WnM * WM » SO from Wiangie law OI vector addaiuon. 


w= Vw? *w^,-2Ww,M Wy COSA = wYV2(1- cos a) (1) 


we 


From F, = mw,, (for the wedge), 
T æ T onc 0 a A cin rt = 1 LP 
A 4 wo WA T LY OLLE VA AYA YY \=) 
For the bar m let us fix (x -y ) coordinate system in the frame of ground Newton’s law 


mg sina — T « mw, m[w (vt Wiel 
m (x) l mM ix) M aa 
— mn Tass i aa erat rpm = pot — BAA 149 (1 —_ ^60 no Y (a) 
- Mad T VM VU, (JU 7] == ffi VV qa VAJOXA J W7 
mgcosa-N= mw, m| Wami) t acy) |= m(O+wsina ] (4) 


Solving the above Eqs. simultaneously, we get 


w= mgsina 
| M+2m(1-cosa) 


e w 


Note : We can study the motion of the block m in the frame of wedge also, alternately 
we may solve this problem using conservation of mechanical energy. 


1.83 Let us sketch the diagram for the motion of the particle of mass m along the circle of 
radius R and indicate x and y axis, as shown in the figure. 


(a) For the particle, change in momentum A p: = mv(-i)-mv(j) 
so,  [|Ap|- V2mv 


and time taken in describing quarter of the circle, 


raa 
oc 
UR 


Ats >. 
AV 
— 
. 2 Ap | 2m 22m. |. tU 
HeneUv, £277 At m-«R/2Ov R yy” = | - 
Ah € vw £247 aoe vy ALG v — 
(b) In this case f / | \ 4A Ve 


Mz _» > -— 
p;= 0 and pj » mw,t(- i), ( R| | 
— fr —^ 
SO |Ap|=mw,t N - J ad 


Hence, |«F»| = JAP = 


While moving in a loop, normal reaction exerted by the flyer on the loop at different 
points and uncompensated weight if any contribute to the weight of flyer at those points. 


* w Ft at 


(a) When the aircraft is at the lowermost point, Newton's second law of motion in projection 
form F, = mw, gives 
n n 


ma 
zt [rt 
2 
y", mv m o= 0-7EN 
iy m R ml & = U / ALN 
(c) When the aircraft is at the middle point of the loop, again from F, = m w, 
2 
N' = z 1-4kN 


PA 


The uncompensated weight is mg. Thus effective weight = VN’ + m^ g^ » 1-56 kN acts 


thread makes an angle O from the vertical) and write equation F = m w via projection on 
^ ^ ' 
the unit vectors u, and u,. From F,= mw,, we have 


in 0 dv 
mg sin 0 =m -7 


y dv y dy 


~ ds" 1(-d8) 


(as vertical is refrence line of angular position) 


or vdv= —-glsinOdO 
Integrating both the sides : 


v 0 
dv x -gl| sinOdO 
Jo £1 f sin 


y? 
or, 5 =8l cos 8 


2 


Hence ~- = 2gcos0= w, (1) 


(Eq. (1) can be easily obtained by the 
conservation of mechanical energy). 


From F,-mw, 


t2 


T - m g cos 0 = 77 , 


~ 
Lr 


Using (1) we have 
T= 3 mg cos 0 (2) 
Again from the Eq. F, = mw,: 


mg sin O2 mw, or w,= gsinO (3) 


Hence w = Vw +w? = V( g sin 0)? + (2g cos 80)? (using 1 and 3) 
= gVi*3cos?0 


(b) Vertical component of velocity, v, = v sin 0 


So, v = v? sin? 0 = 2g l cos 0 sin? 0 (using 1) 
. 2 
For maximum Vy OF vy , feo Son) 0 
hich yield os 0 L 
which yields c VF 


Therefore from (2) T= 3mg = x = V3 mg 


(c) We have w= w, u, +W, u, thus w, = Way) + Wavy) 


But in accordance with the problem w, = 0 


So, Wo) * Way) = O 

Or, g sin 0 sin 0 + 2g cos 7 6 (- cos 0) = 0 
- ane A 1 — A Z A "10 

OI, COS U= "— OF, VF Ol 


fa 


© 
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1.86 


1.87 


The ball has only normal acceleration at the lowest position and only tangential acceleration 
at any of the extreme position. Let v be the speed of the ball at its lowest position and / 
be the length of the thread, then according to the problem 

ye 
T = gsin a (1) 
where a is the maximum deflection angle 


- 


From Newton’s law in projection form : F,= mw, 


-mg sin 0 = mv —— 


Q- GNE, 

c 
e ic 

Pd 
» 
9 
Pd 
Pd 
^ 


Fi 0 
or, -glsinOd@0= vdv | ot \ N 
f , ae O 
On integrating both the sides within their limits. | H s” 
a 0 x77 t 
- gl f sino a0 - f vav V nia 
0 y 
or, y= 2g! (1 -cos a) (2) 
Note : Eq. (2) can easily be obtained by the conservation of mechanical energy of the 
aN eM Ne J J ov 
ball in the uniform field of gravity. 
rom Has. (1) and (OY with À = a 
A ADEE aaj | a d EL =} wv B&'VRR bd 


2gl (1 - cos a) = Ig cosa 
Or, cosa» 2 so, @= 53° 
m 
Let us depict the forces acting on the body A A (which are the force of gravity mg and the 
normal reaction N ) and write equation F = mw via projection on the unit vectors 


u, and u, (Fig.) 


dv 
mg sin 9 = m—- 
ai 


v dv v dy 
"Uds Rd0 
OI, gRsin0dOs vdv 
Integrating both side for obtaining v (0) 
0 y 
l N 
( eRsinodo= [vav MN C 
JF — Cd ^, 
0 ; 0 [n 
Or, GU V^ = 2 gR (1 - cos 0) ^ z (1) 
From F n^ mw, CA 0 u 
2 | PON 
mg cos8-N= mz, | "4 | Q 


At the moment the body loses contact with the surface, N = O and therefore the Eq. (2) 


becomes 


ww Ss Aarts 


y? = gR cos 0 (3) 


1.88 


1.89 


1.90 


At first draw the free body diagram of the device as, shown. The forces, acting on the 
sleeve are it’s weight, acting vertically downward, spring force, along the length of the 
spring and normal reaction by the rod, perpendicular to its length. 


A ? 1 


Let F be the spring force, and Al be the elongation. 


At r DC ine sprin 
From, F, = mw, : 

N sin 0 +Fcos0= mw*r (1) 
where rcos0= (ly 4 AD. 


Similarly from F,= mw, 


From (1) and (2) 


F (sin 0/cos 0) - sin 0 + F cos 0 = mo r N » 


= m o (I, + Al)/cos 0 
On putting F= Kk Al W r 
K Alsin? 0+ Alcos’0= mo^ (I, * AI) | AL MAF 
on solving, we get, | AVA 
2 b lo | 
Al= mw” ———;= — —À3—— 
K-mwo (k/mo*- 1) "Tg 


and it is independent of the direction of rotation. 
According to the question, the cyclist moves along the circular path and the centripetal 
force is provided by the frictiona) force. Thus from the equation F = 


2 
mv 


T 


or kmg= m 


r 


fr= 
R 


abr | 


we should have — = 0 


or &(r-x e 7 or v» k(r-rP/R)g (1) 


For v, 


or, 1-2. 0, sor= R/2 


zv ky gR 


As initial velocity is zero thus 


Hence v4, = 


v= 2 W, S (1) 
As w,> 0 the speed of the car increases with time or distance. Till the moment, sliding 


starts, the static friction provides the required centripetal acceleration to the car. 


Thus fr- mw, but frs kmg 
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pork 
ND 
poral 


1.92 


c 222 2,V 4,2 

SO, WsKg on, Wit+Rsk 8 

or, vs (Pg -wR 

Hence Vmar" V (kK g - w2) R 

so, from Eqn. (1), the sought distance s = Vax 1 V (= | -1 = 60m 
o7 E 2w, 2 wu 


Since the car follows a curve, so the maximum velocity at which it can ride without sliding 
at the point of minimum radius of curvature is the sought velocity and obviously in this 
case the static friction between the car and the road is limiting. 


Hence from the equation F, = mw 


Len. 0. oz LP 
MTK E R Ul ym yV A^ IX 
SO Vmax = VE Rag. (1) 


We know that, radius of curvature for a curve at any point (x, y) is given as, 


Ra | Lt (ax ^ | (2) 


| @y/ae | v 
For the given curve, 
dy 2. cos (2) and dy. — sin — 
dx a e | d) o a 


Substituting this value in (2) we get, 
_ 0 + (aor ) cos? (x/a) T^ 
(a/a?) sin (x/a) 
rm. al a aa enn F x JU 
ror uic minimum A, — = — 
a 2 
and therefore, corresponding radius of curvature 
2 
Roin” 7 (3) 
min” g 7) 


Hence from (1) and (2) 

Vmax = Q V kg/a 
The sought tensile stress acts on each element of the chain. Hence divide the chain into 
small, similar elements so that each element may be assumed as a particle. We consider 


one such element of mass dm, which subtends angle d « at the centre. The chain moves 


along a circle of known radius R with a known angular speed c and certain forces act on 
24 WW. LL... 4. FA 2. ff thane Col. 
1. WO Have LO LIU OH O1 WICSC IOICCS. 


From Newton’s second law in projection form, F, = mw, we get 


2 T sin (da/2) - dN cos 0 = dm œw R 
and from F, = mw, we get 
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SAN 
/ A f) 725 
/ 18 B hd » 
7 t \ T e Z eed 
T ! \ A M N 
>. / \ IFA Ul oa NN 
e^ / l \ / / ANEN N 
| / l \ I [ V M 
| / | \ ‘a H l] 
| / ! \ \\ | J] 
^ | / , \ \\ | JI 
a I JAF i \ NN | // 
Ndm| [fart \ NS I wA 
O\ koe 31 ANNA NSA 
UNS §j§ KOUN ‘SY T- 
Q Rp. A “y | 
| rte | 
| D J, 
Y : Yx 
dmg | 


Or, TdO- dN, as sin %8 = do (1) 
2 2 
Also, dfr= kdN= (T+dT)-T= dT T (2) 


From Eqs. (1) and (2), 
kTd@= dT or ae kd 0 


In this case Q =x so, 


T, 
or, or, incs-kx (3) 
1 
1 T, 
So, k= — In T, — In ng 


m 
(b) When —. n, Which is greater than No the blocks will move with same value of 
m, 


acceleration. (say w) and clearly m, moves downward. From Newton's second law in 
projection form (downward for m, and upward for m,) we get : 


m,g-T,- mw (4) 


and T,-m,g= mw (5) 


54 


jand 
Y 
N 


1.97 


Also 7 = No (6) 


Simultaneous solution of Eqs. (4), a and (6) yields : 


„_ (m-mm)g_ M-m) ( m 
(m + Nom) Mtn)? D m, Jj 


= 
e 
o 
e 
A 
A 
9 
z 
d 
, 
P" 
"m 


since there is no acceleration ing in 

horizontal direction, horizontal component of "d 
the velocity will remain constant througout 

the motion. 


So V, = Vg COS Q 


Using, F, = mw, , for the particle of mass m, 


S 

H. 

3 

p 

s 

e 
om A TN 
SA 


¢ 

n 2C 

2 2 2 

N= MV m vg COS a xN A 
09 R d 


At 


which is the required normal force. 
Obviously the radius vector describing the position of the particle relative to the origin of 
coordinate is 


r= xit+yj= asn@ti+bcoswt) 
Differentiating twice with respect the time : 


— — 
w= = -w (asinwti+bcoswtj)= -0r (1) 


1nus r= mW -m 
(a) Wehave A 

= |mga- mgt (1) 
2 (vyg) 


(b) Using the solution of problem 1.28 (b), the total time of motion, t= - — 


=~ 
ei 
[ei 
on™ 
e 
— 


ence using 
la- 
= -2m(vyg)Yg (E g is -ve) 


—» 
From the equation of the given time dependence force F.: =at(t—t) at t=t, the force 


vanishes, 
t 


(a) Thus Ap = p= Fd 


1.98 


T 
—3 
— at 
Or, p- (Titre) de E 
J 6 
0 pu 
but p= mv so v* av 
6m 
i 
(b) Again from the equation F = mw 
— dv 
at(v -t)»sm — 
(t= t) =m 
or, a(tv-t^)dt» mdv 


Integrating within the limits for vt), 


t v* 
f tex-?)a- mf av 
0 0 


or oo a(t? or) atts or 
, m 2 3 m (2 3 


Th ra 2s 
1nus Vw 
m 
Hence distance covered during the time interval f = c, 


dy — — 
ne we VY } om rat me m Pd I cin mnt it 
Uli rit t T £ gmi ue wai mea VU Aout Ww us 
On integrating, 
— - Fo TM . 
my = —— cos wt + C, (where C is integration constant) 
W 
-— 
Fo 
IYL — a4 l'a! 2. a! an SN 
nen i= U, VU, so C= —— 
mo) 
- Fo 0 
Hence, v 2 —— cos wt + — 
mo W 
F 
As | coswt s 1 so, v= (1- cos wt) 
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Thus s= fva 
0 
F,t F,sin wt F 
= —— 9 2; (wt - sin wt) 
m œw m «o m o) 


(Figure in the answer sheet). 


. > — 
1.99 According to the problem, the force acting on the particle of mass m is, F = F} cos wt 
_— F 
c d P4 » 1—> f0 + le 
wo, m= locoso Or GV= — COS Wi at 
dt m 
Inteoratino within the limits 
ALEV fod U4 UALS 7 WV AVAARARR. CAAW REALIA? 
v r 
—» — 
fac Pf zd 
dv= — |} cosotdt or v= sin wt 
J m J m W 
0 0 


It is clear from equation (1), that after starting at t= 0, the particle comes to rest fro 


. X 
the first time at £ = "E 


Nd 0 . X 
From Eq. (1), v= |v[ * —- sin ot for ts — (2) 
ED s ma) u) uM 
Thus during the time interval t = n/w, the sought distance 
x/o 
F. fr A 
Ü i . ct 
S= —— sin wt dt = 
wd m à 
0 
rom Fa (1) 
A. AWVFARR wwe At) 
Fo , 
vo = — as |sinwt|s 1 


> dv => 


1.100 (a) From the problem F= -rv som wT” 


dy — — 
Thus ma = -rv [as dv fî} v] 
dv r 
or, — s= —— dt 
V m 
r 
On integrating Inv = - mit C 
But at t= 0, v=v, so, C= Inv) 
Or, In —-- L4 or v= "Pu 
Thus for t—>o, y= 0 


ay =F 
(b) We have ma = TTY so dv= Pu 


1.101 


Integrating within the given limits to obtain v(s ): 


v S 
r rs 
m m 
Vp 0 
Thus for v= 0, S= Spora = 
am Ahi 
m av 


7J 55 » 
(c) Let we have - -rv or P . d 


vom t 
N [| dv fa op M L, 
M Jv mor? any m 
0 0 TM 
So ,.cImidn(1/m) minm 
r r 
Now, average velocity over this time interval, 
m 
pn 
rt 
. Voe m dt 
f vàr A v ln-1) 
U QI / 
<v>= = = T: 
fae Minn ninn 


According to the problem 


Aas —_ Aas 
ay ay 

m——= -kv^ or, m —«-kdt 
V 


dt 


Integrating, withing the limits, 
v 


( dv k | m(vo- V) 
€ Eb or, f= k vwy 
Vo 
To finc the value of k, rewrite 
dv 2 k 
mv tk Or, ~7 as 
On integrating 
V h 
f[£--£fa 
V 
Vo 0 
m, Vo 
So, k= p” V 
Putting the value of k from (2) in (1), we get 
t= —— — — 


V ee 
V 


(1) 


(1) 


(2) 
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1.102 


1.103 


From Newton’s second law for the bar in projection from, F, = m w, along x direction 


we get 
mg sin a — kmg cos a = mw 
dv , 

or, VAT g sin a - ax g cos a, (as k= ax), 
OI, vdv = (g sin a —axgcos a) dx 

V x 
Or, fvdve= gf (sina - x cos a) dx 

0 0 

2 2 


So, —= ¢(sinax-—acosa) 1 
2 í " NN fr 
From (1) v= 0 at either 


2 
x= 0, or x= 4 ane 


As the motion of the bar is unidirectional it 
stops after going through a distance of 


—tana 
a 
Tene, f1) FAs ss 
From (1), tor v.,, 
> 2 . 

Lr (sin ax - X acosa )= 0, which yields x= un a 

dx 2 a 
Hence, the maximum velocity will be at the distance, x= tan a/a 
Putting this value of x in (1) the maximum velocity, 


v g sin a tan a 
V = 


max a 


Since, the applied force is proportional to the time and the frictional force also exists, the 


be. ry 
F= at, 2 kmg or, t, — 
U o ? a 
So, for f= < t4, the body remains at rest and for 1 >t} obviously 
MAV (4 24v a. mdon aN 
= Gif —ig) Of, mav= ait-tígja 
dt 
Integrating, and noting v = Oat ¢ = tọ, we have fort» tj 
V if 
fna- a f-ra or v= Z (ry. 
2m 
0 t 


0 
t 


a a 
Thus s= f vdt= L [a-4*a- zz (t-ty) 


t, 
0 


1.104 While going upward, from Newton’s second law in vertical direction : 
y 


1.105 


"RCM 
ds \ 


At the maximum height A, the speed v = 0, so 
0 


= 


cw v dv f 


É———————--I 
Y get(kv*/m) J 
Vp Ü 


Integrating and solving, we get, 


b? 
m o 
h- zaf 2: 
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(1) 


When the body falls downward, the net force acting on the body in downward direction 


equals ( mg - kv”), 


Hence net acceleration 
a WAL 


4A A ARR WY RR as We JA I, ? 9 ww VY La i ab tenere E By ww ARABES URAL u AA «FA 


l vd 
Thus J zo 5m J^ 


Let us fix x - y co-ordinate system to the given plane, taking x-axis in the direction along 
which the force vector was oriented at the moment f= 0, then the fundamental equation 


of dynamics expressed via the projection on x and y-axes gives, 


dv 
and Fsinwt= mx 


(a) Using the coadition v(0) = 0, we obtain v, = — sin ot 


y 


Hence, ve Vv2«v?- olka 


F 
v, = — (1-cos ot) 
m o 


(4) 
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1.106 


1.107 


(b) It is seen from this that the velocity v 
turns into Zero after the time interval At, 


which can be found from the relation, ^y / 
W At x. Consequentel / 
P) -= . q y, / F 
the sought distance, is p 
g , a A gut 
S f vdi» —E | ^ 
J mo’ 24 
0 | Pd 
Svat -a 
y — 
Average velocity, < v > = 0 x 
fat 
7 f 2F . fwt\,7,. . AF 
*0 Irt UJ \ a J JV FTE UJ 


The acceleration of the disc along the plane is determined by the projection of the force 
of gravity on this plane F, = mg sin a and the friction force fr = kmg cos a. In our case 
k= tan a and therefore 

fr= F,=mgsina 


oor AM V zl AE «at. — m 254 


Let us find the proj ection oi uie accelera uon 
on the derection of the tangent to the trajectory 


and on the x-axis : 


wv VV e 


= F cos ọọ- fr - mgsina(cosq-1) 


mw,» F,— frcosp= mgsin a (1- cos) 


It is seen fromthis that w, = — w,, which means 


that the ve NA v and its projection v, differ 
only by a constant value C which does not 
change with time, i €. 


v= v, +C, 


where v, = vcos q. The constant C is found from the initial condition v= vy, whence 
C = vo since p = 5 initially. Finally we obtain 


y- v, /(1+ cos @ ). 
In the cource of time p — 0 and v —> vọ/2. (Motion then is unaccelerated.) 


Let us consider an element of length ds at an angle p from the vertical diameter. As the 
speed of this element is zero at initial instant of time, it's centripetal acceleration is zero, 
and hence, dN -à ds cos ọ = 0, where À is the linear mass density of the chain Let 
T and T+dT be the tension at the upper and the lower ends of ds. we have from, 


F,- mw, 


(T+ dT)+Xdsgsing-T= Adsw, 
Or, dT +à Rd ọ g sin p= Ads w, 


1.108 
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we sum the above equation for all elements, 


N haranca thara ia nn tancinn 
U UCLUAaAUDEG MICI 15 HU LULIIDDIUIL 


e+ Len 
E t^ 


.gR _ I NA 
| r( cos 


In the problem, we require the velocity of the body, realtive to the sphere, which itself 
moves with an acceleration w, in horizontal direction (say towards left). Hence it is advisible 


p m DA Si arti 


to solve the problem in the frame of sphere (non-inertial frame). 
At an arbitary moment, when the body is at an angle O with the vertical, we sketch the 
force diagram for the body and write the second law of motion in projection form 
F,- mw, 
2 
» rm onn AT Lis A. N mv far 
OI, ME COS U — iV — mWy sin U = Dp uU) 


At the break off point, N= 0, O= 0, and let 
v= vso the Eq. (1) becomes, 


> N 
Y = g cos 0, - Wo sin 0, (2) y DU TUM PA 
wo/ ig eT 


From, F,= mw, 


v dv v dv | Da V | by. 
mg sin 0 - mw, cos 0 = m —— = m ——— I Jo 
M " as KaU mg 
or, vdv = R(gsin8+w,cos8)d0 
Vo 0, 
"n f 
Integrating, | v dv = | R (g sin0 + w, cos0) d O 
e eJ J w5 U 4 
0 0 
2 
Vo 
ap = & — cos0,) + w sin 0, (3) 


Note that the Eq. (3) can also be obtained by the work-energy theorem A = AT (in the 
frame of sphere) 


[here mw, R sin 8, is the work done by the pseudoforce (- mw, y] 


or, = g(1-cos0,) * w, sin 0, 


2 
M 
2R 
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1.109 


1.110 


Solving Eqs. (2) and (3) we get, 


Tn .- 21] mas 
v. = YIoR / and A _ enc 7 1| tAv 2 t7K | whara bL M 
Yo = Vegii/ 2 anG Up = COS 2 ; WnCIC a = 
| 35x) | g 
o 
Hence 8 lees 17 


This is not central force problem unless the path is a circle about the said point. Rather 
here F, (tangential force) vanishes. Thus equation of motion becomes, 


A mvg -Å nx m Vo x m Vg 
-——t——-»-—-l|1--—|* 1-—|2-—-(1-n)x 
(rgtx)" Tot% rm r ro 


mv 
. * . * . 0 LÀ . . 
This is opposite to the displacement x, if n < 1: [s is an outward directed centrifugul 
n 4 òg -A . at @ 5 2 ae a 1 » as ` 
force while —— is thé inward directed external force). 


There are two forces on the sleeve, the weight F, and the centrifugal force F,. We resolve 
both forces into tangential and normal component then the net downward tangential force 
on the sleeve is, 


( 1- wR al MUL 


atA 
mg sinv 


e 
Q 
o 
~ sS 


T 


This vanishes for 


E 
= 
25 
e 
M1 
QO 


^ 
(X 
JU 


2 2 R R A MORSI Coss 
w’ R >g. If wR < eg, then 1 - cos 0 ONO I} han 
i ý g O NYAS s mutesing=Fe 
is always positive for small values of 6 and 
hence the net tangential force near 0« 0 Q/ APN 
opposes any displacement away from it. ' mg Sin mg=F mg Cos O+ mu) R Sin? 
0 = O is then stable. 
o R 
If o^ R - cosO is negative for small 


However 0 = 0, is stable because the force tends to bring the sleeve near the equilibrium 
position 0 = Op. 


If W R= g, the two positions coincide and becomes a stable equilibrium point. 
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1111 Define the axes as shown with z along the local vertical, x due east and y due north. (We 


assume we are in the northern hemisphere). Then the Coriolis force has the components. 
— 


rm ~ m> — 
F =-2m(wxv) 


cor 


= 2mw | v, cos8 — v, sin0) i-v . Cos j + v, cos k = 2m% (v, cosO - v, sin®) i 
since v, is small when the direction in which the gun is fired is due north. Thus the 


o of motion (neglecting centrif ugal al , forces) are 
‘= 2mo (v, sing — v, cosq), y = 0 and z= -g Qc y4-North 


Integrating we get y= v (constant), z= — gt 
and x = 20 v sing t + wg t? cosp 
Finally, 


2. 1 3 
x= Ovf sing + 5 gt cosq 


2 2 
, S > 8S 
xæ Qv sing Ü = œ sinp — 
y v 


~ 7 cm (to the east). 


The disc exerts three forces which are mutually perpendicular. They are the reaction of 

tha xveicht mc ve tically: unuard the (C"nrinlie farcre mv m nermend lar ts the nlane af 

the weight, mg, vertically upward, the Coriolis force Zmv w perpendicular to the piane of 
, 2 

the vertical and along the diameter, and r outward along the diameter. The resultant 


force is, 


F= mV Lto r + Qv o) 


A rend 


The sleeve is free to slide along the rod AB. Thus only the centrifugal force acts on it. 
The equation is, 


. 2 dr 
mv» mo r where v= d 


dr dri2 | 
\ } 
1 122 
SO, Zv = ~œ r + constant 
2 2 
^ 2 ^ 
v. haing tha initial volnoit «han »— N Tha Oasinlia farna ia than 
ro Ut sin, GLEN LILLILIGI V'VAVILAL WILLIE / = VU IUU WULIVUIID LUIA dO UWI, 


2mo V v; +0? r = 2mo? r V1 + v/o T 


= 2-83 N on putting the values. 


A 


m 


in 
f 


P d 


at 


is the resultant inertiai forc. (pse 


where n is the inward drawn unit vector to the centre from the point in question, here A. 


velocity w about the axis OO’ pass 
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-Rsin Ô cos 6 gm )= mg sin 6 + mo K sin 0 cos 6 + 2mw R sin 6 cos 0 9 


^^ 


2^ 


25p.: e 
= [V — Mg COS Y + mo ASIN U + Zmo K sin 
2p 


> 


^ 
Lo d 


^ 


mR 8€ = mg (1 - cos 0) 


P 


*2« 
1 


^ 


z 


^ 


= 


(R Ó 
Integrating the last equation, 


Now on the sphere, 


1.116 


1.117 
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Hence N = (3-2 cos 0) mg 


So the body must fly off for 6 = 6, = cos G- 3° exactly as if the sphere were nonrotating. 


F „= V «^ R^ 0° cos? 0 + (o^ R?Y sin? 0 x 2m 
- > (0? RY ea? Rx 3x28 x 2m = = mo? R 5 + $8 
3w R 
(a) When the train is moving along a meridian only the Coriolis force has a lateral 
component and its magnitude (see the previous problem) is, 
2m w v cos 8 = 2m w sin À 


{Llawa kb 447-3 
(Hvit wt Mavu ‘put NV” v) 


32x 54000 v3 
So, Figteral = 2x 2000 x 10° x 5 0X 3600 * 2 


= 3:77 kN, (we write A for the latitude) 


(b) The resultant of the inertial forces acting 9 
on the train is, _. SV X 
—» 
F,, = -2moR 0 cos 0 e, l Fcor 

F P ne EPE a sus ae eee at Vo N 

+ (mo^ R sin 0 cos 0 + 2m w R sin 0 cos 0 9 ) eg / A | p XI NÑ 
pa his aces Te d 
+ (mo* R sin’ 0 + 2m o R sin^ 09 ) e, { / ^ r \ | 
A 
. 1 V UA = 
This vanishes if ô= 0, p= - zo 
Th V-y e l oRsinO= -LoRcosA 
= Fr MEL ~~ —À 
us ysy Eg Yy 2 2 
(We write À for the latitude here) 

Thus the train must move from the east to west alone the ot narallel with a «need 

u U GILL ALRUDU SAEAWY WY LVILL MIY VUDt tU VW Vor Gsvilfy Ase WV petes Wats a WU, 
=a Roos k= =x x 1074 x 6-37 x 10° = 115-8 m/s ~ 417 km/hr 
2 4 8-64 
We go to the equation given in 1.111. Here v, = 0 so we can take y= 0, thus we get for 


the motion in the xz plane. _ 
x = -20v,cos 0 


and Z mw -g 
; 1 2 
Integrating, Z= -58 
x= wgcos qt? 
a MA 
So x= Í o gcos qi? = L o g cos p|} 
90 3 5 P 3 & V g 
- 20h s 2h 
3 p 


There is thus a displacement to the east of 


2 2x « [400 
3 * g 64% 500x 1 x 9-8 æ 26 cm. 
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1.122 Let s be the distance covered by the disc along the incline, from the Eq. of increment of 
M.E. of the disc in the field of gravity : AT + AU = Ay, 


0 + (- mgs sin a) = - kmg cos a s - kmg I 
kl 
sina-kcosa (1) 
Hence the sought work 
A;,= - kmg [scosa +1] 


or, 


2 3 
Ay,= ~ —kimg _ [Using the Eqn. (1)] <—] —r 
1-kcota 
On puting the values A, = -0.05 J mg 
1.123 Let x be the compression in the spring when the bar m, is about to shift. Therefore at this 


moment spring force on m, is equal to the limiting friction between the bar m, and horizontal 
floor. Hence 

Kx= km,g [where x is the spring constant (say)] (1) 
For the block m, from work-energy theorem : A = AT = 0 for minimum force. (A here 
indudes the work done in stretching the spring.) 


so, Fr- -imgx= 0 or Xu F-km,g (2) , 
From (1) and (2), 


my 
F= kg mt. 


1424 From the initial condition of the problem the limiting fricition between the chain lying on 
the horizontal table equals the weight of the over hanging part of the chain, i.e. 


Anlg= kX(1-n)lg (where X is the linear 


N 
mass density of the chain) A 
c 2 Y /1N o; EEUU ENEER 
So, k= —— A) «—777777777 747 777777 
NNNM FC x | "di 
Let (at an arbitrary moment of time) the length ^ ' | A H 
‘of the chain on the table is x. So the net friction h n 
force between the chain and the tabie, at this NXQ / j 
moment : - 
f = LN= kira InN A(x) 4 
Jp WAVE RNAS (2) / Y O 
The differential work don e by the friction forces : 
dA = f -dF -f,ds-= -kXxg(-dx)- ^g era (3) 


(Note that here we have written ds = — dx., because ds is essentially a positive term and 
as the length of the chain decreases with time, dx is negative) 


Hence, the sought work done 
0 


nr 4 
- N shae Gon nni. 
A J MEp au rdr- - (0-0) n5 13J 
(1-»)! 


1.127 


= Vo * £i. The power developed by the gravity (m g’) at that moment, is 
P= mg v= m(g° vo +gt)= mg (gt - vsin a) 


As mg is a constant force, so the average power 


mo^ Ar" 
p m TÍ nm» LA 
T T 
haea AZP ta tha mat Aieela-eae-nnt€ af the O P. EE S S O -f > EP A 
Here AF uic ICL uioplac INCL. OL uic vuuy UUE tity OIL Li Et. 
—» —» 
As, mg Lâr so x 0 
2 
z., 4 y 2 r—$ÓBF. 
e nave Ww, p" Qi, Of V= VAKRE, 


PA 


t is defined to start from the begining of motion from rest. 
dv —— 
So, w,= — = VaR 
‘dt 


-j = A A — A 
Instantaneous power, P=F:v= m(w,u,*w,u, ): (VaR tu, ), 


The velo ocity of the body, t seconds after the begining of the motion becomes 


þad 
S 


m» EA e ) p we : - PN : ) 
(where u, and u, are unit vectors along the direction of tangent (velocity) and normal 


mann n nt. a. | «?\ 


So, P= mw,VaR t= ma Rt 
Hence the sought average power 
[1 t 
| Pdt | maRtdt 
rd v 
0 0 
«P» = — = 
i t 
j ^ 
Ld 
0 
maRt^  maRt 
Hence <P> = ———- — 
2t 2 


Let the body m acquire the horizontal velocity vy along positive x — axis at the point O. 


(a) Velocity of the body ¢ seconds after the begining of the motion, 
— —> — P 3 o. TM» 
v= Vot Wim (o - Kg r)! 
-> > 


-— s 


Instantaneous power P= F:v= (-kmgi i): (vo - kg t) i= - kang (v - kgt ) 


kmg kmg vo 
<P> = " --— —— = -2 W (On substitution) 
rrom F = mw 
x x 
; dv, 
- kmg = mw, = m 


or, v,dv,= - kgdx = - agxdx 


rmm 


N” 


To find vívY lot ne intaarata the ahnve anuatinan 
Lv d ALENS OF Wt Js Aw Wa nini -- dudubul WARAWMO GQuvuyv vv Wl WGA 
v x 
fona nosol on a ve ew ov 
] Vx GV, ag] xax on Vv Vo - A gx 
V. 0 
4] 
— — _, 
Now, P-2F:vs-maxg Vue ag x? 
F i VÀ, x? - X 0 which “9 
Or maximum power £( X —-Agpx AP which yields x= 
P , 0 8 y ag 
Putting this value of e in Eq. (2) we get, 
D m l ULT 
f max 2 m Vo v 8 
1" 1^0 MN nae tf. x1 fi... nf llla In Bw nt A eee ee ot almnen en Ala! 122.2 aL... 4L 
1140 V U1LURE 1 IUICC UL ICIild UHNCCUU OUtwWdadIU diUIL IdVidl iic, ulus ui 


A= f mo’ rdr = T ma? (rà - n) = 0:20T (On substitution) 


r, 
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1.129 Since the springs are connected in series, the combination may be treated as a single spring 


of spring constant. 
K1 K2 
K, + K3 
From the equation of increment of ME, AT+AU#=A,, 


Qe lk AI? A Or A- 4 KK | 
2 n >? JU PES 


K = 


| AD? 


1430 First, let us find the total height of ascent. At the beginning and the end of the path of 
velocity of the body is equal to zero, and therefore the increment of the kinetic energy of 
the body is also equal to zero. On the other hand, in according with work-energy theorem 
AT is equal to the algebraic sum of the works A performed by all the forces, i.e. by the 
force F and gravity, over this path. However, since AT= 0 then A= 0. Taking into 
account that the upward direction is assumed to coincide with the positive direction of the 


h h 


A= | Fe mg-a 7 J E-m 
0 


= Y= 0 
|J “wy wy tere reJ We 
0 
whence h = 1/a. 
"T ee de ce freee. el bee ah fren, EF na ah. Cand LIC LC +h. ar nant tea 
ite WOI P TLOTTICYU Uy UC LOUILC © OVCI UC List UAIL OL WIC d5c tb 
h/2 h/2 


Ap= | F,ay- omg | (1- ay) dy = 3 mg/4a. 
0 0 


The corresponding increment of the potential energy is 
A U - mgh/2 = mg/2a. 


1.132 


Y^ a dox Amnat aa LC dU ara mat E [ 2a a b ] 
rrom tae cequauon r, = ~ pru we u r, | - ^3 T 72 | 
u Le T 


(a) we have at r= r, the particle is in equilibrium position. i.e. F,= 0 so, rp = —— 


A , my an N r” 
a PEN A 
satisiy 
d'U . 
dr? me 
d?^U [6a 2b 
We have = | — 


N 


Na 


umng Fo b ; we get 
d^ U EN b y s 2 e. 9 a aw 
—5 = —3, (as a and b are positive constant) 
dr 8a 
= d'U b , 
30, ——- U, 
ar sa” 
which indicates that the potential energy of the system is minimum, hence this position 
is steady. f 
sar ut? * P a U [ 2a b ] 
b) We have QU UE eT 
en d o E a) 
dF, 
For F, to be maximum, = 0 
3 p 
So, r= — and then 7 — 
? h r(max) 44 2? 
X “lk 
As F, is negative, the force is attractive 
(a) We have 
" ðU : | p -8U "n 
y= —7-- -2ax and f= ——= -Zpy 
em ax i ay 
E ^5. PE MCI nial 2.2. 32 2 
wo, i = Qxi—-2pyrang, = 4 qQax tp y 
= er -> > . 
For a central force, rx F = 0 
zt tr NP ME Ur S Pug S 
Here, rxF= (xi*yJ )x(-2auxi-2pyj 
— — 


Hence the force is not a central force. 
b) As Uz ar? +B y 
Avs cad (UJ 
So Pe uo dy and F,- — = -2py 
i * ax y ay 
J 
em ^ 4 / r2 T2 D 1 A 2 2 A n2 2 
So, Fe VE, tF; = V4ax+4py 
MAAAAN UI 2 4 L UC piUuUuic la 
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2 2 C? 
OI, a x «p y = > 
x y c? 
Or, — += —— — x k(sa 2 
B 2g (say) (2) 


Therefore the surfaces for which F is constant is an ellipse. 
For an equipotential surface U is constant. 


So, ax?+B y= C, (constant) 
2 2 C 
Or + Laun K, (constant) 
, o2 4. a B 0 


Hence the equipotential surface is also an ellipse. 
Let us calculate the work performed by the forces of each field over the path from a 
certain point 1 (x,, y,) to another certain point 2 (x,, y.) 


x, 


(i) dA» F-dr= ayi-dr= aydx or, A= a f ya 


x% 


(ii) dA = F-dr= (axi+byi ): dr axdx + bydy 


% 2 
Hence A= f axis f bydy 
*, A^ 


In the first case, the integral depends on the function of type y (x), i.e. on the shape of 
the path. Consequently, the first field of force is not potential. In the second case, both 
the integrals do not depend on the shape of the path. They are defined only by the coordinate 


of the initial and final points of the path, therefore the second field of force is potential. 


Let s be the sought distance, then from the equation of increment of M.E. 
AT + AU = Ay, 


/ 1 ` 
(0 - = mv? | + (+ mgs sina) = -kmg cosa s 
ne, 
of 
or, S= —/ (sina +k cos a) 
“8 
H Ay = -km - im 
ence p= -kmgpeosa se z uno) 


p -—- * MX a 


- h), horizontally (from the figure given in 


elocity of the body at height / v, = V 2g 


ima takan in falling throne 
Ww Aw ASL AMAT ES VAR Vr VERS 


t 
i 
< 

t 
~ 


as initial vertical component of the velocity is zero.) 


Now s= vut» Vig +h x VŽ = VAR - K) 


1.136 


EN 
N 


For sa. 4 (Hh 
Putting this value of h in the expression obtained for s, we get, 
Smax = H 


5 


starts, must be equal t i (one c 
problem body could not reach the upper most point of the vertical track of radius R/2. 
Let the particle A leave the track at some point O with speed v (Fig.). Now from energy 


conservation for the body A in the field of gravity : 


LO d Lo AS dil i42 MEMBR até 59 


To complete a smooth vertical track of radius R, the minimum height at which a particle 
ca 


n proved it from energy conservation). 


ng h- 50 tsino) |- Zm? 


or, v? = gh(1-sin 0) (1) 

From Newton’s second law for the particle at "ERU: 

the point O; F, = mw,, Ap oy, 

my? / 

N + mg sin 6 = (h/2) h A^S 

But, at the point O the normal reaction N = 0 h mg 

2. gh.. h 
So, V > sin 0 (2) UD 


m pue 
2 gh 
From (3) and (4), sin 0 = 3 and v» V = 


haiaht af i?a tentartanwciu in ate we talanity mer al 


? Aa Pmtri ac meinaan TTA TP Aan OO e 
YHh hari t iH th 
ncignt UL its uajeciory Ail ai, It > VCiOCIly (say Y J UCUULHI\S MVLICVULIVG Mw ii. LICIA, VV 


After leaving the track at O, the particle A comes in air and further goes up and at maximum 
1 
i 


sought velocity of A at this point. 


F4 


s m nm rer . ^^ 2 
V = vcos (90 -0)= vsin@= Z V — 


Let, the point of suspension be shifted with velocity v, in the horizontal direction towards 
laft than in the ract frama nf naint nf cnenancnn th e bal! etarte with cama velocity harizantallu 
E£ULE WGA HE LY IOL EAGLE UL pus vi ouop'vitoi1at uic VAI VLLL VEAL OGALLY VVAVINSVAVY VEAL VALE y 
towards right. Let us work in this, frame. From Newton's second law in projection form 
towards the point of suspension at the upper most point (say B) : 
mv; mv 

mg+T= Uu OI, T = ] -mg (1) 

Condition required, to complete the vertical circle is that T z 0. But (2) 
L ny 2) «lm So, le V -Agl 3 


2 2 


11 


38 


73 


a aga 9 ^] AR \ 
m (v; - A gl) B 
T = -mgzÜ or v,2 V VB 
l um 
P d N 
^ v 
vV N 
Thus VA (min) = 5 gl / H T Y 
/ : Wd vC 
From the equation F, = mw, at point C ! M TM . | a 
' <A 
pU 4 ‘ T | 
xo \ / 
] (4) 3 Í / 
Again from energy conservation EN | Pd f 
Mel » 
i 2 l2 A 
2 mv,- amv + mgl VA (5) 
From (4) and (5) 
T= 3mg 


Since the tension is always perpendicular to the velocity vector, the work done by the 


tension force will be zero. Hence. accordine to the work energy theorem. the kinetic enerov 


CAP HE he Wet ww AAA WY R.K ACER AR WS. a wewa bates = ] wAsw vy WAAL warwa tJ BEBO WA GA aay SAAW ALSAE W biw" waa SES J 


velocity of the disc will remain constant during it’s motion. Hence, the sought time 


S 
t= vU where s is the total distance traversed by the small disc during it's motion. 


SO, s= f -Roae 
U 
È Ri d 
"TRO 2RP 2R 


Ip Bk-———lo 
Hence, the required time, [= ° 


2 Rvo 


or, 


It should be clearly understood that the only uncompensated force acting on the disc A 
in this case is the tension T, of the thread. It is easy to see that there is no point here, 
relative to which the moment of force T is invarible in the process of motion. Hence 
conservation of angular momentum is not applicable here. 


Tre? eee Ps that AJ ia tha alanaeatian nf tha mhhlar nneA Than fenes anaerwu ranaancatinn 
A2uppuoc LIAE 26 id Lv VAUVAUSGVIVIL VER Lit LIUUUICI CUIU. LUA LULI AVE y VUIIDDVIVAuua, 
AU, + AU, 0 (as AT= 0) 
Or, - mg (l+ A) + >K Al? = 0 
1 2 
or —x Al" - me Al -mol =O 
9 2 p nd LÀ "5 ri "e a br d 


=] 
ib 


mg x V (mg)? + 4 x X mel [ ] ] 
K m K 
Of, Ms —— 2S xK. "Ee 1258 | 
K 2 K mg 
2x — 
2 
Since the value of 1/1 + axl is certainly greater than 1, hence negative sign is avoided 
Y mg J C + e e 
-. N me |. - f. Ter | 
30, Al = k tV + ne ] 
K mg 


1.140 When the thread PA is burnt, obviously the speed of the bars will be equal at any instant 


of tame until it heaake nff Y ot o o tha cenaa nf aanh hinni: and A ha tha anela exrhirh 


GESEEN- ē WILLIE AL ULUGADRO VAL. Rosie Y Uwv Liw opMM VR VGA ULIRUNES GLU VV UY VIV anpiv, WY LIU 


the elongated spring makes with the vertical at the moment, when the bar A breaks off 
the plane. At this stage the elongation in the spring. 

Al= i, sec 8- i, = I, (sec 0- 1) (1) 
Since the problem is concerned with position and there are no forces other than conservative 


forces, the mechanical energy of the system (both bars + spring) in the field of gravity is 
conserved, i.e. AJ + AU = 0 


So, 2 d d t K Ie (sec 0 - 1)? — mgl,tan 0 = 0 (2) 

From Newton’s second law in projection form N 

along vertical direction : 

mg = N +x l (sec 8 - 1) cos 0 Klo (a. N8 

But, at the moment of break off, N = 0. AL 7 

Hence, « J, (sec 6 - 1) cos 0 = mg — T?’ 

K la- mg 
or, cos 8 = ——_— (3) | 
K la 
, Smg . . l , 
Taking K = 7 simultaneous solution\of (2) and (3) yields : 
0 
19 g ! 
y= V 8 "0 = 1:7 m/s 
32 

1.141 Obviously the elongation in the cord, Al = $ (sec 0 — 1), at the moment the sliding first 

Starts and at the moment horizontal projection of spring force equals the limiting friction. 

So, K; Alsin6= kN (1) 

(where K, is the elastic constant). ur N gp 
From Newton’s law in projection form along 
vertical direction : 
K; AL cos Ot N = mg. fr 
modi amt 
or, N= mg - x, Al cos 8 | = (2) 


From (1) and (2), mE ————ÀÀ———— 


Kı Al sin 0 = k(mg - x, Al cos 0) Ymg 


1.142 


~] 
Qi 


kmg 
Al sin B + k Al cos 9 


From the equation of the increment of 
mechanical energy : AU + AT = A, 


On  Kj- 


or, (2%: a? Af, 
EME Al? 
or —— — = Å, 
Z Ai (sin U + k cos U) J” 
_ kmg ly (sec 0 — 1) MEIN MEME 
hus A,,= 26in8-kos0)" 0-09 J (on substitution) 
(511 bv] A VAIS Ww i 


Let the deformation in the spring be AZ, when the rod AB has attained the angular velocity w. 
From the second law of motion in projection form F, = mw, . 


NIA: rp Newton LAS on 
SVU VV Hom iNY VADER D OWE 


the bodies m, and m, respectively. 
m 


" 
i 
=} 


54 
li 
Jm. 
E 


~J 
o) 


Thus from (1), (2) and (4), 


1.144 As the closed system consisting two particles 
m, and of m, is initially at rest the C.M. of 


thana aurataenr w«eaettl me: at "nnt T 
thi. >y otci WI EUG di itetl. I 


m,» m,/2, the C.M. of the system divides the 


a2» s $ la m - an 
ULICI do 


line joining m, and m, at all the moments of 
time in the ratio 1 : 2. In addition to it the 
total linear momentum of the system at all the 
times is zero. So, p, = - p» and therefore the 


velocities of m, and m, are also directed in 


opposite sense. Bearing in mind all these thing, 
the sought trajectory is as shown in the figure. 


1.145 First of all, it is clear that the chain does not 
move in the vertical direction during the 
uniform rotation. This means that the vertical 
component of the tension T balances gravity. 
As for the horizontal component of the tension 
T, it is constant in magnitude and permanently 
directed toward the rotation axis. It follows from 
this that the C.M. of the chain, the point C, 
travels along horizontal circle of radius p (say). 
Therefore we have, 


T cos 0 2 mg and TsinO- mo? p 


Thus p= £919, 08cm 


[401 
wa 


and | T= Eu SN 
cos O 


T 
n 


« 
€ 


(a) Let us draw free body diagram and write Newton’s 


second law in terms of projection along vertical and 
horizontal direction respectively. 


AJ enue a i me bro à, f» cin fy — [4! f1\ d P 

AY CUD U min "dj omen U M7 < r l e 
eC 

freosa. - N sina = mw’! (2) 


From (1) and (2) 
sina, 


CQ 00 
UUJ VA 


frcosa - - frsina + mg) » mw" l 


pom 
an 


w? 
So, fr= mg sin a + ~~ cos a = 6N 
(b) For rolling, without sliding, 
frs kN 


but, N= mg cosa- mw’ lsina 


w] 


mg | sina + cosa | s (mg cos a-m w" Lsin a ) [Using (3)] 


Rearranging, we get, 


mw? l(cosa + ksina) s (kmg cos a -mgsina) 


Thus wsVg(k-tana)/(1+ktana)l= 2 rad/s 


an 1 í(— 2 1 ;— AO 


óT' — T2 > —> 
— = 0, ie. m,(v,-V)+m,(v,-V)=0 
ôV 3 l*^ 1 f Z* Z f 
— — 
— m,v,+m,V, _, 
or = —— ay, 
m, +m, 


Hence, it is the frame of C.M. in which kinetic energy of a system is minimum. 


(b) Linear momentum of the particle 1 in the K’ or C frame 


D= m (y -y )= (V - y) 
Fl ^ ANT 7 m oem `i 2^ 
1+ m» 
m 
~> > > 1772 
or, Pi = U(¥,-¥2), where, y = ————= reduced mass 
^ 1 +m 
QE => > —> 
Similarly, p," W(¥,-¥;) 
=» =» ~ —p —p 
So, |p |= |p, l= P= nv, where, v q= |v- v, 


Now the total kinetic energy of the system in the C frame is 


Hence T= 


„J 
] 
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1.148 To find the relationship between the values of the mechanical energy of a system in the 
K and C reference frames, let us begin with the kinetic energy T of the system. The 
velocity of the i-th particle in the K frame may be represented as v;» v? * Vc. Now we 


1 Do — => 1 2 
Since in the C frame ` m; v; = 0, the previous expression takes the form 


lm y? (since according to the problem v. = V) (1) 
Since the internal potential energy U of a system depends only on its configuration, 
the magnitude U is the same in all refrence frames. Adding U to the left and right 


T = T+ m vee T+ 


hand sides af Ta 41. era vahtain tha SO naht eslatinanchin 
aku avo VL ij CP wet VUtaill WIL ougni AVIGUUAL hip 
E-E--—mV 
2 
Aa ^v ^d 
4" d Ad A iLlief4n37.. FT YT nr a ET ey 
4.497 AS Maly U = UF U, 50, L = I 
From the solution of 1.147 (b) 
-p 
T= 5 hlM- val, 
— — 
As v lv 
m m 
Thus T= 1 Mim (2 e v2) 
2 m, +m, 
1 "OQ Valaniter nf macana m anri se nftar + ganando avo vraacnartiualu 
2 si JU VVAVVALY UL Xi1üaobwo F t1 nii db GAVVLAL b OWVVLUARXMO GIL AWVvOLDULMLY Ul Je 
—' —» —P 4 —' —1» — 
Vy = vi +gt and Vj = Vj gt 


Hence the final momentum of the system, 
— —! —' — — 
p= m V, +m, v, = m, V, +m, V, +(m,+m,)gt 
—> — —> — — 
=D tmet, (where, py» m,v, 4 m,v, and m= m, * m.) 


. 1 
And radius vector, ro Volts Wot 


— — 
(m, vi +m, v,)t 
(n, +m) 


P _ 
a A — ime nm. V. + ni, Va 
w 22 U- i á e r^ 


gt’, where v= 


N |m 


= Vat + 
M m, +m, 
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1.151 After releasing the bar 2 acquires the velocity v,, obtained by the energy, conservation : 


1.152 


1.153 


zm a Or, v= xy ~ (1) 


2 


K 
0 +m, x O+m,x V m xvm 
cm ™ m, +m, ~ (m,+m,) 


Let us consider both blocks and spring as the physical system. The centre of mass of the 


, , F , , 
system moves with acceleration a = Pr towards right. Let us work in the frame of 


+m, 
a e 

centre of mass. As this frame is a non-inertial frame (accelerated with respect to the 

ground) we have to apply a pseudo force m, a towards left on the block m, and m, a 

towards left on the block m, 


A. at. — n 4 Am 


As the center of mass is at rest in this frame, 
the blocks move in opposite directions and 
come to instantaneous rest at some instant. The 
elongation of the spring will be maximum or ma L—— 4—— 7 
minimum at this instant. Assume that the block <——1™, LX ner m, >F 


. : UD USOY ]"72 
m, is displaced by the distance x, and the block I 77 P777] g 3 Ia 


m, through a distance x, from the initial 
positions. 


eA VLOG 


(where A,,, also includes the work done by the pseudo forces) 


Here, 


AT=0, U= =k (x, * xj) and 


[F-m F\ m, F m F(x +x) 
w -i 2°), , 7 145 \41 742) 
"ex. de^ A = P] 
(mtm | m,+m, m,+m, 
, mM, (X, +x) F 
or, =k (x, +x,)° = 
2 m,+m, 
2m,F 
So, X, +X, = 0 or, x, + xX, = - 
k (m, + m,) 


2m,F 
TT. a. at. n v? A a? | a ae at. XT. Yoo ol esata ic 1 
Hence the maximum separation between the blocks equals : /j + —————~ 
k (m, + m,) 
Obviously the minimum sepation corresponds to zero elongation and is equal to J, 


(a) The initial compression in the spring AJ must be such that after burning of the thread, 
the upper cube rises to a height that produces a tension in the spring that is atleast equal 
to the weight of the lower cube. Actually, the spring will first go from its compressed 
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1.154 


state to its natural length and then get elongated beyond this natural length. Let / be the 
maximum elongation produced under these circumstances. 


Then 
ki = mg (1) 

Now, from energy conservation, 

1 2 1 

-kAP- mg (Al+D+=«l’ (2) 

2 2 
(Because at maximum elongation of the spring, the speed of upper cube becomes zero) 
AN oe K e» r AE 7 


Therefore, acceptable solution of A/ equals ang 


(b) Let v the velocity of upper cube at the position (say, at C ) when the lower block 
breaks off the floor, then from energy conservation. 


mf. 5 (A - 1?) - mg (I+ Al) 


(where / = mg/« and Al = v=) 


2 
A 2 an M ISN 
Ul, V = 32 —— (2) 
K 

As thn maasta £1 he aln» =f OL: 2 mv + 0 " y —T at 4A Oris nf Mu cuotas 
Fil LIUC PYSYN V, uic VERS UR V.Vvi, Ye = 2m = 2 LA, Wit 'v.lvi. UL ULI Spyoull 
(spring* two cubes) further rises up to A yc. TENE C ^v. 

e i 
Now, from energy conservation, lael 


1 
5 (4m) vo = (2m) g Are» | 


On Ayo” 57 =o 


| i 
At 
| | 
But, uptil position C, the C.M. of the system 4 l 
has already elevated by, 


(Al+])m+0 4mg 
AYa= p RE 


aot E n 


Hence, the net displacement of the C.M. of 

the system, in upward direction 

8 mg 

K TOIT TIT, 

Due to ejection of mass from a moving system (which moves due to inertia) in a direction 
perpendicular to it, the velocity of moving system does not change. The momentum change 
being adjusted by the forces on the rails. Hence in our problem velocities of buggies 
change only due to the entrance of the man coming from the other buggy. From the 


À .. 


Ayc= Aye; t Ayer 


1.155 


1.156 


1.157 
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Solving (1) and (2), we get 


mv Mv 
y. = Va M and Vom 2.4 


| M-m ^ M-m 

As viti Vand v11 v^ 
—p md 
So, P= LU and pre YY 


1 7 ` Vy = -— n 
^ (M-m) ^ (M-m) 
From momentum conservation, for the system “rear buggy with man” 
(M+m)vo= m(u* vg) 4 Mv, (1) 
From momentum conservation, for the system (front buggy + man coming from rear buggy) 


M v +m (ut vp) = (M+m) Vp 


—» 
— M v, m -p —> 
So, Vp = + (u + Vg) 
M+m M+m 
n —> lam 
ruling tne value or VR Irom (4), we get 


(i) Let Vi be the velocity of the buggy after both man jump off simultaneously. For the 
closed system (two men + buggy), from the conservation of linear momentum, 
Mv, *2m(u*vj)- 0 


— 
ar > = — 2mu /1\ 
M 1 M+2m V 
ee —’ e 
(ii) Letv be the velocity of buggy with man, when one man jump off the buggy. For 
the closed system (buggy with one man + other man) from the conservation of linear 
momentum : 
-p -p —p' 
O= (M+m)v +m(u+v ) (2) 


Let V> be the sought velocity of the buggy when the second man jump off the buggy; then 
from conservation of linear momentum of the system (buggy + one man) : 


(M+m)v = Mv,+m(u+v,) (3) 
Solving equations (2) and (3) we get 
a (2M+3m)u- 


2 /AK eA. YY are PAS (4) 
(UM + m) UM + zm) 
From (1) and (4) 
V) m 
"n Item) 


Hence v> v 


The descending part of the chain is in free fall, it has speed v= V2 gh at the instant, all 
its points have descended a distance y. The length of the chain which lands on the floor 
during the differential time interval dt following this instant is vdt. 
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For the incoming chain element on the floor : 


S 


From dp, = F dt (where y — axis is directed down 
ry y x 7 
0- (À vdt) v = F, dt 
or F,= -Àv = -2Agy 


Hence, the force exerted on the falling chain 
equals À v? and is directed upward. Therefore 
from third law the force exerted by the failing 
chain on the table at the same instant of 
time becomes v? and is directed downward. : 
Since a length of chain of weight (Ayg) already lies on the table the total force on the 
floor is (2Àyg) + (Ayg) = (3Ayg) or the weight of a length 3y of chain. 
1.158 Velocity of the ball, with which it hits the slab, v = V2 gh 


Q0QOQQQQ 


NN 
T 
oy 


After first impact, v' = ev (upward) but according to the problem v' = = so e= (1) 


and momentum, imparted to the slab, 
= my —(- mv ) « mv(1- e) 
Similarly, velocity of the ball after second impact, 
v= ev = ev 
And momentum imparted = m (v+ v" ) = m (1 * e) ev 
Again, momentum imparted during third impact, 
= mnm(1-*e)e'v, and so on, 


(1 + e) 
(1 -e)’ 


mv (from summation of G.P.) 


7+ = mV2 gh / (n +1)/ (n - 1) (Using Eq. 1) 


= 0:2 kg m/s. (On substitution) 
1.159 (a) Since ihe resistance of water is negligibly small, the resultant of al] external forces 
acting on the system "a man and a raft" is equal to zero. This means that the position of 
the C.M. of the given system does not change in the process of motion. 


Le. Fz = constant or, Arc= 0 ie. V m,Ar-0 
C a E E 
or, m (AF mm + ATu) +M Ay =0 
' — P -j —P» mi 
Thus, m(l +1)+Ml=0, or, l=-—— 
Mt t iu 

(b) As net external force on “man-raft” system is equal to zero, therefore the momentum 
of this system does not change, 

—' — — 
So, O= m(v (04v,(0]* Mv, (t) 
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1.159 (a) Since the resistance of water is negligibly small, the resultant of all external forces 


1.160 


1.161 


acting on the system ‘ ‘a man and a raft" is equal to zero. This means that the position of 


anal ©) eT — So — —— —— Se aw ee —— — À—— DD Ue eee Se So Se We p aaraw an C Ho 


the C.M. of the given system does not change in the process of motion. 


i.e. rom constant or, Aro= 0 ie. * m, Ar,» 0 


fac a DP ar 1709 at 
or, m {Ar y + Ary, \+M Ary = 0 
/ 
|» — — — ml" 

Thus, m(I” «1)*MI- 0, or, l=- —— 

m tM 
(b) As net external force on “man-raft” system is equal to zero, therefore the momentum 
of this system does not change, 
Qa Qe mio Aa DUAL MTA 
oo, Us MPV NE) t VaN) j tM Vy) 
or v, (f) = — mvt) (1) 

, 2 m+M 


, 


Asy (t) or va (t) is along horizontal direction, thus the sought force on the raft 
M dv, (t) Mm dV (t) 
dt m+M dt 


Note : we may get the result of part (a), if we integrate Eq. (1) over the time of motion 
fs 
f L 


In the refrence frame fixed to the pulley axis 
the location of C.M. of the given system is 


described by the radius vector i 
^ MAri+(M-m)Ar,_,,+m dr, 
(9M | | 


Arco™ OMA 
al VA 
Dur AFP” = -ÅF 
AJ UL LA 5M £5 (M - m) 
and Ar, = AFAM m) * ÂT M-m) (M n)4-m 
mT” i m 
Thus Aro = —— 


Note : one may also solve this problem using momentum conservation. 
Velocity of cannon as well as that of shell equals V2 gí sin a. down the inclined plane 


taken as the positive x — axis. From the linear impulse momentum theorem in projection 
form along x - axis for the system (connon + shell) i.e. Ap, = F, At: 


pcosa -M Y 2glsina = Mgsina At (as mass of the shell is neligible) 


nene nm _ Md ^ ol cin n 
PF Aw XV AVR Y 4e E WARE VLA 
or, At= 
Mg sin 
Denn 6—memnemretiue Af mamanth um fae tha auatam fhallas 2 hadu alana tha initial dieartian 
A AUIIL CAs ÀAWVaAatvtUIIL UE SEEUELIUALUULL hy IJI WY By owl (quuiivt T vuuy) aiii CREW BRLALAGE UAR T LV LAUR 


mvy = (m* M)v, or, v= 


3 
+ 
x 


4a44fA" 
1.105 
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La! QUÉ M. 


When the disc breaks off the body M, its velocity towards right (along x-axis) equals the 
velocity of the body M, and let the disc's velocity'in upward direction (along y-axis) at 


From conservation of momentum, along x-axis for the system (disc + body) 


FM 
rev 


my » (m* M)v', or v= 1 
(m M)v, or v,» — (1) 
And from energy conservation, for the same system in the field of gravity : 
— 2 — 1 "2 1 12 r 
mv ;n*M)v;rmvyemgh , 
where h’ is the height of break off point from initial level. So, 
2.2 
1 1 my 1 
= my’ = = (m + M) ——~+ = mv"? + mg an using (1) 
2 2 M+m) 2 » TV 
or y? s y mv 2 gh 
, y (m + M) 5 
Also, if A" is the height of the disc, from the break-off point, 
then, v. = 2 gh” 
2 m v 
So 2g (h" +h')= v - ——— 
; g( ) (M +m) 
Hence, the total height, raised from the initial level 
Af 2 
= fi+}' =< —— oL 
2g (M +m) 


(a) When the disc slides and comes to a plank, it has a velocity equal to v= V2 gh. Due 
to friction between the disc and the plank the disc slows down and after some time the 
disc moves in one piece with the plank with velocity v' (say). 
From the momentum conservation for the system (disc + plank) along horizontal towards 
right : 
HEN fo. o: AW A .. mv 
mv- (m+M)v or v= —"4 


Now from the equation of the increment of total mechanical energy of a system : 


1, . 2 1 
5 M «mv -4mv = Ay, 
2.2 
OI, 1 (M 4 m) m Y -im Afr 
2 (m+M) 2 
1 2 m? | 
SO, 5" P: Ay, 
mM 
Hence, Ay, = = E ar = — ugh 


1.166 
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(b) We look at the problem from a frame in which the hill is moving (together with the 
disc on it) to the right with speed u. Then in this frame the speed of the ose when it just 
gets onto the plank is, by the law of addition of velocities, v = u * V2gh. Similarly the 


common speed of the plank and the disc when they move together is 


v= u+ v2gh. 


+M 
— 1 — 1» 1,,2 
Then as above A, = —(m* M)v" - mv” —- —Mu 
f 2 ( 2 2 
m^ 
1 2m | 1 1 
x —(m+M) l2. M u V2gh + — — 2gh - C(m« M)! ->m m 2u Y2gh -mgh 
2 | m + (m + My | 2 2 
We cee that A ic indenandoent nf u and ic in fart inct -noo ac in fa) ne the vocult 
TTU www LAGE “afr aa SAENZ Walt Wh Ve VERMES ZJ — BER ACAWE J"* d e Fe CA AAR ve 7 BSAC MIY AV EA 


Do note however that it will be in correct to apply “conservation of enegy" formula in 
the frame in which the hill is moving. The energy carried by the hill is not negligible 
in this frame. See alsó the next problem. 


ee ot en me relative tn tl nel. nen hac ta 2 " P p = i 
HOVIHIP ICIdUVC LU UC Cail, ONC nd tO HICIUUC uice All 
acc 


in a fra c en 
cceleration to be able to "PP Y e conservation of en nergy to the problem. 


ne 
as well as earth’s 


Ld 
- na v f5en-& €. an 


T Laan na a 
in a rererence irame 


falling to t 
with velocity v, and so is the 


that of the earth is v, + i (M is the mass of the earth), from Newton's third law, 


where t = time of fall. From conservation of energy 


2 
1 2 1 m 
5 mvo + 5 Mv, + mgh = 5M Vo + 47% 
\ / 
2 
Hence lg P + m^) = mgh 
2°{ MJ 
N m. : : 
acertene —— in nan nn unama with 1 owe met 
ANCEUC lL IE M ili UYU ilpalisy L iul i1, v BV 
2 EX 
vo = 2gh or v, = V 2gh 
The point is this in earth's rest frame the effect of earth's accleration is of order " and 
can be neglected but in a frame moving with respect to the earth the effect of earth’s 


acceleration must be kept because it is of order one (i.e. large). 


From conservation of momentum, for the closed system “both colliding particles” 
mV, + mv, = (mo +m) Vv" 


— — > — > — 
4 * 


— ma t aub. 1 (31 2 1!) - 2 (4 M 6k) 2 - 2 

IF&43V T FENY — -— 7— ~> —» 

or, V. ae es i425 - 4k 
m, + m, 3 


Hence |v]2 V 1444 16 m/s= 46 m/s 
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1.167 For perfectly inelastic collision, in the C.M. frame, final kinetic energy of the colliding 


1.168 


system (both spheres) becomes zero. Hence initial kinetic energy of the system in C.M. 
frame completely tums into the internal energy (Q) of the formed body. Hence 


Ox T. = i, Iz* vh? 
d L 2° | + 4| 


In lab frame the same result is obtained as 
AR 1007 GA VAR ao 
— 2 
1 (mvermy | — 2 
AT 2 m.«4 -53 ™ lvl + m, |v;l 
1 +M 
i —.2 


e et LEA — — — — » 
(a) Let the initial and final velocities of m, and m, are u,, u, and v, v, respectively. 


Then from conservation of momentum along horizontal and vertical directions, we get : 


m, u; = m, Vv. cos 0 (1) 
and m,v,= m,v,sin 0 (2) | Vi 
Squaring (i) and (2) and then adding them, Ur 
mye = m^ (1,2 L v? Y /4 8 
Hv) = Wey ey ey} CAU gm e 2-222. 
Now, from kinetic energy conservation, O 
`N 
N 
Em u= E m Zim v (3% oN 
Q "Up" lle A ae n v 2 
v 2 
a pa 2 p 2 
Or, m (u? -v= movi = m, — (u*+v*) TUsing (3) 
? 1 d £2 pi Z` i i L Owes 
m» 
m m 
or [i-um 
? || mj OTL m, 
\ ^j \ 4j 


ot [4] _ mm (4 


un j Mi t Ma 
So, fraction of kinetic energy lost by the particle 1, 


1 1 
- mo 3m LÀ 
2 
ma un 
m,-m 2m, 
-1-———-. [Using (4)] (5) 


m, + m» nm, + nm» 
(b) When the collision occurs head on, 


"m~ 
jaù 
Sarr 


and from conservation of kinetic energy, 


1.169 
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m, m; 
or, vl +— |= u,|/—-1 
A m, m , 


v ( m, / m, ~ 1) 
on ú, = n+ m, / m; (6 
Fraction of kinetic energy, lost 


9 , 2 . 
7 - 4 
"ul 1- foes - — [Using (6)] 
(m, + m,) 


(a) When the particles fly apart in opposite direction with equa! velocities (say v), then 
from conservatin of momentum, 
and from conservation of kinetic energy, 


Of, m, u’ = (m, + m.) v? (2) 
From Eq. (1) and (2) ^ 
ws vrs) ( Jas 
2,2 Vi 
m,u' - (m, +m) ERE MNA ooann- - j 
~o V VY N 0-60 
- A N 
Or, m, ~3m,m,= 0 Q 
m; 1 Vo , 
Hence — = 3 as m, = 0 ^ `~ 


m, 
(b) When they fly apart symmetrically relative to the initial motion direction with the 
angle of divergence O » 60°, 
From conservation of momentum, along horizontal and vertical direction, 


mu, = m, v, cos (0/2) + m, v, cos (0/2) (1) 
and m, v, sin (0/2) = m, v, sin (0/2) 
or, m, v = Pv, (2) 
Now, from conservation of kinetic energy, 
1 1 1 
jm utm nm vie mv, (3) 


2: a 


m; Vi 
m,u,: cos (8/2) i yi * Um = 2m, v, cos (0/2) 
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So, uj = 2v, cos (0/2) (4) 
From (2), (3), and (4) 


2 2 

my mj v 

4 m, cos? (0/2) v? = m v? + ——— 
m 


"DEN m, 
or, 4cos (0/2)= 1*4 — 
m 


my 2 6 
or, — = 4cos* —-1 
i m, 2 
, n mı 
and putting the value of 8, we get, — = 2 
m, 


If (vy, v, ) are the instantaneous velocity components of the incident ball and 
(v4, Voy ) are the velocity components of the struck ball at the same moment, then since 
there are no external impulsive forces (i.e. other than the mutual interaction of the balls) 
We have u Sino = Viy > Voy" 0 


mu cosa = M Vik tM v». 


The impulsive force of mutual interaction satisfies 


d F d 

— {y = — =- —íy 

fw: _ 1 am af... ., maja n at wo 191 Loo avs x Al, "TP o l.n V a . 4 e 2A a H " 
( F is along the x axis as the balls are smooth. Thus Y component of momentum is not 
transferred.) Since loss of K.E. is stored as deformation energy D, we have 


1 a 1 2 1 32 
D jmu-a4mvw - mv, 


1 1 1 


2 2 2 


4 _ _ . _ i 
A 
- | m'u cos a — mv ~ ( mucosa- mv)? | 


2m 
1r42 ^ 42 21 , 2« 
= >— | 2m'ucosav, - 2M vi | = m (V UuCosa — Vy ) 
Auti E L 
r ^5 ; 2 1 
= ml u^ cosa ( u cosa _ | | 
L 4 (2 J| 
We see that D is maximum when 
u COSA 
2” Yb 
2. 2 
an p, meson | 
D — 
Then m [urere G | LA 
e a 
^ | [ «SL 
a. ey Sa Smee Age LONAS Y ~ 


eon 
QU 


1.171 From the conservation of linear momentum of the shell just before and after its fragmentation 


1.172 


3y- Ue vie vi (1) 


P —p —p . — - 1 og: ec 2 
where Vis V4 and V4 are the velocities of its fragments. 


. 2 2,2,2 
From the energy conservation 3nv“ = vi + vz + v3 (2) 
X> —— — —- — > 
Now V; OF Vic = Vj - Vo= V; - V (3) 
where v = y= velocity of the C of the fragments the velocitv of the chell Ohvinucly 
VV AR WA wv "C w wavs VE MEY C"26welvYEAe WR ABMS A4 02 fy AL iw bee VAR Sr Vv ws ww st y WJ VARY WEY ARS WHY IV 
in the C.M. frame the linear momentum of a system is equal to zero, so 


Vi tv, +v =O (4) 


Using (3) and (4) in (2), we get 


— =>» — => — C» => - => => 
3n) = (V v (^ voy e(v-vi-v;y -3 427) + 203420; -, 
or, ZEN + 29, 5 cos0 + 27243 (1-7 «0 (5) 


If we have had used v? = — ve - v3, then Eq. 5 were contain 7, instead of V, and so on. 


The problem being symmetrical we can look for the maximum of any one. Obviously it 
will be the same for each. 
For V,to be real in Eq. (5 5) 


me we „a —— ase 


pure (1-0) v?) or 6(n - 1) = (4 - cos?0)9 2 


/ 6 (m - i 
So, Revi oa? OF Vomexy"V2(m-1) v 


Hence V2 (max) ™ Ivo volu. » y *€ V2(n- 1) v-v(1+V2m-1) | = 1 km/s 


Pm = 


nus o owing to o the symmetry 


Since, the collision is head on, the particle 1 will continue moving along the same line 
as before the collision, but there will be a change in the magnitude of it's velocity vector. 
Let it starts moving with velocity v, and particle 2 with v, after collision, then from the 


conservation of momentum 


mu: mv; + mv, or u= Vt Vs (1) 
And from the condition, given, 
l ə 1 3 
1 2 |lmvit-mv 
Z — 1 2 
2m k 2 v t9 
=~ mu 
Z 
or, vite (1-1) u? (2) 
From (1) and (2), 
v? 4 (u - v. Y = (1-m)uw^ 
yr Ve 77) S Uu Uy 
^r v? 4 u47 51a we (1 — me" 
Or, 1*4 —ZUV, + VE u-u 


© 
o 


or, 2v? -2v,u+nu*= 0 
c n VW- 89V) 
So, v= 2u € —— —. — — 


T 


= z [us V - zw | = Suevi) 


Positive sign gives the velocity of the 2nd particle which lies ahead. The negative sign is 
correct for v, . 


Note that v, = 0 if n= O as it must. 


1.173 Since, no external impulsive force is effective on the system “M + m”, its total momentum 
along any direction will remain conserved. 
So from p, = const. 


mu» Mv, cosÜ or, v m u (1) 
ood ' 1" M cos 
and from p, = const 
mv,- Mv,sinO or v= = v,sin@= utanO, [using (1)] 
Final kinetic energy of the system 
T, = — * 1 m 
J 2 P^ 2 a 
And initial kinetic energy of the system= Tm 
So % change = 1d x 100 
5 tm T. 
2 2 
L mw un? 04 MP. t -I m? yA 
2 2 M'cos*0 2 ar F | 
- x 100 A, 
— mu? m fi 
mu 
12 u Vo 
1 2, 2 1m 2...2 1 2 
z” tan 0r M" sec 0-5“ -(nI—— ~-~---—- T------ » 20 
= E ————t—-x100 7 NO 
1 
2 
Vi 


/ - 
- (tan? 0 4 "sec? 0 1] x 100 
\ M J 


and putting the values of 0 and m Ye get % of change in kinetic energy= — 40 % 
1.1974 (a) Let the particles m, and m. move with velocities v and v? respectivelv. On the basis 
AA. 9 X 7 pw ow AA pot *1 a "2 AA vd 1 a "2 avoepewsa way CM AR UY WOU AD 
of solution of problem 1.147 (b) 
P= WY =H |v] 


1.175 


1.176 
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As v Lv, 
c - 23 3 _, m; nm» 
So, p-wVvjirv; where p= 

m, +m, 


(b) Again from 1.147 (b) 


Fe gman ze -aN 


So, T= 40e) 


From conservation of momentum 
— é —» d 


— 
D. = D, + Da 
A1 ai tg 


i 
l 


Eliminating p,’ we get 


f. m \ , > m^ 
O=p, IN mj - 2p,' p,cos0, +p, o m 


This quadratic equation for p,’ has a real solution in terms of p, and cos 0, only if 


4 cos'0, = 4|1 - —| 
C nj 
2 
or sin’ 0, s + 
1 
. m, m, 
Or sin 0, s + — Or sin 0, 2 - — 
mi m, P! 
1 
This clearly implies (since only + sign makes sense) that i 
m 
, 2 
sin 8, max " 
1 


From the symmetry of the problem, the velocity of the disc A will be directed either in 
the initial direction or opposite to it iust after the impact. Let the velocity of the disc A 


after the collision be v' and be directed towards right after the collision. It is also clear 
from the symmetry of problem that the discs B and C have equal speed (say v") in the 


directions. shown. From the condition of the problem 


wb BA wwe ar ARA PAA VY BES A AWA B/W ALS SBUALAER ah TLA w r- `a u ABA. 


A 


a 
N= " 
cos = —- ls o, sinO= V4- /2 (1) 
For the three discs, system, from the conservation of linear momentum in the symmetry 
direction (towards right) 


mv « 2m v'sinO * my' or, v= 2v"sinO* v (2) 


© 
bo 


1.178 


From the definition of the coefficeint of restitution, we have for the discs A and B (or C) 


v" — v' sin O 
vsin0-0 


g = 


But e = 1, for perfectly elastic collision, 
(Y 
V7 


From (2) and (3), A 


v (1 - 2 sin? 0) AN A^ 


3 

y-— FENEEM [ \ 

(1 + 2 sin“ 6) SPEM 

2 

Vy -2 . 
= vn -2) {using (1)} 
Hence we have, 
a V Mm? ~ 2) 

6 - n? 

Therefore, the disc A will recoil if | < V2 and stop if ņ = V2. 


Note : One can write the equations of momentum conservation along the direction per- 
pendicular to the initial direction of disc A and the consevation of kinetic energy instead 
of the equation of restitution. 


Vv 


fa T at a malanisal ma wreath 
\a) LAL oO illUiI A tu 


[4 Li 


~ JP . oe —» — . 
after collision their velocities become v , and v , respectively. As the mass of the each 


molecule is same, conservation of linear momentum and conservation of kinetic energy 
for the system (both molecules) respectively gives : 


>! »' 


— 
2 ^ 
and Vie vitvs 


From the property of vector addition it is obvious from the obtained Eqs. that 


vilv5,orv,:v5-0 
* * * * *. . jd 2 2 2 
(b) Due to the loss of kinetic energy in inelastic collision vj > v'i + v'5 
—» —» 
so, V ,'V 4» O and therefore angle of divergence < 90°. 


Suppose that at time 4 the rocket has the mass m and the velocity v^, relative to the 
reference frame, employed. Now consider the inertial frame moving with the velocity that 
the rocket has at the given moment. In this reference frame, the momentum increament 
that the rocket & ejected gas system acquires during time dt is, 


— t [Á> —- — 
dp= mdv+udtu=F dt 
or, m—=F-u 


— - —» 
Or, mws F- wu 
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141470 A D a. sat. PED AEN Pd mh _ A »j . / 3. _ al _ NN as Fa «sf l- Za A "MIU NENNEN 
1.1/7 /AACCOIGID£ tO tne quesuon, r= Vande = — adm/at Soine equation lor Wis System Decomes, 
— 
dv dm — 
m7 = “7 u 
ai 


As dyrr so, mdv= — udm. 
Integrating within the limits : 


m 
fa- fm or —= In— 
u m u m 

0 ", 


mo 
Thus, v= uln — 
m 


m 
— > > 

As dv" | u? so in vector form v= - u In — 

m 


1.180 According to the question, F (external force) = 0 


So m dv = dm a 
? dt dt 
As dv? | iu, 
so, in scalar form, m dv s -udm 
M wdt dm 
oD uo T 


Integrating within the limits for m (t) 


wt | dm y . nm 
—--] — or -= -in — 
m; 
- (wu) 
Hence, m= mae 


1.181 As F. = 0, from the equation of dynamics of a body with variable mass; 
—» 
m É*. zin or, dv- pan (1) 
m 
Now dv} Wand since uL v, we must have | dv"|= vy d a (because v, is constant) 
Where da is the angle by which the spaceship turns in time dt. 


dm u dm 
So, -u — = yda or, da= -—— 
m Vo m 
m 
uf dm u mo 
or, ax -— | —- — In| — 
Vo m v m 
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1.182 


1.183 


1.184 


We have m, -u or, dm= - pdt 


As U= 0 so, from the equation of variable mass system : 


—p — 


d > d —> 7> 
(m, - ut) =F Or, ZY = W= F/(m,- ut) 


dt 


Or, fav r| 
(my — pt) 
0 0 


Hence y= 


Let the car be moving in a reference frame to which the hopper is fixed and at any instant 


of time, let its mass be m and velocity ve 


Then from the general equation, for variable mass system. 
m Fe 
dt dt 
We write the equation, for our system as, 
dy > dm — — 
m-—,--F-v — as, u= -y 
dt t 
d ,— => 
So — (mv) = F 
< nv) 
—» 
and V = —- On integration. 
m 
But m - m, * yt 
— 
— Ft 
SO, ye Tar \ 
mg |1-—— | 
\ oj 
-> —> 
. — dv F 
Thus the sought acceleration, w= d 5 
mo " + w) 
\ Moj 


Let the length of the chain inside the smooth horizontal tube at an arbitrary instant is x. 


From the equation, 


— 
as w= 0, F 11 Ww, for the chain inside the tube 


Axw= T where à= m (1) 
Similarly for the overhanging part, ING, T 
u= 0 x Y 
Thus mw = F T 
o AXAhweAXhg-T (2) h 
From (1) and (2), dng 
4í L) ih ( dv | 
Ax -h)w- Ang o, (x c h)v hg Law B 
/ 77; 7 
( h) v dv h ERLA 
or, x+ ———— = ; 
Ca)" ^ 
[As the length of the chain inside the tube decreases with time, ds = - dx.] 
dx 
OI, vdv- -8gh TUN 
v 0 
Integrati | vdv- -gh f dx 
Brann’ J | ^? J x+h 
0 (l-k) 


2 
oT, 3^" gh 1n (5 or v= V 2gh In D 


Force moment relative to point O ; 
— dM — 


N= —= 2bt 
dt 


— —» 
Let the angle between M and N, 


— > lope 1 , f h 
"n 1 MANO (a b tg) - (2 bto) 
cn 7 JP Zn 4 2 12,4 ^L 
MIIN] Va +b tọ ¿Dio 

2,3 2 

2b* to b to 


a 2 @ e 
2b tt = a+ 2,1* or t= v b (as ty cannot be negative) 
It is also obvious from the figure that the angle a is equal to 45° at the moment fo, 


when a= big, ie. tọ = Va/b and N= 2V 2 


O 
on 


1186 M (n FX Po (> elc). i oy 
AA c AL APP AVR yep 86 ^M (C 2^ ) |. 0 $7 
2 .(X —> 1 «X — 
= Mv gt sin( £a] (-k ) * 5 mv gt sin (2 +a) & ) 
V 4 p V 4 
—À»» 


= mv gt ? cos a (- k ): 


,2 
Vogt" cosa 


m 
Thus M (t) = 5 


> —— st 
Thus angular momentum at maximum height Vp Ca | 


^v "Sino VA 


—a al. £A at 


R of reaction of the 3 wali at the moment of the 


impact against it. The first two forces 


counter-balance each other, leaving only the ^ 4 

force R. It’s moment relative to o any point of A a K 

the line along which the vector R. acts or along N R 

normal to the wall is equal to zero and therefore oC X -> 
the angular momentum of the disc relative to £55} On 
any of these points does not change in the given CN 

process. y f 

(b) During the course of collision with wall N 

the position of disc is same and is equal to Q' 


r.; Obviously the increment in linear 
* ^ 
momentum of the ball Ap» 2mv cos a. n 
Here, AM = ry x Ap = = 2mvlcos a. n and directed normally emerging from the plane of 
figure 
— 
Thus |AM |» 2mvI cosa u 
1.188 (a) The ball is under the influence of forces T and m g at all the moments of time, while 


moving along a horizontal circle. Obviously the vertical component of T balance m g and 


1.189 
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so the net moment of these two about any point becoems zero. The horizontal component 


NN ud 2z2.h. $4. 4l on Pu DN 1 
OL 4, Which pr ovides the c ntripetal accel 


is 
centre (C) of the horizontal circle, thus its moment about the point C equals zero at all 


C equals zero and that’s why the angular mommetum of the ball is conserved about the 


horizontal circle. 


(b) Let a be the angle which the thread forms 
with the vertical. 
Now from equation of particle dynamics : AM 
T cos a = mg and Tsina = mw sin o N i Ed 
o QW a L 
Hence on solving cos à = —— (1) M | 
wl f 
M 0 
Ac LAA lie panctant in maonitude en fenna fioure 
rs [4^4 | 1> CULISUTALIL HL Uapi tuUuL >U MOHI LIB UIE [^N 
|AM|= 2M cos a where 
— — 
M= |M;|= |M;| PL 
—» —» ] — L Ü Ct--—--- ^ 
= |r x my |= m (ss Tho v) M » 
— 2 , Sa ært 
Thus| AM |= 2 mvicos a= 2 mo l“ sin a cosa 


w 


. 2mgl4/1. "T j (using 1). 


During the free fall time ¢ = t = V = , the reference point O moves in hoizontal direction 


(say towards right) by the distance V v. In the translating frame as M (O) = 0, so 
AM-M,-r Erf 
= zy « 
f | [ ^ iW) 
(_Vrishi \xmleti_Vil | 
—-i(—VUvi-Ln^j xmiigvt-"vt]j 
Dente vd 
= -mVgv hmVh (4k) J( ) 
vesl2h Te ah rid 
=-mVgi—jk+mVh(tk) = -mVhk 
VJ 
—» 
Hence [|AM|= mVh 


The Coriolis force is.(2m v" x à). 
Here w is along the z-axis (vertical). The moving disc is moving with velocity vj which 


is constant. The motion is along the x-axis say. Then the Coriolis force is along y-axis 


MR vam mW wE e Gum w^ AERE wg Wm ee A -=> ~ Lt * Ze f] — i Svs sae ave Aa. een eS 


and has the magnitude 2m v, w. At time f, the distance of the centre of moving disc from 
O is vot (along x-axis). Thus the torque N due to the coriolis force is 
N = 2mvgoxvg. along the z-axis. 
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1.191 


1.192 


n f 


Hence equating this to Pa 


dM 
a 2m v wt or M- mv, wt” + constant. 


The constant is irrelevant and may be put equal to zero if the disc is originally set in 
motion from the point O. 

This discussion is approximate. The Coriolis force will cause the disc to swerve from 
straight line motion and thus cause deviation from the above formula which will be substantial 
for large t. 


If r= radial velocity of the particle then the total energy of the particle at any instant is 


~ mil. +k =E (1) 
2 2mr? 
where the second term is the kinetic energy of angular motion about the centre O. Then 
the extreme values of r are determined by r = 0 and solving the resulting quadratic equation 
kr y Er’ + M 0 
2m 
we get 
Qo 
2 2M'k 
2. Et VE -—A 
2k 
From this we see that 
2 2 


where r, is the minimum distance from O and r, is the maximum distance. Then 


má + 2k} = k(ri*ri) 


2k? 
Hence, m= 
V5 
ATL a4 /1* nae La dae £n. atan daed awee-ascin fre Ltaatin annees: and aesulae 
"NOW . : Eq. VJ Call e derived MOT! the Std LU dard expression LOL AMICUC CHCIEy anu dii uidi 


momentum in Plane voler coordinates : 


1 .5 1 22 
T amr t5mr © 


The swinging sphere experiences two forces : The gravitational force and the tension of 
the thread. Now, it is clear from the condition, given in the problem, that the moment of 
these forces about the vertical axis, passing through the point of suspension N, = 0. Con- 


sequently, the angular momentum M, of the sphere relative to the given axis (z) is constant. 
Thus my, (I sin 9) = mv l (1) 
where m is the mass of the sphere and v is it s velocity in the position, when the thread 


forms an angle > with the vertical. Mechanical energy is also conserved, as the sphere is 


1.195 
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under the influence if only one other force, i.e. tension, which does not perform any work, 
as it is always perpendicular to the velocity. 


l1 2» 1 
So, 5 mv, + mg l cos 0 = 5 mv (2 


Ye” 


vo = V2gl/cos ð 


Forces, acting on the mass m are shown in the figure. As N - mg, the net torque of these 
two forces about any fixed point must be equal to zero. Tension T, acting on the mass m 
is a central force, which is always directed towards the centre O. Hence the moment of 
force T is also zero about the point O and therefore the angular momentum of the particle 
m is conserved about O. 


Let, the angular velocity of the particle be w, when the separation between hole and 
particle m is r, then from the conservation of momentum about the point O, : 


m (Gg rg) rg» m (or)r, L-2--72--- SN 
P — 
UN A a N 
“O'S d -777 T YX a 
or w= —— / EL N «| 
r T NT T 
* i ` 
Now, from the second law of motion for m, | 1 0 9^, 


T DE. 4^. 
i= = mor 


Hence the sought tension; 


m o rir mor: 
00 0'0 


On the a: 
On the given system the weig 


about the axis of pulley. Let us take the sense o @ of the pulley at an arbitrary instant 
as the positive sense of axis of rotation (z-axis) 


As M,(0)= 0, so, AM,= M, (Ù= f N, dt 


t 


So, M,(t) = f mg R dt= mg Rt 


Let the point of contact of sphere at initial 
moment (t= 0) be at O. At an arbitrary 
moment, the forces acting on the sphere are 
shown in the figure. We have normal reaction 
N,- mg sin a and both pass through same line 
and the force of static friction passes through 
the point O, thus the moment about point O 
becomes zero. Hence mg sin a is the only force 
Which has effective torque about point O, and 
is given by |N |= mgRsina normally 
emerging from the plane of figure. 


-— > =>. r- 
As M (t= 0)= 0, so, AM = M=] N dt 


Hence, M (t)= Nt = mg R sin at 
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1.196 


1.198 


Let position vectors of the particles of the system be r and r with respect to the points 
O and O' respectively. Then we have, 


—p ! 


— — 


"m". 


where ro is the radius vector of O' with respect to O. 


Now, the angular momentum of the system relative to the point O can be written as follows; 


17 v e Ww" /—' = X" ,— —» po A 
M= D(iXPi\= Di XPi)* 2, l'oXPi) [using (1)] 
om \ Jo 778 7 \ } 
— —! 
Or, M=M + (Tox?) where, p= X p; (2) 
From (2), if the total linear momentum of the system, p: then its angular momen- 


tum does not depend on the choice of the point O. 

Note that in the C.M. frame, the system of particles, as a whole ts at rest. 

On the basis of solution of problem 1.196, we have concluded that; “in the C.M. frame, 

the angular momentum of system of particles is independent of the choice of the point, 

relative to which it is determined” and in accordance with the problem, this is denoted 
—» 

by M. 

We denote the angular momentum of the system of particles, relative to the point O, by 


fl. n at. a 7&4 0C 


) i? : a 
M. Since the internal and proper angular momentum 4M, in the C.I. ita 


R 


1e, 
on the choice of the point O’, this point may be taken coincident with the point O of the 
m t 


en moment of time. Then at that moment 


particles, in both reference frames, are equal (7; = r;) and the velocities are related by 


the equation, 


-j — — far 
V= Vtv, (4) 
y here v" ic the velocity of C frame relative to the -frame Concenonently we mav 
yY LEWA Ww "c aw WAR Ww Y OB NSIER IS Y wa. Vas à AFA A5 BEA, A eR AVR Y -— "eX TLE Ww Py AA TULEE Daas aaa y, v" wr siam y 
write, 
M — —' = -> —> 
= Domi (Tx; D'LIU X Vi +È m (Tiv) 
> 25 —  —» * — — ` wc 
or, = MFM (TeX Ve) as > m;r;= mr,, where m= 5 m;. 
i Me freee PVE MEE 
Ui, AE UU AVE TNE AE oT ALA P 


From conservation of linear momentum along the direction of incident ball for the system 
consists with colliding ball and phhere 


that the collision is head on). 
As the collision is perfectly elastic, from the definition of co-efficeint of restitution, 
v =v, 


L= 37v. or, V- Vv) = —-Vg (2) 
^ *0 
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Solving (1) and (2), we get, 

Ra 4 vo E CESS ee acted Vo AN 

Yi = 3? Girectead towalds TINDI. Un) - TU m Vp 
In the C.M. frame of spheres 1 and 2 (Fig.) 1 


~> ~> ~> ~p — — 
Py = - p; and |pi|= |p| = ulvi- v; 


l - t | 
Also, rj = -74,, thus M = 2[r,- xpi] C 
— =p l m/2 4 vo ^ | 
AS ric L D, so, tear th Se Vp 
(where n is the unit vector in the sense of Tic X Pi ) mh uw 


mv, | 
U 


Hence M = 
In the C.M. frame of the system (both the discs + spring), the linear momentum of the 
discs are related by the relation, Pbi = - P>, at all the moments of time. 
where, Pi = J= P= UVa 
And the total kinetic energy of the system, 
1 3 
T= z. v^, [See solution of 1.147 (b)] 


Bearing in mind that at the moment of maximum deformation of the spring, the projection 
of Vul along the length of the spring becomes zero, i.e. v, (, = 0. 


The conservation of mechanical energy of the considered system in the C.M. frame gives. 


A 3KX +5 | 5 | Meo) (1) 


or V "olo "IPEA vibes as y<<] (2) 
, rel (y) (h + x) "| hj "n ly | 0 W) 
1 xV 
Using (2) in (1), 2" Vy 1-(1-7] = KX 
r a5] 
1 ot. LL 2x x'Y | 4 
or, ze | [ KX 
0 
2 
mvx 
or, r es Kx, [neglecting L] [^i 
0 
mv 
AS xæ 0, thus x= - 
0 
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UNIVERSAL GRAVITATION 
Mv YMm, 
m = p or » = =z 
Vv y 


V 
Thus Q= —= 


2x YT 2x 667x107 x 1-97 x 10 
So Tz m E ns 
T (34-9 x 107) 


(The answer is incorrectly written in terms of the planetary mass M) 


For any planet 


Mm 
MRo = ~ z Or w= Y "s 
R R? 
? T FEN 
So, T= — = 2nR"^[vym, 
e 
3/2 
T, (Rj 
(a) Thus TIR] 
E V EJ 
R 
Ca M a (T./T.VP ua (n0? az 5.94 
JU R. MJ! ni ad (ia) v P ^m i 
2/3 
2 Y m. B Vym | 
(b) V; R, , and R, = HETI | 
2/3 
) (y m, Y? (2 2)? /2 xy m, 
So Vy z TM -— Or, V = T 


«hacen TU 49 onaec na mace nfithe Guin 
where 7 = 14 ycais. m. æ IN@SS OL WS oui. 


Putting the values we get V, = 12-97 km/s 


Acceleration “I 2mym;\ x 2% 


= 1:94 x 10! sec = 225 days. 
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1.203 


1.205 


ty 


d 


103 


Semi-major axis= (r + R)/2 


a & . ^ a aen 2 4l — AP con - A HL NEN a | Pad an Ê . s r 
It is sufficient to consider the motion be along a circle of semi-major axis 


does not depend on eccentricity. 


| .Q32 
(r+R \ 
2z| 2 j — — 
EE ccUm———————— —^ 3E 
Hence T ym, wV(r+R)/2ym, 


We can think of the body as moving in a very elongated orbit of maximum distance R 
and minimum distance 0 so semi major axis = R/2. Hence if t is the time of fall then 


2:Y (R2Y u ar 
UT UR) mr T*/32 


= 


or t= T/ 42 = 365 / 4/2 = 64-5 days. 


ww ar 


If the distances are scaled down, R^? decreases by a factor v “and so does m, . Hence 
T does not change. 


m, m 


. 1 2 s 
The double star can be replaced by a single star of mass z..;. moving about the centre 
m 
j* "5 
, 2 
of mass subjected to the force y m, m, / r^". Then 
2xr^ 2nxr? 
T= rm ~ WM 
Vimy ml a m, 
1 2! m +m, 
So pe = —vVyM 
2x 
T 2/3 
1/3 Yy 
or, r= Pa (yM) " = Vy M (T/2 ny 
V 7 


Le ma] 


(a) The gravitational potential due to m, at the point of location of m, : 


C C ym m 
v I2 > |I ly ym, 
"» J G:dr= J -— dx -— 
X r 
r r 
u y mı m 
r 
e. m,m 
Similarly U,, rmm 
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Hence 


(b) Choose the location of the point mass as the origin. Then the potential erfergy dU of 
an element of mass dM "T dr of the rod in the field of the point mass is 


M,1 

dU x -ym —dx — 

l x 
where x is the distance between the element and the p 
a 


point mass are on 
from the point mass. 


asl 
p.» — ™M dx M (4,1) 
' IJ, x l \ a | 
The force of interaction is 
QU 
F =- — 
ða 
1 Z| ymM 
"Yl Hl — a(a 4 I) 


Minus sign means attraction. 


1.207 As the planet is under central force (gravitational interaction), its angular momentum is 


conserved about the Sun (which is situated at one of the focii of the ellipse) 


an 
So, mv r,-mvyr, OF, vV = — (1) 
m i on 
From the conservation of mechanical energy of the system (Sun + planet), 
ymm 1 v= Ym m lmp 
n 2 t 2 2? 
2 
m r m 
or, i II -[! : LX [Using (1)] 
ri 2 ri \ la J 2 


Thus, v, = V2ym,r, j ro (7, +r) (2) 


Hence M= mv,r,= mV2xym,r rl (ru +7) 
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1.208 From the previous problem, if r, , r, are the maximum and minimum distances from the 
sun to the planet and v, , v, are the corresponding velocities, then, say, 
1 2 YMM, 


2 Fa 
ymm, r, ymm ymm ymm , 
= — — = = — =- 5, [Using Eq. (2) of 1.207] 
"tr rm la rcr 
where 2d = major axis = r, + r^. The same result can also be obtained directly by writing 
an equation analogous to Eq (1) of problem 1.191. 


(Here M is angular momentum of the planet and m is its mass). For extreme position 
r * 0 and we get the quadratic 

M? 
Er + ymm_r ———x0 
" em 


The sum of the two roots of this equation are 


ymm, 
_ - Ymm, 
Thus E =- —— = constant 


1.209 From the conservtion of angular momentum about the Sun. 


m Vorgsina= mvr; = mv,r, Of, v7, * W= Vor, sina (1) 


From conservation of mechanical energy, 


1 2 ymm 1 E Yym,m 
— -— L- M — 
2 0 r, 2 1 r, 
U 
v ym. virsin’a 
$ S U U 


4 y m. 
Or, =- = - — (Using 1 
2 m^ ad m (Using 1) 


2ym 
Or, f2- ~ = r? +2ym, r -vr sina= 0 
\ 0} 
2y¥m 
A ns 4 A ly? £? sin? a va - Y $ 
-2ym. +t V "T Ms T T4007 “JA LU Fo 
S * \ ~ 4 
0, r= 
2 2ym, 
21V,- 
0 r 
0 
/ v? r sin^a (5 v2 \ r FL —————373 
V 1-22 — | + - roj 1V 1-(2-n)nsin“a | 
lx ym, (ro s) 
2 | Q -7) 
o Y Ms) 
E TOO O lon f ta thea manaa nf the Cua 
WIICI |= Yò gf Y My \ s 18 LC IlidS55 UL WIC VUIL). 
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1.210 At the minimum separation with the Sun, the cosmic body’s velocity is perpendicular to 


1.211 


its position vector relative to the Sun. If r,;, be the sought minimum distance, from con- 
servation of angular momentum about the Sun (C). 


V4 l 
Or, v= — 


7 min 


mv, l= MY mi 


(1) 


n 


From conservation of mechanical energy of the system (sun + cosmic body), 


1 2 ym,m 1 2 
z; mv = = — +z mv 
r^ 7 min 
vY ym, vg | 
So, —— - — T (using 1) 
2 Twin riin 
or, ve rZ + 2y mr... - vel’ = 0 
anm NN ne d ar r ee 
S -2ym,xs Vdy m^ *4Avj vg l^ -ym,x V "m; «vy l^ 
o, Tin 77 ——— M ———————— *————— 
2v9 Vo 


Hence, taking positive root 


Tuin" (ym, vg ) | V3 e Cvm, Y -1] 


Suppose that the sphere has a radius equal to a. We may imagine that the sphere is made 


up of concentric thin spherical shells (layers) with radii ranging from 0 to a, and each 


'mentry bands (rin 


os). Let us first calc 
o" == 


to an elementry band of a spherical layer at the point of location of the point mass m (say 
point P) (Fig.). As all the points of the band are located at the distance / from the point 


P, so, 
ap= - ron (where mass of the band) (1) 

dl wa? (2n asin 8) (a) 

Ana 

= 2| sinO dO (2) 7 B 

2. a^ 4r? / d LAC 
And |^ a^4r^-—2arcos0 (3) aa ! 
m T7 / AL \ NS 
Differentiating Eq. (3), we get | 0 a a 3 m 
idi = ar sinO dO (4) \ SN / P 
u ae \ VY 
Hence using above equations No 
A ( YdM V ,, p 
ô p= — | Jar | al (>) 


1.212 


1.213 
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Now integrating this Eq. over the whole spherical layer 


r*a 


dp- fope - 


r-a 


So dg- „IM (6) 


A. 
T 
< 
g 
E 
= 
= 


Equation (6) demonstrates that the potential produce rm spherical layer 


outside the layer is such as if the whole mass of the layer were concentrated at it's centre; 
Hence the potential due to the sphere at point P; 

pz fdo- -Y dM =- (7) 

J J r 
This expression is similar to that of Eq. (6) 
Hence thte sought potential energy of gravitational interaction of the particle m and the 
sphere, 
U= mps - yMm 
r 
ð 
(b) Using the Eq., G,= - cf 
or 
^ yM oa 
G,= -~y (using Eq. 7) 
r 
p M — mM — 

So G= -137 and F- mG=- 5r (8) 
(The problem has already a clear hint in the answer sheet of the problem book). Here we 


adopt a different method. 

Let m be the mass of the spherical layer, wich 
is imagined to be made up of rings. At a point 
inside the spherical layer at distance r from 


the centre, the gravitational potential due to a N 
ring element of radius a equals, / de 
dp = — T7. qi (see Eq. (5) of solution of 1.211) f 
2ar A 
\ 


So, p= fdọ= -1 fa--m (1) \ S 


One can imagine that the uniform hemisphere is made up of thin hemispherical layers of 
radii ranging from 0 to R. Let us consider such a layer (Fig.). Potential at point O, due 


to this laver ic 


HES AAF z wa ay 
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1.214 


"PP p 4. ,A4 Aq / Awe, 2 \ 
dg= _i' = - =~ rdr, where dm = aap? | —  ldr 
r R (2/3)nR^| 2 | 
(This is because all points of each hemispherical shell are equidistant from O.) 
Hence, = fap= -IM fraa 2M /N u 
ae nnna NON 
Hence, the work done by the gravitational field er 
force on the particle of mass m, to remove it 
to infinity is given by the formula mi 0 7 


A= mq, since @ = O at infinity. 


Hence the sought work, 
Aus AM NIIS 
2R vaa 
(The work done by the external agent is — A.) 
In the solution of problem 1.211, we have obtained q and G due to 
FA 


a Asetanna » lene i. nanten mistora i¢ Wa hae fenm Bae f and (QV nf t1 911 
a4 UIDUGAIVU / LAUER ALD LVAIIU VC UULDIUL IL VVU HAVU LIVJIL sd. VJ aiu \ J Vi L.l, 
ps- and G= --—-r (A) 
r r 


Acc 


A ua a cm 


dance with the Eq. . (1) of the solution of 1.212. pote 


aves we Cee here SR ANE Rr me + ia a ay 


r 
radius a, at any point, inside it becomes 
p= Y= Const. and G,= -22= 0 (B) 


For a point (say P) which lies inside the uniform solid sphere, the potential q at that point 
may be represented as a sum. 


The potential p, produced by the layer (thick shell) is the same at all points inside it. The 
potential @, is easiest to calculate, for the point positioned at the layer's centre. Using 


Ra /“R\ 
Eq. D) 
R 
dM 37M,» 3 
92 = f ^75 ras -r') 
r 
M 2 {3M \ 2 
where dM = z4nr dr = 3 |r dr 
(4/3) x R (R 
is the mass of a thin layer betveen tbe radii > and r dr 
/*Y M / r? \ 
Thus E mtm 2g PT (C) 


1.215 
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-ð 
From the Eq. G, = —t 
or 
ay » 
. YM? 
r R 2 
-> M 4 
or G= -IF pa -y-napr 
R 3 
M 
(where p = , is the density of the sphere) (D) 


The plots o (r) and G (r) for a uniform sphere of radius R are shown in figure of answersheet. 


A lá umen T tL. Y. e?) tha renee. n4 elantenctatinn meam ran derive fi PP 9m S wn nen 
FAIL TD Hate LiKE vauss s wcorem OL ICCU USLA UCS, UIC Calli UULIVU VJauso > tieorem for 
f —> —P — 
gravitation in the form F G:dS- -A4NY Meiose - For calculation of G at a point 
tanida the snmh ana at e Nietanne s fener. Me masten Tat c prmeitdese n École anefare nU 
MiISIUCL Wit opu IC dt à UDULIU / LIVITL ID CUHUL, ILL US Ji5»IUCI d VWaUusdlidil SUILALL UL 
radius r, Then, 
M M 
G,4nr = Amps r? or, G,= -ir 
R R 
Tr -> yM — 4 —»/ M \ 
Hence, G= -“yr=-yz"pr jas p= ——_G | 
R 2 \ (4/3) 1R° J 
oo R - œ 
M 
So, e- fc dr= -14 ua f -Ma 
r 
r » 


Ti. Afin am wm teens cee MEN eee se lt 


IMEB aU and SUINIIE up, we BEL 
LM (4. 77) 
p= -YT7|3-7 
2R| R?) 
And from Gauss's theorem for outside it: 


G,Axr?- -4xnyM or G, = -YM 
r 
Thus (r) = c " dr = _™M 
ewes” r 
r 


Treating the cavity as negative mass of density — p in a uniform sphere density + p and 
using the superposition principle, the sought field strength is : 


G= G, +G, 
> 4 —p e , . = ain. 
or G= -yzypr, + -yyx(-p)r. TUTTLE LS 


M HHA LLLP) 


(where 7, and 7_ are the position vectors of 

an orbitrary point P inside the cavity with 

respect to centre of sphere and cavity In j | 
respectivelv.) | / 


spectively.) — 4 SHY 
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We partition the solid sphere into thin spherical layers and consider a layer of thickness 
dr lying at a distance r from the centre of the ball. Each spherical layer presses on the 


lnxraec urthin s Tha nancidasrad Ineas ia attwantad tn tha net af tha anhaewas frre rithim d$ 
AQ YR Wiin ik, A MUU WVADRROIUMVAVNAR 1a yv ID GULUsavrusas VU MIL part VW Wa opuviv 4 y HM YW ILII BU 


(the outer part does not act on the layer). Hence for the considered layer 


(where p is the mean density of sphere) 


4 > 
or, dp = 3 typ rdr 


on pe = (1 - ?/R?)) yM/ x R*, Putting p= M/(4/3) xR? 


Putting r= 0, we have the pressure at sphere's centre, and treating it as the Earth where 
mean density is equal to p = 5-5 x 10? kg/m? and R= 64x 10° km 
we have, p= 173x10" Pa or 1-72 x 10° atms. 


(a) Since the potential at each point of a spherical surface (shell) is constant and is equal 


to p= - [as we have in Eq. (1) of solution of problem 1.212] 


We obtain in accordance with the equation 


nds only on r (see Ea. (CY of the 
X 4 N77 


TN 
M 2R 3R? 
Here dm is the mass of an elementry spherical layer confined between the radii 
r and r+dr: 
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R 
Ly (3m) ,2 3ym(, or? 
ad (re {Fe (-s)| 
0 
After integrating, we get 
34m 
U- -S R 


1.218 Leto - V IE » Circular frequency of the satellite in the outer orbit, 
r 


./ yM: 


= \ Gap = circular frequency of the satellite in the inner orbit. 
r-Ar 
So, relative angular velocity = o, + œw where - sign is to be taken when the satellites are 
moving in the same sense and + sign if they are moving in opposite sense. 
Hence, time between closest approaches 
2x —— 2x 1 f 45 days (ô = 0) 
"Oto O] a5 3r -] 0:80 hour (5 = 2) 
VY Mg lr a, *9 


where 6 is O in the first case and 2 in the second case. 


1219 9, y= EE x10" L = 98 m/s? 
R (6:37 x 10°) 
2 2x ? 2x22 ? 6 2 
Q,- ao R= (F) R= ETE 6:37 x 10° = 0-034 m/s 
YM; 667x107" x197 x 10” 


v 1 4 ^ 
—— = 59x 107 m/s* 


Then W; : 0 : W3 = 1 : 0-0034 : 0-0006 


1.220 Let h be the sought height in the first case. so 


99 YM 
100? (p.n? 
MM F rej 
M . gk 
? 2 
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99 (|, hy 
Or Inne | 1 +> | 
100 (| R] 
From the statement of the problem, it is obvious that in this case h << R 
99 2h R 6400 
Thus i7 (7x) or h= xj 7 (no |= 32 km 


In the other case if ^' be the sought height, than 


From the language of the problem, in this case h’ is not very small in comparision with R. 
Therefore in this case we cannot use the approximation adopted in the previous case. 


/. Rhy h — 
Here, |1+—| 22 So — = + V2 -1 
ELE A 
As — ve sign is not acceptable 
h' = (V2 -1)R= (V2 -1)6400km = 2650 km 


19491 T as thn creme o£ at. Led. he 2 cee et Bate là em f: ee halfh4e P 
Ael LAL WC dss UL WC DOUY UC M dG ICL It BU UpIO d MUIR /i 
From conservation of mechanical energy of the system 
Mm 1 2 -yMm 
-1i t-nmvyo LIST +0 
R 2 (R +h) 


TEL 
É 2gR-v 


1.222 Gravitational pull provides the required centripetal acceleration to the satelite. Thus if h 
be the sought distance, we have 


"EM A: 2a AL ^ 
SO, —— = 1 or, (R+h)v = yM 
(+n) (R+h) 
Or, Rv thv 2 gR^, as g= —- 
a2 4a 2 =- nu 4 
Hence h= £A -Rv |. RÍIEA || 
| a 


1.223 A satellite that hovers above the earth’s equator and corotates with it moving from the 
west to east with the diurnal angular velocity of the earth appears stationary to an observer 
on the earth. It is called geostationary. For this calculation we may neglect the annual 


oth an L4 94 3 11 D Y all nth nj FEE ^| "o dem m um m WT nee HR 1.--- 


ha — ha 
tnc caro aS weil as ai: otuer inriuences. Then, by INOWLUE 5 14 W, 


1.224 


1.225 


where M = mass of the earth, T = 86400 second 
and r = distance of the satellite from the centre of t e earth Then 


Mu Z) 


Substitution of M = 5-96 x 10% kg gives 


[^7] 
3 
5 
Da 
mt 
D. 
m 
z 
e 
M 
=. 
D 
= 
o 
pet 
B 
4] 
eb 
ae 
& 


A 
e 


We know from the previous problem that a satellite moving west to east at a distance 


R= 2-00 x 10* km from the centre of the earth will be revolving round the earth with an 
angular velocity faster than the earth’s diurnal angualr velocity. Let 


ra o ammine rala v: af tha antallita 
UJ) = d in uiai VULU city UL Ut. SAWLU 
2x : 
Wo = T = anugiar Velocity OF tne earth. inen 
p 2x 
w — Wo e ——— 
T 


as the relative angular velocity with respect to earth. Now by Newton’s law 
M w R 


R? 
3 2 
So mM- E[ 22, 2x) 


$a 

N 

z| 
e 


Substitution gives i 
M = 627 x 10^ kg 


The velocity of the satellite in the inertial space fixed frame is V pd east to west. With 


respect to the Earth fixed frame, from the Vi = pe (w x ry the velocity is 


as — 7.41 Len /a 
V T T R = / UJ NII/ 
Here M is the mass of the earth and T is its period of rotation about its own axis 
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1.226 


It would be - x * Vv UE , if the satellite were moving from west to cast. 


To find the acceleration we note the formula 
— ' -> 
mW = F+2m(v xqQ)«moR 


Here F= - T R and V” Lg'and v" x Gis directed towards the centre of the Earth. 


a, a_p r\n TEN 
Thus wee L pal ETI 4/1M J2* [27*]| 
R? | T V R T (TJ 
toward the earth's rotation axis 
YM , 2x AxR V 1M 2 4. 2 ve ge 
R + T T +2 R 4:94 m/s“ on substitution. 


From the well known relationship between the velocities of a particle w.r.t a space fixed 
frame (K) rotating frame (K’) v= v" «(wxr) 


, / 2 AX 
v= v- | T) R 
Thus kinetic energy of the satellite in the earth’s frame 
1 1 /  2nR) 
T 
T'= mv ?= -m| v- 
1 2 1 2 T 


Obviously when the satellite moves in opposite sense comared to the rotation of the Earth 
its velocity relátive to the same frame would be 


And kinetic energy 


T= ime Lafl veZ) (2) 
2 2 2 9 | T J Ve 
From (1) and (2) 
/ | 2xRY 
| v4 T | 
T' = UE (3) 
(,, 2xR) 
EJ 
Now from Newton's second law 
yMm. mv or y= V IM a VER (4) 
R* R y R o MZ 
Using (4) and (3) - 
( VaR + 22K \ 
T; | 5 T | ! ! 
J7" z= 1:27 nearly (Using Appendices) 
“1 E73 2xRY 
A 


1.227 


1.228 


a a = 
410 


For a satellite in a circular orbit about any massive body, the following relation holds 


nn tential & total energy * 
9 rY WAS LAGE A WM, VASA vavi iJ s 


"n re YT ^r say 
£e-£L,U LE (1) 


Thus since total mechanical energy must decrease due to resistance of the cosmic dust, 
the kintetic ene rgy will increase and the satellite will ‘fall’, We see then, by work energy 
€ 


Uu — 0 0 ———— Se — —— €—À cm oA — -9 Tr ap A iaag «- / 


dT = - dE = - dA, 


So, mvdv = av^vdt Or, 


PEN 
= 
LN 
B 
e 
= 
£g» 
e 
o 
=); 
E 
O 
3 
eo 
© 
= 

u^ 
E 
= 


where R= moon’s radius. So 
gA UN 
| 2.2 [ 4-2 
Jv mJ m 
vi 0 
or x (1 L) a " (vm i) = m (V - 1) 
| aw y) ay M a VR 
YR 
where g is moon's gravity. The averaging implied by Eq. (1) (for noncircular orbits) makes 
the result approximate 
From Newton's second law 
vMm Mv. 4 [yM om: » 
ROR On R = 1°O/ Km/s (1) 


From conservation of mechanical energy 


zmv- Lacie = 0 or, v.= an = 2:37 km/s’ (2) 
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In Eq. (1) and (2), M and R are the mass of the moon and its radius. In Eq. (1) if 


R represent the mass of the earth and its radius, then, using ap pendices, we can 


Ss 
=. 
ga 

lg) 

pap 


vo= 7-9 km/s and v,= 11-2 km/s. 


1.229 In a parabolic orbit, E = 0 


S 1 Mmo vz IM 
0 pu mv; = Of, Vi - 
jm UR T 2V R 


where M = mass of the Moon, R = its radius. (This is just the escape velocity.) 
On the other hand in orbit 


Thus Av = (1-V2) R = — 0:70 km/s 
1.230 From 1.228 for the Earth surface 
afi. LOL 2M 
Vo R and v, R 


Thus the sought additional velocity 
Av = v,- vom V ps (V2 -1)= gR(V2 -1) 


This *kick' in velocity must be given along the direction of motion of the satellite in its 
orbit. 


: 


(nR-ry r’ 
Or Vn r= (nR -r) or r= ZH 3.8.x 10* km 
NA 


1.222 Between the earth and the moon, the potentia] energy of the spaceship will have a maximum 
at the point where the attractions of the earth and the moon balance each other. This 
maximum P.E. is approximately zero. We can also neglect the contribution of either body 


t^ the p.E af the cnarechin cenfficiontlu near the other body. Then the minimum enerov 
ev WA Ww eide WR CALW a Gwewasl sip’ FWA AWEWALUSE J ALVU GhAW VivA &ASWAL WEW RBRRARRBERRUSARA waa i y 


that must be imparted to the spaceship to cross the maximum of the P.E. is clearly (using 
E to denote the earth) 


1.233 


wd 
pud 
-J 


yM m 
Re 


With this energy the spaceship will cross over the hump in the P.E. and coast down the 
hill of p.E. towards the moon and crashland on it. What the problem seeks is the minimum 
energy reguired for softlanding. That reguies the use of rockets to loving about the braking 
of the spaceship and since the kinetic energy of the gases ejected from the rocket will 
always be positive, the total energy required for softlanding is greater than that required 


for crashlanding. To calculate this energy we assume that the rockets are used fairly close 


dE = vdp and since the speed of the ejected gases is not Jess than the speed of the rocket, 
and momentum transfered to the ejected gases must equal the momentum of the spaceship 


the energy E of the gass ejected is not less than the kinetic energy of spaceship 


on the ejected gases to bring about 


Assume first that the attraction of the earth can be neglected. Then the minimum velocity, 
that must be imparted to the body to escape from the Sun’s pull, is, as in 1:230, equal to 


where v? = Y M, /r, r = radius of the earth’s orbit, M, = mass of the Sun. 


In the actual case near the earth, the pull of the Sun is small and does not change much 
over distances, which are several times the radius of the Earth. The velocity v, in question 


PM amen ha 2-3 4h dn cee) wn tthe ee EES à net e l4: ter aera tee Cua na. 
iS that which vercomes we caru S pul WIL SULLICIUCIIL VCIUCALy tU Cstd pe te oui 5 puil 
Thus 

1 v2 Y E — 1 mae í ^ ^ <= 1 \2 NP" 
2 PE — ^R - pJ Fre X LP ^ A J V1 


where R = radius of the earth, M; = mass of the earth. 


Writing v? = YM, /R, we get 
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1.5 DYNAMICS OF A SOLID BODY 


g ^ 


For the translational motion of rod. 


F;,-F, 2) 
? F, F, 
From (1) and (2) 


2.1m 


> ip >) 7t (ATIS ni 
1.235 Sought moment N= rx F = (ai* bj) x (Ai * Bj) 
= aB k+ Ab(-k)- (aB-Ab)k 


and arm of the force | = 


puma 
T 


( 
( 
f 
( 
M 


Pm 
ue 
eu” 


— 


= F,+F,= Aj * Bi Q) 


As N- = 0 (as NLP so the sought arm / of the force F 
> ao @b-AB 
f= N/P = P 
VA°+B >» >» >> 
1.237 For coplanar forces, about any point in the same plane, 5 rx F= rx Fra 


N mn 


Thus length of the arm, / = FC 


Here obviously |F | = 2F and it is directed toward right along AC. Take the origin at C. Then 
about C, 


=I 
N] 
a 
^i 
+ 
SE 
^t 
i 
a 
— 
c. 
A 
af 
c. 
ms 
© 
2 
z 
B 
za 
eb 
"e, 
e 
= 
e 
e. 
Eh 
0S 
= 
o 


Thus N = F a directed into the plane of the figure. 


Hence i 


Thus the point of application of force i is at the ‘mid point of the side BC. 
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1238 (a) Consider a strip of length dx at a perpendicular distance x from the axis about which 


we have to find the moment of inertia of the rod. The elemental mass of the rod equals 
dm = ™ dx 
Moment of inertia of this element about the axis 


dl = dm x? = T drz? 


Thus, moment of inertia of the rod, as a whole 


about the given axis 
l 
( m mi? 
T Y? dy = 
I= J j* en 3 


(b) Let us imagine the plane of plate as xy 
plane taking the origin at the intersection point 
of the sides of the plate (Fig.). 


Obviously I= f dmy 
J x J J 
a 
f m 2 
ab 
0 
ma? 
3 
-pA D GA Y mb? 
>mMuariy iy - 2 


Hence from perpendicular axis theorem 


L=1,+1,= Z (a? +b?) 
Z `x 3N. P 


which is the sought , moment of inertia. 
try di 
the z —axis, passing through 1 


(a) Consider an elem 


hdd Rh Rr EE PIA FLiu nir 


1SC 
its 


where p = density of the material of the plate 
and S = area of cross section of ihe plate. 


Thus the sought moment of inertia 
b 


2 2 
I= PSR f ae = <p Sb 
0 


«4——— D 


= 5 pbR' (asS= xR?) 


120 


..240 


putting all the vallues we get, 7, = 2- gm-m 7 


(b) Consider an element disc of radius r and 
thickness dx at a distance x from the point 


QO 
9 
m 
it 
ex 
e 
eo 
r 
R 
& 
j 
(e 
O 
"^ 
e 
E 
(b 
AN 


ag / | A N 
Hence, its mass dm = n x“ tana dx p (where f A fl 
. 1 2 Soo o o, 
= density of the cone = m/—-xR'h 
Moment of inertia of this element, about the "1 
axis OA, l 
2 
r 
dl = dm > 
= (ux ? tan 7a dx ) x^ tan ^o 0 A 
2 fi h 
= TP c tan 4a dx JÀ | 
2 te 
7 ] 1. | 
h L7 
wo A P 4. de | 
Thus the sought moment of inertia J = EN tan a J x dx fo «a \ n 
| 
0 ix 
4.) 5 i 
10h h 
3m R? 3m CA pS 
Hence I= 10 [puting p aR? - 
/ 


(a) Let us consider a lamina of an arbitrary shape and indicate by 1,2 and 3, three axes 
coinciding with x, y and z— axes and the plane of lamina as x — y plane. 


Now , moment of inertia of a point mass about 


4(2) 


Similarly, 1, = f dmx? 
and I, = f dmr? 


= fdm(x?+y") as r= Yx y? C xc) 


Thus, Lll onl-H-L 


(b) Let us take the plane of the disc as x d origin to the ce O 
(Fig.) From the symmetry 7, = I... Let us consider a ring element of radius r and thickness 


S 
EL 
e 


0 


dI,» dmr’ = — -(2nrdr ) r? A 
Z nR? 
Thus the moment of inertia of the disc about 
Z — axis A TN 
2 
= 2m| ,34,. mR- 
R? 2 
O 
But we have I,» I, "t VU Qoy J g 


Th I i: 
us -žan 


~ ULL 
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VV dx 


For simplicity let us use a mathematical trick. We consider the portion of the given disc 
as the superposition of two. complete discs (without holes), one of positive density and 
radius R and other of negative density but of same magnitude and radius R/2. 

As (area) «a (mass), the respective masses of the considered discs are 
(4m / 3) and (- m/3) respectively, and these masses can be imagined to be situated at 
their respective centers (C.M). Let us take point O as origin and point x — axis towards 
right. Obviously the C.M. of the shaded position of given shape lies on the x — axis. Hence 


the C.M. (C) of the shaded portion is given by 
(—-m/3)(-R/2)*(4m/3)0 p 


Xs ————————— - 


c (-m/3)+4m/3 6 
D 


Tha "RA nf tha chana ic at a Aictan 
inus W-Vl, UL LIU duaypyuv iS at a u 


/6 MTD 


from point O toward x — axis 2. ZA 


Using parallel axis theorem and bearing in mind 
that the moment of inertia of a complete 


homogeneous disc of radius m, and radius 7, D 


1 or 
equals 5 Mo ro . The moment of inetia of the 


TY. M Pa £ enm n 2 f ana ensi p 199 
A ias (7 m / 3) aliu L1duUlU5 IX c 


about the axis passing through point C and 
perpendicular to the plane of the disc 


; mM RY mR.RY 
xi Ze ) (-3](2*6] 
4 2 
^ 27 
MM 1 (4m) sa (4m |(RY 
Similarly Lhe- 2| 3 id 3 Jis] 
p 2 mR? 
"tam t Xp 
Thus the sought moment of inertia, 
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1.242 Moment of inertia of the shaded portion, about the axis passing through it’s certre, 


p.14 ca am 214 6$ 3 
dub idc S2 saw up 
\ / \ ! 
2 A 4 £ EA 
==,1p(R -r) 
2 \ / 
Now, if R = r + dr, the shaded portion becomes MOH. 
a shell, which is the required shape to calculate Ya jJ JA 
the moment of inertia. Ye r| yK ) 
2 A ( 5 51 Hi / 
Now, [= g-3p|Gr*dr) -r | / 
24 5 4 , 
= $32P(7 +5r dr 4 ...... r) 


Neglecting higher terms. 


æ 5 (4nr?drp)r?= = mr? 


1.243 (a) Net force which is effective on the system (cylinder M + body m ) is the weight of 
the body m in a uniform gravitational field, which is a constant. Thus the initial acceleration 


of the bodv m is also constant 


Liw dido / ere ē AW? ē Wauw a7 O45 ARGC 


Beam the rancervatinn nf menhaninal anearau nf the caid cuctam in the nnifarm wld ef 
SB EVALL UA VULC VOLUI UE LIU EIGAEINVGE CUA Va Vv OGAM DyOVCLIR dii Vv VALLIAUARRLR LIVIS UL 
gravity at time t= At :AT+AU= 0 

1 2 1MR? 
Or —-mv'*tcl——o'-mgAhs0 

p4 l4 ó 
pe du A4 N44. AL d4vfasxmwunzxbueaM mae] £15 
Ul, A ee — 5 Ant = U | a> y = IN al dil US | C 

2 

But v^-2w Ah 


Hence using it in Eq. (1), we get 


l 2mg 
q (2m + M) Zw Ah - mg Ah 0 or w (2m « M) 


2 
T(t)- Im LM 


o? = l (2m « M) R1 o? 


1.245 


1.246 
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ii 
F 
o 
"m 


As the disc unwinds, it has an angular acceleration D given by 
I8-2Tr or B= —— - 787 
B 
I I 
The corresponding linear acceleration is 
2 
rB- we PETS T T 
d 
Since the disc remains stationary under the 
combined action of this acceleration and the 


acceleration (-w) of the bar which is 


transmitted to the axle, we must have Yma 
2 
mgr. 


Let the rod be deviated through an angle q'from its initial position at an arbitrary instant 
of time, measured relative to the initial position in the positive direction. From the equation 
of the increment of the mechanical energy of the system. 


Or, 4 Iw? = fN dq 


1 
Or, 5 


Thus, 


First of all, let us sketch free body diagram of each body. Since the cylinder is rotating 
and massive, the tension will be different in both the sections of threads. From Newton’s 
law in projection form for the bodies m, and m, and noting that w, = w,= w= BR, (as 


no thread slipping), we have (m, > m,) TITEL, 
m,g-T,= m,w= m BR 

»" ( | 
and I,-mjg- mw (1) \ / 


Now from the equation of rotational dynamics Tp 


of a solid about stationary axis of rotation. i.e. T 
- tha 


AJ — ID fa culandar 
4 = 1 Pz LUIL v Vylunvi. 
or, (T, - T) R- IB = mR? B/2 (2) 
7 I 
Aa) 


Similtaneous solution of the above equations yields : 


1.248 


Ao tha ewoetaee f o 222 a X iB iunr£kae nnmantant Seen the anmnalaentia £31 3 
£35 UL SyslCILE LN CE HE + HIP ) IS UNUCI constant IOTCES, Me accecicrauon OL body m, an 
m, is constant. In addition to it the velocities and accelerations of bodies m, and m, al 


Fram the enuati 


block m, is distance h below from initial position corresponding to t= 0, 
( : MEE 4 
| 2- gi magi km, gh (1 


(as angular velocity œ = v/R for no slipping of thread.) 
But v? = 2wh 
So using it in (1), we get 


"= m+2(m,+m,)° 2 


Thus the work done by the friction force on m, 


=- mim CAE E (using 2). 


rie 


In the > problem, the rigid bo boc 


on the cylinder, are kinetic. From the condition of translational aulibrium for the | cylinder, 
mg 
Hence, N, 1.12) N, k 


A Tt Fe 


"m 
T ff 


For pure rotation ‘of the cylinder about its 
rotation axis, N,= JB, 


2 Z am 
or, -kN R- IN, R= 8, Kuh No NN p 
_kmgR(1+k)_ mR? , A B | a 
OF, ake, ? p. AN ma, JNa 


2k(1+k)g N, 
( T pu b y R ba. A 
VR reg Jar KN " © FFF fF EL GF ff 
/ 
INOW, Irom ine kKinematicai equation, 
AL et 120 A mee hava 
Yo T ep, Y wt Have, 
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2 . 
-~~;nkogR = 
3 


125 


It is the moment of friction force which brings the disc to rest. The force of friction is 
applied to each section of the disc, and since these sections lie at different distances from 


the axis, the moments of the forces of friction differ from section to section. 


To find N,, where z is the axis of rotation of the disc let us partition the disc into thin 


rings (Fig.). The force of friction acting on the considered element 


dfr - k(2xrdro) g, (where o is the density of the disc) 


The moment of this force of friction is 


dN.= -rdfr= -2xkogr^dr 
zZ J le] 


Integrating with respect to r from zero to R, we get 


For the rotation of the disc about the stationary 
axis Z, from the equation N, = IR, 


La 


G)R B or B,» _ akg 
2 To 5T 3R 
Thus from the angular kinematical equation 
Q, * Og, t D,t 


According to the question, 


11. -Wo or Iz= -kdt 


dt Vw 
, kt 
Integrating, Vo = -5r t VOo 
k? t? Vo, kt 
or, w= ——7-- —31—— * 9, (Noting that at t= 0 
4] I 


Let the flywheel stops at ¢ = tọ then from Eq. (1), tọ = 


Hence sought average angular velocity 
2r V Wo 


k 

CI ke v Op kt \ 

| [5 Ye E, lat 
J 4l rf J 

0 
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1.251 


M 
i Tz N zTelative to the axis through O (1) 


For this purpose, let us find the angular momentum of the system M, about the given 
rotation axis and the corresponding torque N,. The angular momentum is 


Let us use the equation 


/m \ 
M, = Io + mvR = (2^ 2. «na 


Mo 
[where I= ao and v= wR (no cord slipping)] 


N 

“~~ 
No 

Ne” 


S0, 


The downward pull of gravity on the overhanging part is the only external force, 
which exerts a torque about the z -axis, passing through O and is given by, 


Hence from the equation -= N, 


2m o 

IR(M+2m) 

Note : We may solve this problem using conservation of mechanical energy of the system’ 
(cylinder + thread) in the uniform field of gravity. 


Thus, p, = 


(a) Let us indicate the forces acting on the sphere and their points of application. Choose 
positive direction of x and q (rotation angle) along the incline in downward direction and 
in the sense of œw a (for undirectional rotation) respectively. Now from equations of dynamics 
of rigid body i.e. F = mw, and N_= I, p, we get : 


mg Sill &-— f. = mw (1) 
2 n2 
and frR= g mR B (2) 
But fr s kmg cosa N * f (3) 
In addition, the absence of slipping provides 25 A P d Jr 
the kinematical realtionship between the W* uui. [INV 
accelerations : "4 
w= BR a Pa ) 


The simultaneous solution of a e four A mg 
equations yields : Ad 


2 
k cos a2 7 Sin a, or kz ;una 


(b) Solving Eqs. (1) and (2) [of pan (a)], we get : 


1.253 
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Ww > sina 
e 7 8Si . 


As the sphere starts at t= 0 along positive x 
axis, for pure rolling 


" 5. 
v,(t)= wit= 7esinat (5) 


Hence the sought kinetic energy 
ralo, 12 42.2. 12 


getz R wo = Fy mv, (as w= v/R) 
2 
= 7 mÍ[3.g sin at] = > mg sin? a £? 
10 (7^. } 14 ? 


(a) Let us indicate the forces and their points of application for the cylinder. Choosing 
the positive direction for x and q as shown in the figure, we write the equation of motion 
of the cylinder axis and the equation of moments in the C.M. frame relative to that axís 


ie fram antiatan Tr = Meu) nand AT — TR 
owe AAVALL Vuuauwui i X * Hew e allu 1v; - te Pr 


= 

H 
TR 
"Jj 


From these three equations 


mg 28 2 2 
= 13N, p= SR 5 x 10° rad/s 


Let us depict the forces and their points of application corresponding to the cylinder attached 
with the elevator. Newton's second law for solid in vector form in the frame of elevator, 
gives : 


cá — — —! 
2T + mg * m(- wo) = mw (1) | p [T ^ | 
The equation of moment in the C.M. frame ~ T 
relative to the cylinder axis i.e. from Í OD | D) 
N, = I B. - | 


128 


1.255 


r Ta mw! 
4 
—» 
As (1) Ttlw 
so in vector form 
> mw 
T= -™ (2) 
rt a re far ii h —’ 2 > —P. a 2. nr 
solving Eqs. (1) and (2), w = 3 - wj) and sought force 


— —> | 
," (g- Wo). 


Let us depict the forces and their points of application for the spool. Choosing the positive 
direction for x and ọ as shown in the fig., we apply F, = mw,, and N,;- I, p, and get 


mgsina-T= mw; Tr= Ip 


“Notice that if a point of a solid in plane motion 

is connected with a thread, the projection of 

velocity vector of the solid’s point of contact 

along the length of the thread equals the velocity T 

of the other end of the thread (if it is not 

slacked) a Y N 
Thus in our problem, v,= v, but v, — 0, 

hence point P is the instantaneous centre of Q 
rotation of zero velocity for the spool. Therefore 7, ^s TA 

v.= wr and subsequently w, = Br. i ™ 

S 1l«:no th 1 ti n amultan welw s t 


| 
gsina „2 Y 


w= >— 7 = 1:6 m/s m 
1 *—; 4 
mr 


Let us sketch the force diagram for solid cylinder and apply Newton's second law in 

projection form along x and y axes (Fig.) : 
fr, + fr;2 mw, (1) 

and N,+N,-mg-F= 0 

or N,+N,= mg+F (2) 


Now choosing positive direction of q as shown 
in the figure and using N., = I, Bp 


we get 
2 2 
mR mR We 
FR r, + fry} R= ——ps———— 3 
fac far nure rolling w = R 1 In additian ta 
[49 LUI pure RWI "c p** J SAL GUUALEWEAL UV, 
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Solving the Eqs., we get 


(2 - 3k)’ max 2-3k 
k (N, * N;) 
and We (max) - 
o Eime 12^ [2,258]. 24g. 


1.257 (a) Let us choose the positive direction of the rotation angle q, such that w,, and f, have 
identical signs (Fig.). Equation of motion, F, = mw,, and N = I. , gives : 


F cosa - fr 2 mw. : frR - Fr» I. B = ymR78 
J cx ^4 crz i rez 


In the absence of the slipping of the spool w..= p, R 

u -~ _ F [cos a - (r/R) | 
cx c m (1 + y) 

(b) As static friction (fr) does not work on 


the spool, from the equation of the increment 
of mechanical energy A, = AT. 


£ 
-g 
o 
et 
la) 
j 
Q 
V 
23 |* 
~ 
punk 
na 


.l _i 1) 
= m +7) 2w.x= pm ew [wr | 


Note|that at cos a - r/R, there is no rolling and for cos a < r/R , w,, « 0, i.e. the spool 
will move towards negative x-axis and rotate in anticlockwise sense. 


1.258 For the cylinder from the equation N, = I D, about its stationary axis of rotation. 


.. m", > AT fay 
2Tr= —p or p= — (1) 
r4 T 
For the rotation of the lower cylinder from the 
equation N.. = 1. p, 


2 
2Tr = mp or, B= AT o 
2 mr 


a 
r 
Now for the translational motion of lower 
cylinder from the Eq. F, = mw, : 
mg-2T= mw, (2) 

As there is no slipping of threads on the 
cylinders : 

w= B’r+Br= 2 Br (3) 
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1.260 


Simultaneous solution of (1), (2) and (3) yields 


me 

T= -> 
T 4 ETT ppp 41. — Fanann PTS m di $1. a enlla 
LAA UD uecpict LIC LUISO dvi ULI UIC puuey 


and weight A, and indicate positive direction 
for x and q as shown in the fig 
aj 


wcrlee le ae S 
cylinucr irum uic equation Pu 


N -= I. Bp we get 


Mg * T, - 27- Mw, (1) 
Iw, 
and 27R * T, QR) - [p= R (2) 
For the weight A from the equation 
F,- mw, 
mg —- T, = mw, (3) 
o A ws 


As there is no slipping of the threads on the 
pulleys. 


w= W.+2BR= wit+2w,= 3w, (4) 
Simultaneous solutions of above four equations 
gives : 

u 3(M*3m)g 
- M£49m*— 
R 


(a) For the translational motion of the system (m,+ m,), from the equation : F, = mw,, 


F= (m, * mw, or, = F/(m, + m») 


Now for the rotational motion of cylinder from the equation : N,, = I. p, 


p 
Fr = - B or r= m. (2) A Ne 


c 
e 


But Wg= w, +t Br, So 
r PA ad A i HH T ae ey) r 4 B T -—-———— —,- 
Wy = +— = ——————— (3) 
m +m m, m, (m, + m,) / f 


(b) From the equation of increment of mechanical energy : AT = A 


Here AT = T(t), so, T(t)= A,, 
As force F is constant and is directed along x-axis the sought work done. 
A. = Fx 


(1) 


(where x is the displacement of the point of application of the force F during time interval 1) 


1.262 
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1 
(using Eq. (3) 
Alternate : T (t) = Tyonsianon É) + Trotanan É) 


2 
f Ft Y mr(2RmY Ft’ (3m +2m) 
2 (mr | 2 m, (m,, m.) 


Choosing the positive direction for x and q as shown in Fig, let us we write the equation 
of motion for the sphere F, = mw,, and N- - I. p, 


2 2 
fr = m, W3; frr-zmr p 


(w, is the acceleration of the C.M. of sphere.) NT 

For the plank from the Eq. F, = mw, (> x 
F-f,=m w; 

In addition, the condition for the absence of fr 
slipping of the sphere yields the kinematical fr m >r 
relation between the accelerations : 7 r 


WAGES AY’ SA WO Ch W VY GY WAL AAA "A h^ AA dA P UR. 


w,=wo+ Br AUIII Pg g EL Fb 


Simultaneous solution of the four equations yields : 


2 


m +5 m, 
\ / 
(a) Let us depict the forces acting on the cylinder and their point of applications for the 
cylinder and indicate positive direction of x and q as shown in the figure. From the 


equations for the plane motion of a solid F,= mw,, and N= 1. p, : 
d r cx cPz* 
kmg- mw, or w= kg (1) 
2 
-AmngReUR y or g..2^4 (2) 
o 2 r rz R eT 
Let the cylinder starts pure rolling att = t9 after 
releasing on the horizontal floor at t= 0. 
From the angular kinematical equation 4 
w, = O, + p, t, SON — x 
le \ 
or O= @, —2 “8 t (3) (^ 
9 "R M | Ve, | 
v J 
From the equation of the linear kinematics N R S 


T 
ITIITI. WV. 


or v.= Oc kg t, (4) 
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But at the moment ¢ = £y, when pure rolling starts v, = wR 
/ ke \ 
SO, Ko in S lo -2 in iR 
o U | U R i 
\ / 
«og R 
Thus f, = 
" 3kg 
Y Ac the cvlinder nick. un cneed till it ctarts rolling the noint of contact hac a nnrelv 
V7 AL MAD — RW variva r^" ud qd wypo ABA SU iF CGA HEF RMARARE ES, LO v i vd p Wh WWALUGEWYE MUY 98 p" 
ranciatary movement emial tn — u) "1n e formar trertinne hit there ic alean a hackuzyaerl 
rans] lto—w. f inth d directions b is also a bacla 
riu WEENIE SAV Y WESAWSELYE wy ev 4 ve "0 ALL AA" AWS VY UAW WALAWYEAWALST WWE LAEIYVEY BID GAO G Varn YY aliu 
1,2 
movement of the point of contact of magnitude (o, To — — B tj) R. Because of slipping 
VO "O 2 r CO; EXE UO 
Ine net displacement 18 DackKwards. ine tota! Work done 1S then 
the net displ t is backwards. The total d then, 
s [1 4 + 1 l'a 1 9. u 
Ag = mg |7 Ww. fo - (Volo + 5 Plo) K | 
L^ ^ ] 
[1 1 4 ~ X be | 
= kme ENT - i[. 8) QR = Q) t. RI 
i25" 2| RJ? ovo” | 
L \ } J 
Ww Y [o n Ww r "7 MOR? 
tmp DOR [MR oR Rl 
MUSaLel 6 3 o^ | 6 
Thl a nama emo nan alan ha mhtatesnA he: tha earl anant thaneam A — AT 
IUC SALLIT LICO Uil Cail GIDU UU VDIULILU vY MU VIATULUL J UCUL al, ofr = [LM 4. 


e SID 2. nnnc 
MV / MV T7) = MK ev U, 
where v is the velocity of the centre of the sphere at that moment, and 0 is the corresponding 
an~!l . fT: "TL. er2lnneiter P man bn fed fen, 4. nmnemer mran am o mr; m ta n Trex . 
dlipiC (L15.). 10C VCIUCILY V cdit Uc LIOUNO LIU tie ICIiSy CUMSCIVaUUlL Jaw . 
» 1 4 1 , 2 
mgh= >z mv + = 10), | 
2 2 | 
where J is the moment of inertia of the sphere N 
relative ta the avic naccino thenangh the enhere’c 1,1] "M CN 
iC1dtU vc LU uic aAi5 Pddsolly ULLUUBLD Uic 5picc > Hy {> C 


Cinna tha pvlinrler einovec urth annt cliding the nanten af the evlinders entatec ahnit the noint 
WHILE UC CYMUIGEL IOVS WIUIODULI SHONI, WL ILU C OL uic CYMNUCL IUW GUUUL Lue Pulte 
O, while passing through the common edge of the planes. In other words, the point O 
becomes the foot of the instantaneous axis of rotation of the cylinder. 

It at any instant during this motion the velocity of the C.M. is v, when the angle (shown 
in the figure) is B, we have 

/ r» 
m vi 


— = mgcosp- N, 
R 
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where N is the normal reaction of the edge 


Of, TI gR cos B. - NR . (1 | 2 


(from the parallel axis theorem) c f^ 


Thus, vi - ve + eR (1 - cos p) (2) 


The angle RA in this ennation ic clearly «maller than ar eanal ta (o «0 mittino A = 0 we oat 
a bt | ud AA VELA ALD Ny eae Aw vivu: VILIUILIUAI LLIGUE WA vysur tU UVA VWV pets | ud TA Vw pwr 

2 ERa s. n Do 

Vo = 3 V Cos GL — +) - M 


where N, is the corresponding reaction. Note that N 2 Nọ No jumping occurs during 
this turning if Ny > 0. Hence, vy must be less than 


IR 
- V (7 cos a. - 4) 


Clearly the tendency of bouncing of the hoop will be maximum when the small body A, 
will be at the highest point of the hoop during its rolling motion. Let the velocity of C.M. 
of the hoop equal v at this position. The static friction does no work on the hoop, so from 
conservation of mechanical energy; E, = E, 


NC 
or, 0+ 4 mv2 + imm (¥0) -mg R= 1 nQvee im’ simR? (v +mgR 
Z " £ \ A Z Z Z (a) 
or, 3y = v- 2 gR (1) 
From the equation F, = mw, for body A at final position 2 : 
2 
mg+N'= mo? R= m(~| R (2) 
V 
LN! 
LM 
JC 


- x) e 


Ls 
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1.266 


1.267 


1.268 


As the hoop has no acceleration in vertical direction, so for the hoop, 
N+N' = mg (3) 
From Eqs. (2) and (3), 
2 
mv 
N= 2meg- R (4) 
As the hoop does not bounce, Næ 0 (5) 
So from Eas. (1), ( (4) and (5), 
yp z= 0 or 8gRz ve 


Hence vos V8gR 


Since the lower part of the belt is in contact with the rigid floor, velocity of this part 
becomes zero. The crawler moves with velocity v, hence the velocity of upper part of the 
belt becomes 2v by the rolling condition and kinetic energy of upper part 
= (m) 5 | Qv = mv’, which is also the sought kinetic energy, assuming that the length of 
de AP is much larger than the radius of the wheels. 


The sphere has two types of motion, one is the rotation about its own axis and the other 
is motion in a circle of radius R. Hence the sought kinetic energy 


1 2 1 2 
T = 5h w+ 5h, W> (1) 
where /, is the moment of inertia about its own axis, and J, is the moment of inertia about 
the vartiral avic naccing tfhrenoh © 
Vii VueLlivdl GAIO, paso ua UU EL VAL 3 
- 2 2 2 n 
But / = = mr’ and /, = zm mr? + mR? (using parallel axis theorem,) (2) 


In addition to 


w = - and œ, = — (3) 


For a point mass of mass dm, looked at from C rotating frame, the equation is 
— t 
dmw = f+dmw'r +2dm(v xo) 
where r = radius vector in the rotating frame with respect to rotation axis and 


r 


v” = velocity in the same frame. The total centrifugal force is clearly 
—> — 
Fa" * dm o? r = mo? R, 


R is the radius vector of the C.M. of the body with respect to rotation axis, also 


— 


no =) — 
To = 2m y, XQ 
where we have used the definitions 


- Y dmr” and mv. = 5 dmv? 


jmi 


1.270 


in a circle of radius r = x sin 9 


So, centrifugal force acting on this element N 
Im, 2 .. : ul. Rn ~~~) 7 / 
= |—|dx c^ xsin 6 and moment of this force IIT ev 
é 


about C, 


S 


| dN | = ü dx o» x sin 0 - x cos 0 


l 
m pe ^ 
- EI sin 2 0 x? dx A -Atv 
and hence, total moment a UO ^N 


1/2 Smee eee 


" sin 20 xd. 54 ^ 9 ? |? sin 2 0, 


v2 ^ 
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269 Consider a small element of length dx at a distance x from the point C, which is rotating 


Let us consider the system in a frame rotating with the rod. In this frame, the rod is at 


—P 
rest and experiences not only the gravitational force m g and the reaction force R, but also 


—» 
the centrifugal fo force F . 
a fener than n Aces ^ 
lit, MOMI UC CUIIUIL iU 


l 


OF N= mg ~ sin O 
A s 


where N., is the moment of centrifugal force 
about O. To calculate N., , let us consider an 


element of length dx, situated at a distance x 
from the point O. This element is subjected to 


a horizontal pseudo force (=) dx o». x sin 0. 


axis of rotation through the point O is 
u /m 
dN x || dx w* x sin 0 x cos 0 
cj T) 
mo? 
= — sin ð cos 0 x^ dx 
l 
C m (Y? m mn ] 2 
So N= | — —sinOcos 0 x? dx = ———— sin 0 cos 0 
" | l 3 
0 


(1) 


A. 
iw) 
N” 
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1.272 


1.273 


When the cube is given an initial velocity on 


the table in some direction (as shown) it 


as se iF w mm d WS 24 WY WS UE AB wee 


acquires an angular momentum. about an axis 
on the table perpendicular to the initial velocity 
and (say) just below the C.G.. This angular ———» 
momentum will disappear when the cube stops — 

and this can only by due to a torque. Frictional 
forces cannot do this by themselves because 
they act in the plain containing the axis. But 
if the force of normal reaction act eccentrically 
(as shown), their torque can bring about the 


EA mmm RN 


vanishing of the angular momentum. We can Initial 
calculate the distance Ax between the point of velocity 
application of the normal reaction and the C.G. Pad 

of the cube as follows. Take the moment about f Ve- Axis LL to the 
C.G. ofall the forces. This must vanish because Initial 

the cube does not turn or turnbie on the table angular initial velocity 

et un ng on the fable 
Then if the force of friction is fr momentum 
fr ==N Ax 
2 


But N = mg and fr - kmg, so 
Ax = ka/2 
In the process of motion of the given system the kinetic energy and the angular momentum 


* 
- => ee eee Lae c o N nam 


relative to rotation axis G do not valy. Hence, it follows that 


I? 2 1 2,2 
x M = 4m(o l^-y ^) 2 —— 


N| m| 


(œ is the final angular velocity of the rod) 
MI” _ M? 
3 ° 3 
From these equations we obtain 


and w 4 ml? o 


y= "WI V1+3m/M 


Due to hitting of the ball, the angular impulse received by the rod about the C.M. is equal 
to p 1 If w is the angular velocity acquired by the rod, we have 


——o=*— Or w= (1) 
In the frame of C.M., the rod is rotating about an axis passing through its mid point with 
the angular velocity w. Hence the force exerted by one half on the other = mass of one 
half x acceleration of C.M. of that part, in the frame of C.M. 

mí 351) wl 9p? : 


= al^ 417 mg ^ ^mi ^ 9N 
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1.274 (a) In the process of motion of the given system the kinetic energy and the angular 
momentum relative to rotation axis do not vary. Hence it follows that 
l v2.lQq.y2,1( MD), 
2n = a0" 2\ 3 n 


l | MP 
and my —= my —- —— (0 
2 2 3 
From these equations we obtain 
y= 3m - 4M and w = ——À _ 
3m + AM 1(1+4m/3M) 


— MÀ! —- . — ms! 
As v { fî v, so in vector form v 


(b) Obviously the sought force provides the centripetal acceleration to the C.M. of the 
rod and is 
F, = mw, 


,1 8Mv' 
2 l(1*4M/3my 


1.275 (a) About the axis of rotation of the rod, the angular momentum of the system is conserved. 
Thus if the velocity of the flying bullet is v. 


myl = [ms M Jo 


i] f 


my 3mv 
BOUE as m «« M (1) 
mtv l 


Now from the conservation of mechanical energy of.the system (rod with bullet) in the 


uniform field of gravity 
a / 2 7 2 A 


z m^ Jo" = (M«m)g; - (1- cosa.) (2) 
/ l 
[because C.M. of rod raises by the height — ) (1- cosa) ] 


Solving (1) and (2), we get 


M 4/2 inl VES in € 
y m] 3 el sin 5 and o ] Sins 
1i] 


(b) Sought Ap = [m Cal) eM (03 jp 


where .w/ is the veloccity of the bullet and œw L equals the velocity of C.M. of the rod 
after the impact. Putting the value of v and w we get 


Ap ~ z= My £t sin > 


This is caused by the reaction at the hinge on the upper end. 
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1.277 


(c) Let the rod starts swinging with angular velocity œ’, in this case. Then, like part (a) 


p po" 
DITEV AX. 


AVI E 2 , , 
myx = +mx“ |@ or @ ~ 
Eni 2 
Final momentum is 
l 2 d 2 r ^ 
be | = m y ral 2 Cott ae M ri 2k 
Ff Fit A UJ EM UJ l ey 2 WAP é 2 Fr V l 
S A (3x 4) 
O, p= p-p my - | 
. , 2 
This vanishes for X m 3/ 


f 


(a) As force F on the body is radial so its angular momentum about the axis becomes 
zero and the angular momentum of the system about the given axis is conserved. Thus 


: 2_ MR! 2m 
2 Wy) rmogR* = 7 ZI 


Putting the value of œw from part (a) and solving we get 


„ZAR (uam 
M 


Au 2 
(a) Let z be the rotation axis of disc and q be its rotation angle in accordance with 
right-hand screw rule (Fig.). (p and q' are to be measured in the same sense algebraically.) 


As M, of the system (disc + man) is conserved and M ,, iniia} = 0, we have at any instant, 


m R’ dọ [/dq') /do\_] 
0= 75 a *™|| di J^* a |^ |^ 
1 [ m, do 
on M | mm, + (m2) | M 
e e 
m 
On integrating lag- -f : la! 
> 9 J J | m,+(m,/2) | 
0 0 «M / 
m, , 
or, 9-- "2 k (1) 
2 
mt 


This gives the total angle of rotation of the disc. 
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(b) From Eq. (1) 


do ( m, \do’ / m, \y try 
2... 1 |P 1 [bi 
dt |. my | dr |. m| R 
mex qj 
Differentiating with respect to time [a 
;2 / m. \4a ayer 
ae |) m|R d | 
ma | | 
7 d 


Thus the sought force moment from the Eq. N, = I, D lI 
| Q 
2 2 s 
e aae Cr E 
N,- 2 dt? == 9) m |R dt 


m, m, R ! 
Hence N,- E NN 


(a) Frome the law of conservation of angular momentum of the system relative to vertical 
axis z, it follows that: 
"n Qi; tL W, = (L +I, ) C, 


z axis, and vice versa. As both discs rotates about the same vertical axis z, thus in vector 


form. 
However, the problem makes sense only if D, ^1 74 Or Q, ^l 74 


(b) From the equation of increment of mechanical energy of a system: A,, = AT. 


1 2 1; 2,1, 2 
Using Eq. (1) 
II 
142 
A ( w, - w, ) 
fr 2(h*b5) ^ * 
For thea nlnaard ax stem LA 1 enA\ tha enculee mnmoentim 10 eancemad ahant any avic 
i uiv SUSU DYDW (ais T IU), uv ai WAGE ILIUILICILILUILIL 1D AISLE VOU vuUuw t arny axis. 
Thus from the conservation of angular momentum of the system about the rotation axis 


of rod passing through its C.M. gives : 


t 
t2 
d 
bo 
mm, 
p= 
News” 


140 


1.280 


(v' is the final velocity of the disc and œw angular velocity of the rod) 


conserved. Hence 
mv = my +n mv, (2) 


(where v, is the velocity of C.M. of the rod) 


Iw 
w= and v- v= Tv, 
Applying conservation of kinetic energy, as the collision is elastic 
lw Li 24h my 241 nm y? (3) 
2 72 anms T3 712 Và 
Or v^ y^ = 4 vw and hence v +v’ = 4v, A | 
Then A | 
ra 57 and o- 2 — | 
44 C9" Gri C 
Vectorially, noting that we have taken v^ parallel to v 
, 4- 
y= (4=1)\> 
vnm] | 
ex — ^ or A o £5. 1 A. d VR U—7T 
So, u = 0 for n= 4 and u (7T v tor n»4 NT 77 


See the diagram in the book (Fig. 1.72) 
(a) When the shaft BB’ is turned through 90° the platform must start turning with angular 
velocity Q so that the angular momentum remains constant. Here 


I*I)Q- I, Q “oo 


The work performed by the motor is therefore 


2 2 
1 o 9 


2I*I, 
U 


1 
5 0*4)» 


If the shaft is turned through 180°, angular velocity of the sphere changes sign. Thus from 
conservation of angular momentum, 


era _T ín ia tha ramonilata anmlar mamanthim nf the enhare 1 a ure accnma that tha 
| ibd *0 WO AO Av VALE IIR we iis! —- hase AARRVURRREMVARELVLIAER UL VAAV opiiviv ie V Wt GQOOWIALIWY WIGGLE LHEU 
angular velocity of the sphere is just — œ). Then 
Ww 
Q= 2,— 
UTI 
and the work done must be, 
2 2 
2l, w 
lioz, tł a2 ty n2. 0 0 


1.281 


1.282 
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(b) In the case (a), first part, the angular momentum vector of the sphere is precessing 
with angular velocity Q. Thus a torque, 
2 
0% | 
Io Wp $2 = ——7- is needed. 
p p i Tig 


The total centrifugal force can be calculated by, 


lm 2 1 2 
| —o'xdx2»zml,«v 
J lg 2 ^ 
° ^l 
Then for equilibrium, J 
l lo D | | | 
(755-T,)57 me 
1 2 | 
and, T, + T, = 54mlho m~ 
A D 
Thus T, vanishes, when ma 


I 
Then T, = mg — = 25N 
i t 


See the diagram in the book (Fig. 1.71). 


(a) The angular velocity @ about OO ' can be resolved into a component parallel to the 
rod and a component w sinO perpendicular to the rod through C. The component parallel 


to the rod does not contribute so the angular momentum 


1 ^4 a 
M= I wsinð = —ml^«osinO ee SS 
12 "77 n^ s 
“Bree, BS 
1 27 .2 inde eee 
Also, M,= Msin0 = pm! w sin“ 0 
90-8 
This can be obtained directly also, WV 
(b) The modulus of M does not change but 
— — 
the modulus of the change of M is | AM |. AY 
— 1 4 -Q 
| AM | = 2Msin (90-6) = 75ml" œ sin20 S l ^N 
20-8 =- =~) 
(c) Here M, = Mcos@ = {w sinO cos8 Á 369 a 
ài d Ba 
. o dt 1 2 2.2 
Now | -> | = lo sin0 cos0 ——- 54"! w“ sin ^O 
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1.283 Here M= I o is alo 


dM 


d |" I o sinO w = mgl sinO 


es e] 
Or, w’ = precession frequency = To = 0-7 rad/s 


(b) This force is the centripetal force due to precession. It acts inward and has the magnitude 


IFI - p mo? gi = mœ’? lsinð = 12mN. 


p; is the distance of the ith element from the axis. This is the force that the table will 
evert on the tan Seo the diagram in the ancuree chart 
WwWVELU UIL Ww wp. wwe CREW VAOGRIOAAE JAR WAY AILOY AE DUUE 


pA 7 
Mi 


The moment of inertia of the disc about its symmentry axis is =m R?. If the angular 


velocity of the disc is w then the angular momentum is 1 m R? œ. The precession frequency 


ha rarr 9 Pl 
UAE La IU rly 
dM| 1 
we have — | = > mR? wx 2nn 
at 2 
This must equal m(g *w)1, the effective gravitational torques (g being replaced by 
- “1 Ne Z 7 e "1 vO T r Pa 


1.285 


1.286 


1.287 


1.288 
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The effective g is Vg 2+ w? inclined at angle tan t ud with the vertical. Then with reference 
8 


to the new " vertical" we proceed as in problem 1-283. Thus 


iv 2 2 
Q = me = 0-8 rad/s. 


-1 W p 


The vector © forms an angle 6 = tan = 6' with the normal vertical. 


L4 
The moment of inertia of the sphere is smR ? and hence the value of angular momentum 


. 2 o o; "PP 
is mR? w. Since it precesses at speed w’ the torque required is 


5 
2 mR @ 0! = F! 
5 
, 2 2, 
So, F'z s mR o Q'/l x 300N 


(The force F’ must be vertical.) 


1 2 _ 1 2 , 
The moment of inertia is — mr^ and angular momentum is — mr" œw. The axle oscillates 


2 2 
about a horizontal axis making an instantaneous angle. 


This means that there is a variable precession with a rate of precession — a The maximum 


Le p " 
value of this is TO When the angle between the axle and the axis is at its maximum 


value, a torque J « Q 


2np, N mr? WY, 


= 5 mr? o T° T acts on it. 
2 
, , , x OP m 
The corresponding gyroscopic force will be —mT 7 90 N 


The revolutions per minute of the flywheel being n, the angular momentum of the flywheel 


v 
is | x 27n. The rate of precession is R 


Thus N 2x1 NV/R = §-97 kN. m. 


2dnv 
fee2 arte an tha saila in nnn ncita dieartiane in additian tran the n^enteifivsral and athar 
AUAL RI GUL) ULL uv IGS ML UP PUSS UAJALVLLIUALS IE GUUAVIVAR VU UU VVAILULIRURESGE GINE Vite 
—— — ^R We dA ^. ra 2l je fm en nan ee hnt Am tha imnae wnat Aanwvanana 
forces. The force on the outer Idli B5 HICICaòDC CU giu uidi ULL LIL Jii dll ULLIVLaGDLU 


The additional force in this case has the magnitude 1-4 kN. m. 
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Ó1 € 
A.U 


EY ACTIC TY 
BLA AL U 


S 


1.290 Variation of length with temperature is given by 


1.291 


1.292 


Palitana or Ma stas fA 
= lol Et OA Jj or y= QA E (1) 
“U 
O 
But E - To’ 
A 


Thus o = aÁAtE, which is the sought stress of pressure. 
Putting the value of a and E from Appendix and taking A: = 100°C, we get 


o= 22x 10° atm. 


(a) Consider a transverse section of the tube and concentrate on an element which subtends 
an angle Aq at the centre. The forces acting on a portion of length A/ on the element are 


(1) tensile forces side ways of magnitude oArAl. 
The resultant of these is 


A 
ZN 


2cArAlsin 49 > Pw oArAlAg / - 
\ 
radially towards the cente. G 
(2) The force due to fluid pressure = prAgAl | VAT | 
A 
Since these balance, we get — p,,, ^ Om ~ 


where o,, is the maximum tensile force. 


Putting the values we get p,,, = 19-7 atmos. 


(b) Consider an element of area dS = x ( r 40/2 ) about z -axis chosen arbitrarily. There 


are tangential tensile forces all around the ring of the cap. Their resultant is 


Hence in the limit / >» | f \ 
[| y 
2 
2 (> | = AUT } ar a0 
AG 
20, 2. 
or p,- = 39-5 atmos. di 


Let us consider an element of rod at a distance x from its rotation axis (Fig.). From 


Newton's second law in projection form directed towards the rotation axis 


- dT = (dm) wx = 7 € x dx 


On integrating 
2.2 


TT + C (constant ) 


1.294 
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But at x= £7 or free end, T= 0 
Thus Q- MO 4 orc. 7 
2 8 
2 
mo~(l x 
Hence T -— 
eee) | 
mo? | 
Thus Tux" ^g (at mid point) | 
Condition required for the problem is Xo 
«-— 
Tax > Om dx 
2 c | 
mo l d 
So, "Hn So, Or O= I 
Hence the sought number of rps 
o 
n= >= = V P [using the table n = 0'8 x 107rps ] 
Let us consider an element of the ring (Fig.). From Newton's law F = mw, for this 
element, we get, 
Td0 = P | o?r [see solution of 1.93or 1.92} 
m 2 
So, T= —wor 
2X 
Condition for th blem is _— NT 
ON 


on Oga = zd LM on h 
max ar (220p) Pr N V4 
Thus sought number of rps o T 
„2m, Ly% 
2x 2w p 


Using the table of appendices n = 23rps 
Let the point O desend by the distance x (Fig.). From the condition of equilibrium of point 
O. 
mg mg 2,.2 
2T sin@ = mg or T= Find 2x (I/2) +x (1) 
2 
Now, Tg ge cE or T= eE n T (2) 


( 
t 
( o here is stress and € is strain.) 
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1.296 


In addition to it, 


V (1/2 «x? - 


L 
-— 2. V1 [ZP 


1/2 v 
From Eqs. (1), (2) and (3) 


x- x .mgl 
[——— —rT Ed? 
Milli 
l 
So 4x' mgl 
' 21?  nEd? 
1/3 
On x= (55) = 25 cm 
2 Ed 


~ / 


Let us consider an element of the rod at a distance x from the free end (Fig.). For the 
considered element ‘T-T?’ are internal restoring forces which produce elongation and 
dT provides the acceleration to the element. For the element from Newton's law : 


m, VF, F 
m rrn. (M, \te Žo, 
Dc FR = 1 
m 


f F, F, 
far -F fa or [=x 


Elongation in the considered element of lenght dx : 
G dy T dy F xdx 
25mg) dro SEO SEL 


I 

F, f FI 

Thus total elengation E=__ [ x de = — 
SEl 


Hence the sought strain <——< 74 
F, 
g = = 
l 2SE 
Let us consider an element of the rod at a distance r from it’s rotation axis. As the element 


rotates in a horizontal circle of radius r, we have from Newton’s second law in projection 
form directed toward the axis of rotation : 


T-(T+dT)= (dm) o? r 


T m m 
or, -dT = (™ tr) wr = 7 « rdr 
\ 


+ 
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At the free end tension becomes zero. Integrating the above experession we get, thus 


0 l 
- f ar- m a frar 
J "ov 
Thus T- moy (7? — r*\ ma^l(, r^ 
l | 2 | 2 ij 


Elongation in elemental length dr is given by : 


TES 2e) dr = Žar 


(where S is the cross sectional area of the rod and T is the tension in the rod at the 


Thus the sought elongation 


l 
2 2 
t= [as- "se Sae 
0 


m o 1 21 (Sl p) w2 P 


9b S= ZSE 3  3sE 
1 p o 1? 
=3 E (where p is the density of the copper.) 
Volume of a solid cylinder 
V-nanrl 


9 . 4 - » 


AV x2rArl A xr Al 25r Al 
V xr xrl r l 


m 


So, 


But — = 


(Because the increment in the length of cylinder A/ is negative) 


A -F , 
— = a (1 - 2p) 
V w E n 


Y 
9g 


“~~ 
a 
Se" 


(2) 


(3) 
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Thus, AV = 2 (1-24) 


Negative sign means that the volume of the cylinder has decreased. 


(a) As free end has zero tension, thus the tension in the rod ‘at a vestical distance y from 
its lower end 
m 
T= 7 8Y (1) 
Let ðl be the elongation of the element of length dy, then 
(ej 
at - 99, 
E 9 
T dy = POA dy/E (where p is the density of th ) 
= sg D ^ sig = P EYÀy/E (where p is the ensity of the copper) 
Thus the sought elongation 
l 
Al- f al og f 22- > pg l/E (2) 
0 
€ ; TE Al i 
(b) If the longitudinal (tensile) strain is € = q^ the accompanying lateral (compressive) 
strain is given by 
itus Ar é (3) 
s u v) 
Then since V = x 7^1 we have 


AV 2Ar | Al 
V r l 


- (1-24) ^ [Using (3)] 


Al. ; ; ; 
where ~ is given in part (a), u is the Poisson ratio for copper. 


Consider a cube of unit length before pressure is applied. The pressure acts on each face. 


The pressures on the opposite faces constitute a tensile stress producing longitudiani com- 


pression and lateral extension. The compressions is 5 and the lateral extension is uE 


Hence SK =- T (1-2 p) because from symmetry S =3 A 


1.300 


(b) Let us consider a cube under an equal compressive stress O, acting on all its faces 
Then volume strain = AV og ‘1 
> o ain = V p (1) 
where K is the bulk modulus of elasticity. 
So 9.29 .2y) 
k E ` v 
3 1 
or, E= 3k(1-2p)= 7 (1-2y)|as k= a 
" \ '] 
1 - 
us 2 if E and D are both to remain positive. 


A beam clamped at one end and supporting an applied load at the free end is called a 
cantilever. The theory of cantilevers is discussed in advanced text book on mechanics. The 
key result is that elastic forces in the beam generate a coupie, whose moment, called the 
moment of resistances, balances the external bending moment due to weight of the beam, 
load etc. The moment of resistance, also called internal bending moment (I.B.M) is given 
by 
I.B.M. = EI/R 

Here R is the radius of curvature of the beam at the representative point (x, y). I is called 
the geometrical moment of inertia 


of the cross section relative to the axis passing through the netural layer which remains 
unstretched. (Fig.1.). The section of the beam beyond P exerts the bending moment 
N (x) and we have, 


imd 


EI 
R” N(x) 


If there is no load other than that due to the —_—_—_ 


weight of the beam, then | || 
4 f Jc 
1 4 Us 
N (x) = 5 P&(I-x) bh | jy CHIEDI LLL M 
^ Z 
where p = density of steel. 


Hence, at x= 0 


h/2 
cr. bh? lh 
Also, Ix J z bdz = 


. i p (xc, MS 
rene, (A) « S847 - 121 = | INY 
u 


R Jo 
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1.301 We use the equation given above and use the result that when y is small 


1 d? v d? v Ny) 
— gu Z. Thus LL m LL 
R dê ' de EI 
(a) Here N (x) = N, is a constant. Then integration gives, 
dy Nox 
d^ ET O 
But (a = 0 for x= 0, so C, = 0. Integrating again, 
AT M" 
4Y9g-^ 
Y= 2EI 


where we have used y= 0 for x= 0 to set the constant of integration at zero. This is the 
equation of a parabola. The sag of the free end is 
Nyl* 


T 
Pi 


he y&- D- 


I^ 
L 


m" 
c 
- 
i-i 

o B 
à 
[77 
e 
a> 
[72 
[4') 
TE 
ee” 
il 
> 
& n 

m 

eo 
l 
eai 

‘wee 
lon 
fan 
QO 
as 
c 
A 
e» 
E 
e» 
© 
-S 
c 
e» 
rt) 
purs 
e 
BÉ 
e 
e 
os 
of 
e 
a 

a 
jai o 
[77 
oO 
a 
pb 
e 

i 
C 
0 
e. 
lon 
nce 
m 


Integrating, = IC, 


= —— ~ her 
y EI 3 EI 
Here for a square cross section 


1.302 One can think of it as analogous to the previous 


case but with a beam of length //2 loaded 
unward hv a faroa F/2 
wap vv aa vy a AWAWYWY 4A / doro 
Fi? 
Thus ^7 48 ET’ 


On using the last result of the previous problem. 


1.303 (a) In this case N (x) = 7 PE b h(l - xy where b 2 width of the girder. 


Also T= b h5/12. Then, 


1.304 


pnt 
A 
bed 


Ebk d*y ogbh > 
LP (ü?-2lxx). 


12 d 2 
Integrating, 2 oe fx -b? z 
using ps = 0 for x= 0. Again integrating 
B 6 og (17 x? bx) 
y= ER | 2 3 12} 
4 
- pg! (11, 1 
Thus A EN E 3*12 


6pgl* 3 .3p8g 1$ 
Eh 12 2E 
Z* hS A 4 oe d? X &TZ M 4 ars M o? -t 4 ae P [| 4 a: . nn 
(D) AS belore, £ —> = IN (x) Where JN (x) 1S the bending moment due to secuon Fo. 
ax 


This bending moment is clearly 


513 
a 


N= | »a6-2-w0-» 


= w (27? — 2x1 +) - wl (20 -x) = MEM 
| 2 | | ) 2 


(Here w= pgbh is weight of the beam per unit length) 
dy [€ X1) 


` eL- 
d MN 7T B 
or since Ys 0 for x = l, c= wl?/3 ^ 
GA r 


4 3 
x xl| wx 
Integrating again, EIy= w e 24 8 +3 


+C} 
As y= 0 for x= 0, c, = 0. From this we find 


Swl* S pg 1^ 
A-y(x-l)- 2# EI OER 


The deflection of the plate can be noticed by going to a co- rotating frame. In this frame 
each element of the plate experiences a pseudo force proportional to its mass. These 


BERBERA BPN EER LLG E^vEVA IRSE ZEB 


forces have a moment which constitutes the bending moment of the problem. To calculate 


this moment we note that the acceleration of an element at a distance E from the axis is 
az B and the moment of the forces exerted by the section between x and / is 


awaeseawaese Wwe “S64 20 8 a We awa Sa we "emm Wee be WR CP ee ww 
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1.305 


The moment of inertia / = f Zldz» 


L /" 
— ft/ 6 


12. 


Note that the neutral surface (i.e. the surface which contains 


d) Ek 
dy | App Prec 
dx Ei | J t 
dy 
Since AT 0, for x= 0, c, = O. Integrating again, 
496 (Px x), 
d Ek \ 2 20} 2 
c,= 0 because y= 0 for x= 0 
Thus he yee p- 2887 
SER 


lines which are neither 


rpendicular to It. 


t ——— a — — y 


(a) Consider a hollow cylinder of length /, outer radius r + Ar inner radius r, fixed at one 
end and twisted at the other by means of a couple of moment N. The angular displacement 


ata dAictanre ] fram the fived and ic nrnnartinnal tn hoth 7 


and A C'anncider an element 


Q, Gu d WAVUAIWWY & LEVILLE VAAWM/ LAZARI WALES g au Pp: WM UWL & VRARWVA AY» SWEAR CIAR WA WALAUALE 


of length dx at the twisted end. It is moved by an angle q as shown. A vertical section 
is also shown and the twisting of the parallelopipe of length / and area Ar dx under the 


anrtinn nf tha fturictine onmmla can ha dieriuccad hu elementary maane Tf F ic tha tangantia 
GWwUVIL Wa tw UVV AD UIE vvupiIiv OIL WW Witt Uovu vJ VARWMRRRVARAVOLR y ALIU GALD., AL J iv thaw tasipeiltsa 


force generated then shearing stress is f/Ar dx and this must equal 


G6 = G, since 0 = T 


Hence, f= G Ar dx rt. 


The force f has moment fr about the axis and so the total moment is 


3 
N- GA € f dem SEAS G 


(b) For a solid cylinder we must integrate over r. Thus 


r 


ya [ 228286. xr Gy 


l 2l 
i 0 
` N - V 
| ! N N N, WC 
|a |y- S NA 
Pied; ode // NN 
EMI / / NN 
Laio d E i Ni \\ 
Prot) ode | [| | 
Lit} qi: || ^ || 
NNN I i M tN } | 
SA 1 0:1 \\ ZAC // 
IN IG 91 WY ENN // 
AN ONAS d NA NY /, 
WN `- ae ~~ AS 
4/2 
2nrdrqoG T 4 4 
1.306 Clearly N f 3519 9 (5 d) 
d/2 
, i0 N 
using G = 81 GPa= 81x10 — 
m 


d, = 5x107?m, d, - 3x10^?m 
= 20° = X radians, |- 3m 
p 90 3 


Tq x8:ixx 2 
N= 32x 3x90 029 - 81) x 10 N:m 


= 0:5033 x 10? Nm = O- Sk Nm 


153 


1.307 The maximum power that can be transmitted by means of a shaft rotating about its axis 


is clearly N œw where N is the moment of the couple producing the maximum permissible 


torsion, q. Thus 
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1.309 


oment of inertia of the elementary ring, D is the angular acceleration 
needed because the couple N (r) decreases, with distance vanshing at 


Te tre me ee AR S os Bau. oS S Ea RSS 


a 
Q 
O 
>~ 
z 
= 
6 
5 


dl = — 2 xrdr r 
x(r-r) - 


m Ar 2m 3 
Thus dN = ———r dr 
(ri - 7) 
. 1 mB 74 a4 S . 
Or, N = —————-— la — rj, on integration 
2 (r-r) 


N 
| iu: dr 
r 
E 


We assume that the deformation is wholly due to external load, neglecting the effect of 
the weight of the rod (see next problem). Then a well known formula says, 


elastic energy per unit volume 


1 . 1 
= — Stress x Strain = — O € 
2 2 


. 1m, 2 . 
This gives J p^ €" = 0-04 kJ for the total deformation energy. 
When a rod is deformed by its own weight the stress increases as one moves up, the 
stretching force being the weight of the portion below the element considered 
The stress on the element dx is 77772, 
^ ^ A 
e 
prar (l-x) g/nr = pg(l-x) || | 
The extension of the clement is | | 
Adx = dAx= pg(l-x)dx/E x! 
: a 
Integrating Al= —pgl */E is the extension of aM 
2 M dde 
the whole rod. The elastic energy ofthe element E71 
is 
1 pg(l-x) 2 
5 P8 (i - x) E x 7^ dx 
Integrating l 
2 
1 2 Al 
AU = aur pg P/E = zar IE T 


1.311 The work done to make a loop out of a steel band appears as the elastic energy of the 

loop and may be calculated from the same. 

TC al 1 1 Lr L A: 7 3? £ al P l 

if the length of the band is À4 the radius of the loop R = 2r Now consider an element 
ABCD of the loop. The elastic energy of this element can be calculated by the same sort 
of arguments as used to derive the formula for internal bending moment. Consider a fibre 


ata distance z from the neutral surface PQ. This fibre experiences a force p and undergoes 


"s nace Mu Za hile PO PR den Thue ctrain BL ZF r 
an extension ds where ds = Zd q, while PQ = s= Rdg. Thus strain — = p ito is the 
S 

cross sectional area of the fibre, the elastic energy associated with it is 

1 /ZV. 

AE|.| Rdpa 

2 |R] oP 
Qui inm narrar all tha f£ Lhe-c zra rent 
„UIl uig UVOl dii LIC LIVUICS WL HLL 


For the whole loop this gives, 


using | dọ= 2x, 


Ein 2EIx 
R l 
Now [= 
3 
So the energy 1s EE. 0-08 kJ 


1.312 When the rod is twisted through an angle 0, a couple 


„æ st N 
N (0) = — s p O appears to resist this. Work done in twisting the rod by an angle q is 


asw AR 


s” £* g 
N (0)d 0 = ———q* = 7J on putting the values. 


3 4 


1.313 The energy between radii r and r + dr is, by differentiation, E 2 Es p 


Its density is 
I nergy density is as usu: 
B x p gh by defination of B. Thus 


= lg (p gh)’ = 23-5 kJ/m^ on putting the values. 


HYDRODYNAMICS 


Between 1 and 2 fluid particles are in nearly circular motion and therefore have centripetal 
acceleration. The force for this acceleration, like for any other situation in an ideal fluid, 


Pann nanlu Arr A from TA alone the line t:oining 1 4 
can oniy COM Iom we pressu n diOngE iine joining i ail 


* =~ 


that pressure at 1 should be greater than the pressure at 2 i.e 


a, 
n 
c 


as ~~ P 
2> . 
(The portion of the circuit near 1 and 2 are TONS 
1 At" al a - A. X n WA — 
streamlines while the other two arms are at Ww FK —> 
right angle to streamlines) RY —À 
g g ) I 


velocity at that point. 
From the conservation of mass 
as C = as C {1 \ 
V191 V5 92 \+) 
But S, < S, as shown in the figure of the problem, therefore 
y.» V 
d e 


As every streamline is horizontal between 1 & 2, Bernoull's theorem becomes 


1 » mE ecu: 
P + > p y œ constant, Which gives 
- 


AS the difference in height nf the watar calumn ic A therefore 
AV vii WER 444m VY CELULAR. VNPRLSVBARARARAR 2 CAM V. WMAWAWAVAWYU 
P ~P, = pgbh (2) 
From Bernoull's theorem between points 1 and 2 of a streamline 
1 2 1 2 
5n o — n v^ = ma — nv 
Fi "' 2 F*1 F2 ' 2 rr2 
L nu. 
or, Do - D, = — 0 (v; -— V5) 
£4 y: 2 FS 1 P2. 
. 1 02 2. oo, oo 
or pg An = — p(vi - vj) (3) (using Eq. 2) 
2 1 2 M. . 
14 i | 
using (1) in (3), we get | | b] 
= P / 2gAh u M la 
VQ = 232 V e c LL 
2 7 291 — a] ~ 
ence the conoht volume nf water floaowino ner cee £ 
A AWALWWY TEE er ADAE d o» aid Viri Wh "v U UWA RAGS VT mnis «- r.* we d 
Í ^^ A y 
1 1 V l 2 _ s? 
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1.318 


1.319 


Applying Bernoulli's theorem for the point A and B, 


Pa= Pat pv) as, v,= 0 
l 2 
or, zPY = Pa-Pa= Ahpog 
Sn v- 4 2 Ah Pog 


2 Ah pog 
Thus, rate of flow of gas, Q= Sv= S mu 


The gas flows over the tube past it at B. But at A the gas becomes stationary as the gas 
will move into the tube which already coníains gas. 
, 1 . 

In applying Bernoulli’s theorem we should remember that 5 + 5 v? 4 gz is constant along 
a streamline. In the present case, we are really applying Bernoulli's theorem somewhat 
indirectly. The streamline at À is not the streamline at B. Nevertheless the result is correct. 
To be convinced of this, we need only apply Bernoull's theorem to the streamline that 
goes through A by comparing the situation at A with that above B on the same level. In 
steady conditions, this agrees with the result derived because there cannot be a transverse 


pressure differential. 
Since, the density of water is greater than that of kerosene oil, it will collect at the bottom. 


Now, pressure due to water level equals h, p, g and pressure due to kerosene oil level 
equals A, p, g. So, net pressure becomes A, p, g + hy Pp g. 


From Bernoulli's theorem, this pressure energy 
will be converted into kinetic energy while 


A 


flowing through the whole A. 


1 2 
ie. hipg*h5,p,g- zPY 


bottom. 


Then from Bernoulii's theorem 


1 
spy = (H-h) pg 


ly 26 LON 
als¢ry Ii ^ * 2 2 > ae as t . "P —- -— - 
or, v= Y (H - h) 2g, which is directed horizontally. T1000! I: | 
For the horizontal range, /= v t ER n | 
imn eam EE 
=v2g(H-h)-V— =2V(Hh-k) [>> Ss¥-ly | 
M LU Yy—-Ly i 


foal 
ol 
QD 


1.320 


ree as 
Now, for maximum 1, © EE 22.0 
which yields h = 2- 25 cm. 


Let the velocity of the water jet, near the orifice be v', then applying Bernoullis theorem, 


Or, v= Vv? - 2g h (1) 


——-2—no^-c— r2 mal - 


Here the pressure term on both sides is the s 
the problem book Fig. should be more clear.) 


S 
Ch 
ES 
ja 
Ch 
[4] 
E) 
€ 
ES 
anb 
et 


Now, if it rises upto a height A, then at this height, whole of its 
converted into potential energy. So, 
IN; 
f; v 
pv^-pgh or he — 
2g 


1 
2 
- 
- hy = 20 cm, [using Eq. (1)] 
Water flows through the small clearance into the orifice. Let d be the clearance. Then 
from the equation of continuity 


(2nR,d)v,= (2nrd)v- (2utd)v, 


OI v R= vr= vR, (1) | 
where v, , v, and v are respectively the inward — ///// pp ppp pg 11111111A, 
radial velocities of the fluid at 1, 2 and 3. ^ i 

iust 2 and | | | | 


(since the pressure in the orifice is py ) 


From Eqs. (2) and (3) we also hence 


v. = V Ich (4) 
V1 V LAKTE X 97 
2 
1 2 { (V \ 
and di ML di 
2 


(./— (RY) | 
- po * hpg (i ~ 7j | [Using (1) and (4)] 
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1322 Let the force acting on the piston be F and the length of the cylinder be 1. 


1.324 


Then, work done = Fl (1) 
Applying Be UMS Yaeorem for points 


A and B,p= 7 Lpv where p is the density 


and v is the velocity at point B. Now, force 
on the piston, 


F- pA- Zpv/A (2) 


where A is the cross section area of piston. 


Also, discharge through the orifice during time 
interval £ = Svt and this is equal to the volume 
of the cylinder, i.e., 
V= Svt or v= | (3) 
St 


l= ip yes p (as Al = V) 


Let at any moment of time, water ‘evel in the vessel be H then speed of' flow of water 
through the orifice, at that moment will be 
v= V2gH (1) 


In the time interval d£ the volume of water ejected through orifice, 


dV = svdt (2) 
On the other hand, the volume of water in the vessel at time t equals 
Va SH 
Differentiating (3) with respect to time, 
dV dH 
Zl - H - 4 
di S d | dV = SdH (4) 


Gaass | =} AR ^ arr 
S dH 
SdHe=zcyvdt or gt 2 — om (Y 
Ww WALA E" Y 4 Ws “we ~ SAWALE \<—) 
S V2gH 
: 0 
Integrating, f dt = 3 f Gh 
J sV2h J VH 
0 h 
S 4 [2h 
Thus, t= —M = 
sg 
In a rotating frame (with constant angular velocity) the Eulerian equation is 
dv" 


-Vp+pz+2p( x + pwr= p i 


In the frame of rotating tube the liquid in the "column* is practically static because the 
orifice is sufficiently small. Thus the Eulerian Eq. in projection form along r” (which is 


pa 
Q 
Q 


1.325 


1.326 


the position vector of an arbitrary liquid element of lenth dr relative to the rotation axis) 
reduces to 


-dP oa?r= 
dr + pw r=0 


or, dp=p o? rdr 

P r 
so, f dp = eo J rar 

Po (| - k) 
Thus pír) = Po + 7 (1) 
Hence the pressure at the end B just before the orifice i.e. 

2 z 
p() = po + PS QIh - 4) Q) 


Then applying Bernoull’s theorem at the orifice for the points just inside and outside of 
the end B 


p, + I p w? 21h- n = Dy + zP y ( where v is the sought velocity) 


m 
So, y = oh VF-! 
MEN |. dv Do 2, ] 
The Euler's equation is p = J 7" p= -V (p +p gz), where z Is vertically upwards. 
—» — 
— 
Now A Bev) (1) 
But OV) V 2”) - vx Curl v" (2) 


we consider the steady (i.e. av7 at = 0) flow of an incompressible fluid then p = constant. 


. and as the motion is irrotational Curl ype 0 


(1 2\_ V( 


So from (1) and (2) pPV|i5vi-- 
VU 7 


S 
<j | 


1 
Hence pt pv *pg = constant. 


Let the velocity of water, flowing through A be v, and that through B be Vp, then discharging 
rate through A = Q, = S v, and similarly through B= S vz. 


Now, force of reaction at A, 


" 5 c2 
F= pQAVA* P? Vg 
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pad 
le») 
pub 


= nS (v v^ ac F ^| (1Y 
Applying Bernoulli's theorem to the liquid 


A 


(1 
> 


1 
Po + PBA = Po + > pv, 


E 
|! 
de! 


t3| £7 
& 
tt | 
[3 
ui 
Ar 
REE 


nIMFFMEEFETEPFENITT 
t 
i | 
EN 
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and similarly at B 


a 


2 d i -— 


Po + pg (h+ Ah) = py + = pvg == 


a a 


Hence (và - y?) £ = Ahpg 
Thus F = 2pgSAh = 0:50 N 


Consider an element of height dy at a distance y from the top. The velocity of the fluid 
coming out of the element is 
v= V2 gy 


The force of reaction dF due to this is dF = p dA v^, as in the previous problem, 


o 
u 
= 


= pgb [k - (h- D^ ]- pgbl Qh - I) 
(The slit runs from a depth A — l to a depth h from the top.) 
Let the velocity of water flowing through the tube at a certain instant of time be u, then 
u = 2 where Q is the rate of flow of water and x r^ is the cross section area of the tube. 
xr 

From impulse momentum theorem, for the stream of water striking the tube corner, in 
x-direction in the time interval dt, ————-— 

F.dt- -pQudt or F,- -pQu 
and similarly, Fy = pQu 


Therefore, the force exerted on the water stream 
by the tube, 


~~? 


— — — 
F=-pQui+pQuj 


we tn third laur tha raant: 
lp, Wy UAE 1a v, UIU Lweavti 


the tube’s wall by the stream equal 
= pQui-pQuj. 
Hence, the sought moment of force about 0 


on 
~ n 


-F) 


2 
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1.329 Suppose the radius at A is R and it decreases uniformaly to r at B where S = xR? and 


"o meet A annern a lon that tha nama twrartinral nerla at À i6 nm Than 
o = JW . FAOODULIL didDU WUial LY DCILI VCULLUCOIE alipit atl U ID WU Lei 
R r 
A Lt Le 
T y —- 
So y=rt 7 (x -L 
L- L; 9 


Where y is the radius at the point P distant x from the vertex O. Suppose the velocity with 
which the liquid flows out is V at A, v at B and u at P. Then by the equation of continuity 


xRV = nry = ny^u 
The velocity v of efflux is given by 


y = V 2gh {25 | 
and Bernoulli’s theorem gives E R | 
l1 2 1 LU CA 
Pote = Pot yp h=-~| c A— P B °? 
, on paan naa doc S S o 
where p, is the pressure at P and py is the | ——L 4 Le- 


atmospheric pressure which is the pressure just 
outside of B. The force on the nozzle tending 
to pull it out is then 


F = f (p, - Po) sin® 2xyds 


We have subtracted p, which is the force due to atmosphenic pressure the factor sin 0 
gives horizontal component of the force and ds is the length of the element of nozzle 
surface, ds = dx sec O and 


-r 
tan = 
L,-L, 
Thus 
L, 
T (1, AN 5 R-r dy 
t= 2V "VF L.-L. “~ 
v å <s ~27 ^1 
L 
R 
cw / EN 
= xp J "dry y dy 
y 
r 
1 / 2 r^ 2 / n(R? ry \ 
2 2 - 
- — R — — = = h LLL 
(en ta- P) om (MEE) 


Pii ate Eh 8d aa 


= pgh (S- s} /S = 602N on putting the values. 
Note : If we try to calculate F from the momentum change of the liquid flowing out w 
will be wrong even as regards the sign of the force. 
There is of course the effect of pressure at S and s but quantitative derivation of F fron 
Newton’s law is difficult. 


1.331 


dy" — —» — 

e Huler?c enuatinn ic n — 2 f -Un in the onana fivad frama where fai neo 
BMW o ROUWAVAR OD VYUGLIVEL 30 V t J v ARR DALY 2paveve LIAC LIGALLY  VVAAVMLAV J - F5 
downward. We assume incompressible fluid so p is constant. 

— —» 
Then f = - V (pgz) where z is the height vertically upwards from some fixed origin. We 
an tn entatina fra ma urhaen tha anuatina Jenae 
BM Ww Avia VE uame waere uic La Ualivil occomes 
P -V(p*pgz)*po. r*2p(v" x0) 
the additional terms on the right are the well known coriolis and centrifugal forces. In the 
—»' 
frame rotating with the liquid v = 0 so 


1 
or p+pgz- pw r= constant 


+ 
If we choose the origin at point r = 0 (i.e. the axis) of the free surface then “cosntant” = 0 and 
2 


- — w we (Tha nnenhaAlnidA nf eadualiutian\ 
lr = 2g (Luv paseu RVI UL AUVULULIVEL) 
Ae aL. IL oa o = m m am eb a 
FAT LUEC DOLLUIIL Z = CORSlARL 
1 2 
So p-ypo r° + constant 


If p = p, on the axis at the bottom, then 
1 
p= Potzpa r. 


When the disc rotates the fuild in contact with, corotates but the fluid in contact with the 
walls of the cavity does not rotate. A velocity gradient is then set up leading to viscous forces. 


At a distance r from the axis the linear velocity is wr so there is a velocity gradient 
r . e 
2r both in the upper and lower clearance. The corresponding force on the element whose 
h PI 


radial width is dr is 
n 2xrdr 9 - (from the formular F = nA S =) 


The torque due to this force is 


n 2ardr 77 r 


ànd the net torque considering both the upper and lower clearance is 
R 
w 
2 f n2nr dr 


0 
= xR'on/h 
So power developed is 
P= xR‘w Vh = 9-05 W (on putting the values). 
(As instructed end effects i.e. rotation of fluid in the clearance r » R has been neglected.) 
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1.332 Let us consider a coaxial cylinder of radius r and thickness dr, then force of friction or 


1.333 


viscous force on this elemental layer, F = 2x rin = 


This force must be constant from layer to layer so that steady motion may be possible. 


or, Far = 2xlindv. (1) 
Integrating, | 
r f X—T ow 
C a j HAJ dm or 
Y Tf 
C= " 
F J P^ m J^ l Rz PLR 0 HL. 
R, j t 
or, Fh (s. |- 2x» (2) v | 
R, 
Putting r= R,, we get 


R, 
Finz--2nxinv, 
^2 
From (2) by (3) we get, 
In r/R, 
V7 Vota 
“in R,/R, 
Note : The force F is supplied by the agency which tries to carry the inner cylinder with 
velocity Vo . 


(a) Let us consider an elemental cylinder of radius r and thickness dr then from Newton's 
formula 


do 2 do 
F= 2nrlnr dr 2nlyr dr 
and moment of this force acting on the element, 
do 


N=2nr In re 2xrlq—- dr 


OI, 


As in the previous p prob 


conditions are ste ady 


lem N is constant when 


zain fao-n f & 
r 
0 


Integrating, 
1 1 | 
l =- 3) 
or, 2UENwW >| 7 e 
Putting r= R, w= œ, we get 
snina s MIL. l| 
2xnlno;7 w|-2- pa (4) 
ld “2j 
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(b) From Eq. (4), 
2 p2 
N Ri R3 
N, = T = 4x YW, Rl-Rl 
(a) Let dV be the volume flowing per second through the cylindrical shell of thickness 
dr then, 
E m 
dV » - (2nxrdr) rl? ah ies [r- Ba 


and the total volume, 


R 
3 2 
r R JW L2 
NES 
r 
|. HA | XZA mee ee eee eee =L- — — — - — 


(b) Let, dE be the kinetic energy, within the above cylindrical shell. Then 
dT = = (dm) y= 5 (ur 1d rp) y? 


i PELA [ 2 P| 
= =(3n! p)y dy TAS -le nipy,jr-——-+—\ dr 

9 \ ed 0| 2| ro] 2 4| 

\ | 4 L | d 


Hence, total energy of the fluid, 
R 


3 5 R plv? 

2 arr AA Pl Vo 

T= xlpvg fi- r Elar- — 
e \ aN 22 


0 
(c) Here frictional force is the shearing force on the tube, exerted by the fluid, which 


dv 
equals - n S —. 
> ` dt 


p 
Given, V= Vo f -— 
\ 8J 
dy r 
So, T” -2v 
dv 2 Vo 
And at r= R, 7 = - > 
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1.335 


1.336 


1.337 


Then, viscous force is given by, F = -n (2x RI) (ar 
r-R 


2vg 
= -A2xRmnl -RÍ" AxN vl 
(d) Taking a cylindrical shell of thickness dr and radius r viscous force, 


F= -n 2a rl) = 


1 
Tet An he nrecenre difference then net forre an the element = Any pA 4. 2 TT Ir 
inf ww d p^ ww CALW S WALAWE WALL CEAWERR ALVY t AAA wee WAR EWY WAWEAEAY AAD im «f wu Ff | dep wv ba | e F r 
But, since the flow is steady, F „e= 0 
r 
dv 2V, — 
-2xhr3- -2nlmr 0 R? 
r 
Or, Ap = - = 4nvg I/R? 
xr xr? 


The loss of pressure head in travelling a distance / is seen from the middle section to be 
h,- h,= 10 cm. Since h,- ^h, = h, in our problem and h, - h, = 15 cm 25 +h,- h), 
we see that a pressure head of 5 cm remains incompensated and must be converted into 
kinetic energy, the liquid flowing out. Thus 


A FF. 4 A F. T. P. 

> = pg An where An= nh- fh 
"T. ll f ^ .A E. 4 Ln. Za 
inus v= y ZgÀA m 1 m/s 


We know that, Reynold’s number (R,) is defined as, R, = pvl/n, where v is the velocity 


l is the characteristic length and y the coefficient of viscosity. In the case of circular cross 
section the chracteristic length is the diameter of cross-section d, and v is taken as average 
velocity of flow of liquid. 


y 
Now, R e, (Reynold’s number at x, from the pipe end) = e where v, is the velocity 


at distance Xi 


AH R. d.v 
. Mies Md" e w1 '1 
and similarly, R, = so ——*- —— 
2 n R. d, Va 
5 e. G 6 
From equation of continuity, A, v, = A, v. 


dv. r wre 9^ 
1°1 2 0 -Q Ax 
2 V5 r4 roe 1 


€ 


R e, 
We know that Reynold's number for turbulent flow is greater than that on laminar flow: 
ax e. pd 2p1vn |n. 2P2V22 
Now, (Rjj- ——- —. — amd (-7 


^" 
"i 


p= 


1.339 
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P1 Y1 Ne 
I mee 


SO V = § m/s on putting the values. 
= 272M 
v pg d 

We have R = " and v is given by 


6xnrv- Zr (p- pds 
(p = density of lead, py = density of glycerine.) 


2 1 
v= —(p-p) gr = ——(p- pp) gd 
IN} 1s Hj 


1 1 3 
2" isn (P - Po) 8 Po 


and d= [9 n?/ Po (P — Po) g ]^ = 5-2 mm on putting the values. 


dy 
m—= mg -6mznrv 


dt 
or dv SINT yng 
at m ~ 
dv 6xn0r 
— -*kv- o ku 
Or d 8, 7 
wd. ok ke d k ki 
Or e at v= ge or ae v= ge 
or ve" = Ee" «C or v= o+Ce™ (where C is const.) 
Since v= 0 for t= 0,0- £«C 
So C= -E 
K 
Thus v= £ (1 -e-*) 


The steady state velocity is n 


v differs from n by n where e "2n 


OI t= ~inn 


Thus -2 -P 
6nnr 18n 18n 


We have neglected buoyancy in olive oil. 


1.341 


From the formula for length contraction 
1 / v 
c 
v 


So, 1->= (1 - ny or v= cvm(2-m) 


N 


^ 


(a) In the frame in which the triangle is at rest the space coordinates of the vertices are 


v3 \ (v3 | 
(000), ç ER t2 | j^ S > o} all measured at the same time f. In the moving 
frame the corresponding coordinates at time f are 


n 


a.a rdi a. ga 
Jj and c2" vi- MEN 


p.Í 4 mf, 02 , .. 
A27 Vi-p tv 


a 
? 2 
The perimeter P is then 


disci" (1- zz = a(teVa- 36" | 


(b) The coordinates in the first frame are shown at time ft. The coordinates in the moving 
frame are, 


[> l 3 Na 2 , AY 
A : (wt, 0,0), B: [2v1- B +vt', a—,0|, C:(aV1i-p +vt,0,0) 
V “ D 


The perimeter P is then 


P= aVi-p +S[i-p?+3] x 2= a (V1 - 2 «V4- p) here p = 


V 
c 


1.342 In the rest frame, the coordinates of the ends of the rod in terms of proper length ly 


A : (0,0,0) B : (Ig cos0, , Zo sin0, , 0) 
at time ¢. In the laboratory frame the coordinates at time f’ are 


pF" 
A : (v£, 0,0), B : |h cosdy V 17 B + VE, ho sing , O) 


pas 
n 
B 


1.345 


1t 44A4 D 
m nmi 


pul 
o 
o 


l cos 0, = lo cos, Vi1-f? and /sinO- ly sin, 
2 2y oin? 
Hence 12 = TEM ES: 0 + (1 - B^)sin 8| 
l \ 


Therefore we can write, 


1-8 


A : (- vf, 0,0), B : (ei B^ — vt’, h tan 0, 0) 
Thus the taper angle in the frame K' is 
ang" n9 (.. Y-Y) 
V1 -g i Xy - XA] 
and the lateral surface area is, 
S = x A" secO' tan' 


2 24, tanO tan“ 0 7) 2 
zzxh(1-p)———— 1+——; = S,V1-f cos“ 0 
J - -B 


1 
A 


Or, v= VER) 


l= v At 
In the reference frame fixed to the rod (frame K’)the proper length /, of the rod is 
given by 
I= vAr 
l v At V 
But h" = = -= , f=- 
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-— 
Uo 
= 


1.347 


1.348 


1.349 


Thus, v At = vA 
Vi - 8? 
2 (At ° At \2 
So i-e) Or v= C 1- (aF) 
and lL, = c V (A) - (AD) = MV 1 


The distance travelled in the laboratory frame of reference is vA t where v is the velocity 
of the particle. But by time dilation 


Ato _ OT 
At= ——————— So v= cVl1 - (Ay/At) 
V1- y2/ c? 
Thus the distance traversed is 


cAt V1 - (Aty M? 


(a) If vy is the proper life time of the muon the life time in the moving frame is 


0 V To 


————rL—c and hence ls —————— 
V1-v/c V1-v/c 


|. 2.3 
Thus T= "Vl-v/c 
y 
(The words "from the muon's stand point" are not part of any standard terminology) 


In the frame K in which the particles are at rest, their positions are A and B whose 
coordinates may be taken as, 


A: (0,0,0), B- (lo , 0, 0) 


In the frame K’ with respect to which K is moving with a velocity v the coordinates of 
A and B at time ?' in the moving frame are 


A = (1,00)B = (i, V1 - B? +’, 0,0), B= ~ N 
\ / ~ UR J 
bh d 


Suppose B hits a stationary target in K' after 
time t'pa while A hits it after time t, + At. Then, 


Y1-g + vt',= v(t’, + At) 


So, p; —v AL 


? 4.1 -v/e 


In the reference frame fixed to the ruler the rod is moving with a velocity v and suffers 
Lorentz contraction. If J) is the proper length of the rod, its measured length will be 


FU 


Ax, = ,V1-B", B= - 
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AN. 


In the reference frame fixed to the rod the ruler suffers Lorentz contraction and we must 


have 
Ax Ax 
2. —l - —L 
and 1-p Ax, or vec V1 ; 


1.350 The coordinates of the ends of the rods in the frame fixed to the left rod are shown. 
The points B and D coincides when 


, €, - lo 
l= c- vi OF tos 
The points A and E coincide when | 
— 
E lyf. [oT \ A D E 
bus Are t-f = "(Le VI- B. 
"IK (0,0,0) (Ly ,00) (C1-Vt,00) 
or Us ! 21-f-1-5 (Clo VrA*-Vt,00) 
0 
2 c? M/l, 21,/ At 
From this Vs — —3—3—3 ee 


: (0,0,0,0) and (0,/,, 0,0) = B 


A 
ence frame K, the corresponding coordintes are by Lorentz transformation 


A : (0,0,0,0), B : 


Now 1V1-p? «1 


vlo vl vl 


the direction of motion) 


A:t. x. *vít-t,Y0.0 
a I~ Y Al) 
n... a fe s S a W G | 
D.ii, XgTVU — bp), U,V 
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1.353 


Thus l= x,—x.-vít,.—t. Y 1 V1 R2 
"A ~B "NA ‘BJ to * + Vv 
X4 — Xg — V (t, — tp) 

So h= A B A B 


(b) + -v(t-tge I- I V1- vc 


(since x, — xg can be either +/, or - 4.) 


Thus v(t, -tp)= (s 1- V1 - v/c, ) L 


Oo 
J> 


l 
or t,-t,= A + 1-v'/c" | 


At the instant the picture is taken the coordintes of A, B, A', B’ in the rest frame of A B 
are 


A: (0, 0, 0, 0) Al n/ 
VV, V» My Vj A D 
B (0, I, 0, 0) —_———_-——_——- 4 
B' : (0, 0, 0, 0) (© m Ó) 
A B 


/ / 272 
A' :(0,- 1 V1 - v'7c^ , 0,0) 
In this frame the coordinates of B’ at other times are B' : (t, vt, 0, 0). So B’ is opposite to 


l 
B at time £ (B) = " In the frame in which B’, A’ is at rest the time corresponding this 


0 1 (ly vlo\ l . 2,2 
t (D )z Ud 
y y 
2 C 
y 
1-— 
v" r4 
c 
c 1. a *ha enct oaan CA D i. annnelitnatac nf at nel ae laaan ava 
olmuarnly in the rest irame OL A, D, ie Coordinates or A at oiner times are 


ly 
t(A )- yt@)= 7 


Ry T € 2 , 1 { vx\ 
By Lorentz transformation t = ——— |! — 7| 
2\ cJ 

)1-X 


9 
e 


C 
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So at time t= 0, we — 


The situation in terms of the K' clock is reversed. 


1.355 Suppose x (t) is the locus of points in the frame K at which the readings of the clocks of 


both reference system are permanently identical, then by Lorentz transformation 


MA P YS 444 WAS we ARA Ga = r™ awe saa va — 9 uh ^ HR ima) Cr A ^ A Wa, UA VR A AA. EA ARR AA WERE WR WA ee 


ZEN _Vx@)\_ 
! (-20)- 


MÀ; v2,2 a2 
Vi-V'/c C 
mA 
So differentiating x ()= 5 11- V 1-55 J=- £(1- 1-8), B= < 
Let B= tanhO, 0x 0<, Then 
x= ——(1-Vi-unse). cS, (;__1_) 
~~ tan hO \ |  sinhO|  cosh0) 


Í, £05 50-1 ca [cos h 0 - 1 - ctan 9 £v 
sin A 0 cos h 0 € 1 2 


-(tan h 0 is a monotonically increasing function of 0) 
1.356 We can take the coordinates of the two events to be 
A : (0,0,0, 0) B : (At, a, 0, 0) 

For B to be the effect and A to be cause we must have At » 


In the moving frame the coordinates of À and B become 


A fn Anny D [ (,. av ln TAS a nl — aca = 1 
ÂA : U, U, U, U), D Yjot-—z)p Y- Y âi), U, Uj wiere ys LL —- 
| | 2j | Y. (V^) 
YV1-|77| 
| 6] 
Since 
, 7 2 
(A  -— | (u- &) -la-vay |- (y - So 
L\ J) € j c 


, 
a 
we must have Ar > k1 
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1.357 (a) The four-dimensional interval between A and B (assuming Ay = Az= 0) is : 
5° — 37 = 16 units 


Therefore the time interval between these two events in the reference frame in which the 
events occurred at the same place is 


c (r'5- t )u VI6 = 4m « 
7 [ TB 
4 4 - 

or  f'-l',- —= —x10 Ss d | | | | | | | 

M a C J 5 
(b) The four dimensional interval between 4 C 
A and C is (assuming Ay = Az = 0) 3 

y -5'- -16 2 T T 

So the distance between the two events in the frame 1 


in which they are simultaneous is 4 units = 4m. 0 1234567 
1.358 By the velocity addition formula 


2 wWN-7V., v 1 - V7c 

Ve = — WT vy Tv 
417 V. 40 
c* c^ 

d ’ ? yl = V (v, - V +v (1- v7/c’) 
an y Vy y " V 
1- 
E 


1.359 (a) By definition the velocity of apporach is 
dx, dx, 
Vapproach ~ d d v,-(-v,)= vi tV 
in the reference frame K . 
(b) The relative velocity is obtained by the transformation law 


- (- v3) v tV, 
zZ m 


ym 
Í v; C vj) V1 V2 
c^ c^ 
! A&D The velocitv of one of the rods in the reference frame fixed to the other rod is 
d JUU ALY V VAUVVAVY WA VILU WA UAW AUW BAR A 
v+v 2v 
y + 
1+ 
c 


The length of the moving rod in this frame is 


1- EZ 1- B? 
eV +PP "i. 
1.361 The approach velocity is defined by 
-> dr, dr, 
V = —-— aza V 
approach dt dt 


EEG 
in the laboratory frame. So V, 4 = VV, + V2 


1.362 


1.363 


1.364 


On the other rh nd the relat 


ww” AE ws orne 9 wiv AU 


formula and has the components 


1 v 2,2 V2 
- V1, Vo - 5 soVz vit vz- E 


The components of the velocity of the unstable particle in the frame K are 


vv VE.) 


/ 


/ 
so the velocity relative to K is 4 | ^ 
/ ,7 2 y? 
Vv V +v’ -=> | | 
c 
The life time in this frame dilates to | | 
12 2 / 
Aty / vv | i 


c c c 
and the distance traversed is | | 


a ———————M———X 
Ar VV -v^-(y^V')/c* 
 y1- V2 c? V1-v?2/c 


In the frame K' the components of the velocity of the particle are 
vcos 0 - V 


bm] 14 L] V " 
By translating /' — !' - —5, we can write 
C 


the coordinates of B as B:t= yr 
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1.365 


In K the velocities at time £ and t+ dt are respectively v and v + wdt along x - axis which 
— — 
is parallel to the vector V. In the frame K' moving with velocity V with respect to K, the 


velocities are respectively, 


v-V v+wdt-V 
— and ——— ———————— 


vV V 
1--—> 1 - (y+ wat) > 


Cc 


The latter velocity is written as 


y‘ 
vat] 
v-V w dt v-V w _v-V C 


——cv* —ytT —- 3 2 
LI 1-7 un c 1-3 ur 
Also by Lorentz transformation | | 
dt- V dx/c? ad 2s vV/c? 
V1- Vc V1- Vc 


Thus the acceieration in the K' frame is 


dt' 


, 2 
wet Y h-t 
oe] 
(b) In the K frame the velocities of the particle at the time 7 and £+ dı are repectively 
(0, v, 0) and (0, v + wdt, 0) 
where V is along x-axis. In the K’ frame the velocities are 


(-V, vV1- Vc , 0) 


and (- V, (v + wdt) V1 - V?/ c, 0) respectively 
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Thus the acceleration 


y wivaü-V/c) —([ 


= dq  "vli- kj along the y-axis. 
c 


1.366 In the instantaneous rest frame v = V and 
w = — —35 (from 1.365a) 
/ y^ 
|1-—1 
ur 
dv 
So, = ———— — = W dt 


—— 
e 
I 
a5 | =x 
a a 


l a 
w’ is constant by assumption. Thus integration gives 
wt 


2 ! 2 
Integrating once again x= < | 1+ - ] 


1.367 The boost time T, in the reference frame fixed to the rocket is related to the time v elapsed 
on the earth by 


For B ms 1 m ot = 1 
'm, vV2ü-B v2n 
1.369 We define the density p in the frame K in such a way that p dx dy dz is the rest mass 
dm, of the element. That is p dx dy dz = po dx, dy, dz, , where py is the proper density 


dx, dyg, dz, are the dimensions of the element in the rest frame Ky. Now 


dy = dy}, dz - dz, dx= du Ê 
E 
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1.371 


1.372 


if the frame K is moving with velocity, v relative to the frame K,. Thus 


o = —— 
p 


1-— 
c? 
Defining n by p= po (14 n) 


4 4 s fA 2. 
We get 1+yn= — ot ^= 1- — r D 
[/ c (l+ny Atn 
V1-5 
c 
or -Valin _ cvm m 
(1 +n)° itn 
We have 
m. vy m. af ^A ^n 
——-p or, kd = V m+ 2 
Vi y 1% 
(d ~ "2 
v? m? c? p? 
or l -== » -21- zi 
c myc +p p time 
C., c 
or y= ——tK— = 
V p + m c e j 
+ | 
r A -1⁄2 1 "n 
cov |. ( (me ) | p (my ey 
So — "prt | [100% = 2"; x 100 % 
By definition of 1j, 
mq v 4 v | 
| "mov or i-7773 
a/, V. F " 


Or v2 cM1-L -£ n? -1 
n n 


The work done is equal to change in kinetic energy which is different in the two cases 
Classically i.e. in nonrelativistic mechanics, the change in kinetic energy is 


i 2 2 2\_ 1 2 2 
zc ((0-8)^ — (0-6) )- =m, c’ 0-28 = 0-14 myc 


97 2 
Relativistically it is, . 
mg c mo c mo c mo c 2 (1-666 — 1-250) 
——————— — ————— = o———— um mg c ° - T: 
vVi1-(08? v1-(06? 06 08 
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2 
1373 70^ 1 my 
2 
v 
1 -— 
c 
y t V 
or l-— == or l-—= — 
c 2 c^ 4 
or y v3. le. v ; 3. 
c 2 ` 2 


1.374 Relativistically 


2 
2T 3 2 2T 3/ 2T 
So 2 a -> (R? ms --— 
Brei mc’ 4 (Pra) mc? 4 [» S 
4, 41/2 (,_3 T ) 
Thus —fg .|-X -3 P| WI 4mc| 
"^ Imc mc | V me \ / 
But Classically, 6 f 2T Ba-BDu 3 T c 
ut Classically, B. = so ee = 
y Bu= V m, c Ba 4 me 
Hence if - z< = ¢ 
mc 3 


the velocity f is given by the classical formula with an error less than €. 


1.375 From the formula 


m, c Mov 
E = ; = —= 
y? V1-v^/c* 
1-73 
Cc 
wt Lu I2 =æ L T mot a Vno & T tJ =- t F T "9t 
.- mna 2.,mT 2.2 3 n li]. 2 
or T(2 mc“ +T)= cp' ie p= c VT(2mc +T) 


1.376 Let the total force exerted by the beam on the target surface be F and the power liberated 
there be P. Then, using the result of the previous problem we see 


F= Np= P VT(T « 2myc = L VT (T+ 2m, c?) 


since J = Ne, N being the number of particles striking the target per second. Also, 


p MI mo c I 
E= Nee [Tt 
[V1 -v/c | € 


These will be, respectively, equal to the pressure and power developed per unit area of 
the target if 7 is current density. 


Gig? 44 OR 19 COMRR 
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1.377 


1.378 


In the frame fixed to the sphere :- The momentum transferred to the eastically scatterre 
particle is 


2 mv 
V 
1-73 
c 
The density of th ing el t is, from 1.369 1 
e density of the moving element is, from 1.369, n ————— 
1/ 1 y? 
E 
and the momentum transferred per unit timc per unit area is 
4 m 2 mv 1 2mn v! 
p= the pressure = n Vox 2 
y»? 2 y 
1 1-* 1-3 
72 72 C 
c c? 


In the frame fixed to the gas :- When the sphere hits a stationary particle, the latter recoils 
with a velocity 


VtV 2v 
i" 
l1lt— l+- 
c^ 
m2v 
1l+v/c 2 mv 
The momentum transferred is ————— — —— — = ; 
lr 773-5 y 
(Cv Ue 
(1 - v^7/c^) 
and the pressure is cm neve 2mm 
V V 
l-> 1-- 
c^ c“ 
The equation of motion is 
omy ` 
-af Y 
EE 


2 
g2 (Ft) Fct 


= z 5; or, Va —7L————— 
(Ft) + (mo c) V (my c" + (Ft) 


co om, Wn; Se . 
= F VF ft +m)c° «constant 


ITT . ct 
1.379 x= Va ^ *«c't^,so x= y- —5— —71 3 
a tct 
2 2 
V Ma V Ma C 
Or, = of Thus d | À P ° 
a at a 
Vi-¥ Vi-% 
1-7 1-— 
c c 
2 anA —> df mv \ >> TSN 1 
HS p E C [| V4 
| V1-— | V 1-—- l1- =] 
oTa) c ( 6j 
-jb 
pd Ww 
Thus F, = m- W= yv, w, V 
Vi -ß? 
—» 
F. Ww > > — —> 
in To — B23?’ wev, WV 
1.381 By definition, 
" c B mo c dt Ve _ c mg dx 
L= m`- s de » Px” MN —— = 
Pà uo y eo 
Vi-% Vi-% 
(c 2 
where ds? = c? dt’ - dx? is the invariant interval (dy = dz - 0) 
2 
Thus p.» cm dr m y (E Val p, - VE/c 
, x" Mon = Mo hke ee 
ds ds 1- Vc 
/| |— Vd 
| dt — x| 


nr 34 3 . fo 2 
y mot ds —t moy ds - x 
V% 
C 
1.382 For a photon moving in the x direction 
€= Cp,, D, 7 p,7 0, 
In the moving frame, e' = Felt" d ae 
€E. 1 1-8 3 3c 
Note that e' = — if, —= - or B= — Ve —. 
“ee e=3™ 4a isp PS 5 
1.383 As before 
3 dt dx 
E= moc ds? P7 Uoc ee 


eb 
wn 
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Then E-cp- E? - c (py + py + Px) 


2 4(C df? -df - dy-dZ) 3 
= Hic ———————3————— 


22 4 o lPousimnelaad4 
- mgc IS HiVarldnt 
152 


1.384 (b) & (a) In the CM frame, the total momentum is zero, Thus 


V CP ix VT(T «2m c^) ) / T 


YY 
c| 


c E +E, T+2m,c " T«2mc 
where wc have used the result of probiem (1.375) 
Then 
| ea 
1 1 T « 2mgc^ 
Vi- 
T + 2m, 


So T = 2m, c Vis -1 
2m, c 


m 


VP a Pe 2 - [1 
Also 2 V èp? +mc* = V2m c (T «2my c), A p! = 2m c T, or P= V Qm 


V (2m, c? + T - T 2m, c? « T) - V 2m, c? (2m, c^ + T) = c V2mg Qm, c^ + T) 
Al Vr eame, ve B- e E 
SO cp= VT(T«2mgc),v- = C 


T+ 2m, c? 


1.386 Let 7 = kinetic energy of a proton striking another stationary particle of the same rest 
mass. Then, combined kinetic energy in the CM frame 
2 


-amel 1+ T Jer, Z +1 = 1+ T 
` 2m, € My c 2M, c 


2 


T? TQm, c? « T) T! 2T (T + 2m, c? ) 


2 , 2 
2mo d mo c* mec 
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1.387 We have 
2 ——— —> > 
E, +E, +E, ~= mac^, Pi +P, + P3™ 0 


= > 2 5 
Hence (mo c? - Ey - c p= (E, + Ej) -(:* P3 3 | c^ 
(uA 2 27 2 2. 4 2 
The LH.S. = (mpc - Ey -c pi2 (mo*mi)c -2mgc E, 
The R.H.S. is an invariant. We can evaluate it in any frame. Choose the CM frame of the 


particles 2 and 3. 
In this frame R.H.S. = (E’, +E’;) = (m,4 my c* 


Thie (2 2 2\ EL 

A AA WO Vro T dd V, v r2 

2 pm- y 

or 2m,cE,slmi«mi-(m,«mj |c^, or E, s ———————— c? 
0 1 orm 27 M3 , 1 2m, 


1.388 The velocity of ejected gases is u realtive to the rocket. In an earth centred frame it is 


v-u 
1 Vu 
c 


in the direction of the rocket. The momentum conservation equation then reads 


Y 


~u , ` 
(-dm)= mv 


P4 E] `i 4 yf. V 
(m + dm) (v + dv) + 


uv 
1-2 
c 
, (v-u Y, 4 
OI mav -| —-~Viadm= VU 
| uv 
1-72 
(€ jJ 
LIne. Aana ie thn —-————e nf sh. nien wannan Aan 
AACLI " (ITE is Ult Hidss UL WUC CICLCICYU BaL. 3U 
u 
"và y 
mdy - dm= 0, or mdv* ull | dm = 0 
uv c? 
1-73 
C 


v 


/nanlaetinn 1 MV 
(negiecung i- Kl since u is non- relativistic .) 


f 5 (im 0. 1 1+6 


Integrating e- jJ ior 1- g +o m m LIII constant 


The constant = =In mọ since p = O initially. 


4 
u/c i- 


Thus TB m. or p- m] 
0 


PART TWO 


THERMODYNAMICS AND MOLECULAR PHYSICS 


2.1 EQUATION OF THE GAS STATE * PROCESSES 


2.1 Let m, and m, be the masses of the gas in the vessel before and after the gas is released» 


Hence mass of the gas released, 


Å sas — see sae 
OM = "m1 — "mt 


R R 
SO, (p4-p)V- (m, - m) 47 To = Am — To 


| @1-P)VM_ pVM 


1 
un Am RT, RT, () 


We also know p= PT so, Y = 2 (2) 
0 


2.2 Let m, be the mass of the gas enclosed. 
Then, p,V=v,RT, 


When heated, some gas, passes into the evacuated vessel till préssure difference becomes 
Ap. Let p’, and p’, be the pressure on the two sides of the valve. Then 


Pp, V= v RT, and 


be 
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iy [pV PLV , ín P... 
PV = |p- gyr 0€ pas |z- 
T, RT, 1 45 
But, P’,-P',= Ap 
J 
, (Pi P2tAp 
So, Pi*|T- m | 
1 2 
» T 
- -P27 ôP 
T, 
1 (7517; 
/ 
or = — — Ap | = 0-08 atm 
P P2 2 T, p 
TY at tha cedo AR aan ms nead a aa nlan nE EF nad LF anti... T£ cl 4--—n- wu ra rla t 
AAL WIC ILIALUIC UULILGILi V4 allu 2 AUIVS UL 114 alu il, ICSPUCUVEL y. EL ILUICCUIdI WUE EA 
of H, and H, are M, and M}, then respective masses in the mixture are equal to 
m, - v,M, and m, = v, M, 
Therefore, for the total mass of the mixture we get, 
m=m +m, or m= v, Mua v M, (1) 
Also, if v is the total number of moles of the mixture in the vessels, then we know, 
v= VU Vo (2) 
Solving (1) and (2) for v, and v», we get, 
17 » V2 
ereIore, we get m,» Mi and m,= M. 
M5-M, M,-M, 


or, — ee — 


One can also express the above result in terms of the effective molecular weight M of the 
mixture, defined as, 


Th m, M, M,-M 1-M/M, 
"s, m, M, M-M, M/M,-1 
Using the data aud table, we get : 
m, 
M= 30g and, L^ 0-50 


"2 
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2.4 We know, for the mixture, N, and CO, (being regarded as ideal gases, their mixture too 


behaves like an ideal gas) 
PV=vRTI, so pyV= vRT 
where, v is the total number of moles of the gases (mixture) present and V is the volume 
of the vessel. If v, and v, are number of moles of N, and CO, respectively present in 
the mixture, then 
Vx OV. Vo 


Now number of moles of N, and CO, is, by definition, given by 


where, m, is the mass of N, (Moleculer weight = Mj) in the mixture and m, is the mass 
of CO, (Molecular weight = M) in the mixture. 


+ m» mi + m, 
P^ v - WRT/P,) 


po mtm po (m, + m M, M, 


RT Vi tV, RT (m, M, +m, M,) 


= 15 kg/m? on substitution 


2.5 (a) The mixture contains v, , v and v4 moles of O», N) and CO, respectively. Then the 


total number of moles of the mixture 
v= vytv tV 
We know, ideal gas equation for the mixture 


PV=vRT or pa wat 


(v4 + v5 * V3) RT 


V = 1-968 atm on substitution 


Or, 


(b) Mass of oxygen (O») present in the mixture : m, = v, M, 


Mass of nitrogen (N,) present in the mixture : m, = v, M, 


. Mass of carbon dioxide (CO,) present in the mixture : m, = v4 M, 


5o, mass of the mixture 


mass of the mixture 


Moleculer mass of the mixture : M = ——————————————— 
total number of moles 


1 "1 4 4 2 3 


v. M. + va M. + v. M. 
= 


= 36°7 g/mol. on substitution 
Vi Vo * Va 
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2.6 Let p, and p, be the pressure in the upper and lower part of the cylinder respectively at 


temperature Tọ At the equilibrium position for the piston : 
p,S*mg-p,S orn pit TS e. p» (m is the mass of the piston.) 


e 
A) 


RT, 
But p, = Y, (where V, is the initial volume of the lower part) 


So R o MEn RTo or, ZE n RT, (1-1) (1) 
"nV S5 0 oa) 0 n } 
Let T' be the sought temperature and at this temperature the volume of the lower part 
becomes V’, then according to the problem the volume of the upper part becomes n’ V' 
mg RT 1 
Hence = —j]-— 2 
, S V | LY (2) 
From (1) and (2). 
/ 1 \ 
RT, 1| RT 1 e| nj 
——|1-—|- —|1-—| or, T= ———— 
Vo T] V n 1 
n 
As, the totai voiume must be constant, 
V, (1 +m) 
0 
Vjie+n=Vilen’) or V= 


Putting the value of V' in Eq. (3), we get 


2.7 Let p, be the density after the first stroke. The the mass remains constant 


Vi 
Vpe (V+AV) Pi, on P= qr ay; 


Similarly, if p, is the density after second stroke 
2 


V V 
Ver= (Vt AV) ey ot, p= sav] Pr = rear] Po 


In this way after nth stroke. 


Since pressure a density, 
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n 


r3 
e 


V ) 
P,, = tary Po (because temperature is constant.) 
, P 
It is required by — tobe i 
Po " 
n n 
1 V V+A 
SO, == |>] on n= |—— 
n V+AV V 
\ / \ / 
Hence n= — nuo. 
In 1 + AV) 
| VJ 
\ / 
^ a T PE * s 4 -+ m R 
4.5 From the ideal gas equation p= 17 
dp _ RT dm (D 
dt MV dt 
In each stroke, volume v of the gas is ejected, where v is given by 
-Vrm m 
my | N-1 n] 
in case of continuous ejection, if (m, ,) corresponds to mass of gas in the vessel at time 
t, then my is the mass at time ¢ + At, where At, is the time in which volume v of the gas 
Lan Reese asst TL a sata AC assan mento a. 20 G EOE free V sa 
Uds CUILIC OUL LUC Tale of CVdcuation iS wmerc.rore At LEC. 
cure V _m(t+ At) - m(t) 
At m (t + At) At 
In the limit At - 0, we get 
V dm 
C= ——- (2) 
m dt 
From (1) and (2) 
dp. CmRPS. Cp o Be Lat 
dt V MV V p 
Po 0 
s. cf bf 
Integrating f * ;| dt or ln ^—- -—ct 
P Y Po Y 
P t 
Thus p = Po e Ct/ V 


Let p be the instantaneous density, then instantaneous mass = 


the volume is increased by Cdt. 


So, 


Vp= (V+ Cdrt)(p * dp) 


(because mass remains constant in a short interval dí) 


Vy In a short interval dt 


SO, ep. - — dt 
p 
dp C 
Since pressure a density E = - — dt 
P V 
P: 
' ^ 
dë | Z.S, 
J p V’ 
Pi 
or pe aie M inet 1:0 min 
C p, ©& m 


bad 


2.10 The physical system consists of one mole of gas confined in the smooth vertical tube. Let 
m, and m, be the masses of upper and lower pistons and S, and S, are their respective 


2.11 


areas. 
For the lower piston 


OF, T= (p-p,)S,+m 8 (1) 
Qiesila.l far Innar nictnn 
JALAL y AUI WiU Upprl pisty i 


PoS,+T+mg= ps, 


From (1) and (2) 
fs. cx NO cx ee So er, ey 
WT POF Mo WTnS 


or, (Pp - Py) AS = mg 


m 
SO p= me Lp = constant 
á AS 0 


From the gas law, pV= vRT 
pAV=vRAT (because p is constant) 


/ mo 
So, Po* ag 4517 RAT, 
Hence, AT= = (Py AS +mg) I= 0-9 K 
im RT 
(a) p= po- e V^ - po- in 
(as, V= RT/p for one mole of gas) 
Thus Tz —— p VD. -p = Ee Dp p-p? 
? Rv fr "ru Ir Rva fur LI 
2 3 
PoP -P 
For T al ° ) must be zero 


mm 
pæd 
— 
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to 


ad 
to 


2.13 


^ 
which yields, p= F Po (2) 
1 2 4 / 2 2 [Po 1 f Po 
Hence, T. = —=. 2 ~A~p, x E2 Vy —. 
ence max RYa 3 Po Po 3 Po 3 d 3a. 
(b) p- pe t” - poe PRT? 
so BRT n5, andT- Z In £ (1) 
P P pA P 
“oe, dT , , 
For Tnax the condition is dp" 0, which yields 
Po 
p= ~~ 
€ 
Hence using this value of p in Eq. (1), we get 
Po 
22 
Tæ T 2n0V?^z T NE: T 
pi 4*0 TMA FY 40 T US mu 
. Pp 
(as, V» RT/p for one mole of gas) 
So, p= Ya RT(T - T)? (1) 
For MEM dp = 0 , which gives 
tmin’ q] 
T = 219 (2) 
From (1) and (2), we get, 


Pain” VO R2T,QT,- T) = 2RVa T, 


Consider a thin layer at a height A and thickness dh. Let p and dp + p be the pressure on 
the two sides of the layer. The mass of the layer is Sdhp. Equating vertical downward 


enn tn than rere PN ants an tha 


fo 
rorce to Wie upwWara Lorce acung on uic layer. 


Sdhpg*(ptdp)S-pS 


So, = -es (1) li Jess] 


rature of air drops by 34*C at a height of 1 km above bottom. 


An 
2.14 We have, & = — pg (See 2.13) 


2.15 


te 


jamal 


dh 


But, from p= Cp" (where C is, a const) 2 Cnp"! 


We have from gas low p= 9p ET so using (2) 


Cp = p A. T, or T= M epi 


p 

dT M 2-2 

Thus, dp" R C (n-1)p 
dT | dT dp dp 
But, dh" dp dp dh 
S aT Me Do? 1 ~ Mg (n - 1) 
0, dh R (n - )p C —iCPgz nR 
M 
We have, dp = - p gdh and from gas law p = RT P 
dp. Mg 
Thus RT dh 
Integrating, we get 
p 
or fe. MEE ah o, ma -Men 
, J p = RT J ? Po MT RT , 
P, 0 
(where pọ is the pressure at the surface of the Earth.) 
p= pe Maver i 
[Under standard condition, p, = 1 atm, T= 273 K 
/ 

Pressure at a height of 5 atm = 1x e 7 *991*300/8314 x23 .. 9.5 atm. 
Pressure in a mine at a depth of 5 km = 1 x e 29*?81* C3000/8314x23 5 5 qm] 


un à . "TD : p 
We have dp = - pg dh but from gas law p= 47RT, 


Thus dp = oO RT at const. temperature 
So dp. £M 5, 
, p RT 
p h 
(dp f gm 
Integrating within limits | <P | B dh 
rw VF rv 4 ANG 
0 
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(1) 
(2) 


(3) 


(1) 


- 
© 
iN 


or. In & = _ £M, 
, 0 RT 
- RT, p 
So, p= p, e "7T and h= — — In £ 
° Mg Po 
(a) Given T= 273°K, s =e 
Thus h = Fl ne! = 8km 
M . 


(b) T = 273° K and 


Po P L2 001 or È = 0.99 
Po Po 

Thus h = _RT In = 0.09 km on substitution 

Mg Po 

2.17 From the Barometric formula, we have 
p= pye "T 
1 . pM 
and from gas law p-—— 
So, at constant temperature from these two Eqs 
Mj 


Eq. (1) shows that density varies with height in the same manner as pressure. Let us 
consider the mass element of the gas contained in the coltmn. 


M, 
dm = p (Sdh) = ste MEWRT Sdh 


Hence the sought mass, 


h 
MPS f _wewar Pos , - Mg h/RT 
m= ———le 5" dh= (1—e ^75") 
RT J g \ j 
0 


2.18 As the gravitational field is constant the centre of gravity and the centre of mass are same. 
The location of C.M. 


Í ham f ^os 
h= *— -= 4 

[ oy 

J m J pa 

0 0 


But from Barometric formula and gas law p= po e ^ "6 FT 


2.19 


2.20 


So, h= 


f (e oe dh 
0 


(a) We know that the variation of pressure with height of a fluid is given by : 


dp= -pgdh 
[6] DM 
But from gas law p= ZRT on p= —— 
M Ki 
From these two Eqs. 
2L p Mg 
dp pr 4h — (4) 
Or, dp = _-Mgdh _ 
p RT,(1-ah) 
p h 
: | dp -Mg a 
Integrating, | -= 37 | a 
a FE iig. V ar 
Po 0 
In D. = In (1 - ah) M8/®% 
Po 
Hence, P = Po (1 - ah) Mg/aRT, Obvionsly A < L 
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(b) Proceed up to Eq. (1) of part (a), and then put T = T, (1 +a h) and proceed further 


in the same fashion to get 


n. 
roo 


Let us consider the mass element of the gas 
(thin layer) in the cylinder at a distance r from 
its open end as shown in the figure. 


Using Newton’s second law for the element 


pad 
© 
AN 


aN 
he 
e 


2.22 


r 
So d Mo" sdr or f ap Mw" m 
> P RT 3 J P RT J ? 
P 0 
0 
p Mw » Mor] 2RT 
r Nr ime n o or 
Thus, uia 2RT i vi, F ro~“ 
For an ideal gas law 
p= ÈRT 
M 
" 500 
So, p= 0:082 x 300 x 44 atms = 279-5 atmosphere 


For Vander Waal gas Eq. 


? P V-vb v? mb v4 7 
v - v divi 
asf 
M 


M-pb M 
RT a 


(The pressure is less for a Vander Waal gas than for an ideal gas) 


a (1 9) -1 1*9 nV + b 
or, = KTi—— + = Rk T———- 


T- a (1 +n) (V, - b) 


—v————ru-, (here V, is the molar volume.) 
RV, (n Vy * b) 


1:35 x 1-1 x (1 - 0-039) 
= — 0-082 x (0-139) 
(b) The corresponding pressure is 
poe AP a 304m 0a 
Vu-b V2 VyliVy+5) ve 


(V,*nV,-nVu-b) a (Vy - 35) 


e 125K 


a 
"V2 Vy +8) VÀ (V, « b) 
1:38 0-961 


195 


a 1 a 
So, P-P Gh 
R (T, - T4) R (T, - T.) 
or, V—~bm A 271 Or, m y.AU2- 4i 
P2-Pi P2- Pı 
Po2-P, a 
Also, P= T, = - 
a Ti (P-P) | TPP T 
y? Dn-T 1 T,-T, 
T, po — p, T. 
or, a= y? 122-7 P142 
T,-T, 


Using T,= 300K, p, = 90atms, T, = 350K, p, = 110 atm, V= 0-250 litre 


a= 1:87 atm. litre?/mole?, b = 0-045 litre/mole 


RT a op RTV 2a 
2.24 P V-b y? fa! (V-by 2 
or K = - 1 (av) 
> V lap]. 
\ /4 
-1 
RTV? -2a (V - by E V? (V — b) 
V? (V - by? [ RTV* - 2a (V - by] 
2.25 For an ideal gas K, = v 
' Bas Fo" RT 
2 -1 2 2 .-1 
(V - b) 2a (V - by b 2a b 
Now K 7.728 Lin Rn? * Ko|l1-y l-R7y|!`y 
= « (1-24 25 | to leading order in a, b 
so 
.- 2a 2b a 
Now K>Ky if Riv? Vy & T «TR 


If a, b do not vary much with temperature, then the effect at high temperature is clearly 
determined by b and its effect is repulsive so compressibility is less. 


2.27 


2.28 


m 
AN 
herd 


MY M*y-1 Y-1 
| C, 
Using Cy = -, since C, ~ C, = R and — = y 
| Y-i . i Cy 


Thus at constant pressure U = constant, because the volume of the room is a constant. 


Puting the value of p = P n and V in Eq. (1), we get U = 10 MJ. 


From energy conservation 


n 1,42 |, 
U, * 5 (WM) v = U; 


Or, AU = xVM v? (1) 


RT vR 
y- AU 7 371 


Hence from Eqs. (1) and (2). 


But from U = v 


AT (trom the previous problem) (2) 


ar = MP G-D 


On opening the valve, the air will flow from the vesscl at heigher pressure to the vessel 
at lower pressure till both vessels have the same air pressure. If this air pressure is p, the 
total volume of the air in the two vessels will be (V, + V). Also if v, and v, be the 
number of moles of air initially in the two vessels, we have 


m V = v, RT an = /1Y 
FP1"1 Vy stay 488 Py Ya Vg Alin \+) 


After the air is mixed up, the total number of moles are (v, + v;) and the mixture is at 
temperature T. 

Hence PV, + V) = (Vi + v) RT (2) 
Let us look at the two portions of air as one single system. Since this system is contained 


in a thermally insulated vessel, no heat exchange is involved in the process. That is, total 
heat transfer for the combined system Q = 0 

Moreover, this combined system does not perform mcchanical work either. The walls of 
the containers are rigid and there are no pistons etc to bc pushed, looking at the total 
system, we know A = 0. 

Hence, internal energy of the combined system docs not change in the process. Initially 
energy of the combined system is equal to the sum of internal energies of the two portions 


e 
of air * 
We GARA c 


(3) 


2.29 


2.30 


to 
(od 
ear 


2.32 


Final internal energy of (n, + n,) moles of air at temperature T is given by 
(v, +v) RT 
U, = —————— 4 
Therefore, U; - U, implies : 
vi Ti tv; T, 254 ZA Pı Vi +P. V; 


T, T, — —————— 
l * p, V Ta + p; V; T, 


vv ©,V,/T,) + (VT) 


From (2), therefore, final pressure is given by : 


O Mty oT. R T L4 PiVitpP: V 
PF goor M= goo 141 +92 40) = ~oy 
V1 v9 vit Mp. Y(T Y2 


This process in an example of free adiabatic expansion of ideal gas. 


By the first law of thermodynamics, 


Q= AU+A 
Here A = 0, as the volume remains constant, 
So, Q= AU- YË AT 
From gas law, PoV= YRT; 
So AU= P9 AT S 0.2519 
0, = 0————— om m | 
Ty (y - 1) 


-~ wl 


Hence amount of heat lost = -AU = 0.25 kJ 


By the first law of thermodynamics Q = AU +A 


A A e 
But AU = P> u (as p is constant) 
y-1 y-l 
A "A 1-4 
Q = "m 227] 
Y-1 y-1 14-1 
Under isobaric process A = pAV= RAT (as v= 1)= 0°6kJ 
From the first law of thermodynamics 


AU = Q-A- Q-RAT= 1kJ 
1 


RAT | 42 . 
y-1 Y= Q-RAT^ 


Again increment in internal energy AU = st , for v= 1 


Thus Q-RAT- 1:6 
Let v = 2 moles of the gas. In the first phase, under isochoric process, A, = 0, therefore 


from gas law if pressure is reduced n times so that temperature i.e. new temperature 
becomes 7,/n. 


Now from first law of thermodynamics 


vRAT 
Q= AU,= = 
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During the second phase (under isobaric process), 
A,= pAV= vRAT 


Thus from first law of thermodynamics : 


A azr a VRAT 


: + vRAT 
yu es 
Ty 
vVR|To- T'|Y  vwRTy(n- Dy 
Y-1 ^ n(y-1) 
Hence the total amount of heat absorbed 
€ *) *2 n (y - 1) n (y - 1) 
vRT, (n - 1) y 1 
m n(-1) (-1+y)= VT (1-7) 


2.33 Total no. of moles of the mixture v = v, + v, 


At a certain temperature, U = U,+U, or vCy- v, Cy +v, Cy, 
L 


Vi Cy * V Cy, ‘yy Lo ^*»-1 


Thus Cy= yO zz " 
vC, *v,C 
Similarly C," : " = 
l.l 2. 
Viti Cy, * V3 Y; Cv, y-1 Y2-1 
= v > v 
Yi R Y2 R 
"n C Vi " 1 * V5 - 1 
us y= -^= 
Cy Vi R * V5 R - 
^7 32-4 


vixi - 1) + vo Yo Qa - 1) 
vi(-1)* v, (5-1) 


LM From the previous problem 


R R 
MEET * V2y -1 
Cya — u 1523/mole. K 


Nat N4 


2.35 


be 
B 
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Y, R Y; R 
1 y- 1 2 Y2- 1 
and C,= 14 - 93.85 J/mole. K 
V1 + Va 


Total mass - 2047 . 


Total number of moles 36 


Now molar mass of the mixture (M) = 1 1 
2*4 


rt 
Cy 
=z — z 


M 


C 
Hence Cy 0-42 J/g -K and c,= 47» 0:66J/gK 
Let S be the area of the piston and F be the force exerted by the external agent. 
Then, F+pS = p, S (Fig.) at an arbitrary instant of time. Here p is the pressure at the 
instant the volume is V. (Initially the pressure inside is po) 


"n V, 
Sonu ance he ae cena foes 
A (Work done by the agents | F dx n 
v 
Vo ! 
nV, " V, |F | 
= [me Y = [su | ps] 
J £o Fi ers J vo £77 | Y. Ll | 
^ V 
| PS | 
"nV, nv, | d 
= py (n - V, - f pav = p - 0 - | rZ | | 
Vo Vo 


(n-1)p Vj - nRT In» (n - 1) vRT - vRT In 


vRT(n-1-1nm) = RT(n-1-1n) (For v= 1 mole) 


t by x. 
PS F gent" P25, Or, F ageri = (P2 -p)5 
Work done by the agent in an infinitesmal change dx is 


By applying pV = constant, for the two parts, 


Vo V 
= wey (where Sx = V) 


So, -p= = 
P2-Pı Vi-sx yee 


When the volume of the left end is yn times the volume of the right end 


V7 Y^ 17. n-1, 


N 
o 
© 


V 


2pg Vo V V 
A= f o- av. f RY. py 2_y? 
J 27 Pi ) V2- y? Po V o [1n (Vo v5], 


L ' |] 
- -Po Vol in f vè- [s v -m vi 
y+1 


41 UE +1) 
= — po Vo (in - ;|l- = Po Voin " 
(r1 J 4n 


2.37 In the isothermal process, heat transfer to the gas is given by 


Q,= v RT, 5 RT, Inn |F 5h 
= y naz = v n OI T) = — a — 

V9 n L V P 
In the isochoric process, A = 0 


Thus heat transfer to the gas is given by 


Q = AU- vC, AT- xR AT (tor Cy= AR ) 
Í oo Yea o0 Yai] 
p, To Pı Pı 
But p To 95 T= Top," n To [to Y) ^| 
+ < \ ^] 
vR 
or, AT= 4T)-Ty= (1-1) Ty so, Q= EI (n - 1) 7, 
Thus, net heat transfer to the gas 
vR 
Q = vRT, In nt MDI 
! - n-1 Q . n-1 
Or, DT In v) + ~- z> 0b pr -iny = M 
VANE 0 ) MA EU [7-4 
or, ye i+—el_.,,—__°5" ___. 1:4 
Q -inn 80 x 10 -In6 
vRT, 3 x 8:314 x 273 
^h AO fin T". _ Sg — 1 € LL. V. |. TEE» REM Ss vR 
2. (a) From ideal gas law p = (vj T= kT |where k= y 


For isochoric process, obviously k = constant, thus p = kT, represents a straight line passing 
through the origin and its slope becomes k. 


For isobaric process p = constant, thus on p - T curve, it is a horizontal straight line parallel 
to T - axis, if T is along horizontal (or x — axis) 

For isothermal process, T = constant, thus on p — T curve, it represents a vertical straight 
line if T is taken along horizontal (or x — axis) 


For adiabatic process T p *-Y = constant 


After diffrentiating, we get (1 -) p ! dp: T'eqpl^"- T^ !-dT- 0 


2.40 
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dp (Y. \ \ f(y \p 
= = 
aT |1-«ll s l| a 1 Weal 
VOOM JV J NV 74 
e annrovim ate niate nf 1c oh nri senharir rentharmal anri adinhat KC! MPrALPACCAGSE "P deaurn 
A aw Gpp VAa atw pte Wes. AOU LIVE Iw, AOWUGS Ey OW LUIVELLIGE, GLIN IGUWIIOUU uv piyvEervorvvys Gi WEG YIL 


T (where K = vR) 
| P} 
On V -T co-ordinate system let us, take T along x - axis. 


For isochoric process V = constant, thus K' = constant and V = K'T obviously represents a 
straight line pasing through the origin of the co-ordinate system and k’ is its slope. 


For isothermal process T = constant. Thus on the stated co- ordinate system it represents 
a straight line parallel to the V — axis. 
For adiabatic process TV Y-i = constant 
After differentiating, we get (y - 1) V 2 dV -T+ V^! dT« 0 
dV .—— ( 1 } V 


Um 
d 


dT \y~1) 


The approximate plots of isochoric, isobaric, isothermal and adiabatic processess are drawn 


p E 


in the answer sheet. 


According to T- p relation in adiabatic process, 7! = kp’~* (where k= constant) 


(TA (py 7 if P3 
and I—| = || So, == yn’ ffor n= =| 
vy Py To \ Pi) 
Hence T= oni 290 x 10( 5* - /1* = 0-56 kK 


(b) Using the solution of part (a), sought work done 


vRAT. VRTp 


Az 
Y-1 y-1 


(a - 1) = 5-61kJ (on substitution) 


Let (po, Vo, To) be the initial state of the gas. 


-v RAT 
y-1 


But from the equation TV ' ! = constant, we get AT = T, (n^ - 1) 


- RT, (n ^ -1) 


We know A, = (work done by the gas) 


Thus adia ^ Y-1 

On the other hand, we know A, = VRT In ( 1) = -vR Tinn (work done by the gas) 
\n) D 
\ 7 

L.. A adia q' 71-1 2 594.1 a 14 

— Ai, (y-1UIny O4xlin5 ub 


2.41 Since here the piston is conducting and it is moved slowly the temperature on the two 
sides increases and maintained at the same value. 
Elementary work done by the agent = Work done in compression - Work done in expansion 
i.e. dA = p,dV-p,dV= (p,-p,)dV 
where p, and p, are pressures at any instant of the gas on expansion and compression 
side respectively. 
From the gas law p, (V, + Sx) = vRT and p,(Vy — Sx) - vRT, for each section 


(x is the displacement of the piston towards section 2) 


2 SX 2V 
So, P2-P,= YRT 77-7 YRT: — z (as Sx = V) 
0-9 x Vo -V 
So dA = vRT AV 


Also, from the first law of thermodynamics 


dA = -dU = -2v— dT (as dQ = 0) 


Y-1 
So, work done on the gas = - dA = iv dT 
Thus 2v dT = vRT DL AY. 
Y-1 V-V 
dT LL 
Or, u—-Y-1-—3 
When the left end is v) times the volume of | 
the right end. | 25 | 
n-1 
(Vot V) n(V; -V) or V= n1 o | l'agent | | 
, LL ————nÓÁá——candoÜ—ÍÓ—A—— 
T V 
On integrating f dI (y-1) f y V 
J T J v-v 
T, 0 
T 1 Y 
_ ly. |i 2 172 
Or In 7-7 (Y v| 5 In (Vo V I 
-1 2 2 
= -H3 [m Wo - V7) m V-V ) -1n Vo | 
r 2 J 
2 
Vol my2 my2 m21) Lovet, oen? 
2 | M M m *1J J] 2 4n 


Hence T= T, (9 + D | ] 
/ 
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2.42 From energy conservation as in the derivation of Bernoullis theorem it reads 


2.43 


2.44 


1 2 
E tV *tgztu* Q, = constant (1) 
In the Eq. (1) u is the internal energy per unit mass and in this case is the thermal energy 
ner nnit mace nf the a the gac veccel ic thermally ineniated O =O alon in mir naga 
pt WILL ALAIGOW WA LEEW 5 VAR V Bao TUDJE IO /— VAR ERREOGAN EAD WEIGEL Ws xd WV, @iow ARR VUE Uap 


sa DT 
M " = — ° i - " 
M "M M(y-1) D — ———- also M Inside the vessel v = 0 also. Just 


outside p = 0, and u = 0. Íngeneral gz is not very significant for gases. 
Thus applying Eq. (1) just inside and outside the hole, we get 


Just inside the vessel u = 


„RT RT. yRT 
M Mí(y-1 M(y-1) 


2y RT 2y RT 
Hence v? = zy AS Or, - —D x 3.22 km/s. 
M (y - 1) M (v - 1) 
Note : The velocity here is the velocity of hydrodynamic flow of the gas into vaccum. 
This requires that the diameter of the hole is not too small (D » mean free path /). In the 
opposite case (D « « I) the flow is called effusion. Then the above result does not apply 
and kinetic theory methods are needed. 


The differential work done by the gas 
dA = pdV = 


vR T? 


"HN 77| dT = -vRdT 


a 


(s DV = v RT and V= a 


t 


So, A=- | vRdT = - vRAT 
T 
From the first law of thermodynamics 
Q= AU+A= LE. A T- vRAT 
Y-1 
nar 2Y par 2-1 ¢¢ , 
= VRAT: ——- RAI (for v = 1 mole) 


According to the problem : Aa U or dA - aU (where a is proportionality constant) 


avR dT 
or, pdV = ———— (1) 
y-1 
From ideal gas law, pV= v RT, on differentiating 


pdV + Vdp = v RdT (2) 


to 
o 
» 


2.45 


2.46 


Thus from (1) and (2) 
(pdV + Vdp) 


a 


dV = 
P y-1 


or, pdV [e 1) +— Vd 0 


or, pdV(k-1)+kVdp= 0 (where k= EE] = another constant) 


„k-11 oni 
or, pdV-——+Vdp= 0 


or, pdVn + Vdp = 0 (where E-1 = n= ratio) 


Dividing both the sides by pV 


n dv * ap. 0 

V p 
On integrating n In V «In p= In C (where C is constant) 
Or, In(pV")=iInC or, pV”= C (const.) 
In the polytropic process work done by the gas 

n-1 

(where T; and T, are initial and final temperature of the gas like in adiabatic process) 
and au = — (T, -T,) 

yri ^ — 
By the first law of thermodynamics Q = AU + A 

vR 


be | 


~(7.-T) va (te ER end ar 
o0 qv-1 n-1| @-)-1) 


According to definition of molar heat capacity when number of moles 
v= 1 and AT= 1 then Q = Molar heat capacity. 


P lw .wu 
PAY ME [7 


C, oO 
(n - 1) (y - 1) 
Let the process be polytropic according to the law pV” = constant 


Here, <Q for l<n<y 


Thus P; V= pV; or i—|= 8 
Pf J 
So a"=ß or Inßĝ=nlna or n In 
= = = 
, Ina 
In the polytropic process molar heat capacity is given by 


N 
© 
a 


C= R (n - y) R R 
a -1 


(n-1)(-1)- n-1 
R Rina In B 
y-1 InB-Ina’ where n Ino 
So C = 2214. B314Il 4, _423/mol.K 
, n 166-1 1 lin8-1n4 
2.47 (a) Increment of internal energy for AT, becomes 
V7 ^ SMOD) AVE Gt, UY 
AU = M e. -324l(as v = 1 mole) 


From first law of thermodynamics 


Q= AU+A= A SM. 0-11 kJ 


„k (Vi - vin") = 


1- l-n 
. PrVp - pi Vi 2 vR (T, - T) 
1-n l-n 
= VRAT | _ RAT 0:43 KJ (as v = 1 mole) 
n-i n-i ( 


2.48 Law of the process is p= aV or pV ^ -a 
so the process is polytropic of index n = -1 
As p= aV so, p;= a V, and p= an V, 
(a) Increment of the internal energy is given by 


V.-pV. 
“IT, - -n)- E10 a 


AU - - 


(b) Work done by the gas is given by 


n-1 -1-1 
2 2 
a V, (1 - ^) 
- — = 5a V -1) 
-2 2 
fart RAAlae lent mamn matas am fix hey 
\ J IVIOLAI neat capacity is given vy 


p. RG-p | RCI-p .Rysl 
(n-1(-1 (-1-1)Q-1) 2y-1 
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2.49 (a) AU s E AT and Q = vC, AT 


where C, is the molar heat capacity in the process. It is given that Q = — AU 


R R 
So, C_AT= ——AT, or C,» - ——— 
n y-1 : Y-1 
(b) By the first law of thermodynamics, dQ = dU + dA, 
Or, 2 dQ = dA (as dQ = - dU) 
2vC, dT = pdV, or aw dT * pdV = 0 
n , , Y- 1 
2RV vRT 2 dT dV 
So, mr y V= 0, or, Gant v” 
or, LEN a4 0, or, TV0? = constant. 
li 2 V 
(c) We know C, = ure pu 
"^ (n-1)(-1) 
But from part (a), we have C, = - out 
y-1 
2 D (n-y)R 
ar rt jar " * 
us - = ————À— which yields 
r-1 (-DG-0)  ' 
= ity 
"= 2 
From part (b); we know TV""~ 7 = constant 
T V (y - 1)/2 
So, T = v, = y? (where T is the final temperature) 
0 


Work done by the gas for one mole is given by 
E pase PER (1 -y2 m 
-D  2RT[1-m 7177] 


n-1 Y-1 


2.50 Given p = a T^ (for one mole of gas) 


f (pV nV\ 
So, pT ^a or p|* | = d, 
Bu 
Or, pl *V^*-aR^* or pV*9-Pz constant 
Here polytropic exponent n= E 1 
(a) In the polytropic process for one mole of gas : 
Aw RAL, . RAT .. RAT(1- o) 
l-n EN. 
MD 
(b) Molar heat capacity is given by 
R R R R 
mu - — WE - us R 1 T 
C= 1-1 n-1^ y-1 a pe 
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2.51 Given U= aV? 


or, vCyT=aV", or, vc, Pr = a V“ 
R 1 -1 -1 Cv 

le E a I. 
Or, aV C, pV 1, or, V D Ra 
or pV eee coustintecu G4) ac ae | 
So polytropric index n= 1-a. 
(a) Work done by the gas is given by 

-vRAT  , v RAT 
A= and AU = 
-1 1 

— AU (y — 1) AU ( 
Hence Huc Un e (as n= 1-a) 
‘Ry the first law of thermodynamics. O= AU+A 
By the first law of thermodynamics, Q = AU «A 


= au , 2U&- D. av [1 11] 
L 


(b) Molar heat capacity is given by 


Y-1 n-1 y-1 1-o-1 
R R 
= scr e (asn= 1-a) 
2.52 (a) Bv the first law of thermodvnamics 
ween cr Meca Ec ds uu gi J 


dQ = dU + dA = vCydT + pdV 
Molar specific heat according to definition 
dQ CydT+pdV 
vdT 


vdT 
vCydT + Fay 
ye Vv e, RIN 
vdT V VdT' 
We have T= T, e?" 
After differentiating, we get dT = a Ty e* * - dV 
dV 1 
So, "n" m aV? 
I71 a ie 
H GC eee bac per 
ence wm V aTe” V a VT, e*" V aV 
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n 
Po 

o, T= —e?".y 
R 


dV R R 
So, C=C, == — x 
i: E dT z v* Poe P py e? (1 * aV) OV vay 
2.53 Using 2.52 

(a) C=C yt Ee Cy+ PË (for one mole of gas) 
We have p= po 7, Or, AT = pot, or, RT-pyV«*a 

dV R 
Therefore RdT = p,dV, So, jr" p 
Hence C= Cy+(p,+2)-4- 8 +(1+ AE 

\ Yj Po y-1 \ Po 


V. V 
AU = C,(D5- T)» m ^ 


; (for one mole) 


R 
x (y -1)R (p; V; -pi V) 


1 Po (V2 - V4) 
aa otava nen TM 
(dl A Jd 4] 

By the first law of thermodynamics Q = AU +A 

Po (V4 - V4) 


£ U ` 


V, 
= Dy (V,-V,)+aln—+ 
QiV2 1 V, 


(y - 1) 
YPo(Vo- V) | , Vo 
= 40 in — 
Y-1 V 
2.54 (a) Heat capacity is given by 
C= Cyt RT (see solution of 2.52) 
T To 
We have T-Ty*aV o, V=—-— 
a a 


; ee dV 1 
After differentiating, we get, dT^ a 


2.55 


RT 1 R  R(+aV) 1 
Hence C= Cyt a" y-1* V a 
R ( To \ yR RT, 
= r-1*^ (a+!) "y-1*aYy^ Cyt y= ot 
(b) Given T= T,+aV 
As T= Be for one mole of gas 
_ «n RT . 
p= y fot av) = v^ out 
V, V, 
p a (RT, `y 
Now A= J pav = J [8+ aR] av fo one mole) 
v, M 
V 
1 
AU = Cy (T; - T4) 


- Cy [Tg +a V, - Toa Vil - aC, (V; - Vj) 
By the first law of thermodynamics Q = AU +A 


V 
pen - V) + RT) In — + aR (V, - Vj) 


Vi 


V 
= ak (V,- vs pai] tony V, 


V. 


a aC IV via DT In V2 
Op WY 27 Gay 
nl. RT dV 
Heat capacity is given by C= Cy V dT 
(a) Given C = Cyt aT 
RTdV a dV 
So, Cy+aT= Cyto IT^ RIY 


Integrating both sides, we get ST s InV + In Cy = In VCo, Co is a constant. 


R 


Or, V.Co- e9 or y. o9 TR. =~ constant 


(b) C= C, + BV l 
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tə 


CA 
e 


RT dV RT 
and C= Cy* v gr 8% Cy V JT” C,* BV 
RT dV dV BdT » dT 
ALT. a. ESS -2. —— 
OI, V dT BV or, PORT or, V F 
p y-t 


ar 


Integrating both sides, we get 


-—À 
'a fh < 


= InT*In C= In T.C, 


So, In T: Co» -37 T: Co” e BY or, Te "V. c constant 
(c) C= Cy*ap and C= C, ET 
So C,tap- C Are SO ap - REY 
j M V V dT , V dT 
RT RTdV RT 
Or, ay y gr P7 y for one mole of gas) 
Or, Yua or, dV = adT or, ar = = 
So,T = ~ + constant or V -aT = constant 
(a) By the first law of thermodynamics A = Q - AU 
OI, = CdT - Cy dT = (C - Cy) dT (for one mole) 
P on s F1 a 
Given CT, 
n 7, 
flae) nt 
0 
So, A= —-C,|dT= aln —- Cy (n T, - T,) 
J (T "| T, VVI +407 “0/7 
To 
: ^ TL OS : RT , — 4 
=Qinyn-Cyig(h-1) = aimn +t 1-1 T) - 1) 
(b) C zm Lx = A UY + C; 
id dT V dT " 
a RTdV a 
Given C=— so Cyt—— "o 
fi i V GL i 
R 1 dV a 
—— —+—= — dT 
of Y-1RT V RFP 
dV a 1 dI 
— æ= — dT - — 
on, V RÜ y-1 T 
f. UV a ( - 1) T dT 
Of, Y-4) V7 * T 11 T 


Integrating both sides, we get 


2.57 


2.58 


N 
n 


or, (Y - 1)1n iZ41n K 
RT 
-1T -a(y-1 
or, In vr 1L. zo(-1) 


or pV" | ,-a(- 1ypY 
, RK 
a(y - L)/pV 

Or, pV'* = RK = constant 
The work done is 

V, "2 

[RT a 
a- fpa- | = 7 "JA 
Vi V 


(a) The increment in the internal energy is 


M 


ð 
v» f (22) av 
A 


1 
But from second law 
a) _ p (aS ap 
sv ]." "(5v z(a), 


3 ` 5c 


RT a 
On the other hand p= y y 
or r(3B) = 2E ang (9U) . 4 
oT], V-b lav j, y? 
1 1 
S = — -— OO 
o, AU a V, V, 
A. \ / 


A+AU= RT n 2 
Q=A+AU= RI In yb 


(a) From the first law for an adiabatic 
dQ = dU *pdV- 0 


From the previous problem 
/ 


ð 


e YT / ^FTN 3 
dU = tar] ME dV = CydT « — dV 
Tj, T V 


So, O= CydT+ 


211 


212 


This equation can be integrated if we assume that C, and b are constant then 


R dV dT R 
C,V-b* T" 0, or, In P+ in (V - b) = constant 


or, T(V—b)*v = constant 
(b) We use 

AYT /Á"7 Jr. a Ay 

aU = d "Aso ty“ 

RT 

Now, dQ = Cy dT * V, ^5 V 
So along constant p, C," Cyt XO aV) 

U LÁ e |74 Jp 
Thus C,- Cy RT (aV) , But p= RT -£ 

P t" V-b|\ðT)” ^ V-b y 


On differentiating, Ô= |- +|] + 
"roy Py} lar | v-b 
(av\ _ _RT/V-b V-b 
or, T{|—| = - 
(a | RT . 2a | 2a(V-by 
(V-5 v RT V? 
: ^ n R 
and C,-Cy= 5 
i , 24 (V - b) 
RTV? 


2.60 From the first law 
Q= U,- U; +A = 0, as the vessels are themally insulated. 


As this is free expansion, A= 0, so, U, = U; 


2 
ATA Y 
But U = vCyT- ~~ 
o C _T)= [L———— --—| y= —————— 
V 
? f i La +V, ay Vi (V, + V2) 
-a(y-1)V,v 
Or, AT = DV (V .V) 
411. , 27 
Qul. edideadfi rv r2e6 A M A -— "7 17 
JUUSLILULIUIL ives aid - — JAM 


2.61 Q= U,-U;+A= U,-U;, (as A= 0 in free expansion). 


So at constant temperature. 
- av? | av) 2 V, - Vi 
[ nd amu t-d 
Q= 7; v ay G Uy 
"2 1} "1 72 


= 0:33 kJ from the given data. 
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KINETIC THEORY OF GASES. BOLTZMANN’S LAW AND 
MAXWELL’S DISTRIBUTION 


2.62 


2.63 


2.64 


2.67 


From the formula p = nkT 


p 24x10 Px101 x10 3 


i= er m 
kT 138x10 2x30 | 


= 1x10" per m? = 10° per c.c 
Mean distance between molecules 


(1075 c.c.) = 10172 x 107? cm = 0:2 mm. 


After dissociation each N, molecule becomes two N-atoms and so contributes, 2 x 3 degrees 
of freedom. Thus the number of moles becomes 


m mRT 
m+n and p= my tty 


Here M is the molecular weight in grams of N, 


Let n, = number density of He atoms, n, = number density of N, molecules 
Then p= n m, +n m, 
where m, = mass of He atom, m,= mass of N, molecule also p = (n, + n5) kT 


From these two equations we get 


|| 
/n PE / m | 
n= (2-2) / 1-4) | m 
\ epo N +] | wr 
nv x 2 mv cos 0 x dA cos 0 | AAO 
p= La A 
NITO 
a 2. 24 MEN. NM 
= 2 mnv cos 6 | nud 
From the formula | NS 
EN | N 
y yu y ov | 
p p 


If ; = number of degrees of freedom of the gas then 


C,= Cy* RT and Cy= > RT 


y= c 1-4— or i.c. 2 
v Y pv oq 
P 
-4/12 yRT EVE EE 
Veound = r M , and v, m M 


t» 
A 
oo 


2.69 


(a) For monoatomic gases i= 3 


Vrms 

(b) For rigid diatomic molecules i= 5 
V sound 7 

"e 15 — 0-68 


rms 


For a general noncollinear, nonplanar molecule 


mean energy = = kT (translational) + = kT (rotational) + (3 N — 6) kT (vibrational) 


For linear molecules, mean energy = = KI (translational) 


+ kT (rotational) + ( 3N — 5) KT (vibrational) 


= | 3N- ; kT per molecule 


2} 


Translational energy is a fraction Two and A in the two cases. 


AAT 


> 
2N -3 
(a) A diatomic molecule has 2 translational, 2 rotational and one vibrational degrees of 


freedom. The corresponding energy per mole is 


= RT. , (for translational) + 2 x SRT. , (for rotational) 


+ 1 x RT, (for vibrational) = = RT 
7 C, 9 
Y 2 C, 7 


(b) For linear N- atomic molecules energy per mole 


= (aN - jJ as before 


> 


So, Cy= pN- 3)" and y= T 
(c) For noncollinear N- atomic molecules 

| | | 3N-2 N-2/3 
Cy= 3(N-1)R as betore (2.68) y= 3N-3" N] 


In the isobaric process, work done is 
A = pdv = RdT per mole. 
On the other hand heat transferred Q = C, dT 
Now C, (3N - 2) R for non-collinear molecules and C p^ | 3N - 7| R for linear molecules 


2 
\ / 
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| 1 = > non collinear 
uaA-4 A | Lt 7 r^ 
n Q' | ——ZLlinear 
* jl... 3 
bp 
For monoatomic gases, c, = 3 and A 2 
2.71 Given specific heats c, , c, (per unit mass) 
R 
M (c,- c)» R or, M- -r 
P v 
C 2c. 
Also y= = 2 1 Os, j- 2a M 
C, i C, 1 C,- C, 
C, 
J 29 
2.72 (a) C,- 29 SK mole" 83 
20-7 29 7 
C= 33% 175957 ttn 


(b) In the process pT = const. 


T? dT dV 
y 7 const, So 27 y=? 
Thus — CdT- C,dT +p dV= CydT & 57 dV - CydT + a dT 
~ n.a (293, ^, 124, 3, 
Or C#C,+2K2 |——|R so Cy- zz R= TK 
: v] oÓ2 "^ 


Hence i= 3 (monoatomic) 
2.73 Obviously 


1 3 5 
—Cy= zY tzw 
K "' Lt Z2 * 


molecule is rigid so no vibration]) 


1 3 5 

RC" gh*5*h*t +Y 
C, Sy,+7 
Hence y= — nth 
C, 3y*51* 
2.74 The internal energy of the molecules are 


U x zmN«(-v 2 - SMN <u? - v 


to 
pad 
o 


2.75 


2.76 


2.77 


where v= velocity of the vessel, N = number of molecules, each of mass m. When the 


vessel is stopped, internal energy becomes S mN «u^ 


So there is an increase in internal energy of AU = —mN v^. This will give rise to a rise 


ho] — 


in temperature of 


=m N v? 
AT- - 
LR 
2 
mNy 
3E 
D 


Ap , RAT mN v? 
p= y iV 

and finally Ap. Mv 2-2 96 
p iRT 


where M = molecular weight of N,, i= number of degrees of freedom of N, 


(a) From the equipartition theorem 


f= 2kT = 6 x 10” J; and VELUIBEV EL n 0-47 
e= 5 = 6 x ; an Yims = YY "VM = S 
(b) In equilibrium the mean kinetic energy of the droplet will be equal to that of a molecule 

IX f v SET or v 31 2kT 0-15 m/s 
Here i= 5, C, = > R, y= L given 

2 5 
v SRT i, l4/3RT or T lr 
rms Vy "M n rms "n M n? 


Now in an adiabatic process 


TV!-!= TV?” = constant or VT? = constant 


fy V^ » , , 
V|5T| = VT’ or Vy -V o V=ænyV 
n . 
"Tha ao manot ha awnmaedad a, tanna a TL tinas 
ine gas must ve expandea N times, i.e /-6 times. 
Sm . 
Here Cy= ~—R (i= S here) 
2M 
m= mass of the gas, Mz molecular weight. If v,„, increases v] times, the temperature will 
have increaced "times ic will require (neolectino eynanscion of the vessels a heat flow 
LU V 5482 WEE UO "j TELEL O 4 ARAO VY ABA swuywssw Ve hal — iuit did = wah pr Bae wh Peasy AS. J VA ASUS) BAY 
of amount 
5m 
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2.78 The root mean square angular velocity is given by 


1. > 1 
2 Iw = 2x 5k T (2 degrees of rotations) 


or v= VY = 63 x 10 ^ rad/s 


2.79 Under compression, the temperature will rise 
TV”! = constant, TV" = constant 


P \2/i ^ vi UN ord at zi m 
qn V =I o T=” T 


So mean kinetic energy of rotation per molecule in the compressed state 
= kT = kT)" = 072 x 10” J 


OF, 


t 
9e 
D 

Z 


Now vore» LAIT 
, v n«» m'T 
(When the gas is expanded y times, n decreases by a factor vj). Also 
; . ' - -i-1 
T (VY - TV/ ot T- 7 T so, - z^. n 


i.e. collisions decrease by a factor n F , Í = 5 here. 


2.81 In a polytropic p 
J r r 


ap onstant. I 
process 
pV"- constant or TV"~* = constant 
dT 
Then dQ= CdTs dU+pdV=C,dT+pdv 
- iraT+ ave igar- L—nar- (5- — nar 
A J 
l 1 
Now C= R so 275-1". 
1 io. i-2 — l 
or, a el Oe ae en-173 
n-i 
Now y .n«v» 1 T 1[(V)? 
v n«» NYT mV 
1 /1Ni-2 HN -- -i-1 
x — | — = | — m .-lq 
nln In n i-2 times 5.55 times 
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2.82 If a is the polytropic index then 


pV^ = constant, TV°~ 1 = constant. 


v nm«» V./T vr? 
Now —- — = —V/— = = 1 
v n«» V T yr-i2 
1 1 
Hence a-1" ^75 or a= -1 
iR R 
Then C = 7 4 >” 3R 


2.83 v = y£ = y Ht - v2 = 0-45 km/s, 
m M p 


2.84 (a) The formula is 


df (u) - i. e^" du where u= — 
Vx v, 
1451 
[v-v 
Now Prob — A «6n = | df (u) 
P 1-6n 
4 uri : m 
Te x28n- zn = 00166 
v-v y V 
(b) Prot TE L.-ms MEN 
V » Vp A 


i 
ES 
x 
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285 (8) Yims Yp = (V3 - V2) At = ay, 


2.86 


2.87 


2.88 


m { Av Y 
i | 


"(G8 VED] /K = 384K 


(b) Clearly v is the most probable speed at this temperature. So 


2 
Vt =v o T= = 342K 
m 2k 


(a) We have, 


v? ^5 2 9 94 fe \? ^ air 2 = v? 
v - Ww - v = = Vv =r 
Lo'u 2 o7” ve or jt o 7 V4! V, or ye = on’ 1 2 
v? y? | v4] P m In v2/y2 
P P V UJ ^ ro 
2 

Cc. m (vi - v5) aan Ww 
wO 2 =z OJOU IX 

v1 

2kin-> 
yp 
"2 


(b F(v)s-—-7e "x— — comes from F (v) dv= d f (u), due E 


X v, Vp \ Yp Pj 
2 2,2 2kT, 2kT, 
Thus -—e^'"»s v/v e^ ^ vy 9 vs 2 h now 
v? m P4 m 
P, 
2 
mv 1 
e^ Am 7s = or me (1 E Sinn 
0 f 
. 0 In 1] 
Thus V V - 1-1/n 
. 2kT . 2RT 2RT 
“aN mw My ' Po Mo 
A [2RT | 1 [My | 
yp, Vp," Av My l- M, | 
M, (Av) My (Av 
T- EE EE = 363K 
1 [My 1 [MN 
anl Mo | M, . 
v? - » 2 v4 - 7, "n Aar- a M He “ 
g-€ By e`” yu Or e =| 
PH Voye H 
In m 
v?» 3kT Bie | Mn , Putting the values we get v = 1:60 km/s 
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2 2 2 
29 dN(v)= VALE ,-7w, 
Vx v 


For a given range v to v + dv (i.e. given v and dv ) this is maximum when 


6 dN (v) -4,2V | _Yy 
5v, Nv dv dv 0 - 3v, + vi e p 
j.34.3T7. na Tl mv" 
on "27" m US i= k 
290 gy. 27v, dv, dv, 


2.91 «v,» - 0 by symmetry 


i] 4 e u wo n œ 
f my, (m | c" Ô -w 
<|vJ>= | le zrdv,/] eur dv,» | vezr dv./ | eur dv, 
- % 0 0 0 
oo o0 
2 2 
- "ES f» duj fe du 
m 
0 0 
eoo o 
EYE f te-a] fe- dx 
Ym J2 iJ 2 Vx 
0 0 
VÆ ror- YE 
/ 2 X 
o0 m eo m? 
2.92 2,5 2H 
at». f ize afe 2k dy, 
0 0 
oo o 
2 ure [on 
= m » xe 5 4. e aaf 
- 2YXA°* wv LYK 
0 0 
2kT ..(3 1| kT 
-——[Dni- [T =|= — 
m 2 2 m 
2.93 Here vdA = No. of molecules hitting an area dA of the wall per second 
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m .~— = 
Or, v= fn e %T vy dv, 
Ld 


be the number of molecules per unit volume with x component of velocity in the range 
v, to v, + dv, 


Then p= f 2 mv, : v, dn (v,) 


fe 
2.95 3/2 amy? 
<is. | | m H 

. > n ET e XT 4nv dv 

^n \ / 
/ m l^, 1 24T f * dy 
(2&7 | "7 m J e 

/ 0 
Loo m \ L(2m |" L (16 mx). 4 
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2 
2.96 dN (v) = de e "7 Ax dyu AN (e) = DO a 
\ 2nkT } de 
ALY YY / 2 5 d 
GIN tE) a m ~ mv /2RT 2 40V 
or, de N|; 7 e l 4nv de 
1 2 dv 1 
N = = a= 
ow, € 2" so 7 may 
dN (e) 2 Te 1 
€ m - e/kT ce 1 
or, de N nz e 4x " 
- NT (kT) 32 e - tT 12 
i.e. dN (e) N — = WT? e- T g12 de 
The most probable kinetic energy is given from 
d dN(s) , 1 .j2 -ear gl? e/T p 1 
de de 79% 58 e -Ire =0 or c= 5kT= tr 


The corresponding velocity is v = V= xy 


2.97 "The mean kinctic energy is 


P4 p = [5^ -t/kT Ae "nu -&KT Je a IL 
MEN aa J A TG37/2 2 
0 0 
Thus 
(1+ On) kr 
ON f 2 
ON £ (kr)? e7” e" de 
x" J x 
2 KT (1 - 6n) 


NE — 
2  -s2[3 6 937 
V e B 26023 E e” “òn 


If 6 = 1% this gives 0-9 % 


- Fey? Veg f e^" de (e,>> KT) 
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2 -3/2 -€ B NEUE, 
- y D Ve, kT e Ma 2N —L e Y 


(In evaluating the integral, we have taken out Ve as Ve, Since the integral is dominated 


Ino 
O 
e 
~ 
to 
— 
^r 
oo 


For the most probable value of the velocity 
2 2 
To. 0 or 3AV e "2T yP EMY oomi n o 


2kT 
3kT 
5o, 5N m 
. . 2kT 
This should be compared with the value v_ = for the Maxwellian distribution. 
p pr m 
(b) In terms of energy, £ » = my? 
JJ 2 
2 pe 
F (e) = Av? em 2k P^ 
AS de 
NC 2 1 Aan am 
x AÍ— e VAT i = A-—e v" 
(m) V2me 


From this the probable energy comes out as follows : F' (e) = 0 implies 


2A | kr €  -e«kT 
= je -—e -0, or, €= AT 
ma (eae) , 


2.100 The number of molecules reaching a unit area of wall at angle between 6 and 0 + dO to 
its normal per unit time is 


ym 09 


f 10 UN 

dv x | dn (v) iis v cos O [ \ 
J 4x —— TOE | 

v= 0 OSAN J 


— M ee 
— 


- mv /2kT 3 . 
f(a) e v dvsin OcosOd 0x2 x 
0 


y. 1/2 
"Cs J eim simocosodo= (HE) sin 8 cos 0d O 
mx mx 
0 


2.101 Similarly the number of molecules reaching the wall (per unit area of the wall with velocities 
in the interva l v to y+ dv per unit time is 
0e x/2 
y dQ 
dv= | dn(v) — vcos0 
J 4x 


0-0 
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0- x/2 
m 3/2 ; 
-f n| e ^ "" /AT V? dy sinð cosO dO x 2x 
2 nx kT 
= 0 
2 
de m Y e n È av 


2.102 If the force exerted is F then the law of variation of concentration with height reads 


-FZAT a F Ah/kT ~ kTin . -20 x7 
: F= —=9 


yii Vee. Fa 2 Appin op gp, Ad 
£ Nah nd gAph 


In the problem, 3 = 1:39 here 
0 


T= 290K, n=2, h24x1075 m, d=4x107’m,g=98 m/s’, A p =0-2 x 10° kg/m? 
and R= 8:31 J/k 


6 x 8:31 x 290 x in 2 26 — 23 e 
Hence,  N,- xx 64x 98 200 x 4 x 10^ = 6:36 x 10" mole 
concetration of H, e~ Mu, 8M RT -M, 
2.104 n= = No LM, = WRT ™ No € e Mu 1,) gh/RT 
2 


concentration of N, 


So more N, at the bottom, = = 1.39 tere 
0 


n 
They are equal at a height /; where Zz e E Qn - my kT 
rÓ 


2 
kT ln n, -inn, 
or A= — 
eo M1. — "MT. 
e 1 uiid, 


2.106 At a temperature T the concentration n (2 ) varies with height according to 


n (e )e noo EAM 


This means that the cylinder contains f n(z ) dz 


e 
= | ne dz == 
J o mg 
0 
particles per unit area of the base. Clearly this cannot change. Thus ng kT = py = pressure 
at the bottom of the cylinder niust not change with change of temperature 


bo 
à 


S 
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f mco "MM 1, f v2* dy 
J mgz e J xe 
<U> = 2 LT 9 LO. LT 
= = = 
00 œ T (1) 
— mgz/kT ~ 
f e "VM ay f e *dx 
0 0 
TIL aae th aa O lbeiede n eerlaritac lie Freneeiet. L-lle fre aae hl nu; the 
VUCI ULIC Git ilidliy Kills UL IHUOICCUICS, UIS LUITUId HOIUS LUE Cdl ANG dil tue 
average energy 
f, kT 
<U> = = kT 
2 f 
where f; a fractional concentration of each kind at the ground level 
rT... sandan aa pup P P ^a Crean tusrhnenin mn rr rantenting nen tHiant 
LOIC WilCICIIEL d COMLULUGUONM Brauicitt 


-M,wl/RT 
e A -1-m 
RT ln (1 - 1) RT 
A A 
Yan n—mametui i tim erntatiannurith nur lere midnr cr ET nnn avia thamana in n ^o mf esf cnl annataentinn 
All d VC MALU iUtadt J.A Aul d ig uidi VVAUCAILy UJ GUUUL GLI GALS, UILIC Jod LUE ILU aIl Q@ULUILIGUUII 
2 , . TE 

or where r is the radial distance from the axis. In a fluid if there are suspended colloidal 
enetenrtan tha: mereaesannan an athAitianal Frenn TE ms tn tha eace nf annb eaetiela than ite 
parulivs wiv y CAPCLICHLUL Gil GUUIUIUIId] LUT. Ll vt 1> WUC LildosS UL CGM partit ulvi Ll 


-2 2- Anthira el nrarracnandina tr o manta: tial oat Arrr f ^ Fa X "ne „2 
/, UUlwalu Uv! VopVliu unig tU a pyWwliltidai Vili — 2n t -— Po/ UJ r 
O 
md ui 


™ (p- Pp) « 
n 0 

0 

This gives rise to a concentration variation 


M oo? 
n(r) = no exp +> om Pp) o? 7? 


Thus ne) ne expla M (p - pp) e? (2-72) | 
n(r) | 2pRT P Po" (2 1) } 
where m M = N., m is the molecular weight 
VV AWA Y k R , iTA tA rer au th Ww ALLAWEW WU PET v haia ~ av 
2 p RTIny 
Thus M x 2. 
(p — pg) o (r5 - ri) 
Tha «nfantial anaray acenriatad with aarh mnlamila ic * 1 m an? 2 
i Ji py Swiltias VALVES QGDOUULIGLUEU YY AUI UGE ILUILCUUIÙ AD e. 77 2 Lem g 
and there is a concentration variation 
n(r) = n, exp mor = n exp Mar 
0 2kT 0 2RT 
(M "A P) 2RT 
Thus n= expl—z—| or w= —— n 


vV4854J] " MI‘ 
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Using M= 12+32= 44gm, l= 100cm, R= 831x 10 2E, T= 300, 


we get w = 280 radians per second. 


^ ar? 
2.111 Here n (r) ng exp - | 
(a) The number of molecules located at the distance between r and r+ dr is 


4n drn (e Anno exp[- iT)” dr 
(b) r,, is given by £2, (r)= 0 or 2r- Zar =O or r,27 XT 
pr dr > kT P a 


(c) The fraction of molecules lying between r and r 4 dr is 
4 
T 


A DE vun (- ar? /L'T^ 
dN aur arngexp (-ar /K1) 
ZEE 


N 9 
f 4x r^ dr ny exp (- ar^/kT) 


e 


= (KT) 2x r()- [E 


a) 


ar? 
T 


( - 
Anr dr exp | n 


Ax dr exp T } 


y^ (— ar^ 
So n(r)= N È air) exp (ET | 


When T decreases n times n(0) = ng will increase y? times. 
2.112 in h ary dy 


Write Us ar^ or r= V —, so dr= V= = — 5 
Va Va 2VU 2VaU 


The most probable value of U is given by 


d (dNY o (1. UT (ZY) o p. = ter 
dU \dU] (2Vu kT J°P |RT) r7? 


From 2.111 (b), the potential energy at the most probable distance is kT. 
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2.4 THE SECOND LAW OF THERMODYNAMICS. ENTROPY 
2.113 The efficiency is given by 


Now in the two cases the efficiencies are 


T. t AT - T, 
T —p xF > T increased 
i 1, t Ad p 
nı = ——;——, T, decreased 
T, 
Thus Nh < 
7 
2.114 For H,, y= = 
BITS | Alt 
? 
Pi Yi = Pa Vo P3 V3= P4 Vy À a 
P V2 = p3V3, Pi Vi = P4 Va P», 
Define n by V, = nV, «— adiabatic 
| 


sa "DN N 
Then p3= pan ' so PuVu 
«Von patte p a " uL. 


P4V,= P3V3= p, Van! = p, Vunt! 2 
P4 V4 = pi Vi so V}`'= Vint? or V,= nV, 

Also Q; = p; V;ln ^ Q';- p,V, In Y = p, v, In — 

Finally n= 1-2- 1 -nl = 0242 


(b) Define n by p} = <2 


P2 1/ 
P: V= VS or V,= n''V, 
So we get the formulae here by n — n^ 


(1/y)- 1 2 
nzl-n x 1-n 7 ~ 018 


in the previous case. 


2.115 Used as a refrigerator, the refrigerating 


AC ou Laa PED 


efficiency OL a neat engine is given by 


Q,' Q Q.' /Q: 1- n 


€e = — = ; = 9 here, 
A Q,- Q, 1 QJ | n 
Q; 
where n is the efficiency of the heat engine. 


2.117 


2.118 


Given V, - 
Q,- Heat 
Similarly 
Vo 
Thus Q, = heat ejected at the lower temperature = — RT, In y- 
5 
d. 1 
(T,\"-1V, (Ty! V 
= RTjmn|—| .--RTfjn|c| 5 
7 n Vz Vs 
-l. .-d 
Tt 1 (T) v7! 
= — RT; ln T, m T, = 2RTjlnn 
Th 1-2 
us n= T+T, 


Thus = 1- | A 
17 57V @1= Pd J 
On the other hand, Qi g 
2 
6p, V! = p, V}, p,Vl- pV} also V,= nV, à 
< ` PAV, E E D i, 
Thus Py = pn, pí47 Pan’ | BS LN 
1- 7 . 
and y= 1-n ^"', with y= 5 for N, this is = 0-602 


C C 
Q= RP (V;-V), Q5- R Pa (V3 - V4) 


/ rry i ^^ 
p; (V3 - Vj) BY, Q1 
> nsi- p ,- Y) | 1 — AK 
| Y 


Now p, = np, p, V} or V,» nyV, 
1 
Pa Vi = p, Vi or V= nV, 


hA 


J 


so n-1-—:n'2l-n' 
"n 
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2.119 Since the absolute temperature of the gas rises n times both in the isochoric heating and 


2.120 


in the isobaric expansion 


P= "P; and V = n V V. Heat taken is 


O.= +O 
Q= Qu + Qi 
ecet. Pa! r f 4\ a 3 7^ f, 1) 
where V1, = UP, VL 7 1)1, and i= © Cy fji- a). 
Heat rejected is |7 Th 
O 
Q'a = Q'2 + Q'a where | AEN te) G 
| "V B Vo 


Q'a = C, T, (n - 1), 25 cn |1- 


| 
1 Q Qot 
"m C (n «c, |! - t n 
Thus y = 1-57 1- M T | | | | 
Tyn) Q22 7 

n-i-yll-— 141 n4 
= 1- N 1- -21- 

v0 -Dn«(1-2) TE Der 

"j n 
np, Vi = Po Vo Temp ?1 lo 
Uu DNV 


(a) Here pj * n p,, Pi V, = Po Vo. 
| 


; "0 
"1 


Qt NS 2 rbi 
QQAMPUM, 


— 
-1 


But nV“! = Vl! or, Vi» Von 


7 — RT, 
Q= RTylnn'^^ = "E Inn 


Th 1 Inn ing C R 
us n= 1-, p> on using C,» y-1 
(b) Here V, - nV,, p, V, = Po Vo 


V 


Pi V2, To 
hy N | N adhabatie 
V 


C, Tolna | 40 7 
^q 


., 1^" -~ fsothermal | Po Vo 
Thus n= n-i | Semad k, 
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2.121 


Here the isothermal process proceeds at the maximum temperature instead of at the minimum 
temperature of the cycle as in 2.120. 


(Fo, Vo, To 
Po oo isothermal ub 

Wo dea V To ji 
ry \ Yo [sockor |y ON. isolhermal 

j adiabatic y 
Q2 
adiabatic — Ss | (A.V. To) 
f2 Vt, Tof) — , | 
a) V (AV, Q2 
(b) 


(a Here p, Vi = Po Vo P2 = = 


P2 Vi = Po Vo OF pi Vi = npo Vo 
1 


i.e. Vl lz nV, | or V,= Vyny-1 

{ 1\ V, | RT, MEN 

Q»5- CvTo 7 Q7 RToln y; 7 y-1im^- Cy 1gln n. 
QO", n-i 

Thus n= 1-97 l- 11nz 


V 
(b) Here V,= —, Po Vo= Pi Y; 


Po Vè = P, V2 = pn ‘Vi = Vi-in V l or V,» n7 Dy, 


Q^ = C, To U - nj Qi = Alpin y = y-1 T, in r = C, T, In Fr 
T . a-l 
nus n= i- 
ninn 
The section from (p,, V,, Tp) to P» V» Ty/n) is a polytropic process of index a. We shall 
assume that the corresponding specific heat C is + ve 
Here, dQ = CdT = C, dT + pdV 
Po Vo, To 
Now pV“ = constant or TV*^! = constant. ^A )7 
N p isothermal 
RT R 
so pdV = —~dV= -—— dT A, V, To 
V a- l pnt is. af 
D "P" 4/3 | \ y là" ?utrrogic oj 
Then C= C,-——-R —— —— ‘indexed 
a-1 Y-1 a-i 2 
adiabatic 


RT, pVi 


V. 
We have p, V, = RTo= Po V, €^ Lr 2,70/7 


n 


Po Vo = Pi Vi = "Po V5. Po Vo = Pr Vi. 


2.123 


2.124 


1 
pi Vč = pyVe or Vpi-lyy? or Vy= Ward 
rt 
a-1 — 1..a.1 1 ll. d. 
Vi => > Or V,=n a-1V,= ny-1 a-1 Vo 
Now Q', - Cr, (1-4), Q,- RT Int = R| - —— ma- Chian 
*2 A dd 0” Vo lv-1 a-1] 0 
\ / 9 \' / 
Thus n= j-2-1 
ninn 
h, Voo 
|o BYER (0 AWW 
LON ' n í 
adiabatic 
pot, CN | 
Q; S Qo’ 
| adiabatic 
| "le ANT | Dy Vo.To 
(. TY 7. ff ay (y. duy 
(a) Here Q’, = G |n- al CTs 7 y) Q,= Crn- 


Along the adiabatic line 
Ty Vl t= T (nV) | or, To= Tun - 


SO Q, C,—(n'-1) Thus n= 1 wae 
(b) Here Q’,= Cy (nT, - T), Q= C, T, (n- 1) 
Along the adiabatic line TV” ‘= constant 

TAM 


Thus -m1-—————— 
1 !71(n — 1) 


BN , Vo, To 
Qr 
IÈ VL 


N 


þad 


N 
Q 
N 


2.125 


2.126 


$5 
1 
C a-i 
En , Q2 , PN 
DU n= l- —= | -= 1 
1 Cy (1-7) +R inn 
n 
eu d cud o 2 ie | 
14K nins n-i*(y-1)nlnn 
C,n-1 
b) Q = T, (n-1),O",= C.T. (n-1) O".- RT. Inn. O'.= O", + O"'_ 
WV 7 1 p 9 A V O* 7 X 2 Ü | 72 x 2 m= 2 
So ^ j-E2. 4 Zll —1)Inz 
1 y(n - 1) 
We have 
QO", = tRT inv, Q” = CyT)(t-1)Q, = Q'u +Q”, and 
Q= RT, inv, Q", = C,T, (v- 1) 
as well as Q| 2 Q,' +Q,” and Lc 
| N, 7*9 
Q, = Q," +Q," Qi 
- _ Q C,(v-1)*RInv A! 
So n= i -—— + i = wl Y 
Qi C,(v-1) «xRInv | a | : Q2 
TIMY — (-ninv VL 
=e p Jo J 
T- 1-1 Q2. 
+tilnv tinv+ 
qe Y-1 
Here Q,” = C T, (x - 1), Q'1" 2 xRTQnn and 


Q," = CPT E 1) , Q," Y RT,\nn 


in addition to we have 


Q, = Q.“ + Q,” 
Q', i C,(t-1)+Rinn 
QO, Cz, (t-1)+tRinn 


1 
rfi 


So yn=l1- 


/ 
v- 1411 - z|inn 
ER un (v - 1)Inn 
xara te Voita vig EU. 
UY zr 


2.127 


2.128 


2.129 


Here Q",= C, T, (Vv - 1), 


Po | 
We have == v or v= Vx wi La 


" N /O,VO, tO 
T 4 m VO To d / 
Q"",= C, Ty(1- =] = C, = (Vt - 1) Qe bys 
\ vt} VT 


RT, 
Thus Q',= Q",+Q'")= 1 -dh 


Along BC, the specific heat C is given by 


CdT = C, dT + pdV = cya +d (Fa v? )- (cv+zr]ar 
i y*tit-i 
Thus Q= 4RT 1 Ws 
! Q’, Vi+y 1 (y-1)(Vt-1) 
Finally — n*17 Qi | ^ Ves1Y*1. Qe Dc 1) 


We write Claussius inequality in the form 


[52.f52.. 
T T 


where dQ is the heat transeferred to the system but d, Q is heat rejected by the system, 


both are +ve and this explains the minus sign before d» Q, 


In this inequality T, > T> Tmn and we can write 


T nax T un T nax Qi 
F 
or n21 Q2 Tomy 
UI 3] — A = ——À d = - ' lcarznot 
Qi T ax 


We consider an infinitesimal carnot cycle with isothermal process at temperatures 
T * dT and T. 


Let SA be the work done in the cycle and ÔQ, be the heat received at the higher temperature. 
Then by Carnot's theorem 


JJ 
Q 
" 


2.130 


2.132 


2.133 


ôA dT 


òQ T 
On the other hand 6A = dp dV = 
while 8Q, = dU,) + pdv = | (2E 
| \ 
9U op 
Hence | +? dE) 


(a) In an isochoric process the entropy change will be 


T; 
Cy dT T RI 
- - "UH. - na 
T C, In T. Cy Inn 1-1 
T 


For carbon dioxide y = 1:30 


SO, AS = 19-2 Joule/°K - mole 
(b) For an isobaric process, 


cel nw fon, yRinn 
= Vp ini = Vp Ill n 
i Y-1 
^C Ta., SM waad 
=z /)JO0ui€/ K —moie 


In an isothermal expansion 
UV 


AS = v RIn E 

vRIn V. 

Ve A S/VR , 
SO, y“ e = 2:0 times 


The entropy change depends on the final & initial states only, so we can calculate it 
directly along the isotherm, it is AS = 2Rinn = 20J/ K 


*. Ld L4 
(assuming that the final volume is n times the inital volume) 


If the initial temperature is Tọ} and volume is V, then in adiabatic expansion. 


-1 -1 
TV’ = TW 


V A ; SS. > 1 1 
this process. Next the gas is compressed isobarically and the net entropy change is 


AS APR 
ron 
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Vi Vg Vo 
But Tu 0 T;= hy Ton 
4 1 d f 
So AS=(™c\int- 6, m Ry 9-7 J/K 
= —*- nns -—- nne- 
° Uf c, n n M P " My-1 
2.134 The entropy change depends on the initial and | A, Yo To 
final state only so can be calculated for any | | 
process whatsoever. | | 
We choose to evaluate the entropy change along | Y 
the pair of lines shown above. Then 
T, aT, 
P P 
vC, dT f dT | | 
as. | “4 ] vc f volo Fo ry, Lk 
€ NS ^ | 5 P Bp ?J— 
T, | T, | ‘ i lu 5 


Joule 


2.135 To calculate the required entropy difference we only have to c 
a S 1 7c 6^ 


T, 1 
E $* | 
dT dT 
AS =v IE! CT | 
|^ ^ | | DUT 
| of J | ry 


= y (C, Ina - C; ln af) 


-v(Rina.- R mp)- vR(ma- 75, 
y-1 y-1 
& 
With y= =, a= 2 and B= 1:5, v= 12, | | s 
this gives AS = 0-85 Joule/°K Pace WTR ZR B 
A, Al c f 


2.136 For the polytropic process with index n 
p V" = constant 


Along this process (See 2.122) 


Y n-¥ 
|- Y.R 


\y-1 n-1)] (-2(0-1) 


t To 


dT n- 
— = R1 
So AS C T G-DQ-1) nt 


e 


where «a is a constant and pp, V, are some reference values. For this process (see 2.127) 
the specific heat is 


/ 
A1l.~..~ «4h. f'n. as eee . «hae enm deae 4haneaecaen IPL 
MIONE uic TIC He HMHICICaSCS U LillCS LUNCH SO GUOCS uic pito»ouic. Li 


e 
D 
e) 


then increase «a ti 


if v=2,y= =>, a= 2,AS= 46-1 Joule/“K 
2.138 Let (p,, V,) be a reference point on the line 


P= po-aV 


and let (p, V ) be any other point. 
The entropy difference 


AS = S(p,V) - S(p, , Vi) 


or the specific heat is : C = TI" aT+Cy 


On the other hand : dQ = CdT = C,,dT + pdV for an ideal gas. 


inus, GV = 


or Ra dT or, R in V + constant = T 
a V a 
. l R, V 
Using T= T, when V= V), we get, T= T, * In V 
0 


2.140 For a Vander Waal gas 


It follows from (2.129) that 
8-85 
OV), (eT, V-b 


assuming a, b to be known constants. 


V3 — 
Thus AS x Rin — 
Vi- 
T. 
V,, T, : £ 
2.141 
We use, ss- f ason- 95. "JG dV 
oT QV T-T 
Ve Ti T Vu 2 


L 


2 
C,dT R T V2-b 
-f T Z2 Ape Cyng tRy b 


" 


T, 

2143 ase | £T. | ZOH aTa mb íT,- T) «mala 7 
d wv ^ 
T, 
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a j- 


2.144 Here T= aS” or S= (^ 
NA 


l.; 
Then C x ri T 
n al" 
Clearly C<0 if n<0 
2.145 We know, 
T 
s s.c cut 
oJ T Ty 
To 

assuming C to be a known constant. 
Then T= T, exp E — =| 

C 

dS a 
2.146 C= T =- 
(3) d T 
“2 

T. 

(b Q= f car- a In = 
J 2 
T, T 

(c) W= AQ -AU = anz + Cy (7; 


Since for an ideal gas Cy is constant 
(U does not depend on V) 


2.147 (a) We have from the definition 


Q - J TdS = area under the curve 


Q,= T, (S, - So) 


c |. D 
hus, using T, = —, 
n 
141 
=1 ot 41 n n-1 
Y= mn ry — — ^... 
i p an 


be 
a 
+ 
ja 
e 
ha 
e 
i 
bes 
[e 
e 
+ 
þad 


| /C»0 
B 
so — S 

7 

| som | Qı S1, To 

|O ONS | 
BAVA 

| MN 

| q2 Ns, 
— 
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2.148 In this case, called free expansion no work is done and no heat is exchanged. So internal 


2.149 


energv must remain u SA anged U U. Ear a 


om . 1 tant t nerathira 
VALU Spy y ALAMOS RWIARRG VARIES US vf p ^s aia t 


we mpera Lda D 


T, = T; The process is irreversible but the entropy change can be calculated by considering 
a reversible isothermal process. Then, as before 


as- | ae EL. vRinn = 201 J/K 


M 


The process consists of two parts. The first part is free expansion in which U, = U, The 


second part is adiabatic compression in which work done results in change of internal 
energy. Obviously, 


V 
0 


cr 


Now in the first part pp = = pg, V; - 2Vo, because there is no change of temperature. 


Z 


In the second part, p V' = ; po QV9'! = 2*7 t PoVo 


Vo 
Vo 
27-1 po Ve 271 p, V] "o 
fow- Po av] = byt 
Y _ 
2 Vo 2 V, Y B 7 Vo 
_ 0 
= 2! lp VI Vtt 277-1 Q'-lar 
Po Yo o Y-1 Y-1 
R T, 
Thus AU= U,-U, = — (21!71- 1) 
y- 


The entropy change AS = AS, + AS, 
AS,= R1n2 and AS,,= 0 as the process is reversible adiabatic. Thus AS = R In 2. 


In all adiabatic processes 
by virtue of the first law of thermodynamics. Thus, 


v 


For a slow process, A’ = f pdV where for a quasistatic adiabatic process pV' = constant. 


V, 
0 
vun uic ower nana iOf a iasi process ULC vVALLIIIdI WUIA UUVLIL Jo A “I A13 laut Aa = uU 


t 
for free expansion. Thus U', (slow) «U"', (fast) 
Since U depends on temperature only, T'; « T", 
Consequently, p" > P's 


(From the ideal gas equation pV= RT ) 
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Since the temperature is the same, the required entropy change can be calculated by con- 
sidering isothermal expansion of the gas in either parts into the whole vessel. 


Le a, EE A em A £* A £* rT 1 Vi * V, "31 Vi +V 

Thus = AS; + M5,= ViR in — + vR in —, 
1 2 
l+n 


=v, Rln(1 +n) *v,Rln = 5-1J/K 


1. zl 


eat of water = C, 


= on 


^ 1259 * oA m se a L ae S a 
aloa LAL C, = SPCCUC HCat OL COpper speciic 


To 97 +273 
c, m, aT m,c, aT T, 
Then AS = f emar f maar, m, c, In => — m, c, In 
J 7 J 7 2 * 280 "t TT 
74273 T, 


T, 1s found from 


280 m^ C5 + 370 mı C1 
Ca nm» (To - 280) = mı Cy (370 - Tp) or To” ~E m +m e — 


using c, = 0:39 J/g °K, c, = 4:18 J/g °K, 
— ANNT 2.4 AC... R0.A AAZ .. 1.0 T / OW 
to” JUU NA allu O9 = LOS ~ LTI BOF) NA 

2.153 For an ideal gas the internal energy depends on temperature only, We can consider the 
men era” A a "LAN a wus eO “ME 44A YS^R SEUSS MAES «- J habel «i whew WA wwarepe- VS v eA w WALA J e v d wUuAaAL "e^ ALPE AURA ES wa 

process in question to be one of simultaneous free expansion. Then the totai energy 

U = U, * U,. Since 

YT y = rr os - rr ^, Ti *T, ye wwe WM Jm à * Pl * i Pema 

U, = CyT, U,= C, T, U= 2C, —— and (T, + T,)/2 is the final temperature. The 

entropy change is obtained by considering isochoric processes because in effect, the gas 

remains confined to its vessel. 

(T, + T,V2 
T, 
Z 
C, dT f dT (T, + T>) 
1 
J T J T 4 T, T, 
T, (T, « T,y2 
aus. uu ivr m\2 fom m2 . A m m A €* nN 
oince (ti - (£17 15) 414 £5, A5 >Ù 
an 1 © 

2.154 (a) Each atom has a probability = to be in either campartment. Thus 


7 (o be 
p-27 
(b) Typical atomic velocity at room temperature is. 10° cm/s so it takes an atom 


10? sec to cross the vessel. This is the relevant time scale for our problem. Let 
T= 10 ~ sec, then in time t there will be t/T crossing or arrangements of the atoms. This 


will he large ennioh ta neradiuce the given arrangement if 
YY AAA T va sige WEE VERS AA ev pt*eeM Cw &** wat GRIULE AA 
ta In t/t 
2N lor Nw ~ 75 
t In 2 


2.155 


2.156 


2.158 


2.159 


N 
n 
þai 


The statistical weight is 
N! 


N, 


- 10x9x8x7x6 
! 
N/2! 2 


8x4x3x2 _ 22 


Cyn 
The probability distribution is 
No, 2 
The probabilites that the half A contains n molecules is 


= 252x 27  « 24:6 % 


No x27 
The probability of one molecule being confined to the marked volume is 
p V 
= — 
Vo 
We can choose this molecule in many (Nc) ways. The probability that n molecules get 
1 


confined to the marked volume is cearly 


ar nng WN- N! ong N- 
Ncp'ü-p) "= aP (i -py 
In a sphere of diameter d there are ` 
3 
N= molecules 


1/3 
| = 0-41 wm 


1 x 6 
OI  —- — d or d = 
n? 6 No x 2 X n? No 


The average number of molecules in this sphere is i = 10° 


3 
For a monoatomic gas Cy = ak per mole 
The entranu changes in tha nrnrecc ic 
inv Villivp VGA,’ ARA LIWY PVW on AU 
To + AT 
dT 3 A 
AS=S-S -f Cy = ZRij|i +— 
0 YT 2 To 
To 
Now from the Boltzmann equation 
S= kin Q 
3N 
Q A)? pyic 
2| ee S~ SVE, (1, 4T = (14) = 10% x 10?! 
\ / \ / 
Thus the statistical weight increases by this factor. 
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2.5 LIQUIDS. CAPILLARY EFFECTS 


2.160 1 1 4a, 
(à) Ap= a z t 3] d 
4x49x10? N 1, .Q6N 4. oa 
= | c. 4n-6 2" LOU XL ^" 4." 12 dui pucic 
1:5 x 10 m m 
(b) The soap bubble has two surfaces 
fj 1 \ 8a 
5o W= 2a la+ a)" d 
= Bx x 107? = 12x 107? atomsphere. 
3 x 10 


2.161 The pressure just inside the hole will be less than the outside pressure by 4 a/d. This can 
support a height h of Hg where 


pgh= $ or h- - 
e P5? 
4 x 490 x 1073 200 » 
eee TT " 2im of Hg 
1346x105 x9:8x 70x 10 * 13:6x 70 


2.162 By Boyle's law 


3 
8a 
or pi - T)» o-o 
1 W) (2 
Thus a= apod 1-2) - 1) 
p \ 4 


2.163 The pressure has terms due to hydrostatic pressure and capillarity and they add 


, 4a 
P= Pot Part 


2.164 By Boyle’s law 
4a\nx 3 


or [hep - py (n° - a) - ta (n? - 1) 


2.165 Clearly 


2.167 


2.168 


Ah pg x sales el( s -z 


4 a |cos 0 | (d, - dj) 


d d og SEGALL 


In a capillary with diameter d= 0-5 mm water 
will rise to a height 

2a . 4a 

pgr ped 

-3 
ABA? | emm 
10 x 9-8 x 05 x 10 
Since this is greater than the height 
(= 25 mm) of the tube, a meniscus of radius 
R will be formed at the top of the tube, where 
p. 20 |. 2x73x107* 
pgh 10°x9-8x25x 1077 


~ 0-6 mm 


l , 
HREN 


|l 


—o oo — = œ= 


—_— — 3. 


Initially the pressure of air in the cppillary is pọ and it’s length is l. When submerged 


a. 
—, Since the 
d 


level of water inside the capillary is the same as the level outside. Thus by Boyle’s law 


ri (1-7 x) » po! 


Or fa -x)= pox or x= 


We have by Boyle’s law 


WTA CUD U 
[Po - pgh + d 
\ 
“TVA Wa Vv 
Or, - = pghs 
d 
h 

Hence, 


a pa ET 
PETT Z h] 4cos © 


2.169 Suppose the liquid rises to a height 4. Then the total energy of the liquid in the capillary 


1S 
T h 
E (h) = z- hx pg x 5; - n (d; - dj) o 
1inimmicinmo F we cet 
AVS SSLAREL 8 443 id WOW BS 
h= 4a =6 cm 
pg (d2 - dj) 


2.171 


Tat L ha th 


a a has ght ^f tha eratae 
LAL F&F UY VAM AINE REIL VE 


Wy wat 
distance x from the edge. Then the total energy 
of water in the wedge above the level outside is. | 


- f . 4. , h f . 
b=] xo0g'dx:h'pgy-2J dx: hñ- a cos U 


20 cos 0 


- (acd xcedel fn- i 
J 4 l| xpp) 


4 a? cos? 0 | 


2 p g? à q* | | 
2 à. cos 0 | 
xpgóg 
From the equation of continuity 


2 
14 v 


(2) SV or Ve nv. 
4 W, 
We then apply Bernoulli’s theorem 

1 


PL... constant 
p 2 


The pressure p differs from the atmospheric pressure by capillary effects. At the upper 
section 


This is minimum when A = 


|  _ 2 
P= Pot d 
neglecting the curvature in the vertical plane. Thus, 
20 2na 
Pot-—r 1 > Pot d 1 42 
—3—*3" tale — t2" y" 
pom 
/ 2 gl - ta (n-1) 
or v= pd 
v n" -1 
Finally, the liquid coming out per second is, 
a 
vei ne’ 2gl--71-U 
a NV r 
n -1 


The radius of curvature of the drop iS R, at the upper end of the drop and R, at the lower 


2o 2a | 
end. Then the pressure inside the drop is pg + * at the top end and p, + rA at the bottom 
1 2 


` 


T = R,* h o 2o US "RO a(R, - Ry = pgh 
Pot Pot PE r R R, = PE 
To a first approximation a Rs T so Rj-R,- xp gh? /a. = 0-20 mm 


if h= 23 mm, a= 73 mN/m 


2.173 


2.175 


2.176 
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We must first calculate the pressure difference inside the film from that outside. This is 


p-a (i, 1 1G 
u r2) I 
Here 2 r, [cos 0| - ^h and r, ~ -R the radius CL M 
of the tablet and can be neglected. Thus the S | | x 
total force exerted by mercury drop on the upper me 


glass plate is 


2xR^a lcos 0 | 
i typically 


We should put /: / n for h because the tablet is compresed n times. Then since Hg is nearly, 


incompressible, aR? h = constants so R — RVn . Thus, 

2xR^alcos0| 2 

n —— n 

Part of the force is needed to keep the Hg in the shape of a table rather than in the shape 
of infinitely thin sheet. This part can be calculated being putting n =1 above. Thus 

2 x R? a | cos AN 2 x R a | cos 9| 2 


total force = 


mg + 


h h 
2 x R? a jcos 0| 
x R| a lcos 2 
or = (n^ - 1) = 0-7kg 
hg 

Ihe pressure inside the film is less than that outside by an amount a (1, 1) where 
rn, r 
i'n] 


rı and r, are the principal radii of curvature of the meniscus. One of these is small being 
given by h= 2r,cos0 while the other is large and will be ignored. Then 


2 A cos 0 
Pa — 7 a where A= area of the water film between the plates 
h 
Now A= m so F= 2ma when 0 (the angle of contact) = 0 
h 2 `S 
P ph 
This is analogous to the previous problem except that : A= x R^ 
2xR'a i ] 
So F= h = 06 kN eem 
The energy of the liquid Dew een the plates is < 
h LL 
E=ldhpg>-2alh= =P gldh*-2alh == h 
1 pay? 522 minen sere 
"M ped) pgd ——-IL—-—I--- 
2a cL Uu———IIEmPEL——L———L—- 
This energy is minimum when, A = gd and — == Ie nil >M 
c. . 2a l 
the minimum potential energy is then E,,, = - p gd 
The force of attraction between the plates can be obtained from this as 
a Nt >. 
~ OL 2a l 
min 
F = ——— = -—— (minus sign means the force is attractive.) 
of ped 
alh 
Thus F-- = 13N 
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2.177 Suppose the radius of the bubble is x at some instant. Then the pressure inside is 


4 . | 
Pot P The flow through the capillary is by Poiseuille's equation, 


= — 4x^ — 
8n! x dt 
4 
ZEE 7an° TOP WP : sao e ths a > 
Integrating 2ul t= xX(R ~x) where we have used the fact that t= 0 where x= R. 


2 IRE 


ar’ 
2.178 If the liquid rises to a height h, the energy of the liquid column becomes 


This gives t = as the life time of the bubble corresponding to x = 0 


2 2 
1 230 
E = PER h' A -2arha- = x(rh- 2 m —— — 
"d Pg Pg 
This is minimum when rh » 20 and that is relevant height to which water must rise. 
PE 
2na 
At this point, o. om 
po min pg 


2 
. . 2xa 
Since E = Q in the absence of surface tension a heat Q = 


must have been liberated. 


tht 
perd 
~J 


(a) The free energy per unit area being a, 
y* D 12 ^ .,T 
FreRad = ow 


(b) F= 2mad” because the soap bubble has two surfaces. Substitution gives 


F 2» 10 uJ 
2.180 When two mercury drops each of diameter d merge, the resulting drop has diameter d, 
where Zd’ = T4542 off d, -224d 
6! 6 | 1 


The increase in free energy is 
AF = x27^d?'a-2nd?^a- 2xd.la(2^^ -1) = —-14d3yJ 
2.181 Work must be done to stretch the soap film and compress the air inside. The former is 


p 2 p2 aS fr a 13. — o vot la Jan wa 
simply 2aux4zxR'"z 8xR'oa, there being two sides of the film. To get the latter we 


note that the compression is isothermal and work done is 
V, = V 


or V - 2 = = 


and minus sign is needed becaue « we are calculating work done on the system. Thus since 


SIE ie c 


pV remains constants, the work done is 
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N 


2.182 When heat is given to a soap bubble the temperature of the air inside rises and the bubble 


2.184 


expands but unless the bubble bursts, the amount of air inside does not change. Further 
we shall neglect the variation of the surface tension with temperature. Then from the gas 
equations 


|Po p 3 F*VvRT, v= Constant 
" 
Tiifferontiating d 
1 AER. 1 TRUE, 
[Po + 34T tr vRdT 
OT dV 2 Amxr^dre- vRaT 
8a 
Pot 3 
AF 
Now from the first law 
vRdT 4a 
d Q=vCdT= ver Es [s p 
pct 
Pot 3, 
4a. 
Po? 
Or C= Cy +R eR 
8a 
Po 3r 
1 
ak 
i C = C,+4R, C=C + 
using 3 y : , gm 
8a 


Consider an infinitesimal Carnot cycle with isotherms at 7— dT and T. Let A be the work 
done during the cycle. Then 


2 fe (TdT atl kaw X ursa A NS 
Xu? € /— ^o 41 1 . at C £91 | | | ——  T-d] 
Where òo is the change in the area of film | A s 


(we are considering only one surface). 


Then 7 = n by Carnot therom. 
Q T 


-o sum p e Se a 


da 
459 ar " 456 E 
or ————————- — or q= -T— | 4 = i ^ 
"EET T dT n Ü 


As before we can calculate the heat required. It, is taking into account two sides of the 
soap film 


Now AF=2a60 so, AU x AF «TAS» 2 [a T37) 80 


2.188 


2.189 


PHASE TRANSFORMATIONS 

"TL a ne ED NS lea Pee Per ————— S ee a Ard 4l en a wae 

LUC CUMIUCIISdG UOI KES piace at constant pressure and WHipCrature anu tuc wUIN BULL is 
p^V 


where AV is the volume of the condensed vapour in the vapour phase. It is 


Am 
pAV= wu RE = 120-6J 


where M = 189m is the molecular weight of water 

vv v LW Bb Bw — RR". ë SALV EVY YS WES vv ~ Shy tt ws V¥ Gatwa 

"TH, 2 f. ernn a o nubc::et ftha Vind cil) he rattan c Y Cinna Ul! . .. V' manci nf 
1iumc Oi W (ine riquid) Will oC written aS Y p oince y,» > V p most OL 


m= m,+m, 
V= mV,*m,V, or V-mV,- m,(V,- V) 
V - mV, 
So m, = = 20 gm in the present case. Its volume is m, V', = 1-01 
voy _y 5 r v" v 

v 1 
"Tuon ..nlunazsn nf the nBeedaecad O S E E G F A YU at fan—Ae44a 2 0721 
intct VOU OF uic conaciscu vapour ds UlrlibBIHldily Yo al temperature T = 2/2 IX. 
Its mass will be given by 

As... (T7 AN 

m WEP AY 7 v) . 

p (Vo- V)» MET or m= — p = 2gm where p= atmospheric pressure 


We let V' = specific volume of liquid. V, - NV',= specific volume of vapour. 


Let V= Original volume of the x 


So (N-I)mV,- viue or n= 


In the case when the final volume of the substance corresponds to the midpoint of a 
horizontal portion of the isothermal line in the p, v diagram, the final volume must be 


V 
(1 +N) — z Per unit mass of the substance. Of this the volume of the liquid is V 1/2 per unit 


total mass of the substance. 


Thus n= 


aa 


1+N 
From the first law of thermodynamics 

AU+A= Q=mq 
where q is the specific latent heat of vaporization 


Now A= p(V,-V)m- m5 
Thus AU- m "(«- 57] 


For water this gives = 2:08 x 10° Joules. 


2.190 


2.191 


2.192 


2.193 


bo 
i 
(D 


Some of the heat used in heating water to the boiling temperature 
T= 100°C = 373 K. The remaining heat 
= O-mcaAT 
x FFb V LÀ A4 
(c= specific heat of water, AT » 100 K) is used to create vapour. If the piston rises to 
a height h then the volume of vapour will be ~ sh(neglecting water). Its mass will be 
po sh vata vum v, Posh Ma 
RT x M and heat of vapourization will be Rr To this must be added the work 
done in creating the saturated vapour ~ p, sh. Thus 
Q-mcAT m pSh|1« IE) ot ha LEAT a a0 
-mc ms + Or h= ———————— = cm 
Po | RT) s (1+ £— 
Po RT 
mc (T - To) 
A. quantity of saturated vapour must condense to heat the water to boiling 
q 
point T= 373°K 
(Here c = specific heat of water, 7, = 295 K = initial water temperature). 
The work done in lowering the piston will then be 
mc (T - T, 
me To RT Los; 
q M 
RT 
since work done per unit mass of the condensed vapour is p V = M 
m 
— RT 
nm ap. Pv2a P. 4a .M | nmnRT. 
PT Pp d. "IF vap = Uv 7 M Py 
or , 4aM 
p, RTH 
For water a = 73 dynes/cm, M = 18gm, p,= gm/cc, T= 300K, and with v) = 0:01, we 
get 
d=’ 0-2um 
In equilibrium the number of "liquid" molecules evaporoting must equals the number of 


"vapour" molecules condensing. By kinetic theory, this number is 


xine> xtnx y EET 
" 4 " 4 x m 


Its mass is 
u= mxnxnx V = ynkTV 
V2um Y 2xk 
H 
= np, V = 0:35 g/cm?:s 
P0 V 2xRT > 

where n. ic atmacnheric nreccure and T= 373 and M = molecular weight of water 
AMT Ww ro su OG WARN? AEWA ANA pete: wi a aw fet AR UWUALW S74 BEA A Wwe Zea Vea. g 
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2.194 Here we must assume 


where V= Volume of one gm mole of the substances. 


For water V= 18 c.c. per mole = 1-8 x 10- Hitre per mole 
litre? 


a= 5:47 atmos: 5 
mole 
If molecular attraction vanished the equation will be 
RT 


A SAL 


, 


P“vV-b 


for the same specific volume. Thus 


a MELLAN x 10^ atmos = 1-7 x 10* atmos 


‘P= Vi^ 18x18 
2.196 The internal pressure being v» the work done in condensation is 
V 
g 
f a a a a 
~ V2 we 
J V? Vi V, Vi 
v, Ig 
This by assumption is Mq, M being the molecular weight and V,, V, being the molar 
volumes of the liquid and gas 
volumes of the liquid and gas 
Thus p= L= M8, pq 
Pı V? V, P4 
where p is the density of the liquid. For water p; « 3:3 x 10? atm 
2.197 The Vandar Waal's equation can be written as (for one mole) 
RT a 
p(V) = V.h và 
LÁ U V 
» _ (ap 3 p 
At the critical point and >| vanish. Thus 
oV oV 
T T 
0 = RT +24 or RT _ 2a 
v-b v? (v-by v 
ART 6a RT 3a 


2.199 


= 


2.201 


rr: 


his is the critical molar volume. Putting this back 


RT. 54 Qa 
Cr = alt or T = OU 
4b? 27b? c 27bR 
RT, Ris. a 4a a a 


, Pot Vuao-o Vie 27b) 9b. 27b? 


t RT. ^ ~ 
From these we see that RT, 8a/27b 8 


Por  a27b^ 1 


RT, 8a/27b 8b 
T. n.n9o o ANA 
Thus b= R 85, - — Hx 3 = 0-043 litre/mol 
C» 
ma RT _ 64a a= TRT }/p = 359 S 
Po 27 64 Cr Pcr (mol)? 


Specific volume is molar volume divided by molecular weight. Thus 


Vucr 3RTc, _ 3 x -082 x 562 litre 
M " 8Mpc, 8 x 78 x47 


24715 


^" yw " 
\ “y 
,, & 
E ve Vma- b 8 T 
T Pe, i Vucr J 3 To 
a b 8 
or tm —2 x[ -7 |= 2, 
\ Porm} \ "MCr } J 
V 
where T= 2 y= T" T= T 
Pcr Vucr To, 
(x4 275^) (, 1. 8 (x. 3) (, 1). 8 
Or Tt V-4|l"a4v, OF [Xt Zi V-{Zl= Zt 
\ MJS 7] ^7 V YX 7] 7 
When TX = 12 and v= 5, t= 2x 24x Em 5 
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-l Ll 5-47 
Pmax = 252^ 27x -03 x -03 


= 225atmosphere 


2.203 The vessel is such that either vapour or liquid of mass m occupies it at critical point. Then 


its volume will be 


The corresponding volume in liquid phase at room temperature is 
V= m 
LÁ 
p 
Where p = density of liquid ether at room tmeperature. Thus 


2.204 We apply the relation (T = constant) 


r as-64 dU+ pav 


to the cycle 1234531. PA | 
Hee $ dS-$ dU=0 | | 
m || A 
) Z 
So dV=0 
$9 P 1 5 

This implies that the areas I and II are equal. 7 3 

This reasoning is inapplicable to the cycle 1231, | IW M 

for example. This cycle is irreversible because | — 
9 


ETN - a te OI U4euEKE 8 .«@ see ie Pe ee re 1. P. Fen bm P. ta! Tu m Ph 
it involves the irreversible transition Írom a | é 


single phase to a two-phase state at the point 3. 


2.205 When a portion of supercool water turns into ice some heat is liberated, which should 
heat it upto ice point. Neglecting the variation of specific heat of water, the fraction of 
water turning inot ice is clearly 


re dl 


where c= specific heat of water and q ~ latent heat of fusion of ice, Clearly 
f=1 att =-80°C 


N 
ol 
Q 


2.206 From the Claussius-Clapeyron (C—C)equations 


dp 412 
q,jis the specific latent heat absorbed in 1 — 2 (1 = solid, 2 = liquid) 
r(V«-Ve) ga a ; 
AT2 ——— — —L. Apa . 252 X 'U9I x 4 atm x cm xK 
Q1 E 333 joule 
, 10 —x1075qm? 
p Xo ew — — —— e 107!, AT- - 9075 K 


or V s 9412 AT 2250 0-9 


- = 17 m'/k 
SUCT Apo 373 X35 X10" > m?/g 1-7 m /kg 


2.208 From C-C equations 


dT T(V,- V) TV, 
Assuming the saturated vapour to be ideal gas 


+P Thus Ape “Lpar 


V, RT' RT? 
{ Ma \ 
and P^ Polit Rr? A d æ 1-04 atmosphere 


2.209 From C-C equation, neglecting the voolume of the liquid 
dp dn Mq 


- d 


dT " TV, im (4 = 4) 


+ dp. Mq dT 
p RTT 
m MpV 
Now pV = —RT or m= —i— for a perfect gas 
X M RT A 7 
So m, 2. —- (V is Const = specific volume) 
(Ma .\aT [18x2250 .\ 15 
= |—4_ 4] — = | -1| x —— ws 485 90 
(RT | T |83x373 |] 373 
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Z.210 From C-C equation 


TV," RT? 
Integrating iInp= constant - Mq 
So p vex Ma 1) | 
? R (T, T) | 


This is reasonable for |T — T| << Tọ, and far below critical temperature. 


2.211 As before (2.206) the lowering of melting point is given by 


TAY 


AT ct 
q P 


The superheated ice will then melt in part. The fraction that will melt is 
=  CTAV | pas 


2.212 (a) The equations of the transition lines are 


1200 
AQUA 


log p = 9-05 - T Solid gas 
= 6°78 - =: Liquid gas 
At the triple point they intersect. Thus 
a pq a 2k 
Ty * 21 
ete Yt aver (diese mn io E 1A atmacnharse 
vUI1Vopulriuin Fir iso J.i" QULLUSPUULIL. 
b 
In the formula log p= a- T we compare b with the corresponding term in the equatien 
in 2.210. Then 
ln nx 2x2.303 . 2203 b So. 2-303 = Mq 
i p WN éa NM T wy R 
2-303x1800x831 naa, 
Or, A sublimation 44 = [65J/gm 
2-303 x 1310 x 8:31 
Giiquid-gas = oe agg NONE = $70 J/gm 
Finally qj, liqua = 213 J/gm on subtraction 
T, 
zm AS = PLA m [-i 2s 4| 
I'"UPX'' 
T, 
3 (4-18 in 373 4 2250). 9, 
= 10 ( 18 In 283 + 373 | T-2kJ/K 
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T 
2214 AS- 2" Len Za 2 
T, T T 
333 373 ` 
- 55 t 418 nS = 856 J/°K 


J , 
—*Suppose all ice does not melt, then 


2.215 c= specific heat of copper = 0-39. 


heat rejected = 90 x 0-39 (90 - 0) = 3159 J 

heat gained by ice = 50 x 2:09 x 3 + x x 333 

Thus x= 85 gm 

The hypothesis is correct and final temperature will be T= 273K. 
Hence change in entropy of copper piece 


273 
= mcin 363 = —10J/K. 


2.216 (a) Here t, = 60°C. Suppose the final temperature is £ °C. Then 


heat lost by water = m,c (Lt, - t) 


heat gained by ice = m, q,, + m, c (t — t,) , if all ice melts 


In this case m, q,, = m, x 4-18 (60-1), for m,- m, 
Qn the final temneratiire ull ha NOC and nnlv cnma ine will malt 
OU tuit unai Uiliptiatuit wii UC U V añu Uruy SOMC ICG wii inci. 


333 273 
Finally AS = 75-3 x 273 * 100 x 4:18 In 333 


(b) If m,ct,>m,q,, then all ice will melt as one can check and the final temperature 


can be obtained like this 


m eT Tama amo (T T \ 
Ma C i45 — 4) F Mi Gy T I4 C 44 41) 


(m, T2 + m; Ty) c- mq, = (m, + mj) cT 


m; 4, 


or T= ————————— s 280 K 


I-Y) 

E 
[ev 

u 
n3 | 
4 

ie 
pu 
3 

= 
mb. 

e 

| 

3 

Ww 
zJ 
| 
bo 
| 

EB 
wO 
CA 

N 
7 
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mq, IL Mq. 
2.217 AS Pp CUM 7, 
where M qice” m (43+ eet) | 


0:2245 + 0:2564 ~ 0-48 J/K 


2.218 When heat dQ is given to the vapour its temperature will change by dT, pressure by dp 
and volume by dV, it being assumed that the vapour remains saturated. 
Then by C-C equation 


d 
zT - ay (Vapour >> Vuga OF ap = ar dT 
on the other hand, pV’ = irs 
M 
So pdV'+V dp» kai 
M 3 
/n ES Y 
Hence pdV = (— 4) aT 
WM TJ 
finally dQ = CdT = dU + pdv' 


( C, Cy refer to unit mass here). Thus 


ARRA ARR (E whys AL 


=C -4 
C=C, T 
For water C, = BUE E with y= 1:32 and M= 18 
P? y-1 M 
So C,= 190J/gm K 
and C= — 413 J/gm°K = - 74J/mole K 


2.219 The required entropy change can be calculated along a process in which the water is 
heated from T, to T, and then allowed to evaporate. The entropy change for this is 


449 IM 
AS = C,lnz-* 
1 T 


where q = specific latent heat of vaporization. 
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2.220 (a) The fraction of gas molecules which traverses distances exceeding the mean free path 
without collision is just the probability to traverse the distance s = A without collision. 


n | € 


D. oTi n 
A4 


[4 -— 


2221 From the formula 
5- TAIA uL 1L. Al. 
j uu Inn 
2222 (a) Let P (t) z probability of no collision in the interval (0, £). Then 
P (t * dt) » P(t) (1 - a dt) 


«€f » m = 1 r (2) = 1 
«a r(1) a 
fe 
0 
2223 ,. . 1 kT 
a) A= FF 2 rU 2 
2xd'n 2nd p 
1-38 x 1072 x 273 6 8 
= = 62x10 m 
V2 x (0:37 x 107? ? x 10° 
EE" 262x107? — tac... 
^. «y» 454 ^" ^" ^ 
A = 6.2x 105m 
(hY n= 1:36 x 104 c= 3-8 hours 
NJ d 4i 4 (89 JA AJ af VJ AAW WAU 
2.224 The mean distance between molecules is of the order 
14 1^ 


/ . > 
= Le | x 107” meters ~ 3:34 x 10 ^ " meters 


This is about 18.5 times smaller than the mean free path calculated in 2.223 (a) above. 
2.225 We know that the Vander Waal's constant b is four times the molecular volume. Thus 


- | (Em \ (22Na) 
s 7 OWExpA 3 ) 
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MN 


2.226 The volocity of sound in N, is 


SO, — m 10 = 


2 / 2y 
or, v= td’ p Po Na V MRT, 
2227 (3) A>1 if p< 
v2mnxd' 
Now PM; HR for O, of O is 0-7 Pa 
V2 xd'l j 


(b) The corresponding n is obtained by dividing by KT and is 1-84 x 10” per 


m? = 1:84" per c.c. and the corresponding mean distance is — 


ni? 

- d 1-8x10' m œ~ 0-18 um 

(0-184) x 10° l 
1 1 «y > 
2.228 - — = ——— 
(cw t A/«v» ÀA 

Nc, Bac AAO E 354 

= V2xdn«v»- 74x10 s ^ (see 2.223) 


1 ; Ld 
Note, the factor —- When two molecules collide we must not count it twice. 


2 
2.229 (a) A= 
x 2xd/n 
d is a constant and n is a constant for an isochoric process so A is constant for an isochoric 
process. 
SRT 
1Y ~ v we — 
va —— = oO VT 
A A 
kT 
(b) "ee 72 —a T for an isobaric process. 


1? = d 


y X €T J- r an iso 
2.230 (a) In an isochoric process A is constant and 


va YT a VpV a Vp a Yn 


kT ; i , ; 
(b) A= O ra must decrease n times in an isothermal process and v must increase 
xd“ p ; 


2.231 


2.232 
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1 1 V 
a) OG —»»———m-— 
(a) n N/V N 
T? 
Thus a V and va 
B . » . . 7 | 
ut in an adiabatic process |y = c here 
\ T / 
myy = 1 Aa = y 2/5 VE 
IV' s Constant so LV = Constant 
or TY’? av-™ Thus va y^ ™ 
T 
(b) Aa= 
P 
' T 
But p|—| = constant or L-gp l^" Or Tapl ^ 
P P 
Thus rap "s= p7” 
1 y+1 
+-— 
y= nO ep 2Y . p ?! = p$ 
(c) AaV 
D..4 Tc 72/5 aana ne UR T- V2 
DUL iV æ CUOLSIGIL OF VUL 
Thus xaT 7 
1/2 
T 3 
va—-af 
V 
In the polytropic process of index 7 
Tyn = __ a gone l 0 2 42 8 l-n nmn a a A 
pV = constant, TV = constant and p T = constant 
(a) AaV 
T i2 l-n -n+1 
val = V2 V^!- V 2 
V 
"T 1 
X ni Tr -y phot nr Tanl? 
Lv) Ew Wwe 9 P we HV WA A VP re 
P 
so hap" 
1 1 nol 
P.apil'mepm 


1--— 1 1 
AaT ni æ T ”~ì Ti^" 
n .1 n*l 
va-L.aT"-1 2. 720-0 


2.234 


This remains constant in the poly process pV^ = constant 
Using (2.122) the molar specific heat for the polytropic process 


pV" = constant, 


in 
Un 
a 
b. 
[ 
^o 
ti [a 
= 
I 
Q 
I 
A 
A ota paa 


Thus C= R|— + 
Y $54 . 1. ania - 
It can also be written as 44M +21) where i= 5 


T - 
(b) In this case —- = constant and so pV ‘= constant 


We can assume that all molecules, incident on the hole, leak out. Then, 


an 22 iA 1 A1 
-dN = -dí(nV)z qn<v>sa 


le PP 
or dne -nT—— —--n— 
4v/S «v > t 

8RT 

Integrating n= ng e^". Hence <v>= V M 


If the temperature of the compartment 2 is 1] times more than that of compartment 1, it 
. 1. . 
must contain — times less number of molecules since pressure must be the same when 
"- 
the big hole is open. If M = mass of the gas in 1 than the mass of the gas in 2 must be 


" So immediately after the big hole is closed. 


M o M 
n = ox! n = LY. 
mv mv t] 


where m= mass of each molecule and n) ; n are concentrations in 1 and 2. After the 
big hole is closed the pressures will differ and concentration will become n, and n, where 


3$ 2." f4 . aað 
fà T f, = m Vn (i + FY) 


On the other hand 


2.236 


2.237 


2.238 


MN 
ie») 
þá 


Thus n (1 +Vn)= mV — («ne m en) 
] * 1) 
So = n? 
"2 1 «Yn 
We know 


1 1 1 
= —<a>Ap= “<y> mavT 
"n? 3 P*3 V2 xd? 


hus S T| changing a times implies T changing a times. 
On the other hand 


E the SARBWR — RAVSARRWR 


D» lg-X- 


14 /8kT kT 
3 3 3 V xm 


/ 
Thus D changing f times means r changing f times 


Qa. 
So p must change —- times 


p 
Date VVT, n«vT 


(a) D wili increase n times 
n will remain constant if T is constant 


o) pa T ge”. » 
P 


v a VpV 
Thus D will increase n°”? times, n will increase n^? times, if p is constant 


DaVVT, navT 


In an adiabatic process 


Now V is decreased ~ 1 „ times. Thus 


3 EN 
Davr = B = " 
n n 


l-Y qc? 
naofV ? -( = n^ 


So D decreases n'^times and 1] increase n times. 
— [ ..3 
(a) DaVVTaVpV 


Thus D remains constant in the process pV? = constant 
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tv 
bo 
E 


2.241 


2.242 


So ņ remains constant in the 1sothermal process 
pV = constant, n= 1, here 

(c) Heat conductivity k= nC, 

and C, is a constant for the ideal gas 


Thus n x i here aiso, 


v2 VA Á 4x 8:31 x 273 x 10°) 
— x10 [4821x273 x10" 


93  ] | nx 36x10" j 
4834273)" 
] 


2 ) 4 x 83-1 x 273 ~= 0-178 nm 
x 18-9] 


X x36 


p : 


K= lv -Xpcy 


3 


V 
3 V mx Vandin M 


C 
C, is the specific heat capacity which is x) Now C, is the same for all monoatomic 


gases such as He and A. Thus 


Kite Md di 
or = 8:7 = = V10 — 
VM. 2 2 
KA My dy diy 
d 
A 8-7 
—— = —— = 1-658 = 1:7 
dy V10 
In this case 
-^ 
Nyaa ARNA 
onn 
3 
2 R AR 2x "o R 
or N,———-» 4xnno or N,= 
To deerease N,, times n must be decreased n times. Now n does depend on pressure 
a'l at — LL 2 o Tl... AL ia a. .. —. MLW. | 4 weet -— 1 AM 'TL... seh. oo Fi... 
until the pressure is so low that the mean free path equals, say, 3 AR. Then the mean free 
nath ic fived and n derraacec with nrecenre The mean free nath -onale 1 AR wh 
peu 4a AAS We CARA * | b We uf RA lviii Ww SOUL pev i Liw ALEV UAE AAW r^" halo stew 2 ina 4 AAA RA 


V2 xd?n, 


2.244 


2.245 


2.246 
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V2 kT 
x d? AR 
The sought pressure is n times less 


VOLT 4n723 
ViKa LU 


Dm 5 = 707x 
Xd nAR 


1 
The answer is qualitative and depends on the choice 5 AR for the mean free path. 


Corresponding pressure is p, = 


We neglect the moment of inertia of the gas in a shell. Then the moment of friction forces 
on a unit length of the cylinder must be a constant as a function of 7. 
So, 2nry— ~ = N, or œ (r)= + 4 
dr 4x 7 ror 
AT 4 PEE "P 
and o» ML 21) or ye (tS 
= 7 — a m = — — cá 
4nxn »2 2 n 4xw y2 »? 
V V 1 Li 2] V 1 , 2] 


We consider two adjoining layers. The angular velocity gradient is A So the moment of 


the frictional force is 


a 
4 
Ww uma o 
N= f; 2xrdrmr = T 
0 


SO, N m 3 Ww V ORT 
Take an infinitesimal section of length dx and apply Poiseuilles equation to this. Then 

dV -x a* àp 

dt 8n ox 
From the formula pV= RT- 

RT 
pdV = 7 d 
dm w li æ =~ X a* M pdp 


This equation implies that if the flow is isothermal then p Ea must be a constant and so 


2 2 
| P» - pil 
equals —M in magnitude. 


4 2 2 
Thus, u= ta M |p pi | 


16ynRT l 
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2.247 Let T= temperature of the interface. 
Then heat flowing from left = heat flowing into right in equilibrium. 


dh Du 


T-T T-T, h bL 
Thus, Kk, = K3 r T= ——————— 
h b K K 
— + 
h ob 
2.248 We have 
L L, LL, 
me moines tha eric ae sansele 
Vi uoi Lc Pi€OCVIvus AtouilL 
4 
n|! K, K l, * L, 
it 
1 2 
i (11-1) l 
or Ki 2 - n-r L+l, 
IK, Ky L+l, L L 
— + — — 4 — 
L L K, -K3 
2.249 By definition the heat flux (per unit area) is 
: |. dT d In T,/T, 
Q--K-—7-2-a-—-InT7Ts constant = + a ———— 
GX ax t 
T L 4 re x 1 T, 1 Ls ad 
Integrating In T= 7in z- 1n T, 
* A 1 


where T, = temperature at the end x = 0 
x/l 


S T T, 4c a In T,/T, 
2.250 Suppose the chunks have temperatures T,, T, at time t and T, - dT, , T, * dT, at time 
dt +t. 
KS 
KS/1 . 1° 
Thus dAT= -$> |+ Z) AT dt where AT= T, - T, 
Vo 4] 
Hence AT = (AT), e^" T where li. Ks(1, 1) 
t | un C2) 


2.253 


ax x 
2 or^? 
=æ -34 x^ (A = constant ) 
2, (Ti^ - T2) 
~ 3 i 
Thus T^ = constant ~ 7 (T7 - T^ ) 
or using T-T,at x20 
32 3/2 
T. 
D^.T.I(n^-n^je[l) = TEIES 4| 
1 CN 7 / \*1) t V i J / 
2/3 
xd (T, 92 || 
T- TEST, | ul 
l 1 
a [oor | R= D 3/2 + 3/2 
k= LY ORE 1, ee l1 
3 nM V2nd?n M 3x3? a?VMN, 
Then from the previous problem 
2i R32 ( 73/2 TEM, 
q ———À5 4 ep te here. 
9x "^d VMN, I 
o (T, + T) 
At this pressure and average temparature = 27°C = 300K = T= — 
d XT nga anes A A ; 
= 2330x10 “m= 233mm» » 50mm «s / 


SPI 


The gas is ultrathin and we write À = 5i here 
d 
Th = K——-K — 
en geko“ j 


: MP R x pve ] 


and q= 2-7 — (7,-7,) 
6T(y-1) 
,y C - 
; V 8RT | T 1i 
Where <v>= V ——. We have used T,- T, << here. 
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2.254 In equilibrium 2z x qT -A = constant. So T= B- -Inr 
dr 27K 


But T= T, when r= R, and T» T». when r= Rz. 


T, - T, » 

2 tint 

In — É 
R, 


From this we find T= T, + 


2.255 In equilibrium 4x r^x a = — Á = constant 


Using T= T, when r= R, and T= T, when r= R, 


T,-T, /1 1 
T= T, +24) 


lir R; 
> - DN / 


2.256 The heat flux vector is -x grad T and its divergence equals w. Thus 


V? T= -Z 
K 
or 1af , 9T) = -2 in cylindrical coordinates. 
r ðr | r) K 
or T-B«Alnr- 5r 
Ax 
Since T is finite at r= 0,A = 0. Also T= Ty atr= R 
W 52 
W 2 2 
Thus T = Tot CUR -r^) 


r here is the distance from the axis of wire (axial radius). 
2.257 Here again 


vir--€* 
K 


So in spherical polar coordinates, 


w or w 
Lapi). -— or r?° = -7r +A 
r^ or \ r K or JK 
or T= .A Ww ,2 
r ôK 
Again A= 0 and B= T}, +R? 
6K 


so finally T= Tot- (R? - r?) 


PART THREE 


ELECTRODYNAMICS 


3.1 CONSTANT ELECTRIC FIELD IN VACUUM 


2 2 
3.1 F., (for electorns) = ——4 and F_= 1” 
a ( ) ane?’ w7 T 
Thus Fa (for electrons) = —4 
F, 4ánxteyym 
(1-602 x 107 P cy nae 
= 7 1 X — - — - = 4X LU 
E TJ x 6-67 x 107m” / (kg -s*) x (9-11 x 10^ kg) 
x 
F a? 
Similarly —— (for proton) = ——————; 
Per 4x Eg Y m^ 


= M o s» 1x10* 


5 "Tj x 6:67 x 107 |! m3/(kg : s?) x (1:672 x 107 7 kg) 


] -M Sas. <2 

667x10 -m (kg-s) m (k S) . 0-86 x 107 C/kg 
9x10 

1 


23 
63.54 x 6:023 x 10 


3.2 Total number of atoms in the sphere of mass 1 gm = 


lor! 
el at a af 41 - 1 ^ 6:023 x 10 2: 47 4 an 
x30 (The toai nuciear charge A= 63-54. X 1'O x LU 


Now the charge on the sphere = Total nuclear charge — Total electronic charge 


19 An 
X 22 
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3.3 


6:023 x - 19 29x1 2 
EET x 1:6 x 10 X^i00- 4-298 x 10* C 
Hence force of interaction between these two spheres, 
2 
F- 7 — IE 1T N= 9, 10 x 10" x 19348N = 1-74 x 107 N 
0 


Let the balls be deviated by an angle 0, from the vertical when separtion between them 
equals x. 


Applying Newton's second law of motion for any one of the sphere, we get, 


T cos 0 = mg (1) 
and Tsin 0- F, Q) 
From the Eqs. (1) and (2) ^ 
F, | 
an Oe oe e) ONT 
7 /Qg'oxl 
But from the figure -I 
| 
x 
tan Q = — Žu = as x ««l (4) 
[| . 2 
2 V i2 (5 | 
12] é i a +5, 
From Eqs. (3) and (4) "Y f 
2 
pau 8X o 4 "gx mg 
* 2 ANEX 2l 
aac mo xd 
2UE,mgX 
Thus q = D (5) 


Differentiating Eqn. (5) with respect to time 
2 X £m dx 
dq oR toms 3 od 
2q dt ] x 
. a Qu dX 
According to the problem -7 — = y = a/vx (approach velocity is p" ) 


2 
so. pre dg _ 3 Meo MB ; a 


l dt l Vx 
, 
Hence, M- 3, V 2500 j 
en = > 
dt 2 I | 
Let us choose coordinate axes as shown in the Qd. a> 
Sine aed Me —4hena nhaerac m ~ end ^- | IN 7-7. 
Ligure ana i ucc Charges, qi, Qa ana d; | Jf &’ ‘3 
havin i r, and r, - NG 
g position vectors r}, r, and r3 7 3 
. 1 > — 
respectively. ^ Tó-T3 
Now, for the equilibrium of q, 75 d» 
+q (72-73) qda (75-73) L—— 2 
Sat Se -0 Q x 
[72-73 | [71-73 | 


3.5 


q^ qi 
or, — 2" 
| 72 7 73 | 171-73 | 
-r n-n»n 
27 l3 - 75 
because -5—5 = -4 
[r223] 17-73 | 
or, Vg, (71-73) = Va, (73-75) 
4 ~ 7 4). O2 a? 


or - ¥G2 ři t vq; 72 
— gered 
, 3 Y a. 4 Vo. 
"417 "M 


Also for the equilibrium of q,, 


93(73-7:) G(T) 


—> —>,3 — —»3 °° 
LU |r5 - ri] 
d — —>2 
Or, 93 = ss 11-73 | 
Ir-r] 


When the charge q, is placed at the centre of dfe 
the ring, the wire get stretched and the extra T 

tension, produced in the wire, will balance the 

electric force due to the charge q. Let the DN 
tension produced in the wire, after placing the 

charge gp, be T. From Newton's second law / 


in projection form F, = mw,. \ fo ] 


ge 
Em 
Q 
8 
B. 
e 

"2 
cy 
- 
e 
Q 
P^ 
oy) 
c 
un 
e 


the origin and let x be directed normally, emergin 
Hence the sought field strength : 


N 
CO 
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3.8 


3.9 


E- = 4 li * xk. -q IC i)sxk 
t Eo (I2 x?y/" Ane eU 2. xy? 
> > — 

-q lj * xk TOP )+xk 


*1 Ix £y (L2 272 *4n eo (12.4 272 


- 2li-2lj- 


ql 


y 


Thus 


From the symmetry of the problem the sought field. 


E = ED 
J x 


where the projection of field strength along 


navio Adna ta an ala ental 


X — axis Gue tO an ciemeniai charge is 


d dqcos8  qRcosO0dO0 
E. ALL n2 a2. p3 
^t V t9 €t JU EAS 
n/2 
Hence 
E= — i MT LÁ 
4x eR v 2 x ER 


From the symmetry 


r that, the field along the normal will be 


zero 
i.e. E,- 0 and E= E, 
Now dE, = — U o 
ATER ti) 
But dq = _4 d and cos 0 = ! 
d TER ~ (R24 12) 
Hence P 
2xR 
js fT f 
E= { dE,- f 
a i 2a R "TENTE Axe, (R^ «12 y? R 
Z 
or E= —— q! | 7 M 


and for / »» R, the ring behaves like a point 


the field t 


( 
Ww 
Ye’ 


(22 


Cod 
- 


e 
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dE 
For Emap We should have ^77 = 0 
c. n2, p23/2 3,542, p2241 n 12. p2 412 p 
oo, +A ) 75: + ) t= Q or J+A -31°= 0 
R q 
Thus /= ~= and E, = 
v2 "* 6v3sxe, R? 
"T". Tr PPS 1 


OQ 


(x)= -l 
v 4xt9X 4me,(R° e x^) ^ 


Hence, the field strength along x-axis (which is the net field strength in ‘our case), 


pg... 9 1 4 ——— 
x dx 4nE x? Ane lR? «x? y^? 


C (Mme. LA 
x (A tx) 


2 
3qgR 
E=- A2, 
8 TEx 
lote : Instead of o (x). we mav write E (x) directly usine 3.9 
md ARAF vw CA JA Y iud A = sassy Ww. Ao wi SAS Ww wv ea opa "— wer 
From the solution of 3 9 the electric field strenoth due ta ring ata noint on ite axis (say 
VLLL UAW VUILL " . > w avue A wv. & ua wuu LU 1na aut u HM Whi ADDO andio wwe 
x-axis) at distance x from the centre of the ring is given by : 


4 T £g (R? +x 23/2 
And from symmetry E at every point on the axis is directed along the x-axis (Fig.). 


Let us consider an element (dx) on thread which 


carries the charge (> dx). The electric force 


Carri es Be ees A 


44... at. 


experienced DY the element in the field of ring. 


À qx dx 
dF = (à dx) E (x) = —————À———À 
(A dx) E 9) 4 x £g (R^ + x^ y ^ AN 
Thus the sought interaction R > 
- [S | ne" 
D A | Ot ———————-——5 E 
- | Agra — | eI k 
J 4me,(R° +x)? dx 
0 


On integrating we get, F= 77 ig 


P» Le») 
da | la 


3.12 (a) The given charge distribution is shown in Fig. The symmetry of this distribution 


— 
implies that vector E at the point O is directed to the right, and its magnitude is equal to 


— — 
the sum of the projection onto the direction of E of vectors dE from elementary charges 


; . — — 
dq. The projection of vector dE onto vector E is 
1 dq 
dE cos p= — ~ COS Q, 
4Xto R* 
where dg= ARdọ= A, Rcosqd q. at 


Integrating (1) over p between 0 and 2 x we + / ae 
find the magnitude of the vector E: + 


Te chanld ha antadA that thl in femta mwenl ia ase ale ^ta TAN “Ae 

it SUUUIU Uv HUM idt uli MIU Id! lo vvdiuatvu + 

in the most simple way if we take into account iN A 
that ene m ~ — 1/9 Than +o EM 
uadit BVO i0 c7 AS ££. AMIE ` 


f cos? pd p= «cos? p> 2 x = T. 


(b) Take an element S at an azimuthal angle q from the x-axis, the element subtending 


an angle d q at the centre. 


The elementary field at P due to the element is 
A,cospdqoR 
TT along SP with components 
4x tg x" * R^) 


4 A M:xS m mn 

mkve ye doR . 
——— —————- x {cos 0 along OP,sin 0 along OS } 
4x, (3 +R?) ' 5 


X 
where Cos 6 = a 2242 


Uc t J 
2x 
f | 
The component along OP vanishes on integration as J cosgdq= 0 
0 
The component alon OS can be broken into the parts along OX and OY w 
R“cos pd 
eR cede x { COS @ along O 
Ameo +R") 


On integration, the part along OY vanishes. 
Finally (\\ 
4 2 C 


For x >>R 


ith 


^J 


WN 
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3.13 (a) It is clear from symmetry considerations that vector E must be directed as shown in 
the figure. This shows the way of solving this problem : we must find the component 
dE, of the field created by the element dl of the rod, having the charge dq and then 
integrate ihe result over ali the elements of the rod. In this case 


1 Ad 
dE, dE cosa = —75- COS a, 


4 X Ep r 


whereà = 2" is the linear charge density. Let us reduce this equation of the form convenient 


for integration. Figure shows that di cos a= r da and r,= "E 
wv v C « 
Consequently, 
uH 1 Anda : 
dE, = — csada 


r 2 = 
This expression can be easily integrated : 


A 


À À , 
E= L—— 2 f cos ada = 13 2sin a 
4x Er 4m Eor 
0 
Where a is the maximum value of the angle a, | 
. D . li 
sın Oy = a| Ver 
q/2a a g 
Thus, E = ————2 ——== = — 


i 


4 T £r Vg. p Aner Va +r 


Note that in this case also E ~ —— for r>>a as of the field of a point charge. 


4 N Egr 
(b) Let, us consider the element of length d! at a distance / from the centre of the rod, 
as shown in the figure. ] 
Then field at P due to this element " 3 
»" adl Z, r p 


if the element lies on the side, shown in the 
^. dl 


, if it lies on 
4 x £ (r + D) 


diagram, and dE = 


other side. 
a a 
Cs fad {ral 
Hence E= | a£ - | — at] > 
J Ane lr- J 4ne,(r+/) 
0 oO. 7 0 0 \ " 


a . ? 1 
On integrating and putting À » 4 , we get, E» —.. = 
4 I Eo (r -A ) 


For r>>a, Ew —4__ 


4 x £g r^ 
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3.14 


3.15 


—» 
The problem is reduced to finding E, and E, viz. the projections of E in Fig, where it is 
assumed that A > 0. 
Let us start with E.. The contribution to E, from the charge element of the segment dx is 
1 Ad, 

dE, = — — —7- sina (1) 
Let us reduce this expression to the form convenient for integration. In our case, 
dx = r da/cos a, r= y/cosa. Then 


Pol 


À , ; 
dE, = ——— — sin a d a. 


* ^ 4xt£gy 

Integrating this expression over a between E . 
Q and zx/2. we find e, | df 4 | 

/ 4&4, WO MIGU Fd £ I 

A/A TEY Z 

In order to find the projection E, it is dan fi Ex 
sufficient to recall that dE, differs from dE, 
in that sina in (1) is simply replaced r y 
by cos a. x 1 i 
This gives de —— 


= (Xcosa da )/Am eo y and E, e A/4m sp y. 


E, 


W7 


ve 


y 
have nhtainaada tawractina sani 
nave ootainca an int CICSLI lk lv5ui 


E, = E, independently of y, 


>” 
i.c. E is oriented at the angle of 45° to the rod. The modulus of E is 


E- VE? +E? = A V2 /4 78). 


(a) Using the solution of 3.14, the net electric field strength at the point O due to straight 
parts of the thread equals zero. For the curved part (arc) let us derive a general expression 
i.e. let us calculate the field strength at the centre of arc of radius R and linear charge 
density À and which subtends angle 0, at the centre. 


Dene. the cnc eA tes, tha criarcht Cald atean ath 
I LOIL iic SYMLUCU Y mic Suu tC iad uci tui 
will be directed along the bisector of the angle 


0, and is given by 


EM A A A 


* 0/2 
0 
p. [ AR coson uum 
4nxe,R 2 n £R 2 

-0/2 


In our problem 0, = 2/2, thus the field strength 
due to the turned part at the point 


(b) Using the solution of 3.14 (a), net field strength at O due to stright parts equals 


v2 X , , 
v2 2^ - — and is directed vertically down. Now using the solution of 3.15 
4 Eg R 2x € R 


3.16 


tod 
~J 


P ie d= 
4 iD 


(a), field strength due to the given curved part (semi-circle) at the point O becomes 


2 "n R and is directed vertically upward. Hence the sought net field strengh becomes 


Zero. 


Given charge distribution on the surface_g = ar is shown in the figure. Symmetry of. 
this distribution implies that the sought E at the centre O of the spherc is opposite to a^ 


dq- o(2xrsin9)rd0= Urar sin0d0- 2nar sin 0 cos 0 d 0 


“an frgm symmetry, field strength due to any ring element dE is also opposite to 
7i —. 
a dE 1 | a. Hence 
dq. r cos 0 
dE = 372 = (Using the result of 3.9) 


4 x E (r^ sin? 0 + r^ cos’ 0) 


il 
>t | 
i 
S 
CD 
2 
A 
CD 
| [tl 
REN 
4 ¢ 
ce 
nz 
-4 Ttt 


_ nar sin 0 cos 0d0) r cos 0 (- a) st 
Aner a — 9 Dt 


X 
Thus 
F. f AF. (-a r f |. 4.2046 
== “aL = J (7 U úu U 
2 £p 
0 
` — A —> 
pa af £ ar 
Integrating, we get E= -~—— >= - 
2£, 3 3£ 
We cta rom two charged spherical halls each of radius R with equal and opposite charge 
VR ADUOUAR V LEV AILE VYY V buaaai = hatiani b aaa a eS AD wuwa wwe BUDA A» HE a d rr 
a. a 
densities + p and - p. The centre of the balls are at + 5 and- 7] respectively so the 


I^ al a a a: 
equation of their surfaces are |r — 2| 7 Ror r- 500SOm Rand r + 2 cos0n R, considering 
a to be small. The distance between the two surfaces in the radial direction at angle 0 is 
| acos0 | and does not depend on the azimuthal angle. It is seen from the diagram that 
the surface of the sphere has in effect a surface density o = Og cos0 when 


Fa JEN 


- pa. 
Inside any uniformly charged spherical ball, the field is radial and has the magnitude given 
by Gauss's theorm 


4n E = Ar p/t | Z 
AELH PN 


E = P g 
or 3£, a aN 


In vector notation, using the fact the V must 
be measured from the centre of the ball, we 
get, for the present case 
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3.19 


3.20 


, On -, 
=-pa/3e, = —k 
ptt -E0 3e, 
When Kis the unit vector along the polar axis from which 0 is measured. 


Let us consider an elemental spherical shell of thickness dr. Thus surface charge density 
of the shell o = pdr= (a'r )dr. 
Thus using the solution of 3.16, field strength due to this sperical shell 


ER —> 
dE = -——dr 
3 £g 
Hence the sought field strength 
R 
—» T 2 
— f rdr= - aR 
3e, J 6 £g 
U 


From the solution of 3.14 field strength at a perpendicular distance r « R from its left end 


E (n - áner i. rer (6) 
Here e, is a unit vector along radial direction. 
Let us consider an elemental surface, dS = dy dz = dz(rd 0) a figure. Thus 
flux of E (r) over the element dS is given by 
dd-E-ds-|—* (Zi )+ A (e. ) |- dre ado , 
| ATE r 4ner ^" | J 
= 07 
- + - dr dO( as e; Li) Yd. ax 
EZ / AU Nel Noc 
Rx dst 
-À f f _ AR de 
The sought flux, $ = - "ES dr | dO= - 2e, O x 
0 0 
If we have taken dS tf (- i ), then were "PR A 
0 "n 
LI AR pA 


Let us consider an elemental surface area as shown in the figure. Then flux of the vector 
— 
E through the elemental area, 
> — — —» 
d= E-dS= EdS= 2E,cos dS (as E11 dS ) 


2q Ll LL (rd8)dr» 2gl r dr d9 
NENNEN IM Y MM 
» Ant (2 7) (etry m v2 4x &, (r^ 4 0^ y^? 
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——4 i AZ 
where Ey = — —— 775 —- is magnitude of 

4 X £g (17 +r’) AN 
field strength due to any point charge at the - E, /^ AP 


point of location of considered elemental area. EM f ds se f 


Thus ® = a rar _ f^ 
4 T Ep (r «1? ) 2 


| 2glx2n f rdr . 1 
4 x £g J (r^ + 1°”? 2 VÊ +R? | 
0 


It can also be solved by considering a ring element or by using solid angle. 


3.21 Let us consider a me $ element of radius x and thickness dx, as shown in the figure. Now, 


e. 
e 
D 
— 
j 
e 
3 
et 


r 
But E, - i- from Gauss's theorem, | 
0 


"o do ? 
d dS=2xxdx 0 = — Eas 
^ inb | Ai 
or or | AEN 
0 0 
Thus ID mg 5g Ae \ R/ NY] 
Hence sought flux N/A DA 
VR Rd Xo 4 
. FP 27 pry (R - r2) EP 5 > 
3.22 The field at P due to the threads at A and B are both of magnitude LL 
2x£9(x +1°/4) 
and directed along AP and BP. The resultant is along OP with 
go 2Àcs8 A IP 
7 2 NE ol x^ 4 x12 T Ep (x* + 17/4) TaN 
x Age 
Te |x+— -2 Vx +1 2] 
J| ae ave | Je | EN 
j j | 
- A L | N 
u ; | 1/ 
| 
l 


This is maximum when x = 1/2 and then E= E pax = nel 
n 
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3.23 Take a section of the cylinder perpendicular to its axis through the point where the electric 
field is to be calculated. (All points on the axis are equivalent.) Consider an element S 
with azimuthal angle q. The length of the element is Rdg, R being the radius of cross 
section of the cylinder. The element itself is a section of an infinite strip. The electric field 
at O due to this strip is 


O, cos q (R dq) A as AST 


^ 2zxeR — along SO 
This can be resolved into Y 
j a 


On integration the component along YO ME d E J 
vanishes. What remains is No O 4 
2x 
f" 2. , 
| ocos p ay OQ ul 
— — = >—— along XO i.e. along the direction ọ = . 
J 2 X £g 2 £g 
0 


3.24 Since the field is axisymmetric (as the field | 


QÉ a Uniformly Charped lament), we conclude 
that the flux through the sphere of radius R is 


equal to the flux through the lateral surface of 


e tA AR GW VERY AURA PR ARAM UE dara — min eee See ay vep min = 


a cylinder having the same radius and the height 


2R, as arranged in the figure. R 
fR 
Now, P-P E dS = ES 
a 
But E, = R 
a a 
Thus = —S= —2nR:2R= 4xaR 
R R 
3.25 (a) Let us consider a sphere of radius r < R then charge, inclosed by the considered sphere, 
r r 
a- f [ 4a 1-7) 
"AT 4nrdrp= | 4xr' py|1-|dr (1) 
dni MUEJ 
"o Y \ / 


Now, applying Gauss' theorem, 


E 4xr = "unclosed , (where E, is the projection of electric field along the radial line.) 
E 
0 
r 
n l ad / = \ 
-— | 4nrli-—ldr 
Ey J ( R] 
v 0 N / 
. Po f > 3r] 
or, B," 3 |" CARI 
a “oO L c] 
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And for a point. outside the sphere r > R. 
R 


q. 


inclosed 


f 2 / \ 
= J Anr dr pg U - x Je there is no charge outside the ball) 


Again from Gauss' theorem, 


0 
p4 
or E= 19|R A ann 
= L—— - 
'" el? 4| i12rÓe 
(b) As-magnitude of electric field decreases with increasing r for r » R, field will be 
maximum for r « R. Now, for E, to be maximum, 
2 
d(. 3r) 3r 2R 
—Ir-——l|=0 or 1-z—--0 or r-5r,- — 
dr \ 4R J 2R " 3 
po R 
Hence E a= 
max 9 Ey 


3.26 Let the charge carried by the sphere be q, then using Gauss’ theorem for a spherical surface 
having radius r > R, we can write. 


On integrating we get, 
2_ (q - 22aR), Anar’ 


Je, 


Y° A .. -« 
LANT 


The intensity E does not depend on r when 
the experession in the parentheses is equal to 
zero. Hence 


q= 2naR* and E= Te 


3.27 Let us consider a spherical layer of radius r and thickness dr, having its centre coinciding 
with the centre of the system. Then using Gauss’ theorem for this surface, 


"i 
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3.28 


t2 


ro 


b 


After integration i 


d-s 
2 4 x 3 --X4 
E A4nr = PIT a e-e ] PLI zn " 
r 3e,a' 4 SFN 
0 e AN 
/ D N 
Po -ar / . 
Or, E, = — [l-e ory \ 
3ear i ' 
i l 
x . 3 Ln Pol 1 0 / 
Now when ar ««1, E, 9 — VN Js 
1 2 čo AN Fa 
3 Po NINS A r 
And when ar >>1, E, = —— —— eee 


3&)a r 
Using Gauss theorem we can easily show that the electric field strength within a uniformly 


—» 
charged sphere is E = (2 r 
V 9) 
The cavity, in our problem, may be considered 
as the superposition of two balls, one with the 


charge density p and the other with - p. c h , 2D " NA. 
Let P be a point inside the cavity such that its MX 4 
nositinn vector with recnect ta the centre of . M» J 

position vector with resp See oe 
cavity be r_ and with respect to the centre of Wyse ien UN a Al 
the ball r,. Then from the principle of V ME MAG e? 


superposition, field inside the cavity, at an 


arbitrary point P, 


— >  —» 
E-E +E 
= (R-P) r 
3e * T 3 £ 


—» 
Note : Obtained expression for E shows that it is valid regardless of the ratio between 
the radii of the sphere and the distance between their centres. 
Let us consider a cylinderical Gaussian surface of radius r and height /: inside an infinitely 
long charged cylinder with charge density p. Now from Gauss theorem : 


> 5-7, inclosed 
L, LATUS —— 
Eo 

(where E, is the field inside the cylinder at a 


distance r from its axis.) 


O, C ALRT =S Or c, >= 
£o 2 £, 
U U 


Now, using the method of 3.28 field at a point 
P, inside the cavity, is 


-> > —_ 


a E -> > _ £ > 
E= E,+E_ 2e, U^ r_) 2e, ^ 


3.30 The arrangement of the rings are as shown in the figure. w, potential at the point 1, 
q, potential at 1 due to the ring 1 + potential at 1 due to the ring 2 
ANER Axe, (R^ + a^! 
similarly, the potential at point 2, +4 q 


y, = Z4 — 7 _ __ AIN SIN 


2" 4meoR Ame, (RO 4 a)” R \ ER Y 

Hence, the sought potential difference, | 1 | | 2 | 
/ ~ ~ \ 

9, - 92 = Ag = 5| ++ | \ / \ / 

(4T oR 4x eg (R? +a’) J NY NS 


H a | - = | 
0 1 + (a/ Ry 


3.31 We know from Gauss theorem that the electric field due to an infinietly long straight wire, 


at a perpendicular distance r from it equals, E, = So, the work done is 


2x£9r 

2 nx 

fe fe » 

| E dr = | = dr 

J J 2"tgP 

1 x 

(where x is perpendicular distance from the thread by which point 1 is removed from it.) 
n 
Hence AQ,.= 3 In 
2 x £g 


3.32 Let us consider a ring element as shown in the figure. Then the charge, carried by the 
element, dq = (2x R sin 0) RdOo, 


Hence, the potential due to the considered element at the centre of the hemisphere, 
1 dq — 2xoRsinOodO . oR 


dq» —— sin 0d 0 
V" axe R 4x t "P AY 
So potential due to the whole hemisphere 
x/2 —— | — 
p. f p “a | N 
o- R9 f anggo- OF «. | 2» 
v7 3« J 2 e, f^ — AAN 
0 / + K N 
Now from the symmetry ‘of the problem, net } 
electric field of the hemisphere is directed 9 de 
towards the negative y-axis. We have 
dE, = 1490089 , 9 Sin 0 cos 0 dO 0 R x 
" 4x R? 2 £g 
n/2 x/2 


i -9 ; 2.29. : -Z 
Thus E-E, = 5 f sin 0 cos 0.40 = &- J sin2040 "PE along YO 
0 


0 


3.34 


Let us consider an elementary ring of thickness 
n in the figure. Then 
potential at a point Pa at distance / from the 


centre of the disc, is 


=a 
> 
1 
= 
& 
zr 
= 
gh 
e 
eo 
[77 
E 


R 
r O2nxvdv al (./ \ 
p= = «(V1 (RR)? -1| 
oA ATE tly" eo V / 
From symmetry 
-E= 49 
E= E, dl 
...9.[. 21 ile 2h 1  .] 
2 £y V 20 2£9 BV, 
R R” +l | 1+(R/D) 
when [— 0, o= cR E= — and when !»»R 
2 £g 2 £o , 


By definition, the potential in the case of a surface charge distribution is defined by integral 


1 Í ods 
9-3 a z J —, [n order to simplify integration, we shall choose the area element dS 
0 


in the form of a part of the ring of radius r and width dr in (Fig.). Then dS = 20rdr, 
r= 2R cos 0 and dr= -2RsinOd0. After substituting these expressions into integral 


1 f" jc 

ọ= — | —— we obtain the expression for q at the point O 
4xtQJ r 
0 

Q= -SR f osineao We 

00/2 SD KIN N 
un na | LLI Nw N 
We integrate by parts, x 
derioting 0 = u and sinO d 0» dv: S 
f@sin@d0= -6 cos 0 0 0 
+[cos0d0= -0cos0 + sin 0 \ \| a] 


which gives -1 after substituting the limits of 
integration. As a result, we obtain 


Q = OR/T Ep, 
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3.35 In accordance with the problem ọ = a-r 


Thus from the equation : E--V 9 


r 
— 


-> à -> ð -— ð | > > 
E= - a ODES (7*5 2E" clita Lk T- 


— 
— ( 


3.36 (a) Given, ọ = a -y 
» — — 
Q^ Fe 2Vmz-0n»nív:lv!) 
WI S Ael Y b d dw V vv & J J 
The sought shape of field lines is as shown in the figure (a) of answersheet assuming 
a »0: 
(b) Since p= ary 4 = 
So, = -Vo= -ayi-aj 


Plot as shown in the figure (b) of answersheet. 


^» "ar" wven m 
eJ / AY VAR, Y Lad J Shr 
—> — — — — 
[ «Jp I NT — F—.-—-:.^"7 a. ^"^ Le 11 
20, Lx*-—vp--iZaxitZayJt ZozkKj 


Hence |E|- 2 a (x -y)«bz 


m> v 4 


a p t b Z! = constant = p 
Ifa>0, b>0 then q » 0 and the equation of the equipotential surface is 


2. +— r= 
urhich wan ellipse in m Y PRAMAS Ainnt es. Tn hraa ATA CTZ£AC tha curfarn ic Aan ellincnid P d 
WHitd 1S a Ciipoc in P , é COUTUMAL in Wree Gimensions wae Suriacc 15 an Ciipsoid oi 


revolution with semi- axis V q/a, V/a , Vo/ 


If a>0, b<0 then ọ can be 2 0. If 9» 0 then " equation is 


2 
P D 
p/a q/|b 
This iS a single cavity hunerhnlnid af vrevolntinn ahant 7 avic [f m= AN then 
Cavity HnypCtrUUuiOoI Oi ICvOiIuuOn avoui < GAs. ii W U VACI 
ao? - Ibi Z m 0 
r ii 
or Z t a p 
= — 
Ib| 
Se tha aniaiat*laAn Af an sahe o Blenunlae nana 
i5 UC CqQUAUUI OL d IIEUL CICULI COLIC 
If v <0 then the equation can be written as 
2.002 2 - 
biz -ap = lg 
L 2 
or ————— _ P. = 1 
lel 15] lel Ze 


This is a two cavity hyperboloid of revolution about z-axis. 
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3.38 From Gauss’ theorem intensity at a point, inside the sphere at a distance r from the centre 


or 1 a 
is given by, E, = —— and outside it, is given by E, = ——— 5. 
g y r 3 £o g y r., 4x £g re 
(a) Potential at the centre of the sphere, 
[ee] R 9o 
=| E dr= | Far] —1 ar- I 
Po J 3 En Aner? 3e 2 4ne R 
0 0 R 
—4 1.49... 3. 34. 
as = + = as p= 3 
8xe;, R Ane, R Bane R 4nR | 
(b) Now, potential at any point, inside the sphere, at a distance r from it s centre 
R oo 
o» | fora f _q dr 
3t ANE r? 
r , 
3 [ r [ r | 
On integration : ọ (r) = A 1-—+|= pll - —5 
STER | 3R'| | 3R] 


3.39 Let two charges +q and -q be separated by a distance /. Then electric potential at a point 
at distance r > »/ from this dipole, 


/r_ -F, M 
9 (r)* —4 .—2.. a (1) 
Aner, | 4nepr 4nel r,r. 
A 
But r -r,-cosO and r, r « r G 
From Eqs. (1) and (2), Zt» 
— — -p 
olm- 4/0550 | peosü pa prr > —N E 
tU Aner Amen Aner 4g PP YY N 
. êg 


ro T 
So E= VE +E? = —P— V 4 cos? 0 + sin? 0 


4 X £o p 


3.40 From the results, obtained in the previous problem, 


2 p cos 0 p sin 0 
E,- — — —, and E £E 
7 4T £r 8 Aner 


From the given figure, it is clear that, 


E, = E,cos 0 - E, sin 0 = —P—3: (3 cos” 6 - 1) 
47 £9 r 
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Lnd - cr =n. rn 4 3psin 8 cos 9 
alu a, = £,s LU T Lg COS U 
AN Egr 
— >p —» 
When ip, |E|= E, and E,= 0 
2 1 
So 3 cos’ 0 = 1 and cos = = 
y3 


— 
Thus £, p at the points located on the lateral surface of the cone, having its axis, coinciding 


with the direction of z-axis and semi vertex angle 0 = cos 11/V3. 


3.41 Let us assume that the dipole is at the centre of the one equipotential surface which is 
spherical (Fig.). On an equipotential surface the net electric field strength along the tangent 


of it becomes zero. Thus 


-EgsinO* E42 0 or -E,sin@++——;= 0 


1/3 


/ 2 \ 


Hence r= rre 


Alternate : Potential at the point, near the dipole is given by, 


—» 
-r —» 
Q- BE - F + constant, OX 7N C 
4ANEgr 
_{ —4— E 


= j—#— - E, „| cos 0 + Const \ XO; FO 
(4T 807 
For @ to be constant, Er 
For 
P P 
-E,= 0 or, =E 
Aner ° Aner ° 
1/3 
Thus r= [—2—, 
( 47 £o oj 
3.42 Let P be a point, at distace r >> l and at an angle to O the vector / (Fig.) 
—» 
=l l 
n > | À 2 À 2 
Thus E at P= ——— —23 7521: = 
ZX€£9| . ]|^ Roda ye p 
2 >a | 4 
77 -— 7% 1 MM MA 


| 
^ r — 1: Ja TIA | 
À r+l/2 r-1/2 
^ OnE 12 - 72 | | TK, 
0 |2 + —4r1 cos 0 r°+—-rlcos0 B i 
i — AN 
A -> 


A (217) - 24 
Zaga P A 0 PB 
— -À 
Hence E= E|- — M —, rool À 


d 


Also, Q= 


dM, r+ricosO+P/4 | Alcos0 


z r>>l 
4 X E r rlcos 0 + 17/4 2HEQr 


> 


The potential can be calculated by superposition. Choose the plane of the upper ring as 
x = 1/2 and that of the lower ring as x = - 1/2. 


q q 
Then = i 
-— E E E 
T" Amey (Ret (e—-V/2 7. Axe, [Re + (e+ 1/2) ] 


4x s, [R^ +x - lx] 4 x e [R^ & x^ +l] 


ss i eB 2082] aAA 7 20e] 
a + a ] - 
Ane lR ex "2|. 2Q04x)] Ane (Rex)? 20x), 
4 X £g (R? $x)" 2 
qi 
For Ix|»» R, ọ~ 5 
The electric field is E = -2 
gl 2 gl xar. 2L Q X - R) 
A (DÀ, wean TRAC Ans. Peary 2/2 
4 ne (R^ +x’) 2 (R* +A 4 x £o 4 x £ (R ex^)" 
For |x| >> R, Ew € The plot is as given in the book. 
A £5 X 


The field of a pair of oppositely charged sbeets with holes can by superposition be reduced 
to that of a pair of unifosm opposite charged sheets and discs with opposite charges. Now 


sharwa chaateoe A wrt EEA E PE as eh m ana PEED ive vul f 


+L. sL A " » v; inla Laitcidn "T1... .— =: th a : tn 
LUC CHdIECU SUCCO UO TOL CUOMUIUULS airy LICIU UULOIME THC. 11nu5 Using We Toul O 
previous problem 


ra en 
we 


R | 
oa (conuat Lo 
a 0-42. X47 /Á | CU 
e tHE tX) ( | ) 
0 
Ru w d 
_ Oxl f ay o xl Nu A 
E. i pee EER l 
tow, y 2e VR +x +6 T 
g..9. olf 1 ^» ], eim — 
i ax eo | RP. (R? + x*)¥ 2 2 ey (R? x^)" e 
L J 


The plot is as shown in the answersheet. 
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3.45 For x > 0 we can use the result as given above and write 


p~ e Efi -— BL 
teo) (R'*x)' | 

for the solution that vanishes at a. There is a discontinuity in potential for |x|= 0. The 
solution for negative x is obtained by o — - o. Thus 


(exl 


UL 
= =- 77, + constant 


2 £9 (R * x^ 
Hence ignoring the jump 
E= -L _ AIR 
9x 2e (R? e x^y? 


for large |x] oz ae and E ~ —E (where p = nR? o Í) 


x £9 x 2xsy|x[ 
3.46 Here E = À E,» E, - 0 and F= p= 
r 2mxegr! 9 79 al 


(a) p along the thread. 
E does not change as the point of observation is moved along the thread. 


F=0 
— — 
{h\ n alana r 
(UJ BP a1 Uie Vy 
F- Fg» P yz. -P (on using 227 0| 
LN Egr LNEr | or ] 
(c) p along eg 
> ð À 
PrQO02nzer 
—» 
Laer 99  2mer ^ ner’ 
3.47 Force on a dipole of moment p is given by, 
ra | | 
^ | * al 
In our problem, field, due to a dipole at a distance /, where a dipole is placed, 
|E|= 3 
2H Eq! 


-dqg= E-dr= a(ydx+xdy)= ad (xy) 

On integrating, p= -axy+C 

349 -.do- E-dr- [2axyi 2(2 - yj ]- [dxi  dyj ] 

or, dq» 2axydx*a (x. - y) dy = ad (x y) - ay’ dy 
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- 
A 
e 


wa 
Un 
- 


3.52 


3.53 


Ne imtarentina rra wet 
VJEEL ALLE Bia , wt BY, 
2202 ` 
e 
[Y a), 
Y= X | 2 -X TS 
bal » LI VT / 
Given, again 
—-dqz E-dr= (ayi + (ax + bz) j - by k)-(dxi- dyj * dx k) 
hj J 7 Ld hy y J td 


= a (y dx + ax dy) + b (z dy + y dz) = ad (x y) + bd (yz) 


v 


m= -(axy+byz)+C 
iS. 


e 5 
E --——-3ax (1) 
ax 


a Q Po 
a — t9 
or, Q= -2 2LAx«B 
2 £0 
where p, is the constant space charge density between the plates. 
We can choose q(0)2 0 so B= 0 
2 
Pod Aq Po d 
Then 9 d)= A= Ad - > Or, A= -T *2& 
Now Eu -29. k 420 for x= 0 
OX £g 
Aq , Pod 
if A +~— = 0 
d 2e 
2t, À Q 
then po? - ° 
d 
Also E (d) = Pot 
£o 
Field intensity is along radial line and is 
-.29.. 
E, 3r 2ar (1) 
From the Gauss' theorem, 
Anr E, = f dg 
Eq 


where dq is the charge contained between the sphere of radii r and r + dr. 
r 


Hence 4nr E = Axr^ x (-2ar) = a fr? (r) dr' (2) 
0 0 


Differentiating (2) p= -6 £a 
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3.2 CONDUCTORS AND DIELECTRICS IN AN ELECTRIC FIELD 


3.54 When the ball is charged, for the equilibrium 
of ball, electric force on it must counter balance 
the excess spring force, exerted, on the ball 


| 
due to the extension in the spring. | 
Thus F, = F,, ^ Su 
! : 
Or, ane, (an? = K xX, (The force on the charge Í 
q might be considered as arised from attraction / 777777, ý 77777 
by the electrical image) 


ong - 4l Vxe9Kx, mage 


sought charge on the sphere. -4 
3.55 By definition, the work of this force done upon an elementry displacement dx (Fig.) is 
given by 
dA = F dx= — dy 
* ATE ( M" 


where the expression for the 


ce 1S 
with the help of tha image mathnd Inteorati 
Vip v CAbW RILL age ALEV LULI S. A wr 


this equation over x between / and œ, we find 


3.56 (a) Using the concept of electrical image, it is clear that the magnitude of the force acting 


£ A PE RN 
4xtjl^ 4ne V29) 


NA 


4* 
- —t_(2 V2 -1) 
8 TN Egt 
(b) Also, from the figure, magnitude of 
electrical field strength at P 
1_)\_4q 
Ez=2)1-— = 
| 5V5 | x egl? 
3.57 Usingthe concept of electrical image, itis easily 
seen that the force on the charge q is, 


__v2¢ Ca 
4 x £ (21) "ans QV2 Dy 


3.59 


Ua 


i 


Using the concept of electrical image, force on the dipole p, 
— aE — 
I^. -——— whara E ia Gald at tha lene af 
É: P al > WHIT £L LICIU ai WI iVa uU UL 
p due to (-p ) 

> |aE 3p ri > 
OI, |F |= el P= 4 P P 

32 x el ; ; 
o: ° <—] —><—2 —>" 


To find the surface charge density, we must know the electric field at the point P (Fig.) 
which is at a distance r from the point O . 


Using the image mirror method, the field at P, 


q l T HD 
E = 2 E cos a = 2—1 —— a FAN. 
Axe r^ X ue (1^ 4 r^ Y 2 
Adie | ed & v v0 Yd v £F J Tv 
Now from Gauss’ theorem the surface charge l p 
density on conductor is connected with the 
electric field near its surface (in vaccum) ü 9| O r pA aN > 
through the relation o = £, E, where E, is the Ej -y 3 £4 
TEM pag . - 4+ 
projection of E onto the outward normal n (with NS E / 
respect to the conductor). 
—> 
As our field strength E 11 A, SO -4 
qi 
g= -— £y E = m5 53375 
2x(l**ry'* 
(a) The force F, on unit length of the thread is given by 
where E, is the field at the thread due to image 
charge : A 


m 
ii 
"y 
Pm > 
w 
— 
" d 


Thus 1 = 


Ane, l 
— À 
minus singn means that the force is one of Ol) | | l | " | 
TOP OD | | H | 


(b) There is an image thread with charge 
density- à behind the conducting plane. We 
calculate the electric field on the conductor. It is 


E (x)= E, (x) = 


att | 
@ULIGULVAL. | 


Al 
NE, (xX + 1°) 
on considering the thread and its image. 
Thus 
Al 
^ n(x? I^) 


olye ece MN — 


291 


3.61 (a) AtO, 


E, (O) = 2 


o9 00 


^ dx x À dx 
(b) (r) ( "PS (x? + ES a + Py? ETN (2 + py? 
l 


C A | 
= | ——,. on putting y= x?«r, L, 
ARE J y?” to 07 > Axi A 
Dar na | 
a a_y 


>» 
N 
-- 4- 
N 


N 

o 
| 
N 


m Jf 2 
27, Vl Tr 


À 


Hence o(r)= & E, = —— = 
2n VI. p |- 


3.62 It can be easily seen that in accordance with the image method, a charge -q must be 
located on a similar ring but on tbe other side of the conducting plane. (Fig.) at the same 
perpendicular distance. From the solution of 3.9 net electric field at O, 


l 
E= 2— L (. —>. 
ame, (Rs AF) Where n'is Eo 
outward normai with respect to the conducting É 
plane. | | 
. 9 L | 
Now E = — 1 | 
ET 4 10 


Hence g = 2n(R+ lye | 


where minus sign indicates that the induced 
carge is opposite in sjgn to that of charge -4 
g » 0. 

3.63 Potential q is the same for all the ve Pons of the sphere. Thus we calculate its value at the 
centre O of the sphere. Thus can calculate its value at the centre O of the sphere, 
because only for this point, it can be calculated in the most simple wa y 

i 1 qs, » 
P= Ing 19 (1) 
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3.65 


3.66 


where the first term is the potential of the charge 
q, while the second is the potential due to the 
charges induced on the surface of the sphere. 
But since all induced charges are at the same 
distance equal to the radius of the circle from 
the point C and the total induced charge is 
equal to zero, gm’ = 0, as well. Thus equation 
(1) is reduced to the form, 


p = 
ATE l 
As the sphere has conducting layers, charge 
-q is induced on the inner surface of the sphere 


a and canceonnently charge + g is induced on 
W i "us AR i RR ew eke J wast E fn w 1 br | aw 28648 Ye GS WA 


the outer layer as the sphere as a whole is 
uncharged. 


Hence, the potential at O is given by, 


q (- q) q 
47 £r 4x tjR, 4 x £R; 


Po = 


It should be noticed that the potential can be 
found in such a simple way only at O, since 
all the induced charges are at the same distance 
from this point, and their distribution, (which 


is unknown to us), does not play any role. 


Potential at the inside sphere, 


[= + 
= 1 
u c 0 P 
Sg 
£f T+ 


qı d2 
0 = + TT 
" ANEA NEJO 


7 9 * a ^s Ful b fan 
Obviously p, = 0 for q, = “FH (1) 
When rz b, 
p, = = +2 — 1 >) | r, using Eq. (1) 
” 4m&gr Amer ETH a / , 
And wrhan we h 
TALL WHI / - U 


qi dz 


rr 


da (1 1 


+ —————— 
áxtyr 4D áxtg|r a) 


(a) As the metallic plates 1 and 4 are isolated and conncted by means of a conductor, 


Q, = Py. Plates 2 and 3 have the same amount of positive and negative charges and due 


to induction, plates 1 and 4 are respectively negatively and positively charged and in 


addition to it all the four plates are located a small but at equal distance d relative to each 


3.67 
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other, the magnitude of electric field strength between 1 - 2 and 3 - 4 are both equal in 
magnitude and direction (say E ). Let E' be the field strength between the plates 2 and 3, 
which is directed form 2 to 3. Hence E’ tt E (Fig.). 
According to the problem 

E'd- Ap= Q,- 93 (1) 
In addition to 


P,— Py = O= (Pi — 9) + (e; - 93) + (P3 - P4) 


Or, 0-2 -Ed + Aq - Ed 
Aw 
Or, Aq = 2Ed or Ez —— 
Zu 
Hence E= Z. af (2) 


(b) Since E a o, we can state that according to equation (2) for part (a) the charge on 
the plate 2 is divided into two parts; such that 1/3 rd of it lies on the upper side and 
2/3 rd on its lower face. 

Thus charge density of upper face of plate 2 or of plate 1 or plate 4 and lower face of 


p 
— and charge density of lower face of 2 or upper face of 3 


30 = gy E = 2d 
Oo = & E' = eo “E 
3 to^ 9 


v 


Hence the net charge density of plate 2 or 3 becomes o + o' = , Which is obvious 


"^ 


2d 
from the argument. 


The problem of point charge between two conducting planes is more easily tackled (if we 
want only the total charge induced on the H 

uniformly charged plane sheet. 

Let o be the charge density on this sheet and E, , E, outward electric field on the two 


sides of this sheet. 


if we rep 


Then E,+E,= 2 i 
£9 | 
The conducting planes will be assumed to be | 
grounded. Then E, x = E, (l- x). KN Val 
! 
Hence E= (I-x), E= &x ENA 
l £g le, 
This means that the induced charge density on i 
the plane conductors are i 
9,- - 7-5, 0-7 -Zx Lt. d 


Hence q, = -f(-». qo = -1x 
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3.68 Near the conductor E = E, = S 


€ 
0 
This field can be written as the sum of two parts E, and E». E, is the electric field due 
fí ace inmnlimnitecinsal asp AC 
VO d ALLA Odd di th) 
. o 

Very near it E,» + —— 

2 £g 


— 


z on ds \ F 
0 

both sides. In calculating the force «on the ^ 

element dS we drop E, (because it is a 


self-force.) Thus / 


The remaining part contributes E, = 


"n 


3.69 The total force on the hemisphere is 
x/2 


2 
P- [ E enosaanisnonac 
2 £o 
0 


x/2 


= ania | cos 6 sin 8d 60 


U 


AS DÀ) 4 7 v 2 
EEan SON E Y. P4 8 
2 2 |4xR 32xeR 


3.70 We know tbat the force acting on the area element dS of a conductor is, 


-> 1 — 

dF = ,9E dS (1) 
It follows from symmetry considerations that A dF 
the resultant force F is directed along the z~axis, F 
and hence it can be represented as the sum 4, HITA 
(inteoral) of the nroiection of elementary forces i AN 
tet = Jad “aay WS FEY PU wets WS wavivu Jy EVE Y Yw T 
(1) onto the z-axis : 

dF, = dF cos 8 (2) 

P4 As 


For simplicity let us consider an element area 
dS = 2xRsin 8 R d O(Fig.). Now considering 
that E = o/t,. Equation (2) takes the from 


3.71 


3.72 


t2 
a 


No P 
The total polarization is P = (e - 1) £} E. This must equals + where njis the concerntation 


of water molecules. Thus 
nop 


= 2-93 x 10° on putting the values 


From the general formula 


4 x Ep 
gl li 2E "up 
E- ane, [3° where r= land r 11 p 


This will cause the induction of a dipole moment. 


Thus the force, 


A 2 A A 2 ^ 
4m | IARE l? An el 
The electric field E at distance x from the centre of the ring is, 
Y" KY qx * 
E (x) = — 33375 
4 to (R * x) 
qBx 


The induced dipole moment is p= B e, E = ———,— 57 
4x(R *x)'* 
The force on this molecule is 
F=p E=  4Bx 4d 9 x . 4B xR -2x 
= K me Mé Ep 2 2 2.4 
Ox 4x (I 4 x? 4389 dx (pr, 2 16 x ep (R^*x^) 

an: ooo +R. A . 
This vanishes for x = —— (apart from x = U, x = o 

/5 (ap ) 


It is maximum when 


x (R^ - x’ x 2) 
PH 752 2.4 0 
Ox (R° +x) 
or, (R -2x (R +x”) -4L (R* + x”) - 8 x7 (R -2x=0 
2 
or, R'-13x3 R^ 10x*- 0 or, x2 = E (13 VIZ | 
aU \ / 


ot,x = R V13 +£ V129 (on either side), Plot of F, (x) is as shown in the answersheet. 
V 2U 
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3.74 


3.75 


Ua 
~J 
A 


3.77 


Inside the ball 


An 3 
Any 
Also e,E+P= D or P- D- 44 
€ € 4n p 
Also = -O Fasz -L fao-.t— 
j 4 e 4x 7 e 4 
o 


conductor £ Ey 
_ 1 


This is the surface density of bound charges. 


From the solution of the previous problem q’,,= charge on the interior surface of the 
conductor 

e-i 
= —(e-1)/e fods= -—— d 


Since the dielectric as a whole is neutral there must be a total charge equal to 


Q ower = + ; qon the outer surface of the dielectric. 


(a) Positive extraneous charge is distributed uniformly over the internal surface layer. Let 
Og be the surface density of the charge. 


Clearly, E= 0, for r«a 


m n. 7Z 
or, apo .a«r«b e! 
| (rs QZ 


E= —|— 
Eo |" 
d 
Now, E= -2 
So by integration from infinity where q (%) = 0, 
Oo a? 
g= ——r»b 


tor 


N 
© 
n 


o 
0 
a«r«b o= = +B, B is a constant 


2 
Og4 /1 1\ Oa 
— -T|+—a<r<b 


or by continuity, q = " 


For r«a. q- A= Constant 


2 
1) , Soe 
b) tb 
(b) Positive extraneous charge is distributed uniformly over the internal volume of the 
ielectric 


T at 


2 

a (1 

ene la 
i \ 


t Po = Volu uic EC tric, for a <r <b 
E=0, r<a 

ae 2p. 4AM, 3 R 7 gy 

epe4nrE= —(r-a)pg,(a«r«b) 
3 

Or o{,_2 

= ZE 
> 3 €g € r 


E = 27 ( - d) py [ eg 4a, r>b 


b -g 
or, p. ED Po for r>b 
3 gor 
By integration, 
(b? — a”) Po 
pz 3er for r>b 
B Po fr? a) b 
zx _ — + — < 
Or, p 3ee(2 rJ ^ r< 
By continuity 
b-a _p_ Po bog 
3e, b Po 3eyg12 b 
Po [et -o (b d 
on B TA b (2*5 
2 
Po (a 3 Poa 
Finally on B-re (Fee B 2s e! <4 


On the basis of obtained expressions E (r) and (q)(r) can be plotted as shown in the 
answer-sheet. 
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3.78 Let the field in the dielectric be E making an angle a with 7. Then we have the boundary 
conditions, 


E cos Oj = £E cosa and E,sinc, = E sina 


So Ez E, Vs in? + cos? a and tana = etana 


sim Ot SOS Cg ame ien abt 
E 
In the dielectric the normal component of the y ZA -> 
induction vector is ZZ 7R 
D = E = E cosa = EnEn cos a D 
Eo 
=P = D,-t£,= Boi) yy 
E | ZZ 
£-1 
Or, d'= £y Eo COS Qo 
F 
2790 Tonm the arevinne nenhlem m = oc e-1 F nc P2 
-9].7 PLU illt ACVIUL»5 pryvitl LO -— co e L0 LOUD U 


ZL NZE E 
/ nato A NL 


TN RTT] TOTT 


LEAT 


POPUP PUGET TEP HE PE GE UEP 131 110915177 SS 


= 0D, a T T 

3.80 (a) divD = Ax p and D= pl 
- pl , , ,r pd oo Ro ag 
L= -. i «a ana C= —- constant lor i>@ 


2 
© (x) = -PL l «d and ọ (x)= A-RH l >d then o (x) = pa(, d |) 
ZE £g £g €o | 2 


by continuity. 


o 


On the basis of obtained expressions E, (x) and q (x) can be plotted as shown in the figure 
of answersheet. 


wd 
Oo 
Nei 


3.82 


, — -— e- 1) 
(b) p = -div P= -div (£ -1)& E= -p > 
v! = — P where » ic the normal from 1 to 9 
vr A. ln "zm VV AWS Vp IOJ GREW BENE RRACRA LEVILLE E UN e 
= P,,, (P,= 0 as 2 is vacuum.) 
e 
e-1 
= (pd - p d/£) = pd— 
divD = L2 Zp = 
por r p 
2 r 1 A 
rDi= p>tA Di= = pr+ 5,r<R 
, 3 r^ 
pr 
A= 0 as D æ œ at r= 0 Thus, E = 
r ” 33eg 
B 
For r>R, D,= = 
Z 
r 
R? 
By continuity of D, at r= R; B= a 
E oR? > 
SO, L,= 7 7, T>R 
3 Er 
3 r? 
Qs ,r»R and Qs --E—4C,r«R 
3 £r 6 £ & 
C PBR eR y ntinuity of 
= , by continu . 
3& 6tt, y M 


See answer sheet for graphs of E (r) and q (7) 


3 
, . 7” 1 ð ir 1 €-1 
© p= ow P- Ey ehi- - 
| t \ J 
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Because there is a discontinuity in polarization at the boundary of the dielectric disc, a 
bound surface charge appears, which is the source of the electric field inside and outside 


the disc. 


3 
A N Egr 


where 7 = radius vector to the origin from the element dS. 
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3.83. 


3.84 


(P, - 0 on the flat surface 


e.) 
Here 0 = angle between r and P 


ar auena Ater 


R 
wy 5yininvcu y, £ 


where, rsR 


So, Ew - 


— 
p 


e 
E “arl 
Wii 


0 
if d «« R. 

m 
] sp. 74 
FeR ET 


Since there are no free extraneous charges anywhere 


z x 
div D = -üÜo D. = Constant 


AY hr d AES, Chat A, RARE P45 SEY 


D,= 0 at ~, so, D,= 0, every where. 


E= -— TES or E = -eh 


£. 


£ da A 
Oy | “oN ] 


5 + constant 


2P,d 2P,d 4Py,d 
dis 3 £9 


p (+ d)-9 (-d)= 


(a) We have D,= D,, ot, €£,2£ 


Also, 


Hence, £,= 


2 E. 2E 


—1 and E,- — and D,= D= —— 


+1 


Thus, 


E. 
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3.85 (a) Constant voltage acros the plates; 


te 
oc 
ON 


3.87 


3.88 


(b) Constant charge across the plates; 


2 E, 


E, (1+e)= 2E, or E, = E, = 
i v i e £41 


The electric field must be radial and 


E,- E= A a«er«b /Á 1 N 


eg E T^ / : N 


A 2 A 2 
Now, q= —(2xR^)-* —;(2nR 
q gi ) SR? | ) 


In air the forces are as shown. In K-oil, Mild 


2 * 


F — F' = F/t and mg > mg |1 - 9| 
\ P 


Since the inclinations do not change 


1. 4_Po 
€ p 
Po 1 e-i 
or, —s=s1--= 
p € € 
or E 
, p Po, 1 


where p, is the density of K-oil and p that of the material of which the balls are made. 
Within the ball the electric field can be resolved into normal and tangential components. 
E,” E cos 0, E,» EsinO ^ 
MO - n 


Then, D,= £££ cos @ S NY 
wp OA-e-DuEmO O \ 


Or, o’ = (e - 1) ej E cos 0 E 


m 


SO,  O,..- (£- l)e E, 


and total charge of one sign, 
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3.89 


3.90 


1 


d=) (e — 1) £ E cos 0 2 x R? d (cos 0) = n R^ e (e - 1) E 
0 


(Since we are interested in the total charge of one sign we must intergrate cos O from 0 
to 1 only). 


The charge is at A in the medium 1 and has an image point at A’ in the medium 2. The 
electric field in the medium 1 is due to the actual charge q at A and the image charge 
q' at A’. The electric field in 2 is due to a corrected charge q at A. Thus on the boundary 
between 1 and 2, 


„a — 4 a: a - 
Ein "EIS axe, P CG 
E,, = —4— cos 0 FFE 

4ne or’ =C 


al Pai a p 
E „= —*— sin 0 + —*— sin 0 dh SAF 1 E 
4 x Egr 4 X &gT —— 


nm — f) 
E,,= —+— sin 0 —— LL 
? ^ Am £g 77 EEA 
The boundary conditions are EA 
Eq n = q = q 
q' = q + q 
So g" -- 334 d'm — E- 1 a 
, ^ o £et*1'^ g£t1' 


yak Le a 2 a 2 a a *. € -— 
(b) Totai bound charge is,- 


ca 1 
cvTa 


The force on the peint charge q is due to the bound charges. This can be calculated from 
the field at this charge after extracting out the self field. This image field is 


E £-1 q 
image £41 4a £p (21y 


qr, qr aS] 
4Nt)r, 4Nry t, T2 
E,» —L— 1. Pin2 
4X £7, 
where q” = ,Q-4q'-q 


3.92 


3.93 


In the limit / — 0 


F- eg qr. 


in either part. 
P Aner ne, (1te)r 


Ps i 


Thus, E = —— 
P 2nxsy(1 e) 
= ———4. 
M 2Ke (1 +e)r 
D= x 1 in vacuum 
2xt5 (14 2) 7 € in dielectric 
qr, du 
E, | ;; Pin2 
© 4megy£r;, 4NEqr, 
"y? 
E = 1 — in 1 
P 4 x £o r^ 


Using the boundary conditions, 


Ej, €En, Eu" Ey 


This implies EIO 
his implies 1 BESS 
6 P= 


q-q = q” and g+eq = £q” 
So. FENCE , £-14 


+ e+1’?  e4+le a aN 

P. «i AN 

Then, as earlier, = 
nn 

al fe — 1 1 EAE: 

d'= E. [E]. 1 ET 

Irr (e * iJ € a ug 
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To calculate the electric field, first we note that an image charge will be needed to ensure 


that the electric field on the metal boundary is normal to the surface. 
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3.94 


3.96 


The image charge must have magnitude — 4 


C0 eH Ko Ait 

so that the tangential component of the electric SA 
field may vanish. Now, ——Z. 
H 1 fa\. - al 
E= ———|—>5|2cos0= ———4 

(e-1)ql 
Then P,= D,- €o E, = 3 = g’ 

2nuer 


This is the density of bound charge on the 
surface. 


Since the condenser plates are connected, 


and P +E, = t9 E, 
£o 
Ihus, E a- P^. Or 
> 2 £o > , 
P h 
n- -P-5 
— 


ff... al ° rr 
i 


Fan. rr na — " ome — -A* AL corn ~ me ee 
viven £F = AT, wWherc r = Gistance ITOM uic dAb. 
by, p'= -div P= -2a 


On using. div r= — 2 (rr}= 2 
In a uniformly charged sphere, 

Nor — Po —> 
E, = EEN or, E = 3e, r 


The total electric field is 


Dod 1 N 
F- L pre OF) po 
& o 38 ~ N 
_1 ap P ZEE 2 
3e Po 3£9 + xe / 
where pôr = -P (dipole moment is defined sÈ 
with its direction being from the -ve charge r 


to +ve charge.) 
The potential outside is — 
1 


3.97 


Ua 
M 
oc 


3.99 


3.100 
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The electric field E, in a spherical cavity in a uniform dielectric of permittivity € is related 
— P» 


to the far away field E, in the following manner. Imagine the cavity to be filled up with 
the dielectric. Then there will be a uniform field E everywhere and a polarization P, given 


"P 2257777 


the a incida the cnhere will he 
uv 4 Ibo suv TH YV Spur w WY ASA V, 
P 
3£g 
P 
— 
By superposition. E, - 36. = E 
0 


or, Ey = E+=(e-1)E= L(ee2)E 


Toe. neue nmnenenmnlitaen the Aul ‘4A. «ha Lal! fa niea L 
Dy Suptciposiuoit UIC LICiIU Misluc Ll U hs BVH Uy 
-> — P 
3e 


> the other hand, if the sphere is not too small, the macroscopic equation 
= (e-1) EE must hold. Thus, 


E(1+4(e-1) - E, on E= 
: => e-1> 
Also Px 3 0712 
This is to be handled by the same trick as in 3.96. We have effectively a two dimensional 
situation. For a uniform cylinder full of charge with charge density pg (charge per unit 


volume), the electric field E at an inside point is along the (cylindrical) radius vector r 
and equal to, 


dv Fa l9 (gy. -L 

" E rr (rE,) eo” hence, E, 2e, r 

Therefore the polarized cylinder can be thought of as two equal and opposite charge dis- 
tributions displaced with respect to each other 


—» 
E= i or -p(o + pire P. 
2£9 £o 2£o 2&9 


Since P= ~ põr. (direction of electric dipole moment vector being from the negative 
charge to positive charge .) 


As in 3.98, we write E = E, - x. 
using here the result of the foregoing problem. 
—» 
Also P= (£-1)e E 
0 


and P - 2, = 
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33 ELECTRIC CAPACITANCE ENERGY OF AN ELECTRIC FIELD 


3.101 Let us mentally impart a charge 4 on the conductor, then 


R, » 
f a f p 
p,- p= | —dr« | —+— dr 
J 4ne er J Aner 
R, R, 
-_4 |44], 4 R 
A æn a p n A s~ = D 
ia a čo * (5 1*5 ^* Jv €9 It, 


Hence the sought capacitance, 


2 qAxt,€ 4 TEER, 


C= = —m— E 
q,-9. q (e-1) 1 
R, R, 


R 
(e-1)g +1 


3.102 From the symmetry of the problem, the voltage across each capacitor, Ag = &/2 and 
charge on each capacitor q= C E/2 in the absence of dielectric. 


Now when the dielectric is filled up in one of the capacitors, the equivalent capacitance 
of the system, 


Ce 


1+e 


C'o = 
and the potential difference across the capacitor, which is filled with dielectric, 


Ap eC (1+e)Ce (1+8) 


But Qak 


So, as q decreases >a + £) times, the field strength also decreases by the same factor 
and flow of charge,Aq = q' -q 


_ Ce " Cz. 1, 
(14:9? 2° 2 


3.103 (a) As it is series combination of two capacitors, o~ ZZ 
1 d, d, Eg S 


== z+ c 0 C= NIN HA AS A 
C ee &,5 &&,5 (d,/e,) +(d,/e,) 
(b) Let, o be the initial surface charge density, 
then density of bound charge on the boundary Mp M, 
plane. ER A 
oe ol1-2)-of1-1)- g (1.1) Í d 

| &] | ££] (e g] 

\ d A ^] Ve fT 
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But ox 1. cv. fo 518) y 
S S ed *eds 
£g V (&4 — £2) 
So, tse 
Co 61 T €1 5 


3.104 (a) We point the x-axis lowards right and place the origin on the left hand side plate. 
The left plate is assumed to be positively charged. 
Since € varies linearly, we can write, 
e(x) = a+ bx 
where a and b can be determined from the boundary condition. We have 


-p= f E d | a EA 
* ‘ J eel) 
d OQ A 
f o od e 
- | dx = In -4 
| € — £4 | (e,-€,)& & 
0 | 1t —], X 
£,—£,) En S P, 
Hence, the sought capacitance,C = 0 - IM = 7 me g d A 
(b) D = 4 and P = 4- ——2— 
d S S Se(x) 


and the space density of bound charges is 


, MEN q(t,-t4) 
p' =~ div P = - ————— 


Sde? (x) 
3.105 Let, us mentally impart a charge q to the conductor. Now potential difference between the 
plates, 
R, 
f! — o 
p,- ọp_= J E-dr 
R, 
R, 
q 1 q 
^J 4negasr ai RETT In R/R; 


Hence, tbe sought capacitance, 
C g q4ne,a Anega 
«9-9 dqinR/R, lR/R, 


3.106 Let À be the linear charge density then, 


À 
Eim" 2x e R, £ (1) 
and, E, = LL (2) 


= 21 &)R, t 


The breakdown in either case will occur at the smaller value of r for a simultaneous 
breakdown of both dielectrics. 


TO ee a 


LUMI (1) aiu (2) 
Eim Ri t, * Ej, R £z which is the sought relationship. 


3.107 Let, à be the linear charge density then, the sought potential difference, 


R, R, 

À ) 

ved d s dr 
^ R, 
1 
= [L in R/R, + in R/R, | 
PER | 5 £ 
Now, as, E, R| €< E, R, €, so 

: = Ẹ Rie 


will take place, 
Hence, the maximum pòtentiai difference between the plates, 


E 
p,- p_= E, R£ |l l e, PAR + l Lin R/R; |- E, R, | mR/R, + tn RR; | 
L ] L 2 ] 


z 
& 


Let us suppose that lincar charge density n u 
the wires be ìà then, the potential difference, d e» 
$,-9 - Q-(-q)- 2q. The intensity of the | | 
electric field created by one of the wires at a | 
distance x from its axis can be easily found 
with the help of the Gauss’s theorem, | 

4 
ET 2T £9X 

b-a 


b-a 


2x "TL a 


- r 
Then, Q = J E dx zz 
"Hence, capacitance, per unit length, (zi 

À 20 Eg 

p-o. Inb/a 


^ 
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3.109 The field in the region between the conducting plane and the wire can be obtained by 


3.111 


= In 2 as b>>a 
2 X Ey 


i — —— Á———— ———— M Y 


`~ 


Hence, the sought mutual capacitance of the system per unit length of the wire 


4 2 NEn 
i" V 


Ao In2b/a 


When Assan the 
VV Ew C DU te, VOV V 


2 = 


spherical conductor is practically unaffected by 
the presence of the other conductor. Then, the 
the 


€ rts 


nnota f» re ve aly 
v pU»itivv Mu vopvet tuv ciy 


PTa* -$3:*4 


potential P, ( Q ) On 
cha 


negative) arged conductor is 


+ —t_ ( — —4 
4m& ta | Aneta J 


Thus Q, - p. = —t— 


+ 
“ew 
N 
1 
a 


Pme. o a odi 
D 


. , a o ae 
Note : if we require terms which depend on p we have to take account of distribution 


[72 
© a 
zc 
e 
e = F 
Et. Emo w gd 
t m oo p 0 
mr! 
-80 Y 
T = 0 
z Er a 
FEN 
k 5 
= a 
-a 
ae 
© 
e 
e 
= 
c. 
VI 
e 
ane) 
c 
mt 
oO 
= 
le 
om 
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3.112 


Glo c C2 i 
C 


(a) Since o, = gy and q,- Q, 


The arrangement of capacitors shown in the problem is equivalent to the arrangement 
shown in the Fig. 


ox we 
AC > o "4 ` 
c C 


ment shown in the Fig a 


combination reduces to a simple arrangemen wn in th nd hence the net capacitance, 
Co = c + c. C 
0 2 2 
(a) In the given arrangement, we have three u 
£g S 2l 
capacitors of equal capacitance C = o and VA NL 


the first and third plates are at the same C 
potential. A E 
Hence, we can resolve the network into a simple 

form using series and parallel grouping of C 


capacitors, as shown in the figure. 


Thus the equivalent capacitance 


o (coc 2 
0 (C+C)+C 3 


(b) Let us mentally impart the charges +g and -q to the plate S 1 and 2 and then distribute 
them to other plates using charge conservation and electric induction. (Fig.). 


As the potential difference between the plates 1 and 2 is zero, 
0, [where C FoS 
-—+ as = 0, |where - d 


Or, qn = 24, 
The potential difference between A and B, 


uil 

4 11+ 492 _ 3q, 3 _ 3804 
qQ q,/C ~ 2q,/C 2 2d 

Amount of charge, that the capacitor of capacitance C, can withstand, q} = C, V, and 
similarly the charge, that the capacitor of capacitance C, can withstand, q, = C, V}. But 
in series combination, charge on both the capacitors will be same, so, q naș that the combination 
can withstand = C, Vi, 

as C, V, < C, V,, from t 


Caef "i CFR 02" JAACWVZAAA 


E 
eo 
z 


Now, net capacitance of the system, 


CC; 
C; * C, 
T7 dmax Ci Vi T7 (. Ci ) (0 1X7 
and hence, Vax” FD nF alita |=? ky 
“oO “12° v1" 2 \ 72] 
Let us distribute the charges, as shown in the figure 
Now, we know that in a closed circuit, - Aq = 0 
So, i in the loop, DCFED, 
4i 422 Or =C Em EXRAN (1) 
c c c OH a5 ajte te) | 
Again in the loop DGHED 
qi dath 
a +s & (2) 
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Using Eqs. (1) and (2), we get 


C, C C C, 
n 1 
N NONE / E- 
i WU C6 che, [4 3 
C, Cy C, 
p pron s NIAE: E E 17^ fA Xx? 
or, - = = JU V 
oe C; 3 C, A n?+3y+1 
pat ct 
L^ "7" yg 


3.116 The infinite circuit, may be reduced to the circuit, shown in the Fig. where, C, is the net 
capacitance of the combination. 


Cy* —— 7 —- C, taking only +ve value as C, can not be negative. 


Tf = m 


3.117 Let, us make the charge distribution, as shown in the figure. 


Now, Q,- = -Ere 
“2 Cr 
(P, -Pp + E piia e HUE 
* due a | i 


Hence, voltage across the capacitor C, 


4 Oto iov 
i — Ee 2 = 
C, Cec, 


bord 


and voltage across the capacitor, C, 


= —— C= 
A ME 1 a 4 
3.118 Let 5E, >&,, then using — Aq = O in the closed 
circuit, (Fig.) - 0 


C. +5,- 4 - Ej = = E bay ed 
1 2 GT 
(&; 7 5)) C1 Cy 


on (C, +C) 
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Hence the P.D. accross the left and right plates 
of capacitors, 


Gg. (&; - &) C, 
r= o = C,+C, 


iL 


and similarly 


(E. BNC 
p= te 21 71 
K 2 C, * C, 
Taking benefit of tfie foregoing problem, the amount of charge on each capacitor 
|q | & - £j C, C; 
C, * C, 
Make the charge distribution. as shown in the figure. In the circuit. 12561 
4. wy |! H Lnd , WA A "CY AR ASR — RA mud — habel PT Tee viii w &v9 A. date MVP A. 
— Áq = 0 yields 
A A —QU 0, A a 2a, z 
qi qi c S C4 C, A E] ne? [jr re vy 
—*t—--EzÜ0 or = —— 4 li j ii 
CG G i” CC, 
and in the circuit 13461 B 
& Bosso og -$80 — P [qq ^ did |^ 
C, C, ' 7 C+C, C3 C4 


It becomes zero, when 


C 3 
(C,C,-C,C,)= 0. or —- c 
Tet the charge a flawe thr ough the roannecting wirec then at the ctate nf &anilihnnm 
LAL, VARIA, WLIGiRv ud BAW VV o ē LUIV AE VUV CUOUIIVU ULg VY ALU WD, AAW AE Gt FAY WELGAtW WA Wy aera 11, 
charge distribution will be as shown in the Fig. In the closed circuit 12341, using 
- Ag = 0 
C,V- 
C C; C; C2 
-4cv-4) -d 
or, q= ——À—— = 0-06 mC Cr 4+4 
(1/C, + 1/C, + 1/C3) =(CV-¥) G 
Initially, charge on the capacitor C, or C,, | -¢ 
$C, C; o: ano fm 
q= ———, as they are in series combination (Fig.-a) 


C, +C, 
L PA 
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when the switch is closed, in the circuit CDEFC from - Ag = 0, (Fig. b ) 


E- 2-0 or q= C; (1) 
2 
And in the closed loop BCFAB from - Ag = 0 
C. = + C, -E= 0 (2) 
Sw C1 C 
4+ 4 C ‘tg, B 
lw E LIE D t4n- 41 
|o d 1l 7 l 
ET T4 r6 éT 4T TG 
| | | | "^| 
2 E { F 2 A 


(a) (b) 


From (1) and (2) q, = 0 
Now, charge flown through section 1 = (q, + q;) -0- C,& 


| £C, C; 
and charge flown through section 22 -g,-q= - 
ce © 11 1 C, + C; 
3.123 When the switch is open, (Fig-a) 
2§C,C, 
do = C,+C 
j 1o? 1 
| m [ |+ di 
ET T Cr 6T T C! 
| c? -A | Cul -4, 


and when the switch is closed, 
q,7 &C, and q= $C, 


Hence, the flow of charge, due to the shortening of switch, 
C, - C, 
through section 1 = q,-q)= EC, = —-24uC 
C,+C 
1 2 
through the section 2 = - q, - (qo) = EC, | Cac | - 36 uC 
| Ort Oa | 


and through the section 3 = q, - (q2 - qı) -0 = §(C,-C,) = -60 uC 
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3.124 First of all, make the charge distribution, as shown in the figure 
In the loop 12341, using - Ag = 0 
A -j+ 417 d? = 0 (1) +4, 1 A-4, T da. 
C, C; l A | lA | 
L1 
Similarly, in the loop 61456, using - Ap = 0 | 
d, b-h 4 
C. + C ~ 5 = 0 (2) C3 + 
d 141-92 
From Eqs. (1) and (2) we have | | ls 
q-q &C2-5 C, 3 E H 
dim Ca €i 6i 2 
+—+1 e 
C, C; 
Hence P-P -B-n 56-56 
, A 'B C, C+C, +C, 
3.125 In the loop ABDEA, using - Ag = 0 -(41*42) 
q q1*q4, r | 1 I] ita D 
-E A. 1 + (1) E | ‘| | | |" 
"nC, C. 7^ 5 |] £, f^, | 
3 ej v 
Similarly in the loop ODEF, O | | 
"RA dhheuu0 0 OQ FL 3335 |C 
1 2 C 2 m 
Solving Eqs. (1) and (2), we get, 62 Z 
$202-5 C2 — 8| C3 + §3 C3 | T 
=t +l 22 y (LH 
“1 “1 ~ “3 
(d, + 9) 
Now, P: - Po = p, = BEL as (Po = 0) 


& (C;* C) - $ C,-& C, 
& (C; + C) - £ C, - & C, 


Cite +, 


& (C1 + C3) - £ C, - EC, 
C; t C,* C4 


And using the symmetry, p, = 


and P, = 


The answers have wrong sign in the book. 


3.126 Taking the advantage of symmetry of the problem charge distribution may be made, as 
shown in the figure. 


In the loop, 12561, - Ap = 0 
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or 42 427i 2i 5.19 


C, €, C, 


qı C,(C4* CJ 
" a cQ€.c € BE Cr m a T 


r2 B 
Now, capacitance of the network, T. C3 = 
c- thk ath aa 
"^ Oa Pp q/C;*q/C, Bi "i | ks | 
G ^ 2 T e 
1+q,/ 
_ (1*4, qo) (2) 


d, a 
C> GC, 


From Eqs. (1) and (2) 


2 14 
3.127 (a) Interaction energy of any two point charges q, and q, is given by — - —— where r 
JU čo , 


is the separation between the charges. 


-F- 
«£s 
+ 
rS 
-+ 
«a 
| 
e 
-+- 
as 
+ 
Ne 


m duih Enb mAb AUER see am om 


at 
| 
| 
va 
+ 
x 
| 

& 
| 

S 


p 


= +2 
a 4n £90 4 7 £g (V2 a) 


g 2g 2g. V2 ¢ 
£H . £2. —.— _— 
and U 22 - - = — 


© AREJA ATEA 4r e, (V2 a) 4 nega 


3.128 


3.129 


3.130 
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As the chain is of infinite length any two charge of same sign will occur symmetrically 
to any other charge of opposite sign. 
So, interaction energy of each charge with all the others, 


2 
U = -2—4 [,-1,1_1, MEE up to œ | (1) 
4neja| 2 3 4 
| 15 1 
But In (1 4 x) x-3X +3% SEE up to oo 
and putting x= 1 we get In2- 1-1.l1, THPPPER up to c (2) 
r 5 2 3 Fr V7 
From Eqs. (1) and (2), 
p. 2412 
4ne,a 


Using electrical image method, interaction energy of the charge g with those induced on 
the plane. 
-¢ d$ 


4 x £g (2I) E ETT 
Consider the interaction energy of one of the balls (say 1) and thin spherical shell of the 
other. This interaction energy can be written as f dea 


U = 


X 


" r) gr^ sin 0d 0 dr 
- f. ^ R 9p, (r)2ar Le | TT ara 


ANE 2 ep (I? +r? + 2ir cos 0)? 
ler 
= rel ar f dx, (r) 
qr B A x 1R 
"3517 20:00 72 f N R ARN 
-A ;4nr dr pz (r) \ l 


4n tl NN J NW, 
Hence finally integrating 


f v1 
where, q;* | 4x r^ p, (r) dr 


rT d 1 C p? 
= Lnd = —Ü 
i 1 
2C, 2 
Now, when the capacitors are connected in parallel, equivalent capacitance of the system, 
C= C, +C, and hence, energy stored in the system 
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2 2 
Ci @ 
U,= - as charge remains conserved during the process 
f^ 2(C,*C)) B Bae p 
Sa increment in the enerayv 
VM S44EWL WY LELWALYU AA V AA Nr VERREM by Y 5 
2 2 2 
19 1 1 \ -C,C,@ 
AU = (_1__ x ————————  - 20:03 mJ 


2 (e: +C, C, 2(C, + C?) 


3.132 The charge on the condensers in position 1 are as shown. Here 


4. 3o, 47 % 
C o C+Co 
and la NNI 1 1| toa ALA = C (C + ONE 
uM MT ”|C+Co CJ oO "47490 Cyt 2C 
C?E CCyé 
Hence, q= C, +2 C and do = C,*2C 


| 1 | | $5 | 9 | 
+4] EM. 14% Jn: do as bo [4 
“q 14 144+40 T4 -4-40 | 


A {RY — 
Lj] 
A fe. @4hn -.1-Ll fn 4alh.-e-e d. ————-i ^" 4l. a pa p nhan nn ag chaurn nr (Big h\ 
ALCI Lc switch is throwr n to p9»iuUun 2, WEC CHAIRS Claire do onuvia di UA LE v. 


A charge go “has flown in the right loop through the two condensers and a charge go 
through the cell, Because of the symmetry of the probiem there is no change in the energy 
stored in the condensers. Thus 

H (Heat produced) = Energy delivered by the cell 


7^? 1*7)? I. nese an the eicht o nlate AC 9854 Aanatitar aac (le .t Vand finally when 
3,12 292 Initially, the char € On wie ipu piat UL UIC Cdpalllul, q= y Si 52/7 @liW ilnidiiy, Vui 
switched to the position, 2. charge on the same plate of capacitor ; 
q = CS 
So, Aq= d= C$, 


Now, from energy conservation, 
AU + Heat liberated = A ap where AU is the electrical energy. 


3.134 


3.136 


(W 
n 
© 


C (E EC- 


4..2 1 
C E - (E, - E,)° + Heat liberated = Aq E, 


as only the cell with e.m.f. 5, is responsible for redistribution of the charge. So, 


C$ &- 1 5€ E? + Heat liberated = C E, &,. 


Hence heat liberated = 2 lc E? 


Self energy of each shell is given by 22 , where q is the potential of the shell, created 


only by the charge q, on it. 


meamna AA am erg y naf tha hallan 1 ^ 2; ET 
Hence, self CIR Y UL WV otis 1 allu c di 


- Sue, R, ~ 8 x £y R, 


The interaction energy between the charged shells equals charge q of one shell, multiplied 
by the potential @, created by other shell, at the point of location of charge q. 


CA = rgi = 
90, = Qi———5-* 


Sought self energy of the ball 
U = W, + W, 
L Zz 
R oo 
£o £ g 
4nrdr+ 4nr dr 1 
J 2 J 8 eR E | 
0 R 
3 Wi 1 
H = d — x= — 
ence, U 4n€,5R "^ W, 5 


n n 
(a) By the expression | L ao e E^ dV - | L: £g E ^ Ax r? dr, for a spherical layer. 


To find the electrostatic energy inside the dielectric layer, we have to integrate the upper 
expression in the limit [a, 5] 
b 


2 
U = Laef ereti iata gie a ma 


4xeg£r SME E a b 
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As the field is conservative total work done by the field force, 
U,-U,=+ 
A a= 17 s= 5491-93) 

2 2 

E tji 1]..4 n i] 

24nxse,|R, R 8zxs,|R, R 

Q^ J wb" “J 

Initially, energy of the system, 


U;- W,+W,, where, W, is the self energy 
and W, is the mutual energy. 


S p. 1 q ado 
O = 4 ————— 
' ^ 24nxte,R, 4nNE R 
071 o+" R 
and on expansion, energy of the system, Yo 
7 
Ue Wie Wg de 
2 
1 q 4 190 
^ VAne Ame 
je Y JW “o 12 Y JŲ “o 12 
Now, work done by the field force, A equals the decrement in the electrical energy, 
q(qo*q/2)(1 1 
» A= (U,-U)= 773 RR, 
MEg (UM 0j 


Alternate : The work of electric forces is equal to the decrease in electric energy of the 
system, 


In order to find the difference U; - Up we note that upon expansion of the shell, the electric 


field and hence the energy localized in it, changed only in the hatched spherical layer 


consequently (Fig.). 
f. 
U,- u=] 5 Ey - E2) 4nr dr 
R 


where E, and E, are the field intensities (in the hatched region at a distance r from the 


re taenteA nf tha PB O 2 an. YN YA. nerd n Fiun v tha Awan O14 at nf tha chall Ri, WAM 19:1 4 lXancc? thanaram 
VLOULLUY UL Lu DYW 1) UULVVIL aliu alt LIC VA pa lloi¥v LU. UIC OLIULI. D Us Wass UWIUUVILULLL, 
we find 
1 Ftd 1 Qo 
= - —— and E, = — — 
+ 4NE, p^ » T £o r^ 
As a result of integration, we obtain 
Pe! lan d — xx Ld i - a \ 
A —— — [s 1 
4 JU €4 R, R, 
U \ L <J 
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Energy of the charged sphere of radius r, from the equation 


U= Lgo- itg—L_- qd 
2^' 2 ^ d ner 87 £gr 


Tr 


If the radius of the shell changes by dr then work done is 
Anr F,dr = -dU = q'/8 x Egr? 
Thus sought force per unit area, 


g - (4 x ro) - o? 


TF 5 5 = 
4nr(8negr) 4nrx8ner X fo 


Initially, there will be induced charges of magnitude -q and +q on the inner and outer 
surface of the spherical layer respectively. Hence, the total electrical energy of the system 
is the sum of self energies of spherical shells, having radii a and b, and their mutual 
energies including the point charge q. 


PO 24nxnejb 24mxsya 4Nt,a Ameyjb 4nd 
Or U,= ——|- = 
SHE, |b a 
iu 


Finally, charge q is at infinity hence, U,= 0 


Now, work done by the agent = increment in the energy 


(a) Sought work is equivalent to the work performed against the electric field created by 
one plate, holding at rest and to bring the other plate away. Therefore the required work, 


A agent ^ d E (x; 7 X3), 


where E = = is the intensity of the field created by one plate at the location of other. 
0 
2 


o g l 
So, A agen = d 2e, (x, 7x7 265 (x, - x) 
Alternate : A ,,, - AU (as field is potential) 


04 


- = —L— (x- 
2&8 27 2e,5 7%" 2e s 0277) 


(b) When voltage is kept const., the force acing on each plate of capacitor will depend 


on the distance between the plates. 


So, elementary work done by agent, in its displacement over a distance dx, relative to the 
other, 


dA = - F,.dx 
But, F = BEA Js o(x) and o(x) = 
2 €g 
x, 
2 enS V? 
Hence A= fdA= (1, sv dx = —— [1 1 
J J 2? e 2 |^ Xy 


Q 
N 
N 
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Alternate : From energy Conservation, 


J E EET -!! .. agent 
1 805 1€ £y, S eS | 
or ae yt l Va | 27.2 AL 
2 x, 2 x ELM 
lax A a la -aV a IA nv? 
V 929 Al T AGE vr ~ NI vil Y J 
2 
£g. V 
So A gc [ Ug - ES ] 
qat YI a] 
(a) When metal plate of thickness nd is inserted inside the capacitor, capacitance of the 
Eg S 
system becomes Cy) = 77 x 
a@\yi-y 
T l Eo SV 
Now, initially, charge on the capacitor, qj» Co V= 77 x 
a-n 


EnS 
Finally, capacitance of the capacitor, C = 2> 


LS d 


As the source is disconnected, charge on the plates will remain same during the process. 
Now, from energy conservation, 
U,- U;= A agew (aS cell does no work) 


1do 1% _, 
25 2C 20, ^w 
Hence A (ea RT a-n) | 1 CV» 15 mJ 
-B —— — on m —— ss . 
e 2|aü-9]|C € | 2a-w 
Y Initially ranaritance of the evctem 16 oven hv 
WYJ SALAUIGC SSE y, VG Paw eesti Wh FY OY OUVUAER A0 BY VAR vy» 
Ct ae l , : ; 
Cy = — —Áá —- (this is the capacitance of two capacitors in series) 


0 n(i-s)«s^ 
So, charge on the plate, qo = Co V 
Capacitance of the capacitor, after the glass plate has been removed equals C 
From energy conservation, 


[n 


When the capactior which is immersed in water is connected to a constant voltage source, 
it gets charged. Suppose o, is the free charge density on the condenser plates. Because 
water is a dielectric, bound charges also appear in it. Let o' be the surface density of 
bound charges. (Because of homogeneity of the medium and uniformity of the field when 
we ignore edge effects no volume density of bound charges exists.) The electric field due 


to free charges only = that due to bound charges is — and the total electric field is 
0 0 


o 
— Recalling that the sign of bound charges is opposite of the free charges, we have 
0 


U 
È 


i^ 
N 
Qo 


Oy o g' e-1)\ 
—=—-— oO, o= Oo 
E€ Eg £g € 
Because of the field that exists due to the free charges (not the total field; the field due 
to the bound charges must be excluded for this purpose as they only give rise to self 
energy effects), there is a force attracting the bound charges to the near by plates. This 
force is 
2 
1 } o, (€ m 1) Og . 
AU ————— per unit area. 
2 ty 2€€ 
i 
The facto 3 eeds an explanation. Normally the force on a test charge is gE in an 
electric field E. But if the charge itself is produced by the electric filed then the force 


-f q( E' ) dE' 


0 
if q(E')«E' then we get 


This factor of 1 is well known. For example the energy of a dipole of moment p in an 


— —» 
electric field Ej is - p: Eg while the energy per unit volume of a linear dielectric in an 


> —» i 
electric field is - 5P : Ey where P is the polarization vector (i.e. dipole moment per unit 
volume). Now the force per unit area manifests ifself as excess pressure of the liquid 
, V oo 
Noting that — = — 
d ££ 
2 
eg£(e - 1)V 
2d" 
Substitution, using € = 81 for water, gives Ap = 7:17 k Pa = 0-07 atm. 
MO. turnau mf Antac thio nen em 11 ta. exactlv prev iou c pace aon lat nuc tfr 
Unc way OL GO ing this probl Ih WIU Ut UCAdV uy as in the previ AUS Last DO ICL US uy â 


alternative method based on energy. Suppose the liquid rises by a distance h. Then let us 
calculate the extra energy o " the liquid as a sum of polarization energy and the ordinary 
gravitiational energy. The latter is 

1 

5h'pg:Sh- 5P85h" 


If c is the free charge surface density on the plate, the bound charge density is, from the 
previous problem, 
£—-1 
E 
This is also the volume density of induced dipole moment i.e. Polarization. Then the 
energy is, as before 


Oz o 
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and the total polarization energy is 


2 
-S(a+h) EBE 
0 


Than tatal ananı ia 
IUIL WGI VIUA J 15 
^ (s-1)o 2 
U(h)=-S(at+h)— —— + —pgSh* 
2£gE 2 
The actual height to which thc liquid rises is determined from thc formula 
dU "(4-0 
h ef X re J Ww 
, ,. (€-1 ) o? 
This gives 1 = . 
2£9 € PE 
2 
We know that energy of a capacitor,U = i. . 
aU dc 
Hence, from F, = — we have, F, = q a / C? (1) 
OX | q-Const. 2 Ox 


Now, since d «« R, the capacitance of the given capacitor can be calculated by the formula 
of a parallel plate capacitor. Therefore, if the dielectric is introduced upto a depth x and 


. 
1... rece aa m etree 


+L. el. 2f aL. A, as ta ] eerpn Laera 
Liv ICI Ul UL LG La pallor Is 5 we fave, 


C= To +t — (2) 
From (1) and (2), we get, 
x RV? 


d 
When the capacitor is kept at a constant potential difference V, the work performed by 


s L4 * 
the moment nf alactractatic fornace hatu m 
the moment of electrostatic forces between the plates when the inner moveable plate is 


rotated by an angle dọ equals the increase in the potential energy of the system. This 
comes about because when charges are made, charges flow from the battery to keep the 
potential constant and the amount of the work done by these charges is twice in magnitude 
and opposite in sign to the change in the energy of the capacitor Thus 


F,= £g (t - 1) 


H op 2 ap 
Now the capacitor can be thought of as made up two parts (with and without the dielectric) 
in paraliel. ] ] 
egR ^t ; EE (x-o)R* 


Thus Cz-——— m 
2d 2d 
- - a . 1, nier ZEE 
as the area of a sector of angle q 1s ZR? q. Differentiation then gives 
c 
(£-1)e RV? 
N,=- 4d 


The negative sign of N, indicates that the moment of the 
force is acting clockwise (i.e. trying to suck in the: dielectric). 


3.148 
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The convection current is 


dq 
I= 7 (1) 


here, dq = dx, where X is the linear charge density. 
But, from the Gauss’ theorem, electric field at the surface of the cylinder, 


= 2nxe,Eav, aS —=v 
M dt 


Since d «« r, the capacitance of the given capacitor can be calculated using the formula 
for a parallel plate capacitor. Therefore if the water (permittivity €) is introduced up to a 


heiocht v and the cranaritnr ic nf lenoth | wre have 
RARWRESQARY wey UALW WS we powsy A AW WS awilfe tis v3 WW Ww AACE vwy 
EEZ Xrx ey (l—-x)2nr e,2ar 
2 ore UM s (ex &1- x) 
d d d 


Hence charge on the plate at that instant, q = CV 


EN at 


Again we know that the electric current intensity, 


dq  d(CV) 
= —4—_ — + 
dt dt 
_ Vto2 ar d(ex+1-x) V2Rre (o1) ae 
d dt d dt 
dx 
But, — = y, 
dt 
2Urt)(e-1)V 
<o r- oT v= O11 UA 
20, i= V= VILHA 
d i 
We have, R,= Ro (1 + at) (1) 
where R, and Rọ are resistances at t° C and 0° C respectively and a is the mean temperature 
coefficient of resistance. 
So, R,= Ry (i +a t) and R,= nR (1 +a, t) 
(a) In case of series combination, R = ZR; 
cn D — = D r14 and a frm ano V f! /1*N 
DO IV 77 nA 0T 4115 7 Ny IX T U T MT 14a) *] C 


o, + A 
= Aerea itn 1 (2) 


(Q2 
Y 
D 


Comparing Eqs. (1) and (2), we conclude that temperature co-efficient of resistance of the 


circuit, 7 a tN 
1*1 
(b) In parallel combination 
Ry (1 * a, 1) Rom (1 +a t) nRo 
R= ———————————- R'(1«o't, where R’ = 
Ryo (1*0 12) n Ro (1 05 f) 14" 


Now, neglecting the terms, proportional to the product of temperature coefficients, as being 
very small, we get, 


F 


Y| G4 +a, 
a! e MM 


1 NEN 
i+ 


3.150 (a) The currents are as shown. From Ohm’s law applied between 1 and 7 via 1487 (say) 


6 Ys l /^ I 6 l-3 4 


From the loop 48734, 


4 


14 
SO I = zh 
24 14 
Then, (5 + 2) R q= TAR og = [,R= TR 
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R, 6 Dh 


7 
R => 
or eq 12 


(c) Between 1 and 3 
From the loop 15621 


I, 
hR=IR+5R or, L23-— 


Then, (Z, + 2/,)R 


3 
H R == 
ence, 1 


$A [" 

m m~ SN r 
K 4 ¢ ^ g 
P. $T ONT 6 

B —— —  — | |, 

(R, * 2R)R 

if x" R, +2R+R 

or, R +2RR,-2R°= 0 


On solving and rejecting the negative root of the quadratic equation, we have, 
R, = R (V3 - 1) 


3.152 Let Rọ be the resistance of the network, 


A - Ann aa 
P p | | 


2 


RR 
then, Ry= Z——- orR;-RQR,-R,R; = 0 
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Suppose that the voltage V is applied between the points A and B then 
V= IR= Ij Re, 
where R is resistance of whole the grid, 7, the current through the grid and J), the current 


through the segment AB. Now from symmetry, 7/4 is the part of the current, flowing 
through all the four wire segments, meeting at the point A and similarly the amount of 
current flowing through the wires, meeting at B is also //4. Thus a current 7/2 flows 
through the conductor AB, i.e. 


"n = I 

“ 2 

Ro 

Hence, R= 5 


Let us mentally isolate a thin cylindrical layer 
ner and outer radii r and r+dr 


u an we w o — ee m ats ve om m 


respectively. As lines of current at all the points 


of this layer are perpendicular to it, such a 


layer can be treated as a cylindrical conductor / fone -—- CK ———---—t \ 
i 


4. 


of thickness dr and cross-sectional area f 1 
2 X rl. So, we have, 


- dr dr 
PS (n P nri 


and integrating between the limits, we get, VLA v 7 
R= in b 
2M a 
Let us mentally isolate a thin spherical layer of inner and outer radii r and r + dr. Lines 
of current at ali the points of the this layer are perpendicular to it and therefore such a 
layer can be treated as a spherical conductor of thickness dr and cross sectional area 
4 x r^. So 


dr 


dR -» p 1 
4x r 0) 
And integrating (1) between the limits [a, b], we get, 
-£ [i 1| 
ån |a b| 
Now, for b — œ, we have 
= —L 
4na 
. p ji 1 
In our system, resistance of the medium R = ;—|—- 4|, 
+ JU |“ ud 


The current i= t- —__P 
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Also, je 44, d(Cq), c2, 


aS capacitance is constant. 


dt dt dt ’ 
So, equating (1) and (2) we get 
—9 . cd 
gl.l dt 
4xla b 
L J 
or fie. Ar 
j Jo Cpfi 1 
4x|a b| 
At 4 x ab 


Or, 


Hence, resistivity of the medium, 
A 


p có - P ny 


S 
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(2) 


Let us mentally impart the charge +q and -q to the balls respectively. The electric field 
strength at the surface of a ball will be determined only by its own charge and the charge 
can be considered to be uniformly distributed over the surface, because the other ball is 


at infinite distance. Magnitude of the field strength is given by, 


BRE m hes LETEN Vey 


E = —t 
4x£9a 
Qn currant dancitu 1 = 1 q and electric curren 
wry UILLI UWWYARIAYL J ULU V/A WVÁAW/AVR BW GWA A WALEED 
P4xe,a 
= f; dS = jS = —_1—-4na’= A 
páxtga P *o 
But, potential difference between the balls, 
p-p 2 2—4— 
TOT 4 x ta 


Hence, the sought resistance, 


.9,-9. 2g/Axt90 p 


R I o q/ p Eq — 2na 


(a) The potential in the unshaded region beyond the conductor as the potential of the given 


charge and its image and has the form 


/1 19 COLO PP 
p= Al —-— Concer Cre 
“2° d Pd» 
\ "1 nj LOL, "2 
1 I 1 ae, rna L] a ff P - Pd Pd 2 - 
where r, r, are the distances of the point from BRRR 
. . . sÍ iu 

Pj P d 
the charge and its image. The potential has 4% CL ZZ 
“77 


been taken to be zero on the conducting plane 


and on the ball 


NM 


Pd Pd 
1 "UL 
= V 


vala- 2l 


5 


y 
\\ 1 
NN 
MAY 
AN 
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So A » Va. In this calculation the conditions a << l is used to ignore the variation of 
@ over the ball. 


The electric field at P can be calculated similarly. The charge on the ball is 


Q = 4ne.Va 
and Ep = va 2cos0 = say 
r r 


Then j = LE = 2a normal to the plane. 
r 


(b) The total current flowing into the conducting plane is 


T=} 2axdj-] 2nxde —À 
0 0 p (x +i) 


(On putting y = +I") 


I- 2xalV dy _ 4naV 


p y p 
Ê 
V p 
Hence R= 7 = na 


3.159 (a) The wires themselves will be assumed to 
be perfect conductors so the resistance is 
entirely due to the medium. If the wire is of 
length L, the resistance R of the medium is 
a T because different sections of the wire are 
connected in parallel (by the medium) rather A 
than in series. Thus if R, is the resistance per 
unit length of the wire then R= R,/L. Unit 
of R, is ohm-meter. pP 


The potential at a point P is by symmetry and ty OJO ro- H 


cunernacition 


superposition be 
(for £ >> d) Sh | NA 


~ A In a -2 in 2 | 
T"2 a 2. a V w 
A n E z 
= 5 In 7 
Then q, = Hd = S In S (for the potential of 1) 
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or, A = — V/in 
and p=- LL In r,/r 
21n Va r2 


We then calculate the field at a point P which is equidistant from 1 & 2 and at a distance 
r from both : 


CAM AA ww dio 


Then E = ILU; (+) 2 sinO 
p 
V 1 
—. 21In l/a z 
and J = oE = 1 v. 1 
p 2lnl/a 5p? 
(b) Near either wire E = n 1 
4ni a a 
1 V 
d J = = — 
an oE = 5 2lnl/a 
V V 
Then I*gtbg t) aL 
Which gives 2 = Pin Ia 
g R = tin Va 
Let us mentally impart the charges +q and -q to the plates of the capacitor. 
Then capacitance of the network, 
ee, | E, dS 
C- €. eto E, d$ n (1) 
p p 
Now, electric current, 
e tae DAE 
i= f j:4S- faE,dSasj 11 E. (2) 
Hence, using (1) in (2), we get, 
9 Co .. 
b= —*o= ——-z215p4gA 
ec | d cco 


Let us mentally impart charges +q and -q to the conductors. As the medium is poorly 
conducting, the surfaces of the conductors are equipotential and the field configuration is 
same as in the absence of the medium. 


Let us surround, for example, the positively charged conductor, by a closed surface S, just 
containing the conductor, 


then, R-.TY.—*—. —Pf— as jE 


and C=4- 


So, RC = = p ££g 
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The dielectric ends in a conductor. It is given that on one side (the dielectric side) the 
electric displacement D is as shown. Within the conductor, at any point A, there can be 
no normal component of electric field. For if there were such a field, a current will flow 


AA as A * Ron u$, 05 2 La 
robes m 724 1.4 TDi ra 
CLUICC LICIU Lavolily, 


¢ 
"t 
© |! 
€ 
- 
» 
mj 
ga 
eo 
[e] 
eo 


taitaeda Annnaitina lle thas $e. aae 


Ah Em up n * — (| Ah 2n 
vVUvvaruo We porti Cnargc mere wnicn in ium Wii se 
S 


the normal component to vanish. Then by Gauss theorem, we easily derive 


o= D =| Dcos a where o is the surface charge density at A 
n . 
The tangential component is determined from 
the circulation theorem 
n — 
Q E-dr=0 


It must be continuous across the surface of the 
conductor. Thus, inside the conductor there is 
a tangential electric field of magnitude, 
Dsina 
———— at A. 
Ege 


This implies a current, by Ohm’s law, of 
. Dsina 
£g p 
The resistance of a layer of the medium, of thickness dx and at a distance x from the first 
plate of the capacitor is given by, 


dR= —— — (1) 
a(x) S ih 
Now, since o varies linearly with the distance from the plate. It may be represented as, 
/ — X 
— __ rr [92 T 1| =. mt mm Asante nn 00 Be ——— em HF aa lente 
U = V1 T | d | , alt d UlSLaOlIlLUC A HOII d 1y ULL UL UIC piat 
V 7 
From Eq. (1) 
1 dx 
dR = - — 
x 
a | 
d 
1 dx d 04 
or, R= — ———————— = Ir — 
1 d 
. V SV(0,-0 
Hence, (= —- ——— = 5nA 
R o, 
din — 
Oi 


By charge conservation, current j, leaving the medium (1) must enter the medium (2). 
Thus 


jį COS a4 = Jy cos A, 
Another relation follows from 
E= E», , 


3.165 
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Or, = 
Oi 95 
tana,  O, 
OI, — = — 
un O^ 2 


xR? 
, , pol 
and that in 2 is E= ——7 
R 
A melena finnan? th amanea tr an cen! esu! ll baw at tha henedaeses 
[Ap piy uie wJaus»» LUCUIULL LO à »ilidii vyliiuiricai pill-VUA al LUG vuuilludly 
SEI dS + P21 ds o dS 
=m = 
xR? xR? Eo 
"T". 1. — n f ~ Y 1 
Luus, U = čo \P2 7 P17 ~ pe 
JU AX 
and charge at the boundary= £; (p, - p) 
We have,E,d,+E,d,= V 
AQ Oy 340) E 
. T —zl——AX 
and by current conservation "LLL S 
1 1 ee Z7 P T 
— E.» —E 7 ee ea -70 
1 2 “fy ^F Z N 
Pi P2 LLL EI m Ex O 
JV 4 LLL, Oe - C 
0, V lers TANINI 
Thus + PE AAA A ANININ 
> ? 
p, di + pz d; 
di d2 
P2 V 
E, = 
4d, + p; d, 
At tha harnma hbatisraan tha fr tes nrc 
At Uv uuUllUdly UCLW CULL UIC L uito, 


£o 
(55 0; - & P1) 

P1 d, + P> d, 212 iri 
By current conservation dx 
E(x) E(x)+dE(x) dE(x) | 4 | 
———— r —— A» ————— s 
p(x) pG)«dp() dp) , A 

oL. ey 


This has the solution, 


+ 
<= 
mMm 
D 
N 
m 
MO. 


EG)» Cp()= LO 


Q9 
o 


Qi 
w 
when 


do= «yc [ (eG) «deG)) (pG) «dp()) -e(0pQ)]» ey zd [e GO p Q2] 


Thus, dQ= £g ld [ € (x) p (x) | 
Hence total charge induced, is by integration, 
Q = £f (E£ Pa- €, p) 


3.168 As in the previous problem 
E (x)= Cp (x) = C (po + py x) 
"m PEDE NOR (n - 1) po 
NEN Po ppt Po S. py d 
d 
rad 1\ 1 
By integration V = J C p (x) de = ceat PTT 75 C Pod (n * 1) 
2V 
Thus RN S a 
po d (n * 1) 


Thus volume density of charge present in the medium 


= ae £g dE (x)/dx 


Sdx 
7 2&)V (n-1) Po _ 2e V(n - 1) 
u^ éd 71 P (n+ 4\ 2 
Po WV + 4) a m+tija 


3.169 (a) Consider a cylinder of unit length and divide it into shells of radius r and thickness 
dr Different sections are in parallel. For a typical section, 


2a; - 2nr dr _ 2nr dr 


(a/ r? ) a 


Integratin = = 
eae R 2a 2na 
2x« 2 
or, R,= , where S= xR 
1 S2 
FE Qua mieon tha alacrtein Glad noida ic FP. E / T nuia ic alana the avio nf the enmnmnrilietar 
(VJ wuppyse LLL VLILCLELIL LACU OIL 15 i, — Lo \ & AXIS 15 aiU WIL GAIA UL tuo V UILUULLULJ 
This electric field cannot depend on r in steady conditions when other components of E 
are ahcent nthervice nne violat fhe circulation thanram 
uiv aUvviit, WLhiwi YY EOU WLIW V AVR . w AGUAV/RE SAI VRAWVARLE 


Lhe current through a section between radii (r t dr, r) is 


2nrdr = E = 2nr Sar E 
x/r x 
4 
Thus [= f 2nr dr = = ue 
J le 4 Lx 
0 
TTY P and Aca 4 $ emn “we 
Hence E = —— when S = nọ 


Q2 
Q 


3.170 The formula is, 


- V - 

Or, Vetn=V,(l-e RO of —-1-e "RC 

V 

0 

-t/RC V V-V 
or, e = |- -~= T 
Yo Yo 
Vo 
Hence, t= RC In = RC In10, if V= 09 V, 
V-V 


Thus t = 0.6 uS. 


1. 


3.171 The charge decays according to the foumula 


-RC 
q= We 
Here, RC = mean life = Half-life/in 2 
So, half life= T= RC In2 
££, À 
But, C=- pR- Pd 
d A 
T 13 
Hence, p= ——— =1.4x10° Q-m 
|. €Eg In 2 


3.172 Suppose q is the charge at time t. Initially q= CE, at t= 0. 
Then at time f, 


€ 
a -iR-&- 0 L— — [— | 
But = - a (- sign because charge decreases) | l | |] 


dq -1R nq 
So n R 92. Ie 
C t 5 
dq, ". Q = Š 
dt RC R 
d 
or, e qe'VRC Li t RC 
dt R 
CE a ,-tn/RC 
or, q= —+Ae 
n 
~el 1\ , ^t A 
A= CE|1-—| from q= CE at r= 0 
n 
/1 {. 1Y _ayec\ 
Hence, q«*C&|[—4[|1-—|e^" 
n n 
Finally, i= A, 5-1) m- 1) ,- vac 
t 
3.173 Let r= internal resistance of the battery. We shall take the resistance of the ammeter to 
be = 0 and that of voltmeter to be G 
a ee over. q E 
Initially V = &-1r, l= —— 


ou 
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3.175 


G 
So, V-E—— (1) 


After the voltmeter is shunted 


and —À =n = (Ammeter) (3) (y) A 

"TR«G | | 

rom (9\ and (32\ we have 
à 2Wiil \+) alivu w7 YU AR Y V M | » ANS SISVIS und 
V og NË p (4) 
Hn ^? r«G ^ 
From (1) and (4) 
"i r+G-yrorGe=nr 
Then (1) gives the required reading 
LEN 
n n+l 

Assume the current flow, as shown. Then potentials are as shown. Thus 

P1 = Pı -IR,*5 - IR, - S Q-IRt 

Q-I R e, ! R, & 
I 5,- 5 pu Ca $ 4 i 
or Mdb. ee | 
R, +R, 
; Kr 
And Pr = Pı- IR, +5, q 0, 2 
& -& I | 

So, p-p, = -§ + R, ai NUM: 

« - GM ll a | Ø- TD aP -TD 
= -(& R + & RI) AR, + R) = -4V ^ J ANTO) 2^2 


Let, us consider the current i, flowing through the circuit, as shown in the figure. 

Applying loop rule for the circuit, - A - 0 
—-26+iR,+iR,+ik= 0 

1 & Ry 2 & Ra 2 


Or, i(R,+R,'+ R)= 25 i — e- mim > 
[ — ad 
2E 
or, T7 PR B | | 
AX T4 oF Ang | | 
Now, if pı- p,= 0 | | 
- J 
-ẸE+iR = 0 V V EE 
2ER, R 
or, ———————* E and 2R, == R, +R +R, 
R+R,+R, ^? A : 


or, R= R, - R,, which is not possible as R, > R; 
Thus, P-P = -E«ciR- 0 


° R+R,+R 
1* ^ 
So, R= R,-R,, which is the required resistance. 


NE NaR 


4Y £X 47 LA 


=a, as &= aR (given) 
(b) 9, -Pg=n§&-nR= naR-naR= 0 


As the capacitor is fully charged, no current 
flows through it. So, current 


& | QAI 
T & 7 5i (as E,» Ej) rT 
R, +R, l $2 $1 
-o= E -E +i fn C 
And hence, 9, - pp = §,-§ +iR, 1 n| — te 2 
E, Uu l PT | 
34 3i 4 
- & Sots R R, l 
€- * d 62 
R, +R, 
3.178 Let us make the current distribution, as shown in the figure. 
Current 1 = ——5 __ (using loop rule) 
R R,R, 
+ ——— 
ORY AR, . . 
? 22 
So, current through the resistor R,, | | j | 
! 
$e R Jd. l = $ la) 
i= > — & TR A K2 
l R R, R, +R, 
R+ 
ı +R, 
~ 9 112A 
RR,-*RR,«R,R, 
and similary, current through the resistor R., 
E R, SR, oA 
127 R,R, R,+R = RR,*R,R,«RR =e fA 
Rea} NY 1 1452 2 
R, +R, 
xR 
ER 
3.179 Total resistance» — X R + XR, Vo 
R + — | 
Ro 
— xRR 
l " IR+xR, S y lg 
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o v» xR Jf. x xR Y oa. le.s h XY 
Then V= Voi tp /lt-7t7p R| "oRX yh tort OT It 
HN TA ING / \ t Tg TJ Í L t ]] 
Fo R>>R, Ve y, * 
Uy 9] 


3.180 Let us connect a load of resistance K between the points A and B (Fig.) 
From the loop rule, A p = 0, we obtain 
iR E, -LR (1) 


and iR = E, - ((- i) R M 
2 17 2 A B 

or I(R«Rj- § + LR (2) NVR 
Solving Eqs. (1) and (2), we get | 2 2 | 
OBRA RERO /, RR & | n 
21730 7 9272 / R+ = > (3) 

Ri +R, R, +R, R + Ry 

Ei R, + & R, R,R, R 

where Ey = “R +R and Ro = R, + R, 


Thus one can replace the given arrangement of the cells by a single cell having the 
emf & and internal resistance Ro. 


3.181 Make the current distribution, as shown in the 


diagram. 6 Pr | e 5 
Now, in the P 12341, applying - A = 0 ti . 
iR+i,R,+E,= 0 (1) B n LU 
and in the loop 23562. 1 IET $3] 4 
iR -E,* (i-i) R52 0 (2) | E, | 
Solving (1) and (2), we obtain current through | ! AALS p 
the resistance R, 2 7 R 
(5; R, - 5 R5) 
RR +RR+R R 0:02 A 


and it is directed from left to the right 


3.182 At first indicate the currents in the branches using charge conservation (which also includes 
I 


In the loops 1 1BA 61 and B34AB from the 6 A 2 4 

loop rule, C A p = 0, we get, respectively | | Le 
-ë+ (i -i)R, + & - 4, R, = 0 (1) bi h T 

iR, + Ej - (i-i) R, + & = 0 (2) 

On solving Eqs (1) and (2), we obtain Rt ie) 


_ (8, - E) R, + R; (& + 5) | T62 | 
pe Soris ti ALT S e 006A I 4 


Thus p, - p; = E, - ,R, = 09V 
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3.183 Indicate the currents in all the branches using charge conservation as shown in the figure. 


get 
So = (io - i) Ry (1) 
iging t EH R, — 5o = 0 (2) and 


(G - B)R- §& - & R, = 0 (3) 
Solving Eqs. (1), (2) and (3), 
we get the sought current 


(i-i) = R (R, + R3) + R, R, 


3.184 Indicate the currents in all the branches using charge conservation as shown in the figure. 
Applying the loop rule (C Aq = 0) in the loops 
12341 and 15781, we get 
- §, + GR, - (-5)R, = 0 (1) R3 


8 7 6 
and (i, -G)R;- § +R = 0 (2) . Z; A B | 
| à Y Le 
Solving Eqs. (1) and (2), we get Ro 2 
1 > <4 
ia & (Ra + R3) + & R3 25 Ki 8B 
3 RR, R R} + RR, 
2 4} 5 
Hence, the sought p.d £i é3 


R,R, + R;R, + RR, m 2 
D. JO 
3.185 Let us distribute the currents in the paths as NA 
echnuyn in the figure 
OAV VV AL AAR LAW LIH Us e Ps 
Now, qQ,-qg,- iR, + i, R, (1). Rr 3 
UP S P^ a i P XN fF - d 
and @, — Q4 = iR, + (i-i) R, (2) y ANU 
Simplifying Eqs. (1) and (2) we get NON 
R3 
a R3 (P1 - 95) + Ry (GH, - 93) - 02A `S 
~ R, R, + R R, + R3R; 22 3 
R è ce ¿i 
3.186 Current is as shown. From Kirchhoff's Second law amw yarn A 
UR, = ik; , A | S 2 | A 
, 0 A | 63 | B 
LX NAA yA 


LR,* (i 4i )R,-V à Rp D iti 
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Eliminating i 


R, 
LR, -(R, *R, )+i,R,=V 


Hence i 


R, (R, "X (Ry eR, | 
p | a .] 
b 3 J 


R,R,(R,+R,)+R,R,(Rz+R,) 
On substitution we get i, = 1:0 A from C to D 


Or, ly = 


3.187 From the symmetry of the problem, current 
flow is indicated, as shown in the figure. 


Now, 9,-Q,7 4r*(i- ü)R (1) 6% T 5 C 4 
In the loop 12561, from -Ag= 0 | pom | 
G-i)R+G-2i)r-ir= 0 A B 
(i-i,)R+(t-2i,)r-ir= 0 A 
Ran ane di FC 
tr ) 
zx 2 2-21 
an 1 3r+R (2) | Ji 
Equivalent resistance between the terminals 1 R A r 7,8 
A and B using (1) and (2), 
Stre- -R)+R |, 
R Pa- Ps | 4 . L(G Rr) 
| i i 3r+R 
3.188 Let, at any moment of time, charge on the plates be +q and -q respectively, then voltage 
across the capacitor, o = q/C (1 
Now, from charge conservation, 
2 3 6 
i= i, +i, where . dd (2) 1 . . 
1 7 dt " à» 
In the loop 65146, using - Aq = 0. q 
C 
L dy, . ; ~ gl K [ - 
Teji |R-&-0 3) $| : B 
MEN 00e l e d 
- . AA lo zAMG AAAA — a e 
[using (1) and (2)] p R 9 į 5 
In the loop 25632, using - A - 0 
-24iR=0 o, iR» £ (4) 
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From (1) and (2), 


dq p 2q dq dt s 
= — or, = — 
de® = à e p.24 R (5) 
C 

On integrating the expression (5) between suitable limits, 

q 

j E - 24d 
(aq lf, C, C t 
a §- 0 
C 
inus 4. V= lg(i Lg 2"RCY 
C 2°\ 


3.189 (a) As current i is linear function of time, and at f= O and Ar, it equals i and zero 
respectively, it may be represented as, 


t 
i= bfi- 
/ 
At A 
1, At 
Thus q= f iat = [ í1- dt = A 
“i s \ arj p 
24 
So, lg = At 
Hence i= 2q "n E LA 
At | At } 
The heat generated. 
At 
í ' 4g R 
f2 B 2q ES _ Aq'R 
n fera- f [2 E) sa - $6 
0 0 
(b) Obviously the current through the coil 1s given by 
nv 
afi 
f f 1, At 
Then charge q= lidt= | i27" dt= — 
- SJ J ? In 2 
0 0 
WO, lo A 


oo ^ > . 
H-Íl$na- [ [4112 - va] Rd. $2, 
E J | At | 2At 

0 
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1190 The equivalent circuit may be drawn as in the figure. 


Resistance of the network = R, + (R/3) R 
LN 
Let, us assume that e.m.f. of the cell is E, then VA _ N 
current 4 K ` 
Ë N - /| 


R, + (R/3) \ R / 


Now, thermal power, generated in the circuit 


2 ' 
P= ?R/3= ——À.—  (R/3) ? 
(Ry + (R/3) Y, | | 
Tw... M220 Le coe awesome dP ! 
For P to be maximum, ~p = 0, which yields s R 
R=3R, di 


3.191 We assume current conservation but not Kirchhoff's second law. Then thermal power 


dissipated is 
Ki 
. 2 j 
P(1,)=t/R,+(i-i,)R, rain 
= 2.°(R.+R.)\~-2i.R. + PR _f |. N aX 
1 X 4X1 T 4X5 J £145 Ti 115 
2 l R> 
=[R,+R l: iP i] + Ak ,z2-) 
= ANY 2] 17 Pp RU 27€ fj 
| | R, +R, | R, +R, 
The resistances being positive we see that the power dissipated is minimum when 
|. R, 
L =l=— 
Kı +K 


This corresponds to usual distribution of currents over resistance joined is parallel. 


3.192 Let, internal resistance of the cell be r, then 
V- E-ir (1) 
where i is the current in the circuit. We know 

that thermal power generated in the battery. 


Q= ir (2) R 


Putting r from (1) in (2), we obtain, 
Q= (E-V)is 06W | 


In a battery work is done by electric forces ) | 
(whose origin lies in the chemical processes i 

going on inside the cell). The work so done ——] | 
is stored and used in the electric circuit outside. br 

Its magnitude just equals the power used in 

the electric circuit. We can say that net power 


developed by unc electric 1OICCS is 


P=-IV =-2-0W 


Minus sign means that this is generated not consumed. 
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3.193 As far as motor is concerned the power delivered is dissipated and can.be represented by 


pD 
I AT 
R + Ro —-- 
V^R 
and = P= J?Ry= ——; V Ko 
(Ry +R) ? 
This is maximum when A, = R and the current e — 4 --- 
I is then 
V 
[=~ 
2R 
The maximum power delivered is 
y? 
FR” e 
Uy? 2 
The power input is and its value when P is maximum is —— 
P PUIS RFR, 2R 


The efficiency then is >= 50% 


3.194 If the wire diameter decreases by ð then by the information given 
- 2 
5 = heat lost through the surface, H. 


ar 


Now, H œ (1 - 6) like the surface area and 


P x Power input = 


R«(1-8)? 
y? 2 2 
So, g 0-9 = A(1-08) or, V'(1-9)- constant 
0 
But V«i«n so (1-0) (1-95) - Const» 1 
us Óz2nz 2% 


3.195 The equation of heat balance is 


y? dT 
-k(T-T,)=C di 
Dirt T T 2€ 
if ut A 40 © 
2 2 
M CEtkE= gon Bto5t CR 
d kt/c V kt/c 
Or, a ) CR 
ki/c V? ki/c 
or, Se -.—.6 +A 


where A is a constant. Clearly 


ExÜ0at:i-2 0, so A= -= and hence, 


V? - kt/C 
T = Ty + ig d7* ) 
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3.196 


3.197 


3.198 


Let, q,- 95-7 9 


* R + R,R, R +R, 
1° R +R, A- R , 
For P to be independent of R, | L 
dP es $ p, 
aR” 0, which yeilds | 
R,R, B 
R,.= -= 12Q 
£*1 tit 


Indicate the currents in the circuit as shown in the figure. 
Appying loop rule in the closed loop 12561, - Ap = 0 we get 
i R-5,*iR,- 0 (1) 

and in the loop 23452, 

((-u)R;*5-üQuR-0 (2) 6 4 
Solving (1) and (2), we get, 

L- 51 Ro t S Ry 6r éz 

1 RR, +R R,+RR, | 
So, thermal power, generated in the resistance R, | 


2 

2 
Pu L? R= & R2 + ER, É 
A 


RR, +R,R, E R 


For P to be maximum, H = 0, which fields | | d | 
1 ; 3 


R,R, 
R, +R, 


(E, R, + E; 


4R, R, (R; + Rp) 


Hence, P aax” 


Let, there are x number of cells, connected in series in each of the n parallel groups 


then, nx= N or, x= 2 (1) R 
Now, for any one of the loop, consisting of x o 
cells and the resistor R, from loop rule g Xr 
iR + Lyr -x&E= 0 
N | Epro 
So.i x x n? | 
oie —~—= — Nro using (1) NEM 


3.199 
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Heat generated in the resistor R, 


2 
Q- PR- (=) "3 | R (2) 
a R+NR | 
and for O to be maximum dQ 0. which vields 


UU 
B ~ M WwW Ue 2844S iD SARE, OS JES. , ] 9 75 wee J 


When switch 1 is closed, maximum charge accumulated on the capacitor, 
E" — rner fin 
max " v S VH 


N 
hunt o 
A 
o 


and when switch 


dme e 


losed, at any arbitrary C 
instant of time, | i | 


\ | R 
because capacitor is discharging. Sei 72 | 
q | 
d T 
fi, ; , | | 
Ot, — dq = | | | 
J q (Ri +R,)C J P 
dax 
Integrating, we get 
-t 
49 7! = (R, +R,)C 2 
u max (R, + R;) C On q= dmax ! ? ( ) 


Differentiating with respect to time, 


(0o E dua e BRE [- ; | 
t (R, +R,)C 
~t 

or, i= rye E 

VAT A Y 
Negative sign is ignored, as we are not interested in the direction of the current. 
| » E ^^ XC » 
thus, i (f) = ——— e à (2) 


(R, +R) 
When the switch (Sw) is at the position 1, the charge (maximum) accumalated on the 
capacitor 1s, 
q=C& 
When the Sw is thrown to position 2, the capacitor starts discharging and as a resuit the 
electric energv stored in the capacitor totally turns into heat energy tho’ the resistors R, 


Aqu Chr eR ACT annia! e Pj Wem wow mo c ow T" v7 ewe oak 242 as 


and R, (during a very long interval of time). Thus from the energy conservation, the total 
heat liberated tho’ the resistors. 


“Te 
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During the process of discharging of the capacitor, the current tho’ the resistors R, and 
R, is the same at all the moments of time, thus 


H, « R, and H, œ R, 


S H H R, (as H = H, + H. 
O, 1 (R, +R) as Q* A.) 
CR 
Hence - —— 


3.200 When the plate is absent the capacity of the condenser is 
es 
-=A 
When it is present, the capacity is 
~m Eos C 
C = o——————-o—— 
d(i-y) t-n 
(a) The energy increment is clearly. 
1 my2_lay2 C" uy 
= —CV*-=C' 
AU 7 V CV = 2ü- Tic” 
(b) The charge on the plate is 


q; = = initially and q,- CV finally. 
S cvm 
A charge = has flown through the battery charging it and withdrawing — units 
-1 
of energy from the system into the battery. The energy of the capacitor has decreased by 


just half of this. The remaining half i.e. 1CVà must be the work done by the external 


3.201 Initially, capacitance of the system = C e. 


So, 


[- 
3 
ex 
as 
feed 
> 
3 
2 
© 
F^ 
"s 
O 
”n 
wet 
n 
D 
3 
—— 
u 


and finally, energy of the capacitor : U,- 5€ y? 


Hence capacitance energy increment, 
^ 
AU = 5CV?-=(Ce)V?= -5 CV? (e - 1)= -05 mJ 
From energy conservation 
(as there is no heat liberation) 


But Agi = (C,- C, V = (C -Ce)V* 


agent 


3.203 
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If C, is the initial capacitance of the condenser before water rises in it then 
1 2 £g 2in R 
U; = 5 CoV , Where Cj, i 


— P the li1nunij! eicenc te a heivht L in i han thea ranaritanre nf the nnn dancar ic 
ÍX)Uppusc uic AQUI Lists tO d DUI Ut fi ME IL. LUCI uic Cd pdlilall Ul uic COIIGCIISCI 15 
&gi2xR — g(I-h)2nR 2AR 
C = —— — + - (| + (e —- 1) h) 
d d d 


and energy of the capacitor and the liquid (including both gravitational and electrosatic 
contributions) is 


1 Ep 2R 2 
2 4 (l+ (€ - 1/9)V^ + pg Q x R hd) 


If the capacitor were not connected to a battery this energy would have to be minimized. 
But the capacitor is connected to the battery and, in n effect, the potential energy of the 


P P wer mf +h 


TEE PN |" ove aan aaan a 


UC iINHNLUUHLHLTCU. - Suppose 


E 
e 
- 
Ep 
e 
e 
= 
e 
z 
od 
C 
pa 
qu 
E 
e 


fe 2xR 2 \ 
ct f 4M 2 . . f% PN PF. 
on | 2d (E — 1) t P E IUA) N | 
\ / 
a7 4124 C sh all dIl.fni-cE.l.- d... the net tee A exl AL fn thn mene rt nf A. --—— 
aliu Widt Oi LUC CCH UDTILHIISUCS Uy ulc quaittty ficell HiCHu i5 UU pIVUUCL Ul CHdI RL 
flown and V 
€, (2xR) 
0 
ò (e -1)V 
d 
In equilibrium, the two must balance; so 
7 2d 
£g (£ - 1)V- 
Hence h = ; 
2ped 


(a) Let us mentally islolate a thin spherical layer with inner and outer radii 
r and r + dr respectively. Lines of current at all the points of this layer are perpendicular 
to it and therefore such a layer can be treated as a spherical conductor of thickness dr 


2 + , - 
and cross sectional area 4nr’. Now, we know that resistanc ce, 


ay Ar 
dR = o ——= p — 1 
"SO" Paar b 


Integrating expression (1) between the limits, 


Q 
rs 
Q 


3.204 


b 


R 
dr pjiil 
fa- Ju Re An a J 


4 x eg € 
Capacitance of the network,C = nij 
|a b] 
and ~- ce,| Where q is the charge | 
4 ~ T lat any arbitrary moment| 
L ° d J 
also, p= z4 R, as capacitor is discharging. 


a 


, 


From Eqs. (2), (3), (4) and (5) we get, 


- OI, dq . dt 
1 1 4x q p € £p 
a b 
d » 
f t 
Tas + 1 » dt 
integrating J -Au " fa = ls 
ad “I ~o~ 0 Pt 
dg 
Hence q= ger 


(b) From energy conservation heat generated, during the spreading of the charge, 


2 
_1_% [| 1g, 4 b-a 
| 24xeeja b 8xeg ab 


(a) Let, at any moment of time, charge on the plates be (qo — q) then current through 


1 . . dlg - 4) | 1 tae han 
the resistor, 1= — ——, —-, because the capacitor 1s discharging. 
ut 
Or l= dq J ` 
"dt -(do- 4) || (do-$) 
Now, applying loop rule in the circuit, 
., 4-4 C 
LR - C 0 
dq, %7~4 R 
Or, di R= C 
izd4 
Or, -e = dt Af 
07 ui INU ve e. 


(2) 


(3) 
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At t= 0, q= 0 and at t= 1, q= q 


A 


3.205 Let, at any moment of time, charge flown be q then current i = 


Applying loop rule in the circuit, - Ag = 0, we get : 


S1 - ec) 
Or, gx ^ -e “L 
\ / 


rience, t= a 5 Re © = RE 
Now, heat liberaled, : 


o0 y? -4t 1 
Q= f éga- Sn | e° a= 1cv) 
0 R 0 4 


3.206 [n a rotating frame, to first order in w, the main effect is a coriolis force 2mv xO. 


—ÀJ 
This unbalanced force will cause electrons to react by setting up a magnetic field B so 


—» 
that the magnetic force ev x B balances the coriolis force. 


Thus -~—B=@® or, B= -—o 
2m e 
The flux associated with this is 


® = Nx? B= Nur’ 
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xxl n Al — l an tha exue4hae AF Haee af tha nom TEF 74 nh nnman Land thara an tema Fae 
WHUIL TY = 2 m r i5 UIT HUILUCI Ul Lulli UL Ul Ill AL Vidi (anu LICIU ISD ULELY LUE 
La. ala antenan tn enaeenanmax thane D alan rnheawnwnweac and an Aner 7A Aw asaf -.--11 La +..4....A 
uic CICCHON LO Cal alige ) UCh D di50 CHahses ana 50 GOCS Y. AN CHL WHI UC uuuccu 


and a current will flow. This is 
2m 
I= Na ^ o/R 
The total charge flowing through the ballastic galvanometer, as the ring is stopped, is 


q= Nar / T o/R 


e 2Nnxrfoco lor 
So, —- - = — 
m qR qk 
3 207 Let n he the tantal number nf elactnrne than tantal mnmantim nf alartnarme 
e > *() V/V OGG LEULUI AELWEEELU WA US WA EVE AWD AWE WAS LOI ALENJALEWSEVULEL VA WwW EVLA 
p= No Me Va (1) 
Now. I= pS,v,= DS v, Ey (2) 
, P 9x V V xa? 7 Yd 
Taaa € Z Monee aantinmal aman o Aalantena nhaema danasto T/ n enlaima nf camnla 
IACI’ Jr = WVIOSS SCCUUIIdI alca, p —_ ATUL L uaig t UCHISILY, Y= VURUIIIC Ul Sal pie 


From (1) and (2) 


3.208 By definition 


nev,= j (where v, is the drift velocity, n is number density of electrons.) 
j l 
Then t= —= — 
Ya J 
So distance actually travelled 
nel<v> 


S= <yots ———— 


(<v> = mean velocity of thermal motion of an electron) 


3.209 Let, n be the volume density of electrons, then from Z= pS, Yp 


I= neS,|«v5|- neS,- 


fee Jy 
Q^ | ———— e e ase 
wy b I — - pee 


(b) Sum of electric forces 


= (nv) eE |=|nSle pjl Where p is resistivity of the material. 


3.210 From Gauss theorem field strength at a surface of a cylindrical shape equals, 


Zanr where À is the linear charge density. 
Now, eV = im, v on v= 2e v (1) 
e i M "m, 
Also dq= kdx so qq | , dx 
f iis ' dt dt 
I 
or, I= àv of, A= = > using (1) 
2eV 
v Me 
Hence E ~— V—* = 32V/m 


(b) For the point, inside the solid charged cylinder, applying Gauss’ theorem, 
2xrhE- nr h—L— 


eo x R^ 1 
É g/l Ar 
Or, = r= 
2x s,R? 2xs R^ 
d 
So,from E = -12 
ur 
9, R 
tr. f » ., 
J -49- J ara 
I 2ne)R 
P, 0 | 
a [m A 
Or, -p = ——F |7] = 
P1- 92 Iae R?|2], 4 3t £g 
v m 
Hence, p; - p, = VI —— = 0-80V 
1 2 Ame, e V 
3.211 Between the plates ọp = a x^ 
oq 4 13 
— = —AX 
Or, ax 4*3 
d^o 2A 
— - — AX “= —9/E, 
ox  ? 
Ea 54 
or, p--—9—* 
Let the charge on the electron be - e, 
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then = my? -eq= Const. = 0, 


as the electron is initially emitted with neligible energy. 


v 2eg v. 722 


m , 


m m 


. 4 eoa /29 -2/3 
So, J= -pv* —g— m^ c 


( is measued from the anode to cathode, so the - ve sign.) 


3212 E=— 


3.213 


3214 


V 
d 
So by the definition of the mobility 
visu, —, v= ui 
Ud’ 9 d 
Aa : fL Qt inu i; T eV 
and J= (nup tn. ug) -y 


(The negative ions move towards the anode and the positive ion towards the cathode and 
the total current is the sum of the currents due to them.) 


On the other hand, in equilibrium n, = n. 
I +. -eV 
So, n," n s/ (up + 49) y 


Id 


 eV$ (us + ug ) 
Velocity = mobility x field 


wr 


= 23x 10° cm "^? 


^ sin œ t, which is positive for 0 s wits x 


v 


or, v= u 


So, maximum displacement in one direction is 
x 


Ve. 2 u Vo 
Xmax = u- sinwtdt = 


lo 
0 
2 u V, 
At @= Wp; X,,,= 4 SO, lo 7 
12 
We 4 W ' 
2 Vo 
When the current is saturated, all the ions, produced, reach the plate. 
I 
Then, n= = 26x10 cms” 
! eV 


(Both positive ions and negative ions are counted here) 


, Odn o. 
The equation of balance is, a7 "T rn 


3.215 


3.216 


3.217 


3.218 
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The first term on the right is the production rate and the second term is the recombination 
rate which by the usual statistical arguments is proportional to n (= no of positive ions 
x no. of —ve ion). In equilibrium, 


V 
so, n= V — =6x 10’ cm? 
r 


eq 


Initially n = no = Vn; /r 


Since we can assume that the long exposure to the ionizer has caused equilibrium to be 


cot aen Å fae the inaniveer ic onrtahad AFF 
DUL up. AICT wie i0nizZer iS SwitCnca OLL, 
dn 2 
ay = rn 
Gai 
dn 1 
or rat=-- >, or, rt= — + constant 
n n 
1 1 
But n= hg at t= 0, so, rt= —— — 
n ng 


The concentration will decrease by a factor vj when 


riy- -lua n-i 
ro "i "*0 7*0 
. 1-4 = 13 ms 


or, la = z 
° Vrh; 
Ions produced will cause charge to decay. Clearly, 
. US 
n CV = decrease of charge = n, eÀ dt = yn 
ey V 


Or, t= - = 4-6 days 
ned” 7 


Note, that n, here, is the number of ion pairs produced. 


If v= number of electrons moving to the anode at distance x, then 


rin av or v= ver 


. . ad 
Assuming saturation, J = e voe 


Since the electrons are produced uniformly through the volume, the total current attaining 


saturation is clearly, 
d 


ro, . , fe? * - 
I= j e(n,A dx) e°* = en,A | — 
0 ` 


a 


Dh 


ad 
Thus, j= i ei, E = 


3.220 


a’ Mo.dixr _ 
= An! -3 » SO 
dB = —.i 2 52 7t (as dl. 17} 
T R? 


From the symmetry 


ijo- 5915. ¢. 
ifa fi R79" DR 69»T 


(b) From Biot-Savart’s law : 


- dixr* 
g. Me; f dee (here y= Rex 


So, F- qui dxkR«ó dsr| 


Since xis a constant vector and IRI is also constant 


So, $ dl x X= f ai’) x= 0 [because f dl = 0] 
and $ dxR- $ Rdin 


= aR di» 2xnR?^m 


Here n is a unit vector perpendicular to the plane containing the current loop (Fig.) and 
in the direction of x^ 


Th — H 2x 2 i o 
us we get -1— — 255 
y vw \ TA) 
oaan 2X 
AS LAOS = , OC or perpendicular distance of any segment from centre equals 
it 
D nan x Alare? mna nwn atin iriure at ÉD Ana tar tha wmiaht mirrant parein alamant A 
AL GUS n . INOW La RMU IUULLIUH Gt U, UUV VU ulv Ilt VLIVA vassyit VAWVARAV ARRA £ARÁ 
Mo i 
- —— 2 SIn — 
4$ JU JU it 
A COS — 
n 


(From Biot- Savart's law, the magnetic field at O due to any section such as AB is perpe 
to the plane of the figure and has the magnitude.) 


ndieulae 
Iac uidi 
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f* f Roos = sec?0d0 
~ ff Vo ~ v! n ~ Moet 1 ..x 
BT] y» po) pu cosy = a 2sin— 
- R? cos— sec?0 Rcos— 


As there are n number of sides and magnetic induction vectors, due to each side at O, 
are equal in magnitude and direction. So, 


ni . X 
2sin —:7n 


0 4nx X n 
R cos — 
n 
Mo ni x 
= — tn and for n — o 
2xR n | č _ AA 


Bu - 3 (sin 0, + sin 0, ), 
4xr * ^ 


where r is the perpendicular distance of the wire from the point, considered, and 0, is the 


angle between the line, joining the upper point of straight wire to the considered point 
and the perpendicular drawn to the wire and 6, that from the lower point of the straight 


wire. 
i 
Here, B, = B,- ine gto Sf 
(d/2) sin € 
2 
Ho l . @ 9 
and B,-B,- — —| sin > + sin > 
anne tha mannitnuaAa AF tantal mannatin 
Liv ivy, wu Ma silituue VA tViasi S1LG BAL UI 
induction at O, 


3.223 


Magnetic induction due to the arc segment at O, 


TEE 
B= nR CTT? 


arc 


and magnetic induction due to the line segment 
at O, 
„Po [| 
line Ax R coso 
So, total magnetic induction at O, 


[2 sin ọ] 


Bo = Bi +t Bine = 21 [x - 9 + tang] = 28p T 


(a) From the Biot-Savart law, 
—J3» 
dB Ho .(dlxr) 
7 4x : p 


So, magnetic field induction due to the segment 1 at O, 


Hg i N 
R = —— Nr- o) A 
- = E - > _ > MN 
also B,» B,- 0, as ditt r yi € ON, 
I l 
t 
: n Mo 1 “7 r O 1 
and B,- 7b? ( — wl. | 


A^ 1 0 2 


"ax sh 
4x a b 


j 
B,= ——~sin 45° [ aN 45 
and B. \ 0 A 
alu Dg= VU M y 
5 No 7" 
we to 94 9. 1 sin 45? 4 L sin 45° 4. 0 
ta 2 x b 4xb 
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3.224 The thin walled tube with a longitudinal slit can be considered equivalent to a full tube 


3.225 


and a strip carrying the same current density in the opposite direction. Inside the tube, the 
former does not contribute so the total magnetic field is simply that due to the strip. It is 


Mo (/2xR)h _ Holt 


where r is the distanc 


First of all let us find out the direction of vector B at point O. For this purpose, we divide 

the entire conductor into elementary fragments with current di. It is obvious that the sum 

of any two symmetric fragments gives a resultant along B shown in the figure and con- 
— 


sequently, vector B will also be directed as shown 


So, HRE: sin q (1) 
^oi O 
= | — di sng 3997 TOAT 
f wu ! EN "| dB 
0 .. . L 
= | —;—i!singdq, |as di= —d > 
J 2x^R mee’ | i d B 


Hence B= ygi/ x^ R 


(a) From symmetry V 3 
2/NR \___3, 
= o+ tot neon Hot ^ 
|. 4mR °° AR MM 
LÁ ————— 
(b) From symmetry 1 
B, = B, +B, +B, 
U i “ 3 > 
AK 73 
Mo i | Mo i 3x pa oily 3%] 2 b 
“4nR 20R 2 4nR| 2] O 
ny 
(c) From symmetry ' 
Ho ¿ Moi Fo: Woi 2 
AnR'AnR t AnR^ ARR thy”) 
— — / ^f 
32277 B= B,+B, ye 
i, Morr ana m 
or, | By | = o V2 = 2-0 u T, (using 3.221) 
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—> > —> —» 
3.228 (a) B= B,+ 2+ 3 
= Ho Lg). La -i)4 Ho Lk) 
4xR 4xR 4xR 
Uo i 
~~ an Re ^" *ni] 
> My i./7—— 
So, | ol 44R * * A7 030uT 
— —-— — > 
fai D L RP a R ai R 
(UJ 40907 471 T 490 T 23 
Hot py, Hot of). 
an RK tan RO tag ROP) 
- eke ee til 
So, 
|B |= iVi «(x «1) = 034p7 
| Do | AxR t J p 
(c) Here using the law of parallel resistances 
i tt = 1 and ho 1 
1° °2 i, 3" 
hth 4 
So, i 3 
. 1. 
Hence = —1, and 1, 4! 
> Up i, > bi, > [Mo (3x\4, = Ho (1/2) h- 
Thus Bo= FaR C)+ gg RO [aD Ax R 
-Bo i ,7*-* 
= an Rt) +O 
> Mo V2 i 
Thus, |B, |= — —— = 0-11 uT 
"" 4x R 
3.229- (a) We apply circulation theorem as shown. The current is vertically upwards in 
and the magnetic field is horizontal and parallel to the plane j 
Uo - | 


$ B-di- 2Bl= p il or, B= o 08 | 
(b 


) Each plane contributes u, L between the B A 


Each plane Ho 5 
planes and outside the plane that cancel. 
Thus 
B- | Ho i between the plane P 
| 0 outside. pa 


-—9odii eA YW 


3.231 


3.232 


3.233 
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muse nernendir cu ila ar 
NI YY oD prYeipresiwre wiu 


fl 
tothe plan eof the paper, by ci irculation theorem, 
x dl 


2B dl = u (2 x dl 
or, B-yyxj, |x| s d 
7 2.9.8 am 7 fom 9 POM o? | | T 
Outside, 2 B dl = pọ (2d dl )j — 


f 
J- 
u 
QO 


| 
| 
It is easy to convince oneself that both in the regions. 1 and 2, there can only be a circuital 
magnetic field (i.e. the component B,). Any radial field in region 1 or any B; away from 


OI, B= mdj |x|z d. 


the current plane will imply a violation of Gauss’ law of magnetostatics, B, must obviously 
be symmetrical about the straight wire. Then in 1, 


B ,27r= pol | 
Ho J 'I 
or, B,” Inr 1 | 
In 2, B,2xr-0, or B,-0 < 
2 2 0 
On the axis,B _ blk B. along th 
nt e axis = = alon e axis 
2(R +x) d 
Th [a f a milk f dx 
us, 5J xa * 2 (R? + 3? 
E f Rsec? 0d 0 
5 R^ sect , on putting x= R tan Q 
-xn/2 
x/2 
= j I> f cos0d0= pg! 
o 4 J 0 
-A/2 


The physical interpretation of this result is that f B, dx can be thought of as the circulation 


of B over a closed loop by imaging that the two ends of the axis are connected, by a line 
at infinity (e.g. a semine of infinite radius). 
By circulation theore ide the conductor 
B )nrzuixr or. B »u.i r/2 
9 rOovz » p OJz 
. > 1 ? > 
1.€., = 2 HgJ X? 


Similarly outside the conductor, 
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. 2 1 .R 
B,2*xre j, xR” or B= z Hod: 7 

> 1 > aR? 

So, B~ 2 Ho (jxr E 
2.234 We can think of the given current which will 

be assumed uniform, as arising due to a negative p—— 
current, flowing in the cavity, superimposed S PN 
on the true current, everywhere including the / AN, 
cavity. Then from the previous problem, by [ IK BJ \ 
superposition. í 


> 1 7,7 > |l 7-7 
B= 5 MJ x (AP-BP)- 2 Hol x! 
If I vanishes so that the cavity is concentric 
with the conductor, there is no magnetic field 
in the cavitv 
in the cavity. 


3.235 By Circulation theorem, 


or using B, = br“inside the stream, 


brt! a n, [| jr ar 
0 


So by differentiation, 
(a * 1) br* » ugj (r)r 


(rium b(a+1) a-ı 


Hence, j (n 
Mo 
3.236 On the surface of the solenoid there is a surface current density 
-> A 
j= nie; MEN 
— u e xr 
Then, B= -Ioni f Raga ze 


r 
0 

where ro is the vector from the current element to the field point, which is the centre of 

the solenoid, 


^ —» ^ 
Now, -e,Xlo- Re, 


nl 
Thus, B= B,= 7 waar? f — 
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+ tan 2R 
Lar f cosada — (onputing ze Runa 
= 3 Honi J cosada (on putüng z= / tan q) 
-tan E - 
= Wo% {sin q = pon =e wont / Zona 
V (1/2)* + 


3.237 We proceed exactly as in the previous problem. Then (a) the magnetic induction on the 
axis at a distance x from one end is clearly, 


" ^ nl, af 


- — 82 | lan 
| v) we a yp? 2° 


n/2 
1 se 1 / X X 
- Sty nt | cos 0d 0= 7 uo nl {1 - -== 
12 \ VA TA ] 


tan R 
x » 0 menas that the field point is outside the solenoid. B then falls with x. x « 0 means 
that the field point gets more and more inside the solenoid. B then increases with (x) and 
eventually becomes constant, equal to uo 17. The B -x graph is as given in the answer 


script. 
AN UL o 1 f, 20. l. 
(b) We have, -5|- = 
R? + Xp 
Of, -—RL- 1 - -27 
VR +X 
Since v] is small (~ 1%), x) must be negative. Thus x) = — |x| 
Il l 
|o | 
and SS" 1-2 
VR^* |xy[ 


2 
[xo P= (124n*4n05 R? *|x )) 
0- (1-29? R?- 4n (1-3) | xf? 


or ‘x i =-2y)R_ 
° 2VyH (1-7) 


3.238 If the strip is tightly wound, it must have a pitch of h. This means that the current will 
flow obliquely, partly along e, and partly along e,, Obviously, the surface current density 


a 


iS, 


=> I[. 7 nw? h ^] 
T gi c ORB ** 3aR | 
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3.240 


By comparision with the case of a solenoid and a hollow straight conductor, we see that 
field inside the coil 

I VI- (h/2x RY 

= iz V1-(A/2xR) 

Ho 7, 
(Cf B= u nl) 
KoT ro" 7 
Outside, only the other te tributes, so 

B x2nzr- un Lx h x 2xR 
? "^h 2mnR 
My 2I 

or, B, = =~’. 

? dx r 
Note - Surface current density is defined as current flowing normally across a unit length 


Suppose a is the radius of cross section of the core. The winding has a pitch 2xR/N, so 
the surface current density is 
7 I — I — 
J. x pa fi tat 22 
ZI / IN 2a 
—. . P —. . 
where e, is a unit vector along the cross section of the core and e, is a unit vector along 
its length. 
The magnetic field inside the cross section of the core is due to first term above, and is 
given by 
B,?"R = pu NI 
(NI is total current due to the above surface current (first term.)) 
Thus, B, = Mo NI/2nR. 
The magnetic field at the centre of the core can be obtained from the basic formula. 
, — 
— Ho J, x Fo . 
= — ——,-- dS and is due to the second term. 
4x r 
0 
-> — >lo I 1 
So, B= B e,= en 2nd PERSE 
m 
or, B,- ^n —À— GÁM 
Z 2R 
. _ N 
The ratio of the two magnetic field, is = — 
i | o—— l7 | 
We need the flux through the shaded area. 
Now by Ampere's theorem; R 
I | p27777771 
B dtr = Wy —z x 
or Ho | r 
' ? 2x pR? | 
The flux through the shaded region is, | | | 


3.241 


3.242 


3.243 


3.244 
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Using 3.237, the magnetic field is given by, 


1 x 
B= -yugnl|1-————— 
2 í ver 


lu |n lg - 
is the field deep inside the solenoid. Thus, 

D = 1, nI = (b./2O where (D zz nu nl 

x 2 mo f REAS * 0^ d$ VV AAW =x F0 Fak M 
is the flux of the vector B through the cross section deep inside the solenid. 

B, 2nr = WNI 
UNI 
or, . bolt 
P, 2nr 


b 


Then, = f B, hdr,as rs b= ON Th Inn, where y= b/a 


Magnetic moment of a current loop is given by p, = niS (where n is the number of 


UIHS dilU 2, LUC ULIUSS oCCLUIIdi dica } iil UU RUUICIL, 4 = i, v= JUN GU 5D 4 R 
2BR 2 2xBR? 
MU, m — JU AL = 
Hg Hg 


Take an element of length rd 0 containing x : rdO turns. Its magnetic moment is 


N 


A39. Tg? 
, 4? gai 


plane of cross section. We resolve it along OA and OB. The moment along 
A S 

[of 
0 


= 
: 
e 
[mal 
e 
© 
E 
e 
"3 


a 


3.246 


The plane spiral is made up of concentric circular loops, having different radii, varying 
from a to b. Therefore, the tota] magnetic induction at the centre, 


Ho 
By = 2r 5, aN (1) 


where >, i is the contribution of one turn of radius r and dN is the number of turns in 


the interval (r, r + dr) 


1.€ dN = dr 
b-a 
Substituting in equation (1) and integrating the result over r between a and b, we obtain, 
b 
n: M 
B | Mog! N dr Mo! in b 
= — = — 
0 Ir (b—q) (b-a) a 
ő 
- 2 
(b) The magnetic moment of a turn of radius r is p, = ixr and of all turns, 


r 4 N P» 
P= J PadN= J "TT b-a 3 (b - a) 


(a) Let us take a ring element of radius r and thickness dr, then charge on the ring element., 
dq» oc2nxrdr 


(o2xrdr)w 


and current, due to this element, di = 2n = owrdr 
Ho di 
So, magnetic induction at the centre, due to this element : dB = 27 


R 
Mog ordr Mo 
and hence, from symmetry : B = f dB- | ————- 59 wR 
0 
nsi 


Hence, the sought magnetic moment, 


sho 
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3.247 As only the outer surface of the sphere is charged, consider the element as a ring, as 
wn in the figure. 
The equivalent current due to the ring element 


di = —— (2 sw sin 0 rd 0) c 


(1) 
and magnetic induction due to this loop clement 
at the centre of the sphere, O 


» pde 
x 
do T5110 
ala wu 026 | 9| | Mea 
5» Yo ,.2ursinOrsinO Ho ,sin^0 | LL44- 

Gp = Gi = — üt d 

4x pr x r 

[Using 3.219 (b) ] 
Hence, the total magnetic induction due to the 
sphere at the centre, O 
n/2 
B-fdBe f Mo o 2xr^sin0dOsin Oc, using (1)] 
J J 4x 2x r [using (1)] 
0 
x/2 
: „o [moor 3. 2 
Hence, B= | —— sin 6d6= 
y “pj 
0 
3.248 


3 Hooor = 29 pT 


The magnetic mament must clearly be along the axis of rotation. Consider a volume 


d constitute a current 


3€ 


element dV. It contains a charge "PET dV. The rotation of the sphere causes this charge 
the axis an 
m 


AnR? 
Its magnetic moment will be 


V x — x m” sin? 0 
IxR 2x 
So the > total inagnetic moment is 


2 
n Jf sin Od0 x wr? sin? 8 


— dr = 34 x 
2 
The mechanical moment is 


2 R? Pn d 
M= c mR 0, S M . 
3.249 


Because of polarization a space charge is present within the cylinder. It’s density is 
— 
P= -div P= - 2a 


Since the cylinder as a whole is neutral a surface charge density c, must be present on 
the surface of the cylinder also. This has the magnitude (algebraically) 


Go 
Q 


When the cylinder rotates, currents are set up which give rise to magnetic fields. The 
an 


ui cic d 
contribution of P, and o, can be calculated separately 


For the surface charge the current is (for a particular element) 


OR x 2nR dx x 5 = aR? wdx 
Its contribution to the magnetic field at the centre is 
ug R ? (a R? œ dx) 
-> (x ILR? ) 372 


and the total magnetic field is 


" f Ho R? (a R° wdr) me Ro f dx ` Hy ARE 2. taku 
s 2 (x2 +R)? 2 (P +R)? 2 R? "0 


As for the volume charge density consider a circle of radius r, radial thickness dr and 
length dx. 


prr S A~. as ^5 =~ «as - has ary ma ri. lo) ma oe PN 
The Cuir&€ni iS- LOA X Zzuraü VENIT. — £4, VAF UT UO GA 
N 


The total magnetic field due to the volume charge distribution is 


R 00 2 p eo 
B f 4 f axo 0 d dx ( 2a 
=~] rj roO quare x +r 
2 3/2 T 0 
E ; 2 (x +r’) J 
U - 00 - 09) 
R 
f 22 EE 
<o] a pyordrx2= -mawR"” so, B= B,+B,= 0 
0 
— —» LÀ 
Force of magnetic interaction, F „a= e(vx B) 
*' mag M rd 


4x r 
s Ko B tete 
O, mag" Ax 3 vx(vxr 
Mo e? — —— Uo e 2 
= — —[(vr )xv-(vv)xr ]= — avr) 
4x r 4x r 
> > 1 er. 
And jJ eE = e- —3 
4ney |r 
x 2 
F 
|F ectie | \c) 


wW 
o 
“J 


3.251 (a) The magnetic field at O is only due to the 


curved path, as for the line element, d TY r 


T => Moi , T. Wi, > ^u 
Hence, B8 AnR "eT AR (- k ) it 
> , T> My i > | 
Thus F,= iB (-j)= 4g CJ) | 
/ I/R \ 


2 om 
.I _ 9. A <1 x 
So, F = aR ^ 0-20 N/m | 


(b) In this part, magnetic induction Bato 
will be effective only due to the two semi 


infinite segments of wire. Hence i y 
- Uo T 
B= 2: 7 Sin z (- k) | ` 
4n(—| ~ — | ? A 
v B | | 
M TP. Q y 
1 | J 
. R S 
Thus force per unit length, IG 
2 
> M! T 
F, = al Ci) 


3.252 Each element of length d! experiences a force BI dl. This causes a tension T in the wire. 
For equilibrium, 
Tda= Bl dl, 


1 37 * at 2 1 a a st 1 1 Blal A 
where da is the angle subtended by the element / 


at the centre. > | 
dl AS 
Then, T= BI = RIR , 


da [ \ 2 | 
The wire experiences a stress | © | 4 \ | ote / 


2 
BIR V J NY 
x d^/4 


This must equals the breaking stress o, for 


rupture. Thus, 


2 
nd o, 


zz 
max A ID 
TAN 


B 


3.253 The Ampere forces on the sides OP and O' P' are directed along the same line, in opposite 
directions and have equal values, hence the net force as well as the net torque of these 
forces about the axis OO’ is zero. The Ampere-force on the segment PP’ and the cor- 
responding moment of this force about the axis OO’ is effective and is deflecting in nature. 


Q 
le» 
o 


3.254 


3.255 


In equilibrium (in the dotted position) the > 
deflecting torque must be equal to the restoring B | . vnd 
torque, developed due to the weicht of the -7 N' 
eVa NM MY VEY peu uuw SAY VY VARSQARV VR VAR »p V 
shape. 7 | \ 
Let, the length of each side be / and p be 1 \ 
the density of the material then, \ al 
\ 
ilB (I cos 0) = (S1 p) g sin + (S1 p) g sin O 4 A 
| Ie | M Voted) 
+(S 1p) gl sin 0 m | dA | 
| 
or, il^ B cos 0 = 2S p gl’ sin 0 | Syp | Wo 
Hence, B= 8 tan 0 \ 


We know that the torque acting on a magnetic dipole. 


N= p.xB 
But, p= iS n , where n is the normal on the plane of the loop and is directed in the 
direction of advancement of a right handed screw, if we rotate the screw in the sense of 
current in the loop. 
On passing a current through the coil, this torque 
acting on the magnetic dipol, is counterbalanced N | | 
by the moment of additional weight, about O. ——4À | T 
Hence, the direction of current in the loop must p me 1] 
"M : 0] ML 4, IN 


be in the direction, shown in the figure. 


Y / \ 
px B= -1x Amg S | [ns 


Or, NiSB= mgl 
So, B = Amg! = 0-4 T on putting the values. 


NiS 


(a) As is clear from the condition, Ampere's forces on the sides (2) and (4) are equal in 
magnitude but opposite in direction. Hence the net effective force on the frame is the 
resultant of the forces, experienced by the sides (1) and (3). 
Now, the Ampere force on (1), ' 

i u 


1" Ax | 1\ 
42 | 
and that on (3) d | 3 
i 
"D lo | 
"ntl | h 
|^ 2] | | | 
\ / i 
So, the resultant force on the frame | 
=F. nc thay ara annnnacita in naties Y a T A 
4 1 A 3» vao Vuvy aiu Vppvyvoite AL ALG BUELL. 3 dd» 
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2 Wo Up 


= = 0-40 uN. 
n (Af. - 1) 
(b) Work done in turning the frame through some angle, A = f id ® = i (D, - 3, where 
P, is the flux through the frame in final position, and ®,, that in the the initial position 
SO, AP = 20 and A= i2 
Hence A= 2i f Fas 
1 
3 
. f wia Holiga | (2n +1) 
= 21 | A dr = In | —1-— | 
J 2r Tt vu - 1) 
t3 
2 


lhere are excess surface charges on each wire (irrespective of whether the current is 
i 7 — 
flowing through them or not). Hence in addition to the magnetic force F_, we must take 
— 
into account the electric force F,, Suppose that an excess charge A corresponds to a unit 


length of the wire, then electric force exerted per unit length of the wire by other wire 


can be found with the help of Gauss's theorem. 


ma ma 2 
ZA Lh 
F.=)E= i — = 1 
e Ane, 1 Anel’ (1) 
where ! is the distance between the axes of 
the wires. The magnetic force acting per unit ppt ete T. 4. G-*4 «B x. 
length of the wire can be found with the help 
— 
of the theorem on circulation of vector B |£ 4 R 
Fe 


= Mo 2i 
F 


m ] “yD? A 


Ax & | 
‘ss [ e — e ss eee ee lee eee ow — 
where 1 is the current in the wire. (2) | F 


Now, from the relation, 


A= C q, where C is the capacitance of the wires per unit lengths and is given in problem 
3.108 and ọ = iR 


he an ik or, x Ll. (3) 


Dividing (2) by (1) and then substuting the value of 7 


F, _ o (Inn) 
The resultant force of interaction vanishes when this ratio equals unity. This is possible 


when R= Ro, where 
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3.257 


3.258 


3.259 


. V Po n3, 036 Ko 


Use 3.225 
The magnetic field due to the conductor with semicircular cross section is 
p. 5 
x R 
Then oF BI = Ho! 
al x^R 


We know that Ampere's force per unit length on a wire element in a magnetic field is 
given by. 


dF, = i(nx B) where n is the unit vector along the direction of current. (1) 
Now, let us take an element of the conductor I | | | | 
i, as shown in the figure. This wire element I< r iy | 
icin tha mannatic fald seenclusesdÉsethaD0eesmeuntf | | | | | 
A ALE LUIL L lak WI LILI, pryvyuuceyu Uy UIC LUulivilit i | 
i, which is directed normally into the sheet | | | | 
of the paper and its magnitude is given by, I; | | ty 

pi. Hot (2 | . | E 2 | 

HIT Zar (2) r^ i| 
From Eqs. (1) and (2) «— b — 
dF,- b — dr (n x B ), (because the current through the element equals b dr 

/ 
— u Hh I 

So, dF = EE towards left (as nli B B). 
Hence the magnetic force on the conductor : 

a+b 
> pl, fe Uy I, L a+b 
F = — towards left) = z p” towards left). 

n= On b (towar ) = an b ( ) 


Then according to the Newton’s third law the magnitude of sought magnetic interaction 
force 


By the circulation theorem B= p 


e 
Cu 
bd 


paper Ow vvantc 


O uic pa pei Currents 


$ 
$ 
c- 
s] 
d» 
T 


mt mn 


where i = current per unit length owin idicula 
flow in the opposite sense in the two planes and produce the given fi eld B by superposition. 
1 uu | 1... . : . 
The field due to one of the plates is just — B. The force on the plate 1s, 
Z 
1, . B? 
— B x i x Length x Breadth = — per unit area. 
2 2Uy 


(Recall the formula F = BII on a straight wire) 


3.261 


B, +B 
(a) The external field must be : 7 * which when superposed with the internal field 
— (of opposite sign on the two sides of the plate) must give actual field. Now 
R n 4 
A lxi 
poc" UT thd 
OI, i= ———— 
- UMEN 
B, - B/ 
Thus, F= = Di 62 
2 
(«NV Hara the avtarnal field manot ha B, -B nnward with an internal field Bi T B; upward 
(UJ LIVIU, LAID Vv/AUULLIIGS LAVIN LIMO UV 2 upwaiu VY ILU (AR LLLLULLIGI LIVIS, 2 > “’p YY Gaw 
on the left and dcwnward on the right. Thus, 


BB ap BeBe HILL 1 
^w 2H 
(c) Our boundary condition following from | (| {| | | l 
Gauss’ law is, B, cos 0, = B, cos O,. | | | | | | | | | 
Also,(B, sin 0, + B, sin 65) = poi where | | | | | | l | | 


i= current per unit length. Bı B, 


(The perpendicu 


=) 
=, 
Q 
Lon | 
© 
© 
»— 
Nn 


not matter since the correspondin 
tangential) 


B? sin? 0, - B? sin? 0 


^ | ^ nl —-—Tt— 7A 
Thus, F = — — per unit area a ~2 
Uo 


= ne 72 per unit area. ey SSS 
2 ug 
The direction of the current in the plane TO B, = 
conductor is perpendicular to the paper and Bı | 
beyond the drawing. 
bf Ann 


aou d . 
The Current density is —, where L is the length Ld V4 
of the section. The difference in pressure i I 
produced must be, 74 / 
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3.262 Let t= thickness of the wall of the cylinder. Then, 


3.263 


3.264 


J= I/2x Rt along z axis. The magnetic field due to this at a distance r 


t LY. . 
[R-5 «r« n) is given by, 


> f , 5 ) 
Bem- wzat- // 
2 Rt 2 t 
u, I fi RE | 
or, B = gp R-X] RE 
Now, F- [ Fx Bav 
v ee 
R++ 
2 
F, 1 f er | £y | 
and p= JARL” DERE J m-e- fx2arLar 
R-+ n 
R++ 3 3 
2 t t 
2 er 1 > [ (x +4 _(r-£ 2 | 
om ffo el mDP [V S c S ey a 
serie J | | 2 | Bx RÀ 3 | 2 | 
r-t 
2 2 
Ho 2 Mo 
= Rr+0(t°) |= —— 
8x x; | *00)] Sak 


When self-forces are involved, a typical factor of i comes into play. For example, the 


induction B is due to the current itself then the force can be written as, 


I 
F= [Bar 
0 
T£ D /(]' NAT than thie harnmaac p lnp/ínri 
AL L5» i4 JA, Ua Wid VELVEILICD, 4 = 27 NIST 
In the present case, B (7) = Hs n I and this acts on mJ ampere turns per unit length, so, 


pressure p = 


i i 272 
Área 2 pon Ee eni 
The magnetic induction B in the solenoid is given by B = p, nI. The force on an element 
dl of the current carrying conductor is, 


2 
dF = 5 Hom dl~ T dl 


This is radially outwards. The factor 1 is explained above. 


2 


3.265 


3.266 


To relate dF to the tensile strength Fi, we 


proceed as follows. Consider the equilibrium 
of the element di. The longitudinal forces F 


: n ee 
have a radial component equal to, AN | J SES 
do F ag 
dF = 2F sin= = Fd0 \ / F2 
1 4 fla 

Thus using dl = Rd9, F = 5 Monl” R \ E 
This equals F, when, /= I V Plin N 

IS equals fiim n, lim uon R N 
Note that F; here, is actually a force and not a stress. 


Rec: SIME o d 
Resistance of the liquid between the plates E 


Voltage between the plates = Ed = v Bd, 


rm J 


Current through the plates = — i 
"s 
Power, generated, in the external resistance R, 
p. VB d'R v’B’d? v? B? d? 
= ———____. = 7 = 2 5 
pd pd 1/2 [. 
d | Vir] RV. pd 2 pd 
SVR 08 
This is maximum when Re PD. and Pw VES 
L419 15 HIGAMILULTL WHHL An = S aliu 4 max = 4p 


The electrons in the conductor are drifting with a speed of, 
J I 


V4 = 


? 


p -p2 
ne WA ne 
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where e = magnitude of the charge on the electron, n = concentration of the conduction 


electorns. 
The maenetin^ field incidea the ranductar due tn thie current ic aotven hv 
A iV BORA tie LICIU BRAROIAEV. BEY VOARRNARULNCLMVAR VUV LU OLED OMBRA ARA D EY WAR v y» 
2 I Mg Ir 
B, (2nr) 2 xr u, or, B= — 
2 V0 ? 2 
M zR ? 2nR 


A radial electric field vB, must come into being in equilibrium. Its P.D. is, 
| | Vo Ir 


r fù 
AQ = ————— — dr» ——_ | — | = — 
P J x R? ne 2x R? x ne (4x | 4 x R? ne 
0 
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3.267 


3.268 


3.269 


T^ 


E . 
Here,v, = B and J= nev, 


B 200 x 10* x 1T 
so, n= E = —— LÁ V/m 
eL 16x10 "Cx5x10" 
= 25 x 107 per m? = 2-5 x 107 per c.c. 


Atomic weight of Na being 23 and its density ~ 1, molar volume is 23 c.c. Thus number 


E og x 10? ne ant 
of atoms per unit volume is ———— = 2:6 x 10° per c.c. 
pore! 


By definition, mobility = , 7 r - Or u= 


On other hand, 


E,= vB= LL as given so, p= | = 32 x 10? m?/(V - s) 
n nB 
. Ho 
Due to the straight conductor, B, = Xu 
We use the formula, F= (p, V)B 
(a) The vector p,, is parallel to the straight conductor. 
Fe p, B= 0 
= Pm aZ = " 


—» 
because neither the direction nor the magnitude of B depends on z 
(b) The vector P, is oriented along the radius vector r 


—» 
The direction of B at r * dr is parallel to the direction at 7 Thus only the m component 
— 
of F will survive. 
.p, oto, Po Pn 
v7 Pm or Qnr EV 
(c) The vector P. coincides in direction with the magnetic field, produced by the conductor 


carrying current I 


-> ð Hol > Mol Pm 8e, 

Pm rap 2x * 2w? OD 
— UlPy —» æ b 
dO, f= = AS, — = -e 


ð 
3270 F,- p, B, 


Ba p -If na uo IR" / ^N 
u, P7 ac 024 RA 208 e RÓy2 
My I2xR? 3 
So F= ——T—————xGp 
4 An (x7 + R? 2 m 
X R 
m 
Up 6x R^ Ip x 
— 4n (x2 « R2y? \ J 
3.271 Cae eR 
UY r-pg 
F= p, 2| Ho im & im | 
^" ad | 4n p | 
| p, S [Ho Pw]. -3 HoPimPan gon 
3l | x] | 2 gl 
3.272 From 3.270, for x >> R, 
ug R? 
B,” 3 
2x 
2B x - 
or, le se _ 2x3x107 Tx Co" my x10 EX 10 m) 05 kA 
py R^ 1:26x10 ^ x (10° “m) 
3.273 EA B 
H',= —Bsina, 7 Ss £ z 
“0 7 rt -> j] 
B',=uBsina BA 
: ZZ wem 
AA 


B'= B u? sin? a + cos’ a 
3.274 (a) $ H-as- b i7] 67 -$ J- dS, since $ B-dS= 0 
0 


Now Ji is nonvanishing only in the bottom half of the sphere. 


/( 9 A 


ee e Be 
LLL 


ENESNEEPEFEFENENENENNENEENEEREEEEE 
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Here, B’, = B cos 0, H' = lg sin 0, B' = p B sin 0, H', = B cos 6 
Mo Ho 
B cos 0 - 
J = 29891 l|, J,= H Bein | 
Ho u Ho 


Only J, contributes the surface integral and 


> — —> —»> 2 
-$ TaS- -f ras-ó jas. A Bem L) 
lower lower "0 


VU 


— 
S 
oy l 
A 
™ 
i 
um" 
wy) 
i 
od 
n 
A7, 
pæ. 
l 
= 
by 
z 
- 
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3.275 Inside the cylindrical wire there is an external current of density a This gives a magnetic 


field H, with 


2 
r Ir 
A, 2ur = [—> Of, H,- A52 
IN Zi AN 
» LI Ho Ir p = 1 ir Xir e » 
From this B, » ———; and J = — = = = = Magnetization. 
* In R* M Zt R^ 2aR^ 
Hence total volume molecular current is, 
l T. dr f YI di - 
M r= = 
$ ^ J za^7^* 
r= R 


The surface current is obtained by using the equivalence of the surface current density to 


J x n, this gives rise to a surface current density in the z-direction of - PAR 


The total molecular surface current is, 


The two currents have opposite signs. 


3.276 We can obtain the form of the curves, required here, by qualitative arguments 
f 2 ? 
From 9$ Hdi-1 
we get H (x »»0) - H (x << 0) - nl 
Then B (x »» 0) 2 uu, nj 
X / ved vat 6) 


Also, 
B (x «0 2 u. H (x <Q) 
V I= fg #2 À Yj 
(x«0)- 0 


< 
B is continuous at x = 0, H is not. These give the required curves as shown in the answer- 


3.277 The lines of the B as well as H field are circles around the wire. Thus 


Hunr*rH,nur-lI or, H,+H,= 


Also Mou, Hy = mH Uo = 
Thus m 2L AS 
D — — 
H, = 
2 B ar S 
"INCUN Aas 


3.278 The medium I is vacuum and contains a circular current carrying coil with current 7. The 
medium II is a magnetic with permeability u. The boundary is the plane z= O and the 
coil is in the plane z= l. To find the magnetic induction, we note that the effect of the 
magnetic medium can be written as due to an image coil in II as far as the medium I is 
concerned. On the other hand, the induction in I[ can be written as due to the coil in I, 


1.1. 


carrying a different current. It is sufficient to consider the far away fields and ensure that 
the boundary conditions are satisfied there. Now for actual coil in medium J, 


oe) 


42, 


] Zi 
V 
B 2p,, cos 0’ (uo) B Pp,, Sin O' ( Uo) 
A p "m 9 r 4x 
so B,= PoPm — —" (2 cos? 0' — sin? 6’) and B.- Po Pm i 3 sin 0' cos 0/) 
4x 
where Pm = I(x a’), a= radius of the coil. 
Similarly due to the image coil, 
' ' ' 
= PoP m (9 cos? 0' - sin? 0"), B, = HoP ™ (3 sin 0 cos 0’), p' = I (xa?) 
zZ 4x ~ i 4) x An X ^5 YA X / 
As far as the medium II is concerned, we write similarly 
HoP m Pm (C 3 sin 0' cos 0"), p", = I" (xa^) 


B,- 4n — ——- (2 cos 29. sin? 05, B= 


m 
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3.280 


3.281 


3.282 


/ n 
The boundary conditions are, Ppa p',, * p", (from B,, = B.) 
-nh apni _ iis (fener FF — EJ Y 
Pm ' E m” LP m WY il L4 1r, 7 115: 
u 
Thus, P=- j pp Bol, 
u+1 1 


In the limit, when the coil is on the boundary, the magnetic field enverywhere can be 


—À» 


— — — lo u 3 
H' = -J/3, B'- 3 ^ where J is the magnetization vector. Then in a uniform magnetic 


field with induction B, we have by superposition, 
— 


— — 20, J — By 


—» 
3 Ho 
— -—> — 
Oo B -2u.H. = 3B. 
Of) Pint pottin 229 
— — 
also, B;, - u Mo H,, 
3 B, 34 B, 
— —» pA 
Thus, in = — and B,,= 3 
Ho AA t 2) Utes 
The coercive force H, is just the magnetic field within the cylinder. This is by circulation 
NI 
theorem, H, = q^ 6 kA/m 


—— pp 
(from $ H-dr= I, total current, considering a rectangular contour.) 


We use, $ H. di- 0 RN 
Neglecting the fringing of the lines of force, N 
uu | / \ \ 
we write this as | | ~in 
D 
H(xnd-b)+—b=0 \\ v 
0 / | 
- Bb 
or, H= - = 101 A/m VN L S 
» MUTA 
The sense of H is opposite to B 
> — Bb N I yo - Bb 
Here, $ H-dl= NI or, H(xR)* —-2 NI, so, H= ———— 
Ho 2xRyUug 
? uH wNI-Bb 
7» 1 a A 41 1. r B Ir t 41. : t L IY 1 
One has to draw the graph of p = —— versus H from the given graph. The u -H graph 
Mo 44 


starts out horizontally, and then rises steeply at about H = 0:04 k A/m before falling agian. 
It is easy to check that p,,, = 10,000. 


379 


3.284 From the theorem on circulation of vector H . 


Bb WNI uad 
Hxd*—-NI or, B= - H = (1:51 — 0:987) H, 
Ho b b 
17 asa n a Tana 1. an na UT 3; in LA lean Danidas D ana Lr ama interrelat ari an aha T. fe Pi "ec. 
WLLL D is ii 1CSia anda mi in ASML, DLSIULDS, 42 GU £7 GIL IIl ciated as in toe r ig. aJs f/U 


of the text. Thus we have to solve for B, H graphically by simultaneously drawing the 
two curves (the hysterisis curve and the straight line, given above) and find the point of 
intersection. It is at 

H æ 0-26 kA/m, B= 125T 


roe a m m 


Then, u= — s% 4000 
Mo 44 
3.285 From the formula, 
— > 2, > — —— — 
F-2(p,:V)B-*F- P| U- V) BdV, 
—» as Cf >> — 
Thus F= —— | (B-V)BdV 
H Bo 
or since B is predominantly along the x-axis, 
ðB, x= 2 2 
F,- % fa, 55 sar = 1S ape = SB, x SB 
H Up Ox 2M Uy ~ 4 24 Uo 2 Mg 


3.286 The force in question is, 


since B is essentiatlly in the x-direction. 


p.XV dg XBy Vd 
* 2m dx 2m dx 


This is maximum when its derivative vanishes 


So, — (e 23). _ 4axe 


i.e. 16a? x -4a= 0, or, 


The maximum force is, 


So, "" F rax y£ | J, VB,’ = 36 x 107 


2 
F,= ee. xBV dB xV dB“ 


3.287 TETI dx 2u. dx 
0 UU 


This force is attractive and an equal force must be applied for balance. The work done 
by applied forces is, 


x-L 
A= ( LF da= XV pyre, VE 
J 07 On *-9" 2gg 


x= 0 


CTROMAGNETIC INDUCTION. MAXWELL’S EQUATIONS 
th 


3.288 Obviously, from Lenz’s law, the induced current and hence the induced e.m.f. in the loop 


is anticlockwise. 
From Faraday’s law of electromagnetic indcution, & | 
| 7 cd! a -> -> 
d © W 
Ein ~ dt B 
—> — l 
Here, dó- B-dS= -2Bxdy, — |. GOA N 
ay 
p ] 
and from y= are y= 4 / X. \ ^ | T 
E — N / | / 
4 


e» 
e 
A 
oO 
rt 
S 
li 
` 
-— 
IR: 
: S LS. 
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3.289 Let us assume, B is directed into the plane of the loop. Then the motional e.m.f. 


>> > 2 
= | - OB -al = y Bl [7————————] 
ER | | | 
—» 
and directed in the same of (vx B) (Fig.) d | R Ro 
So. i- Si, . Bvl ein LR 
7 RR  R«R R 
K+ - | 


As R, and R, are in parallel connections. 

3.290 (a) As the metal disc rotates, any free electron also rotates with it with same angular 
velocity c, and that's why an electron must have an acceleration or directed towards the 
disc's centre, where + is separation of the electron from the centre of the disc. We know 
from Newton's second law that if a particle has some acceleration then there must be a 
net effecetive force on it in the direction of acceleration. We also know that a charged 
particle can be influenced by two fields electric and magnetic. In our problem magnetic 
field is absent hence we reach at the conslusion that there is an electric field near any 
electron and is directed opposite to the acceleration of the electron. 

If E be the electric field strength at a distance r from the centre of the disc, we have from 
Newton's second law. 


= 2 r m } 
eh= mr, or, E= y 


and the potential difference, 


-> — 2 — 
Peen Prin | Evdr= f 22 l dr, as Et\dr’ 
0 


o 
Qo 
þad 


2 2 
mo a 
Thus Peen ~ Prim = AD = —= 30nV 
e 2 
— 
(hy Wh an £41. p In mennas t hier Anfintti ns Aft tin nl n: £ 
(0) wvnen icid D is present, oy aciinition, oi motional €.m.i. 
2 
— TL — 
vim [ -c ): dr 


itial difference, 
a 


Veen Prin | -vBar= f -wrBar, (as v= or) 
0 


0 


bod 


Thus Prim ~ Peen = P= 5 Ba? = 20 mV 


n , eB , . ac 1. . ee a 
(In general w < m so we can neglect the effect discussed in (1) here). 


3.291 By definition, 


— o> > 
= -(vxB) 
C C d 
So, J E-dr* | -GXB)-ar* | -vBdr 
A A 0 
But, v= or, where r is the perpendicular distance of the point from A. 
C d 
Hence, J E-dr* | -wBrdr= -70Bd’= -10 mV 
A 0 
This result can be generalized to a wire AC of arbitary planar shape. We have 
C C C ` 
l> > f >> . cr > > > 
J E -d =~ J (vx B) dr =— J ((wxr) x B):dr 
A A A 


1, 2 
= 700 ; 
— 
d being AC and r being measured from A 
2 303 r1. ~r ot amar pma mera ent t nf tienen 
Sem lá LIA al ally ELLUAREIVLIT UL ULL, - 
—_> > 
i 3 in : 
| P . 


where q is the sector angle, enclosed by the field. 
Now, magnitude of induced e.m.f. is given by, 


W 
QO 
N 


2 2 
|22] _ |BR* 4e |, BR’, 
in ar | | 2 dt | 2 ? 
where c is the angular velocity of the disc. But as it starts rotating from rest at t = 0 with 
an angular acceleration p its angular velocity w (t) = Bt. So, 


- mn? 
BR 
Sa = 2 
According to Lenz law the first half cycle current in the loop is in anticlockwise sense, 


uent half cycle it is in clockwise sense 


a AR >> $ áo bedbutuis Ab S48 o ACA WV AR Y Y ATW . Me 


| 

ts 

oy 
3 


Thus in general, &,,= (- 1)" Bt, where n in number of half revolutions. 


2 
The plot E; (t), where t,= V2 n/p is shown in the answer sheet. 

3.293 Field, due to the current carrying wire in the region, right io it, is directed into the plane 
of the paper and its magnitude is given by, 

Pou 

2x r 


As B is same along the length of the rod thus motional e.m.f. 


D _ 
ij = 


—» 
and it is directed in the sense of (vx B) 
So, current (induced) in the loop, 


3.294 Field, due to the current carrying wire, at a perpendicular distance x from it is given by, 


There will be no induced e.m.f. in the segments (2) and (4) 
a 6 Ve) V 
as, vtt dl and magnitude of e.m.f. induced in 1 and 3, will be 
Mo 1 Mo 1 
$17 "I5. 414 amd $7 Vl 5r x^ 
Ven 7 \ are en j 
= > 
respectively, and their sense will be in the direction of ( v x B ). 
CA am f anadunesdA an thea nere T — t -— = 1 
JV, VULL. HISUCUU UL UUV JEIVULVYV UR - $91 92 199 91 — 92 ] 
2 . 
avugtf1 1 ] VAa ug! 
2x1 |x atx] 2mx(a-x) 
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is in 


duced in it. The net current in the conductor is then 
direction will be normal to B and the rod and its torque will be 


[o d 


A 


[o d 
* 


[ d 


Obviously both magnetic and mechanical torque acting on the C.M. of the rod must be 


a^ B o 


(0-4 
n 


for equilibrium at constant w 


1 
mga sin wt 


2 


2 


Ba 1 


2 


MER 


(à? B?  * 2 mg R sin o f) 


Lo 1 


2 aB 


(The answer given in the book is incorrect dimensionally.) 


1 


e 
- 
p 


sin ot 


—9 
ab 


mo R 


» 


1 
—a Bot 
Z 


& (0) = 


Of, 


VBl between 


h A PANRrNOLYr 
ue COPprr 


is directed form 
A and B 
where vis the velocity of the rod at any moment. 
For the rod, from F, = mw, 
mg sina —-ilB= mw 
From (1) and (2) v= 


be equal to zero. 


or, 


om 1 to 2 or in other words, 


the induced crrrent in the circuit is in clockwise 


bar is directed fr | 


au am cum Omm (RED CD Uum OS 
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5.298 


Hence, the induced current in the loop, 


ja dl o Rn 
dt dt 
But the variation of magnetic flux through the loop is caused by the movement of the bar. 


So, the induced e.m.f. 5, = B Iv 


d$, d 
in V 
and — = Bl — = Blw 
dt t 

dé 
Hence, i= C—=CBlw 

dt 
Now, the forces acting on the bars are the weight and the Ampere’s force, where 

2 p2 

Pomp = ilB(CBlw) B= Cl Bw 


From Newton’s second law, for the rod, F, = mw 


x 


Or, mg sina — C1? B’ w= mw 
Hence w= mgsina —  gsinc 
Cl'B'«m , I? BC 
1+ 


—» 
Flux of B, at an arbitrary moment of time t : 


2l _ 2 
- Xa 
o,-B-.S- B^7- COS @ f, 
From Faraday’s law, induced e.m.f., E. = — ao 
J ? ^| Dil dt 
2 
(5 x = cos œ | 
d 2 
\ / Brawo A 
= = = elit We 
dt 2 
2 
. 5; Bua 
and induced current i. = — = w Sin C f. 
, "^ R AR . 


Now thermal power, generated in the circuit, at thc moment t= ¢: 


Y 


T . 2 2 
ro, op (1.4. B) 

J \ © Jj 

0 
Note : The claculation of §&, which can also be checked by using motional emf is correct 
even though the conductor is not a closed semicircle , for the flux linked to the rectangular 
part containing the resistance R is not changing. The answer given in the book is off by 
a factor 1/4. 
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The flux through the coil changes sign. Initially it is BS per turn. 


Finally it is — BS per turn. Now if flux is ® at an intermediate state then the current at 
that moment will be 


R 
So charge that flows during a sudden turning of the coil is 


q= [id= -—[9-C9]- 2.N BS /R 


1 qR , 
Hence, B= =I = 0-5 T on putting the values. 
ZNS 
According to Ohm's law and Faraday’s law of induction, the current 1, appearing in the 
e J ub 0 "rr e 
frame, during its rotation, is determined by the formula 
dd Ldi, 
lan = — So 
0 dt dt 
Hence, the required amount of electricity (charge) is, 
o= fide -i fur AT -l(AQALAL) 
M J e) “* RJ u x a oy R^ ^4 CoA i 7 
~: 0r $004 1 n . ke D a 
Since the frame has been stopped after rotation, 710 
the current in it vanishes, and hence A iy = 0. 


| 
It remains for us to find the increment of the | 
flux A È through the frame (A ® = d, - à). ! 


| 

i 

i 

| 

— 3 { 
Let us choose the normal n to the plane of the ( 
frame, for instance, so that in the final position, 
J 


n is directed behind the plane of the figue | 39 ,. 4 4A 777-7 


— — A ——3 / 
(along B ). ^ 0 


` Then it can be easily seen that in the final pos.tion, $, > 0, while in the initial position, 


a2. 1 


o, <0 (the normal is opposite to B ), and A 4 turns out to be simply equal to the fulx 
through the surface bounded by the final and initial positions of the frame : 

b+a 

b- a 


where B is a function of r, whose form can be easily found with the help of 
of circulation. Finally omitting the minus sign, we obtain, 


A® Ho dt beta 
R 2xR n b-a 


A asn ai PpP 


straight current carrying wire, varies along the rod (connector) and enters 


As B, due to th 
, to make the calculations simple, B is made constant by taking its average 


linerarly 


e 
value int 
UIU asu b. 


e 6 
~ 


Q 
Q 
o 


b b BO 
l 
f Bar [223a > 
2a r r — 
«B»-7 -— ? m i 
f. fr. ext 
jar J ar - >X 


(a) The flux of B changes through the loop due to the movement of the connector. According 


to Lenz's law, the current in the loop will be anticl ockwise. The magnitude of motional 
e.m.f. 


Ho ‘o D dx Wo., b 
4 5 -) = Lo." 


I 41) 
Š 
YT 
c 
c 
€ 
a Jo 


(b) The force required to maintain the constant velocity of the cònnector must be the 
magnitude equal to that of Ampere’s acting on the connector, but in opposite direction. 


EE (Ho io | b\ (Mg ie Nu) 
So FurdeB»T|j gm "in 9 x » 
er dm 2xR (b - "b na) 
u b ^ 
Vv 0 . " r . 
- MUN will be directed as shown in the (Fig.) 


N 


into the plane of the loop. The motion e.m.f & (0 = Blv 


vBl A 
R 


From Newton’s law in projection form F, = mw 


and induced current lin = 
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x 

m R vo 

Or, fa = dije or, x= pg 
0 


(b) From equation of energy conservation; E, - E; + Heat liberated = Àj + Ao: 


[o - lm Vo" | + Heat liberated = 0+0 


1 2 
So, heat liberated = zm Vo 


With the help of the calculation, done in the previous problem, Ampere’s force on the 
connector, 


2 vB. 
Fim F” R directed towards left. 
Now from Newton’s second law, A 
dv 
- = m — — 
F F amp m dt B Q R 
> 
So p. WBE pE 4j F 
, BEN. dt | amp 
-> \⁄ 
t v 
dy CO O 
. ( dt = 7.4 
or, J mÍ VBE? B 
0 — 
FTUR 
F- v £^? 
or tz- —R dn R 
À m B F 
212 
Thus os lise -tBI \ RF 
\ Rm jm" 


According to Lenz, the sense of induced e.m.f. is such that it opposes the cause of change 
of flux. In our problem, magnetic field is directed away from the reader and is diminishing. 


(a) (b) (C) (d) 
So, in figure (a), in the round conductor, it is clockwise and there is no current in the 


connector 
In figure (b) in the outside conductor, clockwise. 
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3.306 


3.307 


In figure (c) in both the conductor, clockwise; and there is no current in the connector to 
obey the charge conservation. 
In figure (d) in the left side of the figure, clockwise. 


The loops are connected in such a way that if the current is clockwise in one, it is anticlockwise 
in the other. Hence the e.m.f. in loop b opposes the e.m.f. in loop a. 


, d ,2 2d , 
e.m.f. in loop a = d (a^ B) = a 4; 20 sin wf) 


Similarly, e.m.f. in loop b= b? B, œ cos ox. 


Hence, net e.m.f. in the circuit = (a? — b?) B, € cos ot, as both the e.m.f's are in opposite 


sense, and resistance of the circuit = 4 (a +b) p 


E ESTE 


The flat shape is made up of concentric loops, having different radii, varying from 0 to 
a. 


Let us consider an elementary loop of radius r, then e.m.f. induced due to this loop 
> — 

= ~a(B'S) = xr? B, oc cos wt. 

7 dt  — 0 

and the total induced e.m.f., 


a 


P" ^ 
2 
Sind = J (1 r“ By w cos wt) dN, (1) 
0 
where x 7^ @ cos œt is the contribution of one turn of radius r and dN is the number of 


So, dN = " dr (2) 


r ^ N 7L 
From (1) and (2), § = J — (x r^ B) cos cot) 7 dr = 
0 


1 2 
Maximum value of e.m.f. amplitude & = 31 B oNa 


—» 
The flux through the loop changes due to the variation in B with time and also due to thc 
movement of the connector. 


d 5 S - > 
So, E, |4(B 5) | E S and B are collinicar 
1 
But, B, after ¢ sec. of beginning of motion = Bt, and S becomes = [—w t? as connector 


2 
starts moving from rest with a constant acceleration w. 


So, E. = = Blwe? 


27 "EFE 
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We use B= nI 


Then, from the law of electromagnetic induction 


$ Edl- 


So, forr«a 


par I. (where I = difdt) 


EL 


E,2nTr- -xar mnI or, E = - 


For r>a 


E 2xr=-na nI or, E = -ugnIa' 72r 
The meaning of minus sign can be deduced from Lenz’s law. 
. d? 
The e.m.f. induced in the turn is ug Z x 4 


nd 
The resistance i SSP. 


UyntlSd 
So, the current is —42— = 2m A, where p is the resistivity of copper. 
p 
The changing magnetic field will induce an e.m.f. in the ring, which is obviously equal, 
in the two narto hu cv ‘metry (the e.m.f. induced by electromagnetic induction does not 


ASL OAAW CVT V7 pes OY sym “ay Verse WwoARReRoe JABRR*VS UUU u wats WAL AU fy sew ta ALLE EYEWEAR BEL iF AAW EY 


depend on resistance M The current, that will flow due to this, will be different in the two 


field F which hac o 


iwin Sf WV RARBTW/ARA RAUVRAD 


"3 
"3 
M 
T 
B 
: 
¢ 
x 
f 
j 
é 
- 
|: 
f 
& 


= (n«1)rl, 
and E= — (n- 2» — 1-1; 
2xa Z2ranrti 


But by Faraday’s law,& = x a^ b 


So, - z ab 1 


Go to the rotating frame with an instantaneous angular vélocity œ (t). In this frame, a 
Coriolis force, 2mv x @ (2) 
acts which must be balanced by the magnetic force, e v x B (1) 


Thus, @(t)= - X-B (t) . 


(It is assumed that @ is small and varies slowly, so c^ and c can be neglected.) 


390 


3.312 


3.314 


The solenoid has an inductance, 


tn tha cns P 


vO uic Source an C.Mm. 


Corresponding to this current, an e.m.f. is induced in he "d Its ma 
B 


t 08 
= 
e 
em 
-— e 
e 
m 
p 
[4") 
þu 
Ca 


= unl in the solenoid, produces a force per unit length, Æ = Bi= usn x a^ II/r 


I na V? 
^ r (RL 
acting on each segment of the ring. This force is zero initially and zero for large ¢. Its 
maximum value is for some finite t. The maximum value of 


-t R/L (1 -e Fl) 


? 


2 
~tR/L f4 _ ,-tR/L . i-(i- Md 201 
e (1 -e ) 1 2 is - 
2. 2y2 212 
eL dF,x Honra V^ n ILL V 
Uo dl r 4RL  4rRIb? 


The amount of heat generated in the loop during a small time interval dt, 


2 do 
dQ = E^/R dt, but, E- -— 2 at-at, 


(2 at - a xy 
dt 
R 
and hence, the amount of heat, generated in the loop during the time interval O to v. 
t 


2 2_3 
o- | €» » 1 a^c 
R 3 R 
0 


So, dQ- 


Take an elementary ring of radius r and width dr. dr 
The e.m.f. induced in this elementary ring is x r^ p. I ARS 
Now the conductance of this ring is. an 
a) pit var Ina (C ES 
n p2xr so dI» 2p P b 
Sí 1 \\ \ N J 1H 1 
Integrating we get the total current, V NN SN N1T// / 
VN SL LAU. / Jf 
N NN // S 
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3.315 Given L= W n V= My n ly x R 7 , where R is the radius of the solenoid. 


Thus n = — =- 
j Moln R 
So, length of the wire required is, 
4xL l, 
l=nl2nR= = 0-10 km. 
i 
Ho 


3.316 From the previous problem, we know that, 


/' = length of the wire needed= V Llan , where l= length of solenoid here. 


Ho 
l 
Now, R = no (where S = area of crossection of the wire. Also m= p ST) 
Thus, l = RS _ Rm or l= V Rm 
Po PP! PPo 


where p, = resistivity of copper and p = its density. 


. Rm LI 
Equating, — = 
PPo Morn 
o „ Ho mR 
b ~ Anoo] 
rry 


3.317 The current at time ¢ is given by, 


© V. ABL. 
(j= 50-6777) 


- V 
The steady state value is, 7, = R 
I (t - - 
and IO _ nz 1-e RL ore! MEL] n 
+0 
R , 1 L, 1 4.40 
Or, (,7 = ln or, h= Zin- = 1-495 
L iT, aN i-—1 
3.318 The time constant t is given by 
L L 
t= —z 
R ly? 
Po'c 


where, pg = resistivity, /, = length of the winding wire, S = cross section of the wire. 


But m= Ip, S 
TEM L mL 
So eliminating S,t = = ——— 
Poo — ppols 


m/ pl, 
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3.320 


3.321 


alAall 
From problem 3.315 h= V Ue 


0 
(note the interchange of / and /, because of difference in notation here.) 
Thus c= se TEL 7 - 0-7 ms 
4x p Pal ? 
PPo LI ° 
Ho 


Between the cables, where a « r « b, the magnetic field H satisfies 


I 
H,2xr- I ort, H,- PT 
S B u HoT 
° v. 2mr 
r= b 
I 
The associated flux per unit length is,® f P Po x1xdr- aa. ] b 
2 2x a 
Hence, the inductance per unit length L, = T^5 7. In n, Where n= " 
a > na AH 
We get L, = 026 — 
e get L} = 0:2 " 
N 5 
Within the solenoid,H,2 x r = NI or H,-7 3 - AL , Bo = Mig NI 
L JILT M JV 
a+b 
up 
and the flux, D» NỌ, = N —— 74! a dr 
2x r 
M Up 
Finally, L=- ËE w?2aqm (142 
c JV \ v] 


Neglecting end effects the magnetic field B, 
between the plates, which is mainly parallel 


to the plates, is B= Mo 5 


p 
(For a derivation see 3.229 b) S a 


So,L, = inductance per unit length = Hy 7 BL 25 nH/m. 
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3.323 
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l ! Ho T i 
For a single current carrying wire,B , Ere (r » a). For the double line cable, with current, 
flowing in opposite directions, in the two conductors, 
> Mol, ; TORE" e —— 
Bo” ——, between the cables, by superposition. Lhe associated flux is 
9 — , 
d~a 
Pp T€ = 
zm. f Mo! drx1 Wof. d Mo, : "— 
?= |] — 8 in ~= n Nx, per unit length 
wv JU r JU ü Ju 
, 1 c l 


is the inductance per unit length. 


In a superconductor there is no resistance, Hence, 


pete 22 
dt dt 
Ab xa B 
So integrati [= ~= 
o integrating, L L 
because Ab = -P,P = xa^ B, ;- 0 
2 4 p2 
Also, the work done is, A= f &Idt= [ 1449 pa ÉB 
J J dt 2 2. oL 
2 
In a colenoid the inductance T, = uu „n V= "A N S 
In a solenoid, the inductance L = uuo V= p po —75 


where S = area of cross section of the solenoid, /= its length, V = S/, N = nl = total number 
of turns. 

When the length of the solenoid is increased, for example, by pulling it, its inductance 
will decrease. If the current remains unchanged, the flux, linked to the solenoid, will also 
decrease. An induced e.m.f. will then come: into play, which by Lenz's law will try to 
oppose the decrease of flux, for example, by increasing the current. In the superconducting 
state the flux will not change and so, 


1^ constant 
I ty l 
Hence, ra I? Or, I- fy = Iu +m) 
0 0 
The flux linked to the ring can not change on transition to the superconduction state, for 
AnkRmam ites ae XxX S PE mina abusi Thee 4 eaw»aeusd EF oed Kha x3lunarn tm the E E E T 
ICdSUILB, SHMUMd LO Wal BIVCIL dUOVC. LUUS d CUIICIIU Z MUSE UC INUUCCUO HL ult LHIK, Wei, 
eh - 2R SE. 
T Y JLU 1 JV U D 
ar oa | 8a ,\ 8a \ 
Uy a In 57-2 Ho In, -2 
A / \ / 


394 


3.326 We write the equation of the circuit as, 


3.327 


3.328 


3.329 


for t z 0. The current at t= O just after inductance is changed, is 


t 
i= R > SO that the flux through the inductance is unchanged. 


We look for a solution of the above equatio form 
t= ÅL Ro~ "C 
Substituting C = -R QB-n-1iAÀ- H 
nR R 
Thus, i= È(1+(n-1)e ) 
? 
di . 
Clearly, L dr Rü-i-» E-RI 
i , E R L 
So, 2L di -Ri 
— Tj 
This equation has the solution (as in 3.312) 7 7 
T Š q -e7825 
R 
The equations are, 

di di L1 
Jo—-l.—-E .R(iaxi! rsss ss 
44] dt 472 dt he) AX VF] V v27 A | 

i 
Then, É i, -L,i,)= 0 | EERO 
Then, Gy (Li iL é)= 0 fe lp | 
or, L,1,-L,t = constant v 
But initially at ż= 0, į = ¿= 0 lr t2 | 
so constant must be zero and at all times, 6 R 
Ly= Lb 
In the final steady atate, current must obviously be 1, +i = & . Thus in steady state, 
B 7 [IX 
EL, 
b= 37 —. and h= 
KL, t L5) K (L4 +L.) 
Ha 4 
Here, B = —— at a distance r from the wire. The flux through the frame is obiuained as, 
a+ l t 
C uI sd uob , i a | 
Piz = r= In|14— 
12 J 2nr 2n | j| T | 
l \ / Lo 


mE 
4| 
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b 
Here also, B = Po and o d. (har. 
2 ur Moh p" 7 
a 
H Mo AN 
Thus, Ly- —2— n? 
7 Z X a 


The direct calculation of the flux ®, is a rather complicated problem, since the configuration 


^a. 1 —» 45 — 


of the field itself is complicated. However, the application of the reciprocity theorem 
ah the solution of the red by indeed, let the same current : flow through loop 


nn 1 can he easily found 
vH A wtAE AE ww vun A.V ARES. 


E 
© 


Let P. be the magnetic moment of the magnet M. Then the magnetic field due to this 
magnet is, 


= MERUT p 
L 


Pma Tr 2a] 


J 
The flux associated with this, when the magnet is along the axis at a distance x from the 
e i 


4xJ B pP ME 
uo f 2nxodo  MP.[1 1 )\ 
where,®, = Pm J —3 533 >. 
M (x * p) 2 |X Vea 
0 \ / 
a 
- 2MoP.* | 2xmpdp a N 
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When the flux changes, an e.m.f. - N do is induced and a current — Nd? flows. The 


dt R dt 
total charge q, flowing, as the magnet is removed to infinity from x = 0 is, 
_N 5. Ho Pm 
n? (x= 0)= >a 
u _ aah 
Ut, Fm” N m 


3.333 If a current / flows in one of the coils, the magnetic field at the centre of the other coil 
is, 
Ho a'I Uy a'I I 
- 20) 327 PUE as [»» a. 
The flux associated with the second coil is then approximately p, x aĉ 1/20? 
HoN a* 
21° 


Hence, L 12 = 


MEME dI, 
3.334 When the current in one of the loop is /, = at, an e.m.f. Lj; >— = La, is induced in 
ai 


the other loop. Then if the current in the other loop is /, we must have, 
dl, 

Lig 

This familiar equation has the solution, 


2 +RI,= Lye 


-R 
La L T 
l, = R 1-e ? | which is the required current 
3.335 Initially, after a steady current is set up, the current is flowing as shown. 

In steady condition 547 3, tjg72 p L. dD 

IA 1*9 IX 
pI OO PAA AA 
VYUUSODOD N 


When the switch is disconnected, the current 
through Ry changes from i44 to the right, to 
Lj, to the left. (The current in the inductance 


cannot change suddenly.) We then have the 
equation, 


F di, / rm mx ^ r od 
L -z tR + Ro) y= 0. | Sw 
This equation has the solution b = £9 e CFL E 


The heat dissipated in the coil is, 


[e 9] [s 9] 
Q= Í i2na- i2 R ( 2-26 Yt a 
— J ya ay J 

0 0 


L LE 


IRR) 2ZR(R+R) ^8 


= Rij, x 
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3.336 To find the magnetic field energy we recall that the flux varies linearly with current. Thus, 
when the flux is ® for current i, we can write ọ = A i. The total energy inclosed in the 


field when the mrront ic 7 ic 
AWE, VV ALAWAR CAI UMILI A42 45 aw 


we feas Sa ri 
1 


- f wawi- [aia ZNAI = QNI 
0 


- 


TP n . . 
The characteristic factor 5 appears in this way. 


3.337 We apply circulation theorem, 
H2nxb= NJ, o, H= NI/2 nb. 
Thus the total energy, 


W.= + BH 2 nb «xa? = na b BH. 


Given N, I, b we know H, and can find out B from the B -H curve. Then W can be 
calculated. 


to 
G2 


t 
( 
b 


R 
H-nd e be NI, (d>>b) 
0 


NI 
nd + ub 
Since B is continuous across the gap, B is given by, 


Also, B= up H. Thus, H = 


B= u po — , both in the magnetic and the gap. 


2 
W L—x$xb 
(a) — BP... Ho = po 
W o onetic B? - 
9 x——xSxnd 
2 Uy 
NI SN^I 
(b) The flux is N f Bas Nui up PT Yo ug: 
ji 
2 
Ho SN 
So, Le - nd' 
b + — 
u 
Energy wise; total energy 
2 
B? (xd 1N S , 1, 
- 2 [7 ;b)ss 5° Pe ZLI 
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3.339 


3.340 


The L, found in the one way, agrees with that, found in the other way. Note that, in 
nnil aleatin th. flere rn AR nnt annasan the fal te the wae cote wes t te nnt yii] tn tha 
Cait ula uig tHe UUA, WE UO TOL VUIISIUCI WCE HCIO HE WC Bdp, sut IV 15 WOU IHILACU tO LUC 
winding. But the total energy includes that of the gap 


When the cylinder with a linear charge density 
À rotates with a circular frequency œ, a surface 
current density (charge / length x time) of | | 


l= is set up. | | 


2x 
The direction of the surface current is normal 
to the plane of paper at Q and the contribution as 
of this current to the magnetic field at P is " 


r EN | | 
TEM y 

direction of the current. In magnitude, |4B dB, t | 

exr[|- r, since @ is normal to r'and th 9 | 

J 

| 


direction of dB is as shown. P 

— R fa 
It’s component, d B, cancels out by cylindrical Mont 
symmetry. The component that survives is, 

- Uo id S Ho! 
IB l= 3> | Fosos f dos wi, 
4 JU SJL J 
where we have used a5 cos 0 dQ and f dQ = 4 x, the total solid angle around any 
r 


point. 
The magnetic field vanishes outside the cylinder by similar argument. 
The total energy per unit length of the cylinder is, 


2 
2 =| 2. P0 242 2 
1 — Ho ee xa a X 
EO V 7 j 

1 2 , 

We = 5 oE , for the electric field, 
1 n2 £ +h ten Fiala 

WB = 5 i i0r uc magnetic iiciG 

2 Up 
Thus d. B? l, E? 

9 2 Up 2 0 , 
when p. B 22. 108 V/m 
VY BAU OE A2 w = J A LY v / AGL 

£o Uo 


E = 
—— 35 
P 4x £y (a^ +l y^ 


3.343 


3.344 


(a2 


A 
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To get the magnetic field, note that the rotating ring constitutes a current i= q 0/2 x, and 
the corresponding magnetic field at P is, 


us a* i 
175 A TN 
F 2 (a^ - 1^ y" ^ / | N 
w Ey Uy E ^ 2 A 
Thus, — = o Ho = £o lig ql x 2 - / 
M B? AT Ep Uy al | 
MEE. Í D 
= i [-—| \ | F 
£6 Ua | a? o | \ / 
001 / wu 
Ww 
or, — - sg ig 9 a*/1? 
WE 
The total energy of the magnetic field is, 
Lf a-gyav- t ( 3. (E av 
2J BWW 5 B-T) 
1 — — — 
= f B-B dV-~|J-Bdv. 
2 Uy « Ze 
The second term can be interpreted as the energy of magnetization, and has the density 
1 > —> 
-54: : B. 


(a) In series, the current I flows through both coils, and the total e.m.f. induced. when 
the current changes is, 


OF, L' = 2L 
(b) In parallel, the current flowing through either coil is, 1 and the e.m.f. induced is 
1 dl 
-L (+ 4| 
(2 dt 
1 


dl 
Equating this. to - L' —, we find L'= —L. 


dt ° 
We use L, = My my V, L, = Ug ny V 


p 


aJ EP N- aad P -aad Pl 
x [ Bi Bav 


Here, if B, is the magnetic field produced by the first of the current carrying loops, and 
B,, that of the second one, then the magnetic field due to both the loops will be B, +B.. 
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3.346 We can think of the smaller coil as constituting a magnet of dipole moment, 


Pp” % a? " 
Its direction is normal to the loop and makes an angle 6 with the direction of the magnetic 
field, due to the bigger loop. This magnetic field is, 
TP 
ES 


The interaction energy has the magnitude, 


"^ 


|W|= coi xa? cos 0 
2b 
Its sign depends on the sense of the currents. 


3.347 (a) There is a radial outward conduction current. Let Q be the instantaneous charge on 
the inner sphere, then, 


jx4Anp- -2 o, je- 2; 

° dt 7 4xr dt 
On the other hand J} = ar d rera -j 

— 

(b) At the given moment, E= ——t—=r 
E 4ne,er 

— F ^ 
and by Ohm's law = £= —_i__; 

P 4ne,epPr 
Then, h= -—+— 7 
A T Eg E pr^ 

and $ ja’ 7. dS = -——4_— aS cos}. q_ 


T 
The surface integral must be -ve because j}, being opposite of J, j, is inward. 


3.348 Here also we see that neglecting edge effects, h- - j. Thus Maxwell's equations reduce 


to,div B= 0, Cul H= 0, B- pH 
— — 
A general solution of this equation is B = constant = B, : By can be thought of as an 


*XY7; a sil na 


3.349 Given /= IL. sin wt. We see that 


m 
i= —sinwt= -j,-- aD 
J S Jd at 
I, I, 
or, D= —— cos ot, so, E,- is the amplitude of the electric field and is 
(D " Eoas 
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3.350 The electric field between the plates can be written as, 


3.352 


V. V 
E = Re —e'%", instead of -7 cos wt. 


This gives rise to a conduction current, 


. we = o Ty i œt 
Jj? OE = Re- Vpe 
and a displacement current, 
. aD . V, Lot 
= —— = Ree,e£:t0 —-e 
Ja" ^r 0 d 
The total current is, 


V p 
jr” —F Vo" + (neo) cos (c t + a) 


where, tan Q = on taking the real part of the resultant. 


£g E W 


The corresponding magnetic field is obtained by using circulation theorem, 


H2nr= nr jr 


rV 
—*Vo'+(e,e 0) 


or, H = H„ cos (wt +a), where, H, = 


Y 


B= mon Ip sin ot. 


Since this varies in time there is an associated electric field. This is obtained by using, 


P » J 
OQ E-dr=-— | B-dS 
J dt J 
C S 
For r< R 2xrE= -B xr, o, E= -5 
r 2 
For r> R, E = -28 
2l 


The associated displacement current density is, 


The answer, given in the book, is dimensionally incorrect without the factor €g 


In the non-relativistic limit. 


E-4 P 
Arer 


(a) On a straight line coinciding with the charge path, 
— — — 
>, OF 4 |-V 3rr| (ing, 2^ - -7 
Ja" "o 3r 7 4m p rj 5 dt 


— 


ip 
o 
N 


—> —> 
Rit in thic raca r= » and yo. v? en _ 2qv 
4J7UUL SAL LARA Lauv, + y aitu [4d r V5 oU, Jda” Ax p 
(b) In this case, = 0, as, rl v. Thus, 
—» 
Ja" -L 
áxr 
We have, E qx 
3.353 We have, 2, = M LÀ. AVI 
4 x £o (a^ + x^) 
aD OE — T a? 3.24 
Luci FE. Momm = € — OTa ^ EI^ — ^ 9 
I" 0 ot 4n(a’ Lxya 0 ‘ 


This is maximum, when x= x, = 0, and minimum at some other value. The maximum 
displacement current density is 


. qv 
Gamax = -5 
dmx 4na 
ð j 
To check this we calculate —— ; 
3Ja 4V r6 Ax (a) « x23 - 5x (al - 2x21 


[5 thet 


This vanishes for x= 0 and for x= V 7 a. The latter is easily shown to be a smaller 
e 
local minimum (negative maximum). 


3.354 We use Maxwell's equations in the form, 


$ B-dr= eo Ho S- f E-ds, 


when the conduction current vanishes at the site. oao TIN 
We know that, A 


pag: X Md 

T. 74 dS-r 2 

f £45 Ane J P V X \ | 
4 4. \ J 
J dQ Faa C cos 9), 


where, 2x (1 - cos 9) is the solid angle, formed by the disc like surface, at the charge. 
Thus, $ B-dr= 2xaB- ~uyq-sinO-6 
On the other hand,x = a cot 6 


differentiating and using — Z. - V, 


ogyrsinð 


Thus, B= ———__, — 
4xr 


3.356 


3.357 


3.358 


403 


— mgr) 
This can be written as, B= Aud 
wr 


p" > 
—— =F 


and Hs -L d (The sense has to be checked independently.) 
JV Y 


— 


—» 
(a) If B= B (t), then, 


—» 

So, E cannot vanish. 

(b) Here also, curl E = 0, so E cannot be uniform. 
(c) Suppose for instance, E- a^ f (0) 


p 
7 


where @ is spatially and temporally fixed vector. Then - — = curl E = 0. Generally 


speaking this contradicts the other equation curl H- = æ 0 for in this case the left 


hand side is time independent but RHS. depends on time. The only exception is when 
— 
f (t) is linear function. Then a uniform field E can be time dependent. 


From the equation Curl H- PX j 
We get on taking divergence of both sides 
qa, Io 
- — div D= div] 
of ~ 
OTRO . 7? 9p 
But div D= p and hence div j + a 0 


From Vx E -- ôB 
ot 
we get on taking divergence 
| =- E div B 
This is compatible with div B = 0 


A rotating magnetic field can be represented by, 
B,- Bocos wt; B,- By sin ct and B= B, 


Then curl, E. = — 8B 
ot 
— 
So, - (Curl E), = - œ Bosin wt = - wB, 


rm 


- (Curl E ), = œ Bg cos wt = «B, and - (Curl E ), = 0 


— >> 
Hence, Curl E x -oxB, 
> — 
where, w= 60. 
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3.359 


3.360 


3.361 


Consider a particle with charge e, moving with velocity v, in frame K. It experiences a 
- —> —> —> 
force F = evxB 
In the frame K', moving with velocity v, relative to K, the particle is at rest. This means 
—» 
that there must be an electric field E in K', so that the particle experinces a force, 
— — — —» >> 
F' = eE' = F= evxB 


> p > 
Thus, E'm vxB 


—» 
Within the plate, there will appear a (v x B ) force, which will cause charges inside the 
plate to drift, until a countervailing electric field is set up. This electric field is related to 
B, by E = eB, since v & B are mutually perpendicular, and E is perpendicular to both. 
The charge density + o, on the force of the plate, producing this electric field, is given 
by 
Lr Gg 5 nw ani ms? 
E= zor o= €, vB = 0-40 pC/m 
0 
—» — . —» . . . 
Choose œw ff B along the z-axis, and choose r, as the cylindrical polar radius vector of 
a reference point (perpendicular distance from the axis). This point has the velocity, 
—- — > 
v= wx, 


and experiences a (v5 x B ) force, which must be counterbalanced by an electric field, 


— —» 
n i pi T? 


E= -(0xr)xB»-(o-:B)r. 
There must appear a space charge density, 
— —» CP 2 
p= ejdiv E= -2e,0°B = -8pC/m 


Since the cylinder, as a whole is electrically neutral, the surface of the cylinder must 


acquire a positive charge of surface density, 


2 (0- B)xa* > > 2 
o= + =¢£,40°B = +-2pC/m 
2a M 


In the reference frame K', moving with the particle, 


—ÀP 

— — — r 
E «E*vxBe —L—; 
ÅN Ep7 


— — — 
B' a B-v,xE/c’= 0. 
Here, Vo = velocity of K', relative to the K frame, in which the particle has velocity ve 


Clearly, Vo = V. From the second equation, 


— TL > —» ,, ,— — 
p. YVX£_., - gq Vvxr PFoqivxr) 
"cg O Ane P An 3 


P od 
v 


— 
a E! Sunnace here 17€ nnlv elartrir wala p in kK” Than an r' ranaiAsrina nanvwalaticriatin cro meter 
Vere WU PUY, WILEY RO V WAVERED LIVIU L4) IL ià. AOU SEE 43. , VURIDIULLIL EIVVELEUIGULUV IDLY VUIU Avy 
—» — 
, b = E, = =- 2 » 
C — —» 
So, E'-B’=0 
In the relativistic case, 
—> —» —> —> 
E'n = E B',= B, = 0 
A Ta 5-7 0. 
E' = EL IB _ -vx E/c 
L . [;. 25.5 2 LO  p——— 
V1-v/c] Vil-v/c 
— —  —> — — 
Now, E' . B' = E^ “B+, -B'. =x 0, since 
2 
room Wk oI RH VAL m (Gr y / f, BAN n 
£.1'5D1-— By, °WKL Ji -V/C = Ly wx», Jj n a 
^ ^ 
Zu yi-xj 
3.364 In:K, B= b ZL 2 5, b= constant. 
x +y 
A A — 
2> > >” |-xl ro 
In K, E'= vx B= bv = bv = 
Pay a 


A 
The electric field is radial (= xi-yj ). 


r 


3.365 In KE = a —, r= (xit+yj ) 
r 


In Kp. LX. f0XY 


The magnetic lines are circular. 


= - = ou h-d | a - . Pa. ae ee a 2 2 rd 2 2 LA 
3.366 in the non relativistic limit, we neglect v /c and write, 


EE B’ = B, 

HA 0.273 .. 
F x F ve.hnímp Ln .voFrF/»^ 
et o vpttm gs, 2D, VA LU 


These two equations can be combined to give, 


— —_—> —> 


E'- E*vXxB, B'= B- vk E/c? 
3.367 Choose E in the direction of the Z—axis, E: = (0, 0, E). The frame K’ is moving with velocity 


v= (vsin a, 0, v cos a), in the x- z plane. Then in the frame K', 


— > 
E',- E, B',z 0 
I ndi. 
- Pa . -> >, 03 
— Ly — | -yxE/c 


E' = 


V1-v/c? L V1-v/c 


The vector along vis €= (sin a, 0, cos a) and the perpendicular vector in the x —z plane 
is, 


i 
Q 
o 


— 
. — * 
(a) Thus using E = Ecosa e+E sina f, 


Esina 
d | m 
E= Ecos a and E, 33 


Vi-v/c 


c E 3/1- 8 cos? a and tana’ = tan a 
2 
1-6 V1-v/c 


—» 
() By= 0 Bis se 


3.368 Choose B in the z direction, and the velocity y= (vsin a, 0, v cos a) in the x —z plane, 


then in the K' frame, 


Ej-B-0, I= 7) 
— 
E'- vxB B'-————— 
V 1- vé | vV1-v/c 
We find similarly, EZ’ = c PB sin o 
V1 - Bp’ 
1 - B? cos’ a tan & 
B'= B tan a! = -= 
1 Q f — 
i-p vV1-p^ 
— —> — —p — — 
3.369 (a) We see that, E'-B'- EV BRE, B, 
{—> vx E | 
2 oD |B | 
(E, *vx FX: C ] 
— —> 
= . + 
| | n 
^" 2 
C 
—» 


-v/e 
—>» —> E,-B, - (Vk BL) WE, )/e 
WU E 
1  — 
pu c 
But, AxB-CxDs» A-CB-D-A-DB-C, 
2 
(1 -%) 
| c] 
=> -> —> -> — — \ / — —» 
SO, E-B'z Ey B+E, B, 9 -E-B 
1-3 
C 


(b) E" - c p" = E'y - c B'i +E? - c p" 
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oy 
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om, 
xi 
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| 
EVIL 
Ae 
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x 
Es 
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e ——— 


= Ey -c| By + 1 mM E’ - c^ E, 


tad 
ta 
m 
i) 
- 
" 
- 
"x 
ba 
GA 
© 
rf) 
tA 
e 
by l 
y 
i 
© 
e5] 
Gn 
E 
e 
am 
e. 
c. 
un 
e» 
fang 
e 
zi 
z 
g 
e 
— 
on 
E 
ja 
as 
S 
D 
à 
6 
Z 
bui 
e 
Les | 
b, 
e" 
un 
© 


Thus, we can find a frame, in which E' = 0, and 


2 4 2 
B= ĊVêB -E = BV 1- za = 020 eee] = 0-15 mT 
Cc 


3x105x2x10^* 


3.371 Suppose the charge q moves in the positive direction of the x-axis of the frame K. Let 
us go over to the moving frame K', at whose origin the charge is at rest. We take the 
x and x' axes of the two frames to be coincident, and the y & y' axes, to be parallel. 


1 nr 


In the K’ frame, E = T, 
ANE p^ 


and this has the following components, 
p 1 qx ,, 1 qy 
Ex ct. 73? = 
+ JL to Y 
Now let us go back to the frame K. At the moment, when the origins of the two frames 
coincide, we take t = 0. Then, 


[> 
x= rcosĝ= yVi1-5 


Also, E,= E/, E,- E/ | V1 -v/e 


r (1 B? sin? 0) 


„y= rsinĝ= y 


. 2 
From these equations, 7" = 


1-6’ 
E = 4 1 | y [v ———.]|| 
E Ane, (1 _ R2 cin? 0y 7? a-p) Lito = 
qr - p) 


4x tg r (1 - pB? sin? 9)? 
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3.7 MOTION OF CHARGED PARTICLES IN ELECTRIC AND 
MAGNETIC FIELDS 


3.372 Let the electron leave the negative plate of the capacitor at time t= 0 


As E = _ ap p.$. -L 
? * — de? l rP 
and, therefore, the acceleration of the electron, 
eE eat dv eat 
W= =] 0b FT* TW 
m m d mi 
v t 
or Í dv s f tdt, or, v 1 er (1) 
ml 7? 2 ml 
0 


fe 


But, from s = | v dt, 


2 1 
1ea(6ml*\? (9 ale\3 16 km/ 
"2m e | 2m) ^ 6^ 


3.373 The electric field inside the capacitor varies with time as, 

E= at. 
Hence, electric force on the proton, 

F= eat 
and subsequently, acceleration of the proton, 

w= — 

m 
Now, if t is the time elapsed during the motion of the proton between the plates, then 
t= —, as no acceleration is effective in this direction. (Here f is velocity along the length 
"l 


_ dv, 
From kinematics, —-= w 


UL 


Vi t 

SO, Í av, = Í wat, 
J U af 
0 0 


(as initially, the component of velocity in the direction, L to plates, was zero.) 


| 
= 
< 
ll 


M e al? 
Now, tang = —- 3 
V 2mv 
l | 
1 
eal” . y . 
pi as WT [e from energy conservation. 
(2 eV V2 
2m | | 
(m jJ 
. a? Af m 
A 5 và 
2 €V 
3.374 The equation of motion is, 
dv, 49". d (p. ax) 
dt d m? ^" 


Integrating 
1 2 A, 1 2 
~—v-+(E,x - = ax’) = constant. 
2 m * 2 
But initially v= 0 when x = 0, so “constant” = 0 
Thus, Vv s m (Bx 2 | 
m 2 


2 E, 


a 


Thus,v= 0, again for x= x, = 


The corresponding acceleration is, 


3.375 From the law of relativistic conservation cf energy 
me c^ 
vVl1-(v/c^) 


as the electron is at rest (v= O for x= O) initially. 


2 
-eEx- mec. 


Thus clearly T= eEx. 
mo c? 

On the other hand,V 1 - (v? / c?) = ——j——— 

myc *eEx 
or v V (me c^ + e Ex) - m? c' 

c My c° + eEx 
(mg c^ eEx) dx 

or, ct = f Cdt- d ————————— 


E | cw Y 4 
1 | y D. — V (m c? + eExY. - m2 c^ + constant 


2 eE J Vy - mic 
The “constant” = 0, at t= 0, for x= 0, 


So, ct = x V (mc? + eEx) =- m c*. 


Finally, using T= eE x, 


Tr VI(T+2 myc’ 
ceE t= VT(T+2m c°) or, p= Ttm ERI 


e Ec 


3.376 As before, T= eEx 


Now in linear motion, 


d Moy Mo W . mg W LM 
m (T +m, c?y. 
B 0 . 0 -= eE 
~ IO) Y wee 0 w= er, 
(i V / lg € 
eE m, c eE / T Y 
So, w-————À38".|i*t—3 
Tha annatinne ara 
ZHU vquauuvib ail, 
d Pin V d Ma V 
dt TITRE = 0 and dt —À 2 — = eF 
LAV1 -(v^/c^) 1- vc 


Hence, ———— < constant = -s 
V1- vc V1- (vo/ c^) 


Also, by energy conservation, 


mo c mg c 
V1-(%/c?) V1-Qge) 
2 
ws eas Vo £o mec 
Dividing v=, > Oe 
Ep + eEy 0 V1 _ (v2/c*) 
m tQ,teE 
Also, 0 o an M. 
V 1- (v4 / c^) c 
Thus, (€o + e Ey) v, = c^ e Et + constant. 


“constant” = OÔ as vy = 0 at t= 0. 


Ey yt jeEy - jc E t? + constant. 
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“constant” = 0, as y= 0, at t= 0. 


Or, ceEt = V (£9 + eEy)* - £9 
— - Y^. 4/2 2 22,2 
Or, Ejtecy= Vejtce Lt 
Vo € 26E 
0 “0 C ert 
Hence, V. also, y, 2 ————————— 


Veo cce E" t” Veo t c^ e E" t* 


and tan 0 = "s e V1 - (v/c). 


x  "yVg 
3.378 From the figure, 
sin a = E = = ; 
As radius of the arc R = p 7 ——» where v is the 
qB 


velocity of the particle, when it enteres into 
the field. From initial condition of the problem, 


1 4 4 / Uy 


qV = ;mv or, v= V —— 


Hence, sin a = — dB __ dB X —1 a 


T 


mV 2 
m 


and a= sin ^! dB V ly | = 30°, on putting the values. 


B 


3.379 (a) For motion along a circle, the magnetic force acted on the particle, will provide the 


centripetal force, necessary for its circular motion 
, mv* eBR 
1.€. —= eyB or v= — 
K m 
. , 2x 2nR 2nm 
and the period of revolution, T = — = —— = 
w V eB 
dp > 
(b) Generally, TP- F 
dt 
=> — 
But dp d My v mo V mg viv v) 
Pub at di Da I 3 1 d 
1-G7/) V-PID (1- IPN c 
For transverse motion, v ' v = 0 so, 
LEN 
2 
dp. mq V Mo v 
2p. 0 = —— — > here 
at fa 2 ZA /4 .. pA r 
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2 
'"lhuc mo V my». .. v/c Ber 
inus, == Dev Or, -m - 
r V1-(v^/c^) Vi- (v* / c^) oc 
v Ber 
or — = 
, c » [> 2 2 2 7 
Voer+imgc 
2 nr — 2Xmg  — In ./[.222 33 


Finally, T= -Be P e'r€nmyc 


M - eBVÀA 


3.380 (a) As before,p = B qr. 
(b T= Vc p «mc = VOB gr +m ct 


O we Ye LL E 
r rji + (mg c / Bary’ | 


using the result for v from the previous problem. 


3.381 From (3.279), 
2neE . 2 my Cc 
T= ——(relativistic) , T, = (nonrelativistic) 
2 X 13 rf] 2 X P 
c eB c'eB 
2/f, 2,2. fF 
Here, mycíNVli-v/c-E 
_. ~~, 2AT m oe 
hus, 6T= ——, (T= K.E.) 
c^ eB 
A3XXF oT = Yh = T en T - TY. m pe 
ANU VV, * [ | 98 , dendi) P * | "o~ 
0 mg c 


(The given potential difference is not large enough to cause significant deviations from 
the nonrelativistic formula). 


2eV 
Thus, y= = 
m 
2eV 2eV 
So, y= Um COS Q, V, = Um sin Oo 
2 
mv, mv 
Now, = Bev, of, r= Be’ 
Ar 20m 
and T= ~— = — 
Vi De 
2 Xm. [2eV | A 4.,1]2mV 
ritcn P" "y^ - Be V m \ COS a= — 2 jl V  p2 COS CC 


3.384 
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The charged particles will traverse a helical trajectory and will be focussed on the axis 
after traversing a number of turms. Thus 
LS n £M. (n + 1) 2 Tun 
Yo 1 qB, 
c. n n+i 1 
B, B, B; - B, 
l 2 am 
Hence, — 
Vo qQ(B,-By) 
32 m 2 
or i . Cn , 1 
' 2qVim (B,-B,)  (q/m) 
2 
q Sx V 
or, m 72/9 Dn \2 
ms l (0,— D 
Let us take the point A as the origin O and the axis of the solenoid as z-axis. At an 


arbitrary moment of time let us resolve the velocity of electron into its two rectangular 
components, vy along the axis and Vi to the axis of solenoid. We know the magnetic 


n 1 1 at 17 * at a4 ad a ^ .4 1 » — *T114 
force does no work, so the kinetic energy as well as the speed of the electron | v, | wili 


remain constant in the x-y plane. Thus Vi can change only its direction as shown in the 
—» 
Fig.. v will remain constant as it is parallel to B. 


Thus att = t 


nd 
bl 
L| 


v, = V, Sin ot = vsinasinot 
eB 
and v, = vcosa, where o = — 
m 
As att = 0, we have x = y = z = 0, so the motion 
z= vcosat 
y sin 
- sin @ t 
w 
y= ^e sor- 
(The equation of the helix) 
l 
On the screen, z= l so t= 
V COS a 
2 2,2 2v'sina col 
Then, r= xX +y = 5 a 


2vsina. 
r= —— —— — sin 


WP 


Q 2vcos a 


i 

S 
wh 
hms 
=| 
Q 
o 
e 
[72 
~ 
$ 
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3.385 Choose the wire along the z-axis, and the initial direction of the electron, along the x-axis. 
Then the magnetic field in' the x — z plane is along the y-axis and outside the wire it is, 


D - —~ Don £ LA 
B= By= nu r= B,- U, it y= U) 


The motion must be confined to the x — z plane. Then the equations of motion are, 


a 

q "Y= - ev, B, 

d (mv 

d(mv) _ +ev B 
dt x y 


"A 


Multiplying the first equation by v, and the second by v, and then adding, 


dv dv, 
pr 0 
OF, v? v? = v2, say, or, V,™ d vo - V 
Th dv. eya Vo Hol 
en y = -— Vv- 
i * dx m % *2mx 
Or, — —— € 7 — 
2 2 2wunx 
Vo -= V 
J Mole x 
Integrating, v - vi = In — 
2mm a 
on using,v, = Vo, if x= a (i.e. initially). 
Now, v= 0, when x= x,, 
s 205 2258 whas n. Hole 
SO, xX,7 Ge? , where o= un 


3.386 Inside the capacitor, the electric field follows a — law, and so the potential can be written as 


_ Vinr/a E-— V 1 
P= nb/a '  Inb/ar 
Here r is the distance from the axis of the capacitor 
Also mv -—V 1 or mv’ = y 
f r Inb/arr In b/a 


On the other hand, 
mv = qBr in the magnetic field. 


V q V 


— «ani = = 
anu = = 


y 
Brinbía m Br BrI|n(b/a) 


us, v= 


a annatinne af entinn are 
e A AW bus badedbhehbud.tisd "UR ABRUWUUVAR alt, 
dv dv dv 
X. X. E. 
dr qBv,,m di qE and m dt qv, B 
These equations can be solved easily. 
py P 3; q $ w- qE ytd 
DILL, » m^^? m 
Then, v? +v? = constant = v; as before. 
In fact, v, = vy cos wt and v, x v, sin ox as one can check. 
Integrating again and using x= z= 0, at t= 0 
Vo , Vo 
x= — sin ot, z= — (1 - cos œt) 
W w 
2x 
Thus, X2zz-0fort2t-n—— 
E wW 
At that i qE 2x 2 2x 2x mEn 
t that instan = =— xX xn = 
b ^7 m qB/m qB/m qB? 
2i V. 2 PN - a2; zw 
Also, tan à, = —,(v,- 0 at this moment) 
Vy 
B mv, Mo qB. 1 BY 
|» aFEt: | aK m Inn OmnxEn 
yi En y~ rr du VU re dors vC Jud 
3.388 The equation of the trajectory is, 
Vo Yo gE 2 
= —si = — (1 - cos wi = =—f*” as before see (3.384). 
x= —sin wt, Z za S wt), y 2m see ( ) 
Now on the screen x = l, so 
. wl -1 ol 
sin of» — or, Of= sin — 
Vo 0 
At that moment, i 
2 
y qE (sin 1 wl | 
2mo? \ Vo 
2 2 
m o 2qB 
so, Ol sin V 219 u sin V 2922 
Vo qE Em 
aad - Yo o) att col ltan cot 
1 z= — 4 Sin . = tun 
ow W 2 2 
] 1f. -1 wl] ] V 22 
= [tan —|sin = ltan V 2—- 
2 Vo 2 mE 
L 4 
For small 
qB^y 12 ° z 
2, 22» (anti) ~ 5 
La ithe \ g. L 
mE 


Of, y= 


3.390 


In crossed field, 
E 
eE = evB, so v= B 
Then,F = force exerted on the plate = —x m 5 = mE 


nend itk AI .. . T fwhaen o ia the saralamet naf the nastinla neeallal tn a a 
dliiu pitenu, LM = V t, (wHucie "| is the VOELUCILY UL uic parucic, paiaiici tU > ail > Wie 
time period of revolution.) 
— arene fan A T saln mT 
= Y COS (YU -Q) i = VSNQL 
vsin @ 21m (as 23) (1) 
= see" 
qB | qB | 


Now, when both the fields were present, gE » qvB sin (90 — q), as no net force was effectivc 
on the system. 


E 
Or ye 2 
y B cos o (2) 
From (1) and (2), Al = ips tan o = 6 cm. 
q 
When there is no deviation | 
J» ^ BF em alB) 
= qu = q VV x O J 
- E 
or, in scalar from, E = vB (as VLB) or, v= = (1) 


Now, when the magnetic field is switched on, let the deviation in the field be x. Then. 


x= — (2°) 2 
2| m 
where t is the time required to pass through this region. 
also, t = 2 
y 
2 5.5 
T 1(qvB\(a\ 1qa B / 
aus zT 2 | m In "2m E V 
VIN] 
For the region where the field is absent, velocity in upward direction 
= c. t= LaB (3) 
m m 
Now, Ax -x= gaB t' 
m 
- q aB^b when = 2. PB (4) 
m E | v» E d 
From (2) and (4), 
Ar 1 qa P qaB^b 
^ 2m E m E 
or, 2. ZE Ax 
m  qB*"(a-«2b) 


i 
bed 
~} 


3.392 (a) The equation of motion is, 


ar. > —» IP 
qo 48 +vxB) 
—> > 
„> fii kl a., > 
Now, Vx -jx y z|= iBy-jBx 
0 0 Bj 


d m dt 

Here, v, 7 x, v,» y, v, * Z. The last equation is easy to integrate; 
v, constant = 0, 
since v, is zero initially. Thus integrating again, 
z= constant = 0, 


and motion is confined to the x — y planc. We now multiply the second equation by i and 
add to the first equation. 


S= v tiv, 
aa mat tha annatinn 
wt ib LL Ly uativit, 
d= E . E B 
= IW -lWw w = 
dt B , m 


This equation after being multiplied by e'" "can be rewritten as, 


d ior : iot E 
a ee )= iwe B 


and integrated at once to give, 
E -iot-ia 
= —+Ce , 
5 B 
where C and « are two real constants. Taking real and imaginary parts. 


v= E. (1C cos (wt +a) and v, = - C sin (ot + a) 


"PPP nA — haa 2 fi ra nas falta as N laa 2; — O wnt t NÀ os — 
WICC y= U, WhCn f= U, we Can Ke Q = U, WIL v= U al b= U Rives, & = 7 


and we get, 
v, = >a — cos wt) and vy = = sin cot. 
Integrating again and using x = y = 0, at t= 0, we get 
x(9» E[, S22) yy) = E - cos on. 
B | | o B 
This is the equation of a cycloid. 
(b) The velocity is zero, when wt = 2 n x. We see that 


/EV. 


v= vytv Hn (2 - 2 cos wt) 
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3.393 


or y ds | 2E sin = 
i d B 2 
L L| 
The quantity inside the modulus is positive for 0 < wt « 2 x. Thus we can drop the modulus 
and write for the distance traversed between two successive zeroes of velocity. 


p 


SOL, ~ 
<y>: "N pg cosa) 7 = 


is 


When a current J flows along the axis, a magnetic field B, = is set up where 


Ho 
2x 
2 2 2 
p = x° +y. In terms of components, 
I Ix 
B,» 27. B = 10” and B, = 0 


2xp ” xp 


Suppose a p.d. V is set up between the inner cathode and the outer anode. This means a 
potential function of the form 


.vinpb., 


p= V in a/b’ 27 P? D ra 


as one can check by solving Laplace equation. 


J 
J 


{ 


| 


The electric field corresponding to this is, 


r Vx » FN | | |—1———39 
c^ malb ? /— phünajb' ^ — | | = | 
The equations of motion are, | | 10 | | 
lelVz | lel Hol | |! | | 

dt * n-tIn ath Dw n2 l 

P Mi Uu / U 4 vp | 

| 


z 
dt ? pP lIna/b 2nxp , 
d Id 
and 4T - -Jel Beite [el tn 


(- | e|) is the charge on the electron. 
Integrating the last equation, 


I . 
mv, = —|e| Žo inp/a= mz. 


since v,= Q where p= a. We now substitute this z in the other two equations to get 
d(l1 2 1 94\ 
Jd. | > V, + 3 mv, | 
Ce dat r^ 
\ / 

[ lelv. Jelu n? | ., e 
|Le ded (Moy Loop] set 
lina/b m \2x] und n2 
L Vo 7j J P 
IDA (mol) plian 
- ier pP. 
|- a m Pa b| 5,2 dt © 

|", VJ | 2p 


2 a 2x 
In — 
a J 
The RHS must be positive, for all a > p > b. The condition for this. is, 
2 
"BLA ( Mol a 
V > 2——|—-| n= 
A m (2x b 
\ / 
ie Aiffare fram the nrevinue nrohlem in (5n eah) and the maonetio field ic alano the 
A AB Aw wl BAL Wr AD AANSEER LULbw | ad IV Us Í a AAA q= vs CSRS Tea ELEU fy AE OBE A.R eB WS AMI usa NIRE, LZ Ww 
z-direction. Thus B, = B,= 0, B,= B 


Assuming as usual the charge of the electron to be - | e | , we write the equation of moti 
d jely, d lel, : 
Z m= -|e|By, S mv, = —~4|e|Bx 
dt 21 b d ? 21 b 
pin? p In? 
d 
and a: 0 => z= 0 


The motion is confined to the plane z= 0. Eliminating B from the first two equations, 


am) irem 


Inb/a p^ 


1 2. In p/a 
2mv = lel Vit bya 


so, as expected, since magnetic forces do not work, 


Or, 


$a 
N 
o 


3.395 


P (xv, - yv,) = Je] BGx + yy) 
ie (vv —-vvYz lel8 2, stan 
ewe vw vy J ” x/ 2 Vv v, "Ch, BSAS SAEY 


The constant is easily evaluated, since v is zero at p= a. Thus, 


At p= b, (xv, - yv) s vb 
Thus, vb [E (b. - a’) 


Or Bs 2b y= 
‘ b? -a je] 


The equations are as in 3.392. 


dv dv E dv 
z B, y. Én ogy Irv, and —- 


= V 
d m ?' dt m m * dt 
. B 
with w= T, Ee v, iv, we get, 


dg E. Ld 
d i- W cos of - io Ë 


wt 


or multiplying by e'^, 


dt 
or integrating Ee = En diet Pm i ot 
, 4B 2B 
c E. ^ imf . c 2 ast, ~ iet 
or, Sz apie +2twte )tCe | 
. E, 
since E= 0 atts 0, C= -AB' 
E E ; 
Thus, E= i sinotti--ote' 
~ 2D 2B 
m , m ` E m 
Or, y, = 5p f sin wt and v,» zp Sin wt + 55 wt cos wt 


Integrating again, 


a . a * 
x= ——;(sin ot - ot cos wt), y= z—t sin wt. 
20 Z0 
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The trajectory is an unwinding spiral. 


3.396 We know that for a charged particle (proton) in a magnetic field, 


mv? 


Nube Bev or mv = Ber 


But, @ = eB 
m 
1 2 1 2.2 
Thus E= m= mor. 
Z2 2 
So, AE = mo? r Ar= Ax? v^ mr Ar 


On the other hand AE = 2 eV, where V is the effective acceleration voltage, across the 
Dees, there being two crossings per revolution. So, 


Ve 20 v? mr Ar/e 


_ 2 
3.397 (a) From Pus Bev, or, mv= Ber 


and T= ( = L wv = 12 ivic V 
2m 2 
(b) From ox _ our 
(9) d v 
V 1 T 
t a "=>" NV = 15 MHz 
We Be» fmin 2xr mn Y 2m 
3.398 (a) The total time of acceleration is, 
d, 
2v ^ 
where n is the number of passages of the Dees 
p22 
But, T= neV= —— 
2m 
or ne B’er 
, 2mV 
So te T Be nBr o Kmr Wus 
, = Blm 2mV WV | ee. 
The distance covered is, s = ` y 1. 
(b) ! 2. 
“4 / 2eV tm 
But v= V Vv 


So, se V< Y yn» V [na - V5 2” 
2mv 2mv 2mv 3 
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But, n= >77 ET: 
4x Y! mr 
Thus, S —— — — — = 124km 
3eV 
=- TIT F 2 * a 2 TX Fa AR n Zur s a co at 1 F] . 
3.222 In the nth orbit, y 7n I= v We ignore the rest mass of the electron and write 
n 
vy, * C. Also W= cp= cBer,. 
2xnW n 
Thus, —» = — 
Bec M 
u = 22Wv ie, 
OI, n= ——— -»9 


Bec? 


3.400 The basic condition is the relativistic equation, 


my" mov 
——= Bqv, or, mv = ~= Bar. 
r /1- Vc 
Bq 
Or calling, w= —, 
m 
Wo B 
we get, oO = ———, w= Mr 
Qo 0 
l*—3 
C 


is the radius of the instantaneous orbit. 
The time of acceleration is, 


Rut W = m. c? 4 
A UE V. n ego L] 2 3 


5o, "^ uw 208 A 
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Wo Wo 
z — S _ 
4/ f A YI A2 A 12 Vi + at 


3.401 When the magnetic field is being set up in the solenoid, and electric field will be induced 
in it, this will accelerate the charged particle. If B is the rate, at which the magnetic field 
is increasing, then. 


xr B= 2xrE or E= 2B 


"TL. 


dv 
inus, m — Bq, of v= —— 
dt 


t 
Ni = 
n 


After the field is set up, the particle will execute a circular motion of radius p, where 


1 
mv= Bqp, or p- zr 


2 
3.402 The increment in energy per revolution is e È, so the number of revolutions is, 
W 
N-— 
e È 
The distance traversed is, 5 = 2 xN 
3.403 On the one hand, 
r 
dp e d^ ed fa oreng 
<= eE = —— — =z y | 2mrB(r)dr 
dt 2w dt 2nrdtJ 
U 


On the other , 
p= B(r)er, r= constant. 


dp „d ; 
SO, di er dr B (r) » er B (r) 
d 
Hence er B(r) = ——xr —«B» 
Tu dt 
: 1d 
So. Bir)= >— <B> 
, ‘`! 2 dt 


This equations is most easily satisfied by taking B (rọ) = >< B>. 


ro 


3.404 The condition, B (rọ) = >< B>= 5 f B: 2:w dr/ mu 
0 


the 
Y 
ih 


Or, B (rg = 


This gives rp. 


In the present case, 


A / 
Or, 3 or? = 1p, or n= YV. 
4 " 2" " Y 3a 
3.405 The induced electric field (or eddy current field) is given by, 
r 
Em- L 2 fam eBo a 
l 2nr dt J v)BWV) 
Hence, 


dr agr dt dt 
d dB (r 
= —-——<B>+ (r) 
2 dt dt 
This vanishes for r = rọ by the betatron condition, where rọ is the radius of the equilibrium 
orbit. 
3.406 From the betatron condition, 
1 d dB B 
——<B>= —í(r)s — 
Z dt at ` Y At 
d 2B 
Thus — < B >= — 
, dt At 
db  ;d«B» 2 nr B 
and ———: JU" ———- OOOO” 
t dt At 
Ca fh wesewts an ^95 949^ ant ba-y a wartnlutean aa 
JU, ICI ALICIVCILLCAILL pei IVVVUIWULIVEL id, 
d 2nreB 
e ——- 
t 
2.4 fa) ven in the relativictic caca we Eno tha nz Ror 
TU y we) d V" WAL BAR LL Yw a VA V AJ VA vuy YY Y EBAAY VV VAATÀA TY y ad p ATI 
A T me ^7 
Thus, We Vcp mc - mc? = mac (V 1 + (Ber /m cy - 1) 
X e dictanre traverced ic 
VJ JA ARAM, WEILKAEWY CLUE Y WEL OS ait 
W W W At 
2nr — = 2r —31- / ven Ror ’ 
on usi he result of the previous problem 
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PART FOUR 


OSCILLATIONS AND WAVES 


ol MECHANICAL OSCILLATIONS 


41 (a) 
(b) 
4.2 (a) 


, / J 
Given, x = acos | wt--7 


(4) 


On-the basis of obtained expressions plots x(t), v, (1) and w,(t) can be drawn as 
shown in the answersheet, (of the problem book ). 
From Eqn (1) 
e A 2 2 2.2 X 
Vy = -a4 O sin wt-7 So, V& = a° w° sin or-7 
/ \ / 
But from the law x = acos(wt-2/4), so, x* = a? cos? (o t - x/4) 
2 
2. AA 2,2 2, HAN . xX 
Of, cos(ort-x/4)»x/a or sn (wt-x7/4) = l- 
a 
Using (3) in (2), 
2 2 2 x? 2 2,2 2 
BILE or vx = wo (a-x) 
a 
Again from Eqn (4), w, = -a w cos(wt-1/4)= -0x 
From the motion law of the particle 
. a [ d 4 x \ 
x = asin’ (0-2/4) = 3 | 1-008 | 21-3 ) 
a a (> x \ 9 in2ot ssi (Qo t x) 
Or, x-—---—cos|201:-—|- -=sn2@t = —sin(2wt+nx 
2 2 | 2 | 2 2 
, a a. 
i.e. x-7 = —Sin(20ot4x). 


2 2 


Now compairing this equation with the general equation of harmonic oscillations : 
X = Asin(cogtta) 


Amplitude, A = 5 and angular frequency, og = 2 c. 
Thus the period of one full oscillation, T = ar, = 
0 


(1) 


N 


(b) Differentiating Eqn (1) w.r.t. time 
Vy. =a w cos (2wt+7) or V= w cos’ (2wt+n)=a w fi -sin Qo r«z)] (2) 


a a 
From Eqn (1) e] - 4 sin’ (2ore; 
x^ Ay 4 x f x\ 
on 4->4+1-—=sin*(2wt+n) or 1-sin^Qotz) s —[1- €| (3) 
a^ a a| al 
\ / 
2 es 
From Eqns (2) and (3, v, =a 1-7|- = 4w" x(a-x) 
Plot of v, (x) is as shown in the answersheet 
4.3 Let the general equation of S.H.M. be 
x = acos(wt+a) (1) 
So, V. = -aosin(wt+a) (2) 
= 0 ,x =x and Vx = Vx, 


Let us assume that at ft = 
=acosa, and yy =- a sina 


Thus from Eqns (1) and (2) for t = 0, x, 
a/. (x, Y 
0 | = 35.35 cm 


y 
Xa 
-V à. 


Therefore tana = - —— and a | 
W Xo \ (D ] 
Under our assumption Eqns (1) and (2) give the sought x and v, if 
( v). ox 
Jong 


2 2 1 
— — * -— = {t — 
mE and a an | A 


Putting all the given numerical values, we get : 
=~ 20cm and v, 


= — 8&1 cm/s 


(see Eqn. 4 of 4.1) 


— . — ? ^, 
From the Eqn, v; = of&(a^-x') 
t= (a -x) and v- w? (a^ - x5) 


Vi 
Solving these Eqns simultaneously, we get 
2 2 2 2 2 .À 2 2 
o = V (i-D/G3-x3D , a= V Iii XD GE - D) 
(1) 


4.5 (a) When a particle starts from an extreme position, it is useful to write the motion law as 
X= acoswt 


2 
B 


(However x is the displacement from the equilibrium position) 


It 1; be the time to cover the distence a/2 then from (1) 
T 
= cosa (as t «T/4) 


a 1 
~= acosw or cosSwt, = = 
2 1 1 2 


Thus "3o" 


As X =acoswt, so, V, = -awsnat 
Thus v = |v] = -v, = awsinwt, forts t, = 7/6 


Hence sought mean velochiy 


us 3a 


«V» m f - f a(22/D sino tdt 1/6 = 220 05 m/s 
0 


(b) In this case, it is easier to write the motion law in the form : 
x = asinot 


2x 1 x 
a/2 = asin- bh or sin t= 5 = sine (as t < T/4) 
2x x T 
Thus —— ;- — Or, f5 * — 
T? 6 > ? 12 
Differentiating Eqn (2) w.r.t time, we get 
2x 2x 
V, = Q(0COS (Of = d —- cos f 
x T T 
So, v = |v, | = a2 cos 2X1, for ts t; = T/12 
T T 
Hence the sought mean velocity 
e J 
T/12 
<v> fva 1 f 222 cs 20 a = 94 .1m/s 
4.6 (a) Asx = asinwt SO, V, = Q1 COS Of 
Ans , x 
3 
gT 
fawcos(2x/T)t dt 
0 2V2ao 2x 
Thus «v > = fv, dt/f dt = 3. 3 | ng T = x 
8. \ / 


— T» 
vx vi, so, |«v5»| = |«v,»| 


laannan SETAS) m faa 
— 2Y26 42420 
Hence, using part (a), |<v>]| = | | = 
r Avs? | i] | 3x | 3n 
[nà VU. L NEINA wm A fo. 99 f. F 
(C) we nave got, V, = G8 0 cos i 
So, v = |v,| = awcosmt, forts T/4 | 


= —aüocos of, for T/As t s ȘT | 


(2) 


T/4 3 T/8 


0 T/4 
Hence, <Vv>=— = — 
Í dt 3 T/8 
Using w = 2x/T, and on evaluating the integral we get 
E. ? e e eo 
2 (4 = V 2 ) a o) 
<V>= 
3x 


4.7 From the motion law, x = a cos w 1,, it is obvious that the time taken to cover the distance 


equal to the amplitude (a), starting from extreme position equals 7/4. 


Now one can write 


yar yY "V, aR a BE yY 


1 | T 
t=n7 tho, | where ly <7 and n = 0,1,2,... | 


- / 
As the particle moves according to the law, x = a cos w t, 


so at n = 1,3,5 ... or for odd n values it passes through the mean positon and for even 
numbers of n it comes to an extreme position (if fọ = 0). 

Case (1) when n is an odd number : 

In this case, from the equation 


X = x asino t, if the t is counted from nT/4 and the distance covered in the time interval 
, . T . nn 
to becomes,s, = a sin œw fọ = a sin o t-n7 = asin| ot — ES 
/ 
Thus the sought distance covered for odd n is 


2 


mr 


. n x 
ne sin or- Ji 
/ J 


Poen 


. d nau 
$-nats,-nacasin|ot-——|-a 
^] 
e 


Or, S - a| 1- cos 


Hence the sought distance for n is even 


nx no 
S= nats) = naval i= cos wr- 15) = a| nt- oos 0r) 


In general 


| a|n+1-cos| 01-75) |, n is even 
s=] L } | 
| dL esi [e Jin is odd 


4.8 


4.9 


Obviously the motion law is of the from, x = asin@t. and v, = wacoswt. 
Comparing vy = wacoswt with v, = 35 cos mt, we get 


o =m, a= =, thus T= 42.2 and 7/4 = 05s 


Now we can write 


As n = 5 is odd, like (4-7), we have to basically find the distance covered by the particle 
starting from the extreme position in the time interval 0-3 s. 


Thus from the Eqn. 


X= d COS = = cos n (03) 


35s - > cos (03) or 5; = 2 [1- cos 03 x) 


- 35 35,, aa 
s=5x—+—{1-cos032x} 
x x 
35 |. yay 339 2.4 "M 
= — {6 — cos 0:3 x) = —x7(6 — cos 54^) « 60 cm 
n 22 
As the motion is periodic the particle repeatedly passes through any given region in the range 
-as xs a. The probability that it lies in the range (x, x * dx) is defined as the fraction 
Ps (as t — œ) where At is the time that the particle lies in the range (x, x + d x) out of the 


total time 1. Because of periodicity this is 


dP = Edy att. 2dx 
dx T vT 


where the factor 2 is needed to take account of the fact that the particle is in the range 
(x, x * dx) during both up and down phases of its motion. Now in a harmonic oscillator. 


V =x = wacoswt x o V a -x 


Thus since w T = 2x (T is the time period) 


d P i dx 
We get dP = —dx = — — 

dx t S- 

+a dP 
Note that f — dx 21 

MIELE: 

dP 1 1 ZEND 

SO denn fT is properly normalized. 


m an mn a EP, E. am — à) meri 


€ à graph paper and choose an axis (X - 4àXIS ) 
and an origin. Draw a vector of magnitude 3 inclined 


A. 
at an angle 3 with the X -axis. Draw another vector | KI rms N 


nitude $8 inclined at an angle -3 | X J 1/3 q 


(Since sin (w t + 12/6) = cos (w t- 2/3)) with the 
X — axis. The magnitude of the resultant of both these 


tanrtara T fenam tha orig mitarnmad zanen mn val. 
v C'WVUUDR O Ve SEVVIELL uic Ui i in) UV wa LICU using pasa: Md 
lelogram law is the resultant. t. amplitude. NV 
Clearly R? =3? 487 42:3-8- cos f. 9+64-48x > 
= 73 — 24 = 49 
Thus R = 7 units 


(b) One can follow the same graphical method here but the result can be obtained more 
quickly by breaking into sines and cosines and adding : 


Resultant x= (34 5 cosMmt+! 6- 5 Mino: 
\ v2) \ v2] 
= Acos(wt+a) 
— A - 2 PN 
Then A? -[34— | 4[6-— | = 9425 4 9 +36 
(o2) i V2) v2 
an agza ^4n ^44 
= /U -19V Z = JU-ZIiZ 
So, A = 6985 æ 7 units 


r P b d 


»- inu using graphical method convert ail oscillations to either sines or cosines but do not 
t 


4.11 Given, x, = acoswt and x, = acos2wt 
so, the net displacement, 
X =XxX,+x, = a{coswmt+cos2mt} -a(cosot*2cos^ot-1) 
and vy, = x = a{-wsinwt-4wcos@tsinwt} 
For x to be maximum, 
X = aw coswt-4aw* cos’ wt+4aw sin’ wt = 0 


2 


or, 8 cos^ o t + cos wt — 4 = 0, which is a quadratic equation for cos w t. 


Solving for acceptable value 


cos wt = 0:644 
thus sin wt = 0-765 
and Vmax = [Vx | = *40[0765 + 4x 0-765 x 0644] = 4273 aw 


acos2-1tcos500t = z | cos 52-1 t + cos 47-9 t| 


Thus the angular frequencies of constituent oscillations are 
5211s ! and 479 s`! 
To get the beat period note that the variable amplitude a@cos2-1t becomes maximum 


= 15s nearly. 


21 


If the frequency of A with respect to K’ is v9 and K' oscillates with frequency v with respect 
to K, the beat frequency of the point A in the K-frame will be v when 


«| 
l 
< 
e 
H 
< 


Thus beats of 2v = 4 will be heard when v = 26 or 18. 


414 (a) From the Eqn: x = asinwt 


2 
. A 
sin? wt = x*/a’ or cos’ wt = 1- = (1) 
a 
And from the equation : y = bcoswt 
2 2 42 
cos wt = y'/b (2) 
From Eqns (1) and (2), we get : 
(EQ See a Én] 
a b a b 
«xl. 2l. ie the enun nondnm A4 the. alls nah mern an tha finm2 
MICH i» uic »tdiludiu Cuuduoulil UL uic CHIPS oluUvv1 1 uic LngEulc 
we observe that, 
at £-0,x 20 and y - b 
eni at ELM — d 77 ana v — f) 
Gilu at t ~= ; A =~ TU ailu — U 
w 
» erm reborn that at at. .nla4ln n ounlneed ST M anu; echa Clic. ner ema mer nata 
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the co-ordinate y diminishes and x becomes positive. Consequently the motion is clock- 


*wra 


(b) Asx = asinot and y = bcoswt 


~ . — . -> , T» 
So we may write r = asinot t * bcosotJ 
r id —» 2 —» 
thus r xw s- or 


8 


4.15 (a) From the Eqn. : x = a sin œw t , we have 


coswt= V1 — ( x/a? ) 
and from the Eqn. :y = asin20t 


2 
yz2asinot cos wt = 2x V 1 - (xz/à? ) or y! = 4x ui 


(b) From the Eqn. : x = asinws 
. 2 2,2 
sin ot = x'/a 


Fromy = acos2 ot 
2 / x^ 
y= a(1-2sin’wr) = (1723 


For the plots see the plots of answersheet of the problem book. 


4.16 As U(x) = Ug(1-cosax) 
UN / 
dU . 
S0, F, = -- = UVoasinax 
Or, F, = — Ugaax (because for small angle of oscillations sin a x = a x) 
2 
But we know F, = - m we x , for small oscillation 
2 Ug a? v Ug 
Thus Qo = or =a — 
0 m 0 m 
Hence the sought time period 
2x 22, /m /m 
T = — = — V > = 20V - 
Wo a M Up M a* Uo 


417 If U(x) = s-? 


x 


then the equilibrium position is x = x9 when U’ (x) = 0 


2a b 2a 
or -57 t = 0 > y 7. 
Xo Xo b 
Now write : X= Xo9* y 
a b , 1 p? 
Then U(x) = -3-—*(x-xg)U'(xa) ty 7x) U (xo) 
Xo Xo 
But U" (xy) = -47 = (2a/b)? (3b-2b) = b/8 a 
Xo Xo 
\ 4 
So finally : U(x) = ERTES yu 
Jtr) 


4.18 


4.19 


9 


We neglect remaining terms for small oscillations and compare with the P.E. for a harmonic, 
oscillator : 


4 
IMMANE 
2 2 | 2 | , J.3— 
, y Sam 
8 ma? 
Thus T=2nx 5 
b 
Note : Equilibrium position is generally a minimum of the potential energy. Then 
Y7 / .. M fy Yri? S M. n FTH 0 0 1*8. 5 0 lg Ct ~ «5. 4. 1 Lo O S ar. he 
U ( X0 ] = U, U x0 ) >U. ile equul num posi JON Call in plneipie OC d Inaximuin our wen 
IJ" ly Y 2 Nand the freanenev nf accillatinne ahont thic eanilihrinm nosition will he imaoinarvu 
X d J Cm U ULIL MMY arwy nvr WER VVV AA BUE CRVPRREAD UUU SB V LALAY wy WVELBELVSAAWEALL puer Vv £24 WW zaU gaa y 


Let us locate and depict the forces acting on the ball at the position when it is at a distance 
x down from the undeformed position of the string. 
At this position, the unbalanced downward force on the ball 


-mg-2FsinO 


By Newton’s law, mx »«mg-2F sinO Z 
= mg-2F0 (when Gis smal) AYZNQQ 7 "B 
= mg AF mg--,-X F F 
j 
e 4F 4F mgl 
Thus Prae tU 2E? 


, mel 
putting x' = x - —2— , we get 


T 
A "m 
s 41 d 
x = -= x 
ml 
/ . 
ED VALEN na 
linus I = J Y F = uU'ZS 


Let us depict the forces acting on the oscillating ball at an 
arbitraty angular position 8. (Fig.), relative to equilibrium 
position where Fg is the force of buoyancy. For the ball 
from the equation : 


Nz = I Bz, (where we have taken the positive sense of Z 


V6? X 


axis in the direction of angular velocity i.e. O of the ball 
and passes through the point of suspension of the ~~ ^| | 
pendulum O ), we get : p | 

-mgisinO« FgisinO = m ÊO (1) 


Using m = A aro, Fg = snr? p and sin @ « O for small 0, in Eqn (1), we get : 


10 


4.20 


4.21 


6 = .£(1. £g 
" ej 
Thus the sought time period 
1 
T- 2x ew 2 V E 
V g(,_2 l-i 
at 2i " 
Hence T-2aV 1j A = ]-1s 


Obviously for small f the ball execute part of S.H.M. Due to the perfectly elastic collision 
the velocity of ball simply reversed. As the ball is in S.H.M. ([0] < a on the left)its motion 


14. aur Ac C0. 6: al f. ae a ha! ha. eres 


law in aiueicnuai irom can Uc written as 
& 2 
6 = - 20 = - «$8 (1) 


If we assume that the ball is released from the extreme position, O = f att = 0, the solution 
of differential equation would be taken in the form 


0 = Bcosogt = Bcos V Ë t (2) 


If t’ be the time taken by the bali to go from the extreme position 6 = p to the wall i.c. 
6 = - a, then Eqn. (2) can be rewritten as 
- a = p cos V " t’ 
pmm pmm 
, afl -11 a\ afl f[ _1,a \ 
or t =ŅŲ z OS |7g|7 V; | t-Oos p] 
8 PJ 8 \ P) 
l -1 Q 
Thus the sought time T = 2t 2 —[xX-cos — 
g P 
FT, 
nat 5 [X cla -10) fi.aeaucnm cla -1., ..-12. 2. 2 yay 
= 4 Y 2 | 5*9 a [| UCCdusc sin X tT COS A= MSL |} 
6 \ - r ] 
Let the downward acceleration of the elevator car has continued for time ¢’, then the sought 
time 
2h 2h 
t= ww where obviously ww is the time of upward acceleration of the elevator. 


- 
z 
Oo 
= 
a 
c 
C 
e. 
a>) 
S 
Co. 
E 
= 
- 
d 
Q 
< 
Ga 
£. 
=~, 
=g 
@ 
a 


21 V —L- (see 4.30) 
Ww 


In this problem the time period of the pendulum while it is moving upward with acceleration 
w becomes 


4.22 


becom m d 


21 
gB-w 
| ee) 
A. al. Af. nm nf ......,, 2.8 1.2! 2 af 2h "D s . 
AS tne time or upward acceierauon equals — the total number of oscillations during 
Ww 


this time equals 


N {> ane | , . 4 
Thus the indicated time = '2nVl/g =V2h/w V (g*w)/g 


2x v l / (g+w) 
Similarly the indicated time for the time interval t’ 


t! r 
-——————— 2nVi/g = t' V(g-w)/g 
2nV l/(g- w) 


we demand that 


V2h/w V(g*tw)/g +t! y (go = V2h/w «t' 
. JL 


c 
li 
bo 
> 
N 
$ 
< 
H 
4 
: 
I 
Q 


Or, 


Hence the sought time 


If the hydromoter were in equlibrium or floating, its weight will be balanced by the buoyancy 
force acting on it bv the fluid. During its : i i S 


wes e^ el iaa c] uan AC ~ nu . urn e 


ate the hydrometer when 


it is at a vertically downward distance x from its equilibrium position. Obviously the net 
unbalanced force on the hycrometer is the excess buoyancy force directed upward and equals 


nr x p g. Hence for the hydrometer. 


r pgx 
2 
Tr 

Or, x DE, 


12 


4.23 At first let us calculate the stiffness k, and «x, of both the parts of the spring. If we subject 


4.24 


the original spring of stiffness K having the natural length lọ (say), under the deforming forces 
F - F (say) to elongate the spring by the amount x, then 

` F=K«x (1) 
Therefore the elongation per u unit length of the spring is x/ ho - Now let us subject one of the 


elnangatian nf the enring will he 
VIVIA a UU Wh UIU 9p: uig vin Vv 
7 nl = Nx 

Thus F =x, (nx) (2) 
Hence from Eqns (1) and (2) 

K = 1K) Or Kj = K/N (3) 
Similar! K) = 

y 2 1- N 


The position of the block m when both the parts of the spring are non-deformed, is its 
equilibrium position O. Let us displace the block m towards right or in positive x axis by 
the small distance x. Let us depict the forces acting on the biock when it is at a distance x 


from its equilibrium position (Fig.). From the second law of motion in projection form i.e. 

r ovr 
F, = mw, 

-Kı -KX = mx 
a K \ oe A < Kox 

"o j nTn)” -mx | Kj kic Ko 

K ]1 PALO OOOO OVOO 9 UU] OWN 
Thus X m = — x 0 X 

mn(m) <x 


Hence the sought time period 
T=2nxVyn(1-n)m/‘k = 0-13s 


Similar to the Soln of 4.23, the net unbalanced force on the block m when it is at a small 
horizontal distance x from the equilibrium position becomes ( K} + K; ) x. 


Thus y=- |5 
\ 
. / m 
Hence the sought time period T = 2x1 4/ ——— 
V KGK 
Alternate : Let us set the block m in motion to perform small oscillation. Let us locate the 
block when it is at a distance x from its equilibrium position. 


As the spring force is restoring conservative force and deformation of both the springs are 
same, so from the conservation of mechanical energy of oscillation of the spring-block system : 


4.25 


4.26 


4.27 


^- 


dt 2 


\ / 


am (a) HK aS Ke = Constant 


Differentiating with respect to time 


1 -. d . 
,m2xx + 5 (Ki + Kg) 2x4 = 0 


(X1*X2) 
= — — X 
m 


Hence the sought time period T = 2 xy m 
K; + K2 


During the vertical oscillation let us locate the block at a vertical down distance x from its 
equilibrium position. At this moment if x, and x, are the additional or further elongation 
of the upper & lower springs relative to the equilibrium position, then the net unbalanced 
force on the block will be K3 x, directed in upward direction. Hence 

—KyX) = MX (1) 


or, 


We also have X= X,+Xy (2) 
As the springs are massless and initially the net force on the spring is also zero so for the 
spring 


K1X|1 = K5X5 (3) 
Solving the Eans (D. (2Y and (3) simultaneously. we get 
OONIBE MC AM (th (2) ang V) simuitancous: y, ge 

Kı K 

X=mx 
K, + Ko 
( x1 K2/K, + K;) 

Thus X =- X 


1 $i 
Hence the sought time period T = 2x V m 


The force F, acting on the weight deflected from the position of equilibrium is 2 Tọ sin 0. 


£c. Sla naenl'la ÉÓ |n nenatis sl at oot 9% ÜCusena Y ^ "m X 
wince uic angie U IS Small, uie nct restoring 1OICC, P = Lig " 
2 T 
o, | Fskx, where k= —— ~ 2t ——————9 


So, by using the formula, 


E: V 27 
w= yV uo Wo = ml To T4 


LU © 
If the mercury rises 1n the left arm by x it must fall by a slanting length equal to x in the 
other arm. Total pressure difference in the two arms will then be 


pPgx*pgxcosO = pgx(1+cos0) 
This will give rise to a restoring force 
-pgSx(1+cos0) 
This must equal mass times acceleration which can be obtained from work energy principle. 
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This is S.H.M. with a time period 


/ m 
Peon egS(1-4cos0)" 


In the equilibrium position the C.M. of the rod lies nid way between the two rotating wheels. 


I et ne dicnlace the rnd horizontally hu came «mall dictance and then releace it T et uc denict 
pu d aJ vJ RFUFAERRW LFAE REE ES qL UU BEY Ww USARB CU VEL A vivu ADO Asst eeu rat 


LAM Vo MU pew WARE E URUS ABW EA AGs\/ELUCEE 


the forces acting on the rod when its C.M. is at distance x from its equilibrium position (Fig.). 
Since there is no net vertical force acting on the rod, Newton’s second law gives : 


lh ki. o> 
C 


N; +N, = Mg 
For the translational motion of the rod from the Eqn. : F, = M Wax 


kN,- kN, = mx 


4 


4L. ...—-L a4... ACC RÀ p um uU | 
Uuurougil wc C.i. OL uic rod. 
N {l+x \ -N {l-x\ 
1| ^2 2| 72 } 


Solving Eqns. (1), (2) and (3) simultaneously we get 


Hence the sought time period 


VL aM. 
T=2n 2kg X kg 1:5s 


the rod experiences no net torque about an axis perpendicular to the plane of the Fig. 


mm, 
New’ 


15 


4.29 (a) The only force acting on the ball is the gravitational force F, of magnitude y An pmr, 


where y is the gravitational constant p, the density of the Earth and r is the distance of 
the body from the centre of the Earth. 


rd -a Va Cha, de wane 


4x > 
LJ 
But g = y 74 PR, so the expression for F can be written as, 
—> 
> r 
. LI 
F-2-mg R’ here R is the radius of the Earth and the equation of motion in projection 


(b) The equation, obtained above has the form of an equation of S.H.M. having the time 


period, T - 2x V s ; 


Hence the body will reach the other end of the shaft in the time, 


retunV% = 42 min. 
2 g 


v=Rw=RVg/R =VgR = 7-9km/s. 


4.30 In the frame of point of suspension the mathematical pendulum of mass m (say) will oscillate. 
In this frame, the body m will experience the inertial force m ( — w ) in addition to the real 
forces during its oscillations. Therefore in equilibrium position m is deviated by some angle 
say a. In equilibrium position 

Toy cosa = mg+mwcos(n-6) and Tysina = mwsin(x-p) 


So, from these two Eqns 


oq 
l 
= 
S 
[72 
TR 


(1) 


16 


d 
Cod 
wert 


4.32 


Let us displace the bob m from its equilibrium position by some small angle and then release 
it Now locate the ball at an angular position (c + O) from vertical as shown in t 


SENN SRR Vs di is t ARENA (Qv |; Wj ALWAR Vanas UD AXRENZIVVER JLA 


From the Eqn. : Na = If, 


-mg lsin (a + 0) -m w cos (x - $) l sin (a + 0) + m w sin (x - B) I cos (a +0)=mI70 


or,- g (sin a cos 0 + cos a sin 0) - w cos (x — B) (sin a cos 8 + cos a sin 0) + w sin f 
(cos a cos 0 - sin a sin 0) 
=10 
But for small 0, sinO « O cosO = 1 
So, - g (sin a + cos a 0) - w cos (x - P) (sin a + cos a 0) + w sin f (cos a - sin a 0) 
- 10 
or, (tan. +0)(w cos B-g)+wsinB(1-tana@) = ——6 (2) 


Solving Eqns (1) and (2) simultaneously 
2 " 
j 


2 

-(g-2wgcosf*w 

Thus 0 = 
2x 


] ; e frame o 
frame let us depict the forces acting on the sleeve along the length of the rod while the sleeve 
is at a small distance x towards right from its equilibrium position. The free body diagram 
of block does not contain Coriolis force, because it is perpendicualr to the length of the rod. 
From F, = m w, for the sleeve in the frame of rod 


-xx4mo^x = mx 


or, X = -[€-)x (1) 
m 4, 
Thus the sought time period 
T= —_ 25 - 0-7s 
V5 -o 


Ym 


It is obvious from Eqn (1) that the sleeve will not perform small oscillations if 


pam 


@ 2 v = 10 rod/s. 


When the bar is about to start sliding along the plank, it experiences the maximum restoring 
force which is being provided by the limiting friction, 
Thus 


Or, 


17 


we a 2 ? 
k2——.42[2X* As 
g gy T 


4.33 The natural angular frequency of a mathematical pendulum equals wy = V g/l 


(a) 


(b) 


(c) 


We have the solution of S.H.M. equation in angular form : 
0 = 60,cos(Qgt* a) 


If at the initial moment i.e. att = 0, 0 = 0, than a = 0. 


Thus the above equation takes the form 
0 = 0p COS p 


3° cos 3-5 t 


Thus 0 


The S.H.M. equation in angular form : 

8 = 6,,sin(@pt+a) 
If at the initial moment ¢t = 0, 6 = 0, then a = O.Then the above equation takes the 
Oo 


0 = 0, sin Wt 
Let vg be the velocity of the lower end of pendulam at 0 = O0, then from conserved of 


mechanical energy of oscillaton 


E mean = E extreme or T mean ~” U extrem 


Or, 2mvi = mgl(1-cos0,) 


Thus 


-1 M |- -1| -02y | gc 
0., * COS [1-z 7} = 95 | 2x9:8x0-8| ^7 


a 
8 low 


Thus the sought equation becomes 
6 = 0, sinwgt = 45?sin 3.5: 


Let 0$ and vo be the angular deviation and linear velocity at t = 0. 
As the mechanical energy of oscillation of the mathematical pendulum is conservation 


1 


5 mvo*mgl(1- cosy) = mgl(i1-cos0,) 


-1 j]. go (022) | 254 
2x9-8x0-8 | 


18 


2 
Then from 0 = 5.4* sin (3.5¢ + a), we see that sin a = -— and cos a < 0 because 


5.4 


answer. 


4.34 While the body A is at its upper extreme position, the spring is obviously elongated by the 


amount 
m 
[a- 225) 
A 
If we indicate y-axis in vertically downward direction, Newton’s second law of motion in 
projection form i.e. F, = mw, for body A gives : 


( 18) 2 / mg) 212 ay 
mygetk|a K jamoa onka- mej = mCo a-g) (1) 
K 
(0 Aramnaa at neuer extreme mraitann thn eel nf arnalaeat am nf an mamalla tia r | | pov pm 
VeSauot at Gly CAUCHI pvyosiuvii uc *"lagiuuuuu UL dVtVLCICIOd LVUIE UL dll USULIGLUI vuUuy vuudis 


(^ a and is restorin 


If N be the normal r e floor on the body B, while the body A is at its upper 
extreme position, from Newton’s second law for body B 
m 
wea 728) = m, g 
K 
m; g ` 2 , 
or, N = mg-K a-— = mog-mj(«o a-g) ( using Eqn. 1 ) 


b d d ar F4 ` 9 
HenceN = (m +m,)g-m œa 


When the body A is at its lower extreme position, the spring is compresed by the distance 


o 
l Mi 8 | 
i^ x Jg 
\ / 
From Newton’s second law in projeciton fonn i.e. F, = m w, for body A at this state: 
m e-k a 5| a m- oa) ar el oo mE) (ecol a) 2. 
18 1 T K TOP U uU) UI, A â + K - my (g+ eJ W) 


m 
for body B we get: N’ = (2 T = m (g+œa)+m g ( using Eqn. 3 ) 


Hence N' =(m,+ m)g+m,ow’a 
From Newton’s third law the magnitude of sought forces are N’ and N, respectively. 


4.35 (a) For the block from Newton’s second law in projection form F, = mw, 


N-mg=my (1) 
But from y = a(1-cosot) 


(b) 


(c) 


4.36 (a) 


We get y =w acosot (2 
From Eqns (1) and (2) 


` 


4 
P 


N = mg Le osor (3) 


From Newtons’s third law the force by which the body m exerts on the block is directed 
/ 2, \ 
vertically downward and equis N = mg | 1+ P cos Q | 


When the body m starts, falling behind the plank or loosing contact, N = 0, (because the 
normal reaction is the contact force). Thus from Eqn. (3) 


2 
me(i+2 a os ot | x0 for somet. 
\ g 
\ / 
Hence amn = g/w? « 8cm. 


We observe that the motion takes place about the mean position y = a. At the initial 


instant v = 0. As shown in (b) the normal reaction vanishes at a height ( g/o* ) above 


AAnACWARY J mnm VY Am SAR EEG ABW BRS S HASC AR wr Vaa A nl - ande {O 


the position of equilibrium and the body flies off as a free body. The speed of the body 
at a dis tance ( g/o ) from the equilibrium position is œ V a ? -( g/w Y, so that the 


2 242 12 
w V af- (g/w 
[oVa-(s/o') Vg 
2g w* 
Hence solving the resulting quadratic equation and taking the positive roof, 


az 24 2hg æ 20 cm. 


=h 


» .2 fat 
(0 VU 


Let y(t) = displacement of the body from the end of the unstreched position of the 
spring (not the equilibrium position). Then 
my =-Ky+mg 
This equation has the solution of the form 
y =A+Bocos(wtt+a) 


c 2n. f » ~ -Ff A YP... f » ~l oes 7 
il -mw OBCOS(Wita) = -k[JA*Dcos(ort0)]tmg 
Then Q^ = — and A = ~ 
m K 

we have y=0 and y=0 at ¢=0.So 

-w Bsina = 0 

A Danan — ff 

fi T LB D U = uU 


bo 
© 


4». 


and y= E (1-cosor) 


(b) Tension in the spring is | 
T= xy = mg(l-coswt) 


SO Tmax = 2M8, Tr, = 0 
29 Tn annnardancra urth tha nenhliam 
owl AM GUAVAUGLIILNM VV ALA Lil PiVuUIVILi —» 
F = -amr 
oo yp ee T 
So, m(xi*yj)s-om(xi* yj) 
Thus X =-ax and y =-ay 
Hence the solution of the differential equation 
X = -ax becomes x = acos(wot+5), where o5 = a 
So, x = - awysin(Wott+a) 
From the initial conditions of the problem, v, = 0 and x = ry at £t = 0 
So from Eqn. (2) a = 0, and Eqn takes the form 
X = lrgCOSQgf SO, COS Wot = X/To 
One of the solution of the other differential Eqn y = -ay, becomes 
, e ^ err * 2 
y = a sin(Wott+d ), where Wp = a 
Tenen th a PEF G-E | mrn LS * — fi at f — fi ar A! = fi ana Tan {AN k ee es 
IIOLL tic Hldi VUIIUIUNUIL, = U ali = U, ou U = uU dil LAj a v1 UCCUIIL 
y = a’ sin og (5) 
Differentiating w.r.t. time we get 
y = q’ Wp COS Wo $ 
But from the initial condition of the problem, y = vg at t = O, 
So, from Ean (6) Va = A On Or. a’ = V/a 
BB WAL A xx V 77 U - wd we) ww U^ U 
Using it in Eqn (5), we get 
Vo . , _ Moy 
y = —sin wf or sin@gt = 
y m 0 0 V 
Squaring and adding Eqns (3) and (7) we get : 
2.2 2 
a2 21 2 ~ Woy X 
SIN” wot + COS Wot = —5— t = 
M ro 
2 2 
{x \ fy \ / PR 
Or, —|-2a|-— = 1( as a, = 00) 
ro Vo 
-38 (a) As the elevator car is a translating non-inertial frame, therefore the body m will ex 


d law in proiection form 


-- vv Aaa r*~sj~~ ab —JACWAGA RUA 


F, = mw, for the body in the frame of elevator car 


m ) we 
axl @8 ay moo --.mw = my 
K "d o Pd 
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(1) 
Q2) 


(3) 


(4) 


(6) 


m 
ud 


(b) 


( Because the initial elongation in the spring is m g/k ) 


SO, my =-KYtmMw = -K 


or, E fy mw = -H y- 


Eqn. (1) shows that the motion of the body m is S.H.M. and its solution becomes 
\ 


{— 


mw . K 
j- 2X - asin V Ern 


Differentiating Eqn (2) w.r.t. time 


Thus a = -a/2 and a= TM 
Hence using these values in Eqn (2), we get 

mw| Mm 

y = —|1-csV — t] 

v m ] 


at 
or, y- 
K/ m \ m 
at NEN /.. ex ( 
Or, y- —z = asin (wot + Ô) {wher 
Wo ` 


From the initial condition that att= 0, y (0)= 0, so 0 = asin ò 


at . 
Thus Eqn.(4) takes the from : y - —> = asin wot 
0 
e a 
Tiiffarantinting Fon /5Y we gat yp. — = ffn. 
SJILIVIVALUIG LAL, Sams baa v7 wru BV 2 ue wopo 
Wo 


or 6 = 0 
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(1) 


(2) 
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4.40 


But from the other initial condition y (0) = 0 at £ = 0. 


So, from Eqn.(6) - as = aW Or a= - a/ oy 
Wp 
Putting the value of a in Eqn. (5), we get the sought y(t). i.e. 
at a a . 
y-725*---3SsinOg! Or y = —,(«grt -sin wt) 
Wo Wo Wo 


lodse when one tries to compress it and does not then obey Hooke’ s law. Thus if we suspend 
a body by a | rubber cord it stretches by a distance m g/k in reaching the equilibrium 
configuration. If we further strech it by a distance A h it will execute harmonic oscillations 
when released if Ah s m g/X because only in this case will the cord remain taut and obey 
Hooke's law. 
Thus A hoax = Mm g/K 
The energy of oscillation in this case is 
m. 2 

5 >K (A hmar) = ITUR 
As the pan is of negligible mass, there is no loss of kinetic energy even though the collision 
is inelastic. The mechanical energy of the body m in the field generated by the joint action 
of both the gravity force and the elastic force is conserved i.e. AE = 0. During the motion 
of the body m from the initial to the final (position of maximum compression of the spring) 
position AT = 0, and therefore AU = AU,,+AU,, = 0 


= { 2rYal..n 
X "TTA U 


mo 
Vv 


mg 


me 


ao 
m & 


On solving the quadratic equation : 


x=— + 
t K 
K 
As minus sign is not acceptable 
2 2 
ee ME, V ME 2mgh 
K? K 


If the body m were at rest on the spring, the corresponding position of m will be its equilibrium 
position and at this position the resultant force on the body m will be zero. Therefore the 
equilibrium compression A x (say) due to the body m will be given by 

KAx =mg or Ax-mg/K 
Therefore seperation between the equilibrium position and one of the extreme position i.e. 


the sought amplitude 
A/ mg" 2mgh 
a=x-Ax= V 3e — 


4.41 
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The mechanical energy of oscillation which is conserved equals E = U,,,,,, ,because at the 
extreme position kinetic energy becomes zero. 

Although the weight of body m is a conservative force , it is not restoring in this problem, 
henre TT 


1€ anly nnn narma 
pence “ extreme io oni VJIMVLUCLALV. 


Unlike the previous (4.40) problem the kinetic energy of body m decreases due to the perfectly 
inelastic collision with the pan.Obviously the body m comes to strike the pan with velocity 
Vo = V2gh If v be the common velocity of the " body m+ pan " system due to the 


collision then from the conservation of linear momentum 
m Vo = (M +m ) V 


m Vo mv2gh 
veo s — 1) 
(Mem) (M+m) 
At the moment the body m strikes the pan, the spring is compressed due to the weigh! of he 
pan by the amount M g/k . If I be the further compression of the spring due to the veiocity 
acquired by the "pan — body m " system, then from the conservation of mechanical energy 
of the said system in the field generatad by the joint action of both the gravity and spring 
forces 


Or 


2 2 
liem)? «(Mem)gl = 1 (Mg ,7| - 1 (Mg) 
2 2 | K j 2 (jJ 
2 2 2 
1 m 2gh 1 (Mg) 1p 1 (Mg 
or, 5 (M e m) vr m) py (M*mgle5x k j*2*! -Mgl-3«[ » (Using 1) 
75] 
or, ix P-mgl-- 84. = 0 
Z (mij 


^ 2 

22 2xghm 
a 8 t RA . aas 
Yi T Fr 


Thus [= 


As minus sign is not acceptable 


7 
; g 1 2xm' gh 
i = —~+—- Y m + 

K K 5 (Mim) 


If the oscillating “pan + body m” system were at rest it correspond to their equilbrium position 


le. the spring were compressed by E therefore the amplitude of oscillation 
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4.42 


The mechanical energy of oscillation which is only conserved with the restoring forces 


becomes E = U,, e = 


2 
weight of the body) 
Altarnatal p .'"r l,u.ntia242 
LM ULI lately Lb ~ 4 mean —- "Bas Tm ju UJ 
thu E= 1 M+m "i K \ 1l 
S 7 2 | ja | a0 + m | 2 
We have F = a (yI xj) 
or, m(xityj)=a(yi-xj) 
So, mx =ay and my = -ax 


From the initial conditionat t = 0, x = 0 and y = 0 


So, integrating Eqnymx = ay 


, . a 
we ECL To a ~ ay UT ^" mn? 
Using Eqn (2) in the Eqn m: = - ax, we get 
2 
my a^ Of y =- ( 4. y 
y m? Y (m) Y 


one of the solution of differential Eqn (3) is 
y =A sin(Wott+a), where og = a/m. 


As att = 0, y = 0, so the solution takes the form y = A sin Wot 
On differentiating w.r.t. time y = A Wg COS Wo t 


From the initial condition of the problem, at t =,0, y = vo 
So, Vo =AW Or A = Vo/Wo 


Thus Y = (Vo/Wo ) SIN oot 


Thus from (2) x = Vo sin Wot so integrating 


= Vo 
x = B- — COS Wot 
o ( 


0 
Vo 
On using x=Oatr=0, B= 
Do 
V 
mence finalik: Y= — f 1 a PNL fen P 
i» LARLOLR A y vA X pu TV wo » J 
Wo 


Hence from Eqns (4) and (6) we get 
[x -(vo/t) +y = (v00) 


1 . . . 
-ka? (Because spring force is the only restoring force not the 


(1) 


(4) 


Ar~ 
N” 


which is the equation of a circle of radius (Vvọ/œọ) with the centre at the point 


Xo = Vo/Wo, Yo = 0 


4.43 


Zo 


If water has frozen, the system consisting of the light rod and the frozen water in the hollow 
sphere constitute a compound (physical) pendulum to a very good approximation because we 


nnn taba tha wh anla cvrctoe tr ha eta: Tre eril aeqretamea tha tien namin ie siwean 
ValL LADT LLL hui Soyo IL Ws UL IIIu Ii UI SUL dyo AS LUT Lit privy 1> SIVU by 
/ l k? 2 2,2. , 
T — Vw — 1a —— 3/h oro L- — p sc the radiance nf auratinan nf the onhara 
4] Ls JU Yy Y 2 YV iIIi A — PAY 1S CAI Laui¥s UL Jian UL UIL opiuveiv 
g ] 5 
o t 
The situation is different when water is unfrozen. When dissipative forces (viscosity) are 


neglected, we are dealing with ideal fluids. Such fluids instantaneously respond to (unbalanced) 
internal stresses. Suppose the sphere with liquid water actually executes small rigid 
oscillations. Then the portion of the fluid above the centre of the sphere will have a greater 
acceleration than the portion below the centre because the linear acceleration of any element 
is in this case, equal to angular acceleration of the element multiplied by the distance of the 
element from the centre of suspension (Recall that we are considering small oscillations). 


papin —— | aan m -an rm ee »241. 4 AC oma mao meee ne nm 


Then, aS iS ODVIOUS in a frame il Vii Wilh the Centre Ol mas NP there will adpptal dil 
unbalanced couple (not negated by any pseudoforces) which will cause the fluid to move 
rotationally so as to destroy differences in acceleration. Thus for this case of ideal fluids the 
pendulum must move in.such a way that the elements of the fluid all undergo the same 
acceleration. This implies that we have a simple (mathematical) pendulum with the time 


period : 
To = 2x V i 
6 
2(RY 
Thus Ti = To Iri 


(One expects that a liquid with very small viscosity will have a time period close T, while 
one with high viscosity will have a time period closer to 7|.) 


T. ..lat4 PARES | = 


Let us locate the rod at the position when it makes an angle O from the vertical. 
problem both, the gravity and spring forces are restoring conservative forces, thus from th 
conservation of mechanical energy of oscillation of the oscillating system : 


e 

= 
bm e 
[^2] 


e 


imp (0Y mg; L(1- cos) + 2k (10) = constant 
Differentiating w.r.t. time, we get : 
imi. ,7 81 n+ 1.206 = 0 
2 3 . 2 2 
Thus for very small 0 
Ò = -28(14%4)o 
2b | mg | 
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4.45 (a) Let us locate the system when the threads are deviated through an angle a’ « a , during 
the oscillations of the system (Fig.). From the conservation of mechanical energy of the 


4.46 The «©. of the disc is — 


system : 
l1! m L? 


"JP, 411 


2 12 nL g. mgl(1-coso') = constant (1) Eu F 
A l 


Conad 


A 


Where L is the length of the rod, 6 is the angular 


[ MÀ ; 
deviation of the rod from its equilibrium position i.e. d f) l 
n n | ! 
U = U. ' 
Differentiating Eqn. (1) w.r.t. time L M C | j 

S 
imt 200 + mglsina’ a’ = 0 “> 
2 12 
L? 

So, -00 + gla’ a’ = 0 (for small a’, sina’ = a’) 


n 
But from the Fig. 


L , , L 
59 = loa or a = 2] 0 
S PEN: 
O, a = y 
aA! 
Putting these values of a’ and — in in Eqn. (2) we get 
d*0 3g, 
2; =-7 2% 
at + 
Thus the sought time period 
T = 2x = 2X d 
Wo 38 


(b) The sought oscillation energy 


E = U, e». = "^ gl(1-cosa) = mgl2sin 7 
2 
mgl27-- - m lO because for small angle sin O « 0 ) 


1.2 1 1 
2 "2| 2 jJ" Tam M 


— E 1, _ . i . 
The torsional potential energy 1s Ikg. Thus the total energy is : 


2 


1 1 2:2. 1, 2 
sky - 4"R 70+ 5k FO 


QmRig. 


By definition of the amplitude q,,, @ = 0 when o = q,, Thus total energy is 


(2) 


4.47 


V , mR? so 
or Dun = Qo 1+ 72 


m? 


Moment of inertia of the rod equals 3 


27 


about its one end and perpendicular to its length 


when the rod is displaced by an angle 0 its C.G. goes up by a distance 


= (1- cos 0)» L for small 6. 


3 
—-— ff Wate fL imm mug fee Ah ie UE n S N 3 n r 251! N 
Hn UlLc ua uyg Ak nc ana iOr wie simpiies we EUL. U= ~ a7 Jg IOr Smau U 
we sce that the angular frequency w is 
= V3g/2l 
we write the general solution of the angular oscillation as 
0 = Acos ort Bsinot 
But 0 = 0, at t «0, so A = 0$ 
and Ô = 6, at t= O, so 
B = 0y w 
ðo 
Thus D = Op cos w t + — sin wt 


Thus the KE. of the rod 


2. 
T = mg = [- w 0 sin w t + 05 cos w £ |" 


^^ 


mi^ 


= -g [09 cos” o re ar 02 sin? 


ot-2«o0g90,sin œw t cos ot] 


a 
MACH ? 2» a» fh ow 4 ** 


FK». P P ~ X" F4 mmm tama mariana tha Tact aw urn 24 | nc 

Wil dVUI aR INE Uvel Uric Llc peaiiou uic idòl iC IILL vValiiòdiiLt> 
. 2 2 

< sin w t> = < cos w t > = 1/2. Thus 


<T>= Lm. — mg 103 (where o° = 3 2/21) 


+} ve | 
alu 
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4.48 Let / = distance between the C.G. (C) of the pe endulum and. its point of suspension C 


a 


e 


Onioinally the nendulum ic in inverted inn a ate CCO ic ahova O When it falle tn th, 


7B apanan y WA Wer pte eens aw BAR LAEV WV^A VS positi SWEL UER EWS "see BAS GUY TY We FTV AEN/RR. It AGED tU GAA‘ 


normal (stable) position of equilibrium its C.G. has fallen by a distance 27. In the equilibriun 


position the total energy is equal to K.E. = st w? and we have from energy conservation : 


lp «mg2l or I= ams! 
2 w 


Angular frequency of oscillation for a physical pendulum is given by we = mgl/l 


mgl mgl 3 
Let, moment of inertia of the pendulum, about the axis, concerned is J, then writing 
N, = I B, for the pendulum, 
. . e. m x 
-mgxsina0 = JO or, Q-- 7879 (For small 0 ) 
4 


which is the required equation for S.H.M. So, the frequency of oscillation, 


Mgx I V w2 
= , me @ 1 
004 I or x Mg 1 ( ) 
Now, when the mass m is attached to the pendulum, at a distance / below the oscillating axis, 
, 
-Mgxsin0'-mglsin0' = 4 9 
g(Mx+ml) d?0 
Or, DOM O = —, ( For small 0 ) 
(I*ml*) dt* 
which is again the equation of S.H.M., So, the new frequency, 


y g(Mx+ml) (2) 
(I*ml?) 


_V g(U/g oi e m1) 


(I*ml?) 


w, = 


Solving Eqns. (1) and (2), 
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When the two pendulums are joined rigidly and set to oscillate, each exert torques on the 
other, these torques are equal and opposite. We write the law of motion for the two pendulums 
as 


P 
in 
L—-] 


1,0 --eoeh04G 

oA o 4 ~ 

L0 -o50-G 
where + G is the torque of mutual interactions. We have written the restoring forces on each 
penduium in the absence of the other as - o? [ð and - ws I, O respectively. Then 


^ I, w? + I, w jo. -w20 
l +h 


a 2 a 2 
sj wi T £2 w2 
Hence o = y2 tam 


4.51 Let us locate the rod when it is at small angular position 0 relative to its equilibrium position. 
If a be the sought distance, then from the conservation of mechanical energy of oscillation 


1 _— 
mga(1-cos 6) + 5 loo: (6)° = constant 


Differentiating w.r.t, time we get 
eo o 
manenNAas 1 RA ^0n =- ff 
weg U ORRR NJ vr 2 009 “~~ xr 
m l^ 2 
But loo = int me and for small 0, sin O = 0, we get 
, a 
0 = -(—£4—\o 
LV 
TM 
Hence the time period of one full osscillation becomes 
Ta 4 2 ; L ` 
X 
EELS VETRA or T? = " | 2— «a | 
Af & (cee J 
ag 
ay (4. e) 
For Fran» Obviously d 12 * «| = 0 
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4.52 Consider ihe moment of inertia of the triangular plate about AB. 


[= ffcdm = ffx pdxdy 


j } 2h j 2p A 8 
B 2 . I7 = 2 
E p dx 5 Va 3 fx V3 (h - x) dx Y E / 


° ° \at-—_—__/ 
2p (HH), ot mk ÁN / 
"Mal! Al" fa 6 
V2 \~ ME OVS ie \ / 
2 X 
On using the area of the triangle AA B C = —= and m = pA 
V3 
Thus K.E „imi K a 
2 6 
2 
P.E. 2» mo (1-cos0) » moek 
73^ 12 573 


Here O is the angle that the instantaneous plane of the plate makes with the equilibrium 
position which is vertical. (The plate rotates as a rigid body) 


os “27-6 ^72 3 
A A s. æ he / e 1,2 
Hence o.» 2 .—97]| — 
h 3 6 
- f j A . AL 
So T-2x V — -xVM —. and louca = h/2. 
4.53 Let us go to the rotating frame, in which the disc is 
stationary. In this frame the rod is subjected to coriolis MENU E. 
and centrifugal forces, F,,, and F,y, where a mu T 
Feo = | 2dm(v'x &) and E,, = f dmogr, — 
where r is the position of an elemental mass of the T P 
rod (Fig.) with respect to point O (disc's centre) and f z 
, dr ^ A 
v= > MI J n] 
a 
As r= OP = OA+AP W J 
dr d(AP) 
So, a = — = y (as OA is constant) 


a rnd ic usheatinag trancuarcaly en wv! dieantad namandinmlinr tr tha lanecth af tha end 

fo LILIU LVU Jo VAUIGLIATE MaGLIDYWLOVIY, ow v is airccica pezpenaicuiar wy Us BVALE ts VA WV LUW. 
“~ ¢ 
| 
« 


' x © ) for each elemental mass of the rod is directed along PA. Therefore the 
Ti 


v 
net torque of coriolis about A becomes zero. The not torque of centrifulgal force about point 


Á e 
fi. 


P ^p / 
Now, Te (A) -j AP x dmwéer - AP x u ds w ( OA + AP ) 


| 


oO 
pus 


T (Ta) boa = f P dsagsasin0(-k) 


l 
j ] 
= —wrasin@(-k)f{ sds = moz a-sinO(-k) 
l U x dm U 2 N 7 
0 
So, Torin = Tasu k = -mosa-sinO 
~ J eel -J Y v 


2 i. ml^ + 
Or, -mopa sino - ^3 9 
ò 3 wga nO 
or O0 = - I—-—Ssin 
2 l 
Tus gee A y. 3a, 
hus, for smali 6, 0 =s- > —-0 
ha ka 6 


/3o?a 


a a MEN 4 
Ibis imphes that the frequency wọ of oscillation iS Wp = L— 


4.54 The physical system consists with a pulley and the block. Choosing an intertial frame, let us 
direct the x-axis as shown in the figure. 


t 
Jf 


S 
q 
mete — 
~ 


S! 
—-——— 
9909 

"d 
— a e 


a 
jaw 
eS 
zi oj 
— 290000 


Initially the system 1s in equilibrium position. Now from the condition of translation 
equilibrium for the block 

T, oF ms (1) 
Similarly for the rotational equilibrium of the pulley 


x A/D _ TP 
A CM IV 40 4X 


or. To «AI (2) 
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4.55 


from Eqns. (1) and (2) Al T (3) 


Now let us disturb the equilibrium of the system no matter in which way to analyse ion. 
At an arbitrary position shown in the figure, from Newton’s second law of motion for the 
block 


F,- mw, 
mg-T=mw= mx (4) 
Similarly for the pulley 
N,= IB, 
TR-K(Al+x)R=10 (5) 
But w= BR or, ¥=RO (6) 
from (5) and (6) TR-«(Al+x)R= i i (7) 


Solving (4) and (7) using the initial condition of the problem 


-eRxu (mR E 


or, x= - l 
m + — 


m+ 
€ —— 


————— 
` A 
— M M ó 
et 


Hence the sought time period, T= — ae Wm UR t s R? 


Note : we may solve this problem by using the conservation of mechanical energy also 


At the equilbrium position, N,, = 0 (Net torque about 0) 


So m,gR-meRsina =0 or m, = msina (1) 
[9 [94 Fp W7 


— v7 "s A 
From the equation of rotational dvnamics of a solid bod 


Mm AWE VAR ways Wh 247 WAR VERRE cy nam host d A ay Ard d "VLA &» ves vmar w J 


of rotation i.e. from Ne x IB. 


when the pulley is rotated by the small angular displacement 9 in clockwise sense relative to 
the equilibrium position (Fig.), we get : 


m,gR-mgRsin(a+6) 
- [MR^. m 2 m . 2]à 
| 2 F ie AV T freA au | 
L J 
Using Eqn. (1) 


mgsina—mg(sinacos@+ cos asin 8) 


pas mmt] s 
= a 0 


a 
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But for small 6, we may write cos 6 « 1 and sin O « 0 
Thus we have 


mgsina-mg(sina cosa) = MR+2m(1+ sina)R ^ 


2 


E 2mgcosa 9 
[MR+2m(1+ sina)R] 


Hence the sought angular frequency Wo = V MEG ometis aa) 


Hence, 0 = 


Let us locate solid cylinder when it is displaced from its | O 

stable equilibrium position by the small angle 0 during its | A | 
oscillations (Fig.). If v, be the instantaneous speed of the R f x 

C.M. (C) of the solid cylinder which is in pure rolling, Jf 


then its angular velocity about its own centre C is 


O = y /r 
h o 


(1) 


Vv? 


Since C moves in a circle of radius (R - r), the speed of C at the same moment can be written 
v. = 8(R-r) Q) 

Thus from Eqns (1) and (2) 

(R-r) 


w = 6- 


(3) 
As the mechanical energy of oscillation of the solid cylinder is conserved, i.e. E = T+U = 
t 


So, mv +o emg(R -r)(1-cosO0) = constant 
(Where m is the mass of solid cylinder and 7, is the moment of inertia of the solid cylinder 
about an axis passing through its C.M. (C) and perpendicular to the plane of Fig. of solid 


cylinder) 


or, jm o r^ + > T o? +m g(R-r)(1-cos0) = constant (using Eqn (1) and 
Il. mr 2) 
. 2 
3 2, a2 -ry a. oí r1 — noe Dl) m= fanctant fneinge Fan 2\ 
4 r \ Ww J, 2 Y e Vx , J X A. bed" v J YUL VO RR V9 (5911 Shy Abe <J 


F 


Differentiating w.r.t. time 


=(R-r)200 +gsin06 = 0 


5 28 . : 
So, 0 3(R-r) 0, (because fcr small 0, sin O a 6 ) 
| fj 2g 
Thus o = V ——— 


3(R-r) 
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4.57 


4.58 


Hence the sought time period 


— 
T.25.54,V CR) 
Wo 22 


Let x, and K, be the spring constant of left and right sides springs. As the rolling of th 
solid cylinder is pure its lowest point becomes the instantencous centre of rotation. If 0 be 


LÀ LÀ 242 pn 
the small angular displacement of its upper most point relative to its equilibrium position, 


the deformation of each spring becomes ( 2 R @ ). Since the mechanical energy of oscillation 
of the solid cylinder is conserved, E = T+ U = constant 


. . 1 ^pa? uu 
€ Ai +=K2(2R6)° = constant 
e 


: E ns, 
i.e. 15, (98) 


17 200 «l(x«x,)4R?208 = 0 
2 fF 2|. ^ 
m R? 2 2 
Or, 2 tmr?) +4R' K0 = 0 
M 
(Because Ip = Ic + mR? = 2 + mR?) 
Hence g = -Xg 
3m 
hus Wp) = ——- and sought time period 
T 3m 3m 
Tt 2 8k — 2K 


In the C.M. frame (which is rigidly attached with the centre of mass of the two cubes) the 


I? 


1 
cubes oscillates. We know that the kinetic energy of two body system equals — "LAE , where 


u is the reduced mass and v, is the modulus of velocity of any one body particle relative 
to other. From the conservation of mechanical energy of oscillation : 
2 
1 2 1 fd ) 
— = — z t 
zX *53HM a (b+) | constan 
Here / is the natural length of the spring. 


Differenting the above equation w.r.t time, we get : 


d(ly*x) 1 
di ^ 


AK Qe HS PITT = 0 | becomes 
i dee. L 


a 


m; m» | 


Thusi = -*x | where u = 
u mi*m, | 


\ 
mı mz 


Hence the natural frequency of oscillation : Wo = V É where u = : 
u mı + m 
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4.59 Suppose the balls 1 & 2 are displaced by x,, x, from their initial position. Then the energy 


. i: 1 ] 
is: E = jm + m; x? + 5k - xy. - =m v? 
Also total momentum .is : 5X4 + mX = m V1 


mix, mix, 


Define X - ——— reh- X 
m, + m, 
m 
Then x, =X + mz x,xX,-X- Loy 
m, + m, mMm, + M, 
1 ° 1 mm . 1 
E = = (m, + m)X° + =—— r = kx? 
2 2m, t m, Z 
. mv 
Hence A= 1d 
mMm, + nmn» 
1 mm 1 1 1 mv? i mm 
So 1 2 4 i kx? Lm. 1vi JL 175 2 
2m, + m, 2 2 2m,+m j%2m, + m 


(a) From the above equation 


/ / m 
We see w = k = 3x 24 = 651, when p = —— =- Ž kg. 
w p w a " i 


rey T m 


(b) The energy of oscillation is 


1 Mmm 2 A 2 x (0.12 = 48 x 104 = 48 mJ 
2 m+ m, 23 

We have x = asin (wt + a) 

Initially x=Oatt=O0Os0 a=0 

Then X =a sin wi. Also x = v, att = 0. 

So wa = v, and hence a = È = 2 = 2 om. 


4.60 Suppose the disc 1 rotates by angle 0, and the disc 2 by angle 0; in the opposite sense. Then 
total torsion of the rod = 0, + 6, 
and torsional P.E. = lc ( 0, +96, y o l 
“ d) (2) 
The K.E. of the system (neglecting the moment of inertia f N Á/ 
of the rod) is | | | 


A2 
Ut IJ) U 
So total energy of the rod 


E = 51,0; +51 03+ 5K (0, +02) 


We can put the total angular momentum of the rod equal to zero since the frequency associated 
with the rigid rotation of the whole system must be zero (and is known). 
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4.61 


Th 1,0, =ô 9, b 88; 
us 175 7/272 OF Y/h ^ AL" 1/1, *1/L 
Loo .: hog: 
So 0, = ——— (06;*0;) and 0, = ——— (06,*9;) 
11 t 44 41 t 14 
: . dL a 1 2 
and E-- - (8; +02)? +7 K (0, +02) 


The angular oscillation, frequency corresponding to this is 


IL 
F ‘a rF 
11 T 125 


r— 
LE , 
0^ = K/ TP 2 = «/I' and T-24V L , where 7' = 


Y 
¥ 12 


In the first mode the carbon atom remains fixed and the oxygen atoms move in equal & 
opposite steps. Then total energy is 


1 
(1) 0 C 0 
() 50998000. ) HHO OOD 
>? <—2r 
1 1 
—2mox *—2K x 
2 M 2 
where x is the displacement of one of the 0 atom (say left one). Thus 
Qj = K/M 
(4) 0 ; Ü 


C7 UUUUUUU VY VUUUUUU VW 


oe ——- «— 
x X 
In this mode the oxygen atoms move in equal steps in the same direction but the carbon atom 
moves in such a way as to keep the centre of mass fixed 
2 mo 
Thus 2Myx+m,y = 0 or, y=-— x 
1 1 2m ? 1 1 2m 1 2m 
. i 0. -= 4 "2 i 0° .l 0 "j 
KE. im? eim m +) 3 2 mox *52mo m, Y 52 Mm0( 1+ m. j 
2 mo \ 2m\ > 1 2my\ 
m 
pE.- lai 9| 2 strli 0) 2 aloe fas o) 2 
2 m. } 2, | m. | 2 | m. | 
K / 2m X / 
Thus od 2-1. * | and o; = o; V 147 mo 
mo V Me ] me 
1/ 32 a/ 11 
Hence, Wy = (0i V 1 th = (0i V 3 e 1-91 004 
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|. 462 Let, us displace the piston through small distance x, towards right, then from F, = mw, 


or, (p,-p,)S = -mx (1) 
But, the process is adiabatic, so from PV% = const. 
ERE and p = l, 
(V)-Sx)" (Vo * Sx)! 


as the new volumes of the left and the right parts are now (Vp + S x) and (Vo — S x) respectively. 
So, the Eqn (1) becomes. 


Po Vo S 1 00 14 E 
m (V-Sx} (VotSx) 


Po VS | orsa- (Vo- Sx)! 


or, - 
+ lSx i- y5x 
po Và S Vo Vo ee 
or, 7 57x? -—-X 
Vo 


, S^x^, . wos 
Neglecting the term M in the denominator, as it is very small, we get, 
0 


2 po 5 7 yx 
x = -————_,, 
m Vo 
which is the equation for S.H.M. and hence the oscillating frequency. 


v2 
Wy = $ “Pov 


m Vo 


4.63 In the absence of the charge, the oscillation period of the ball 
T=2 xv I/g 
when we impart the charge q to the ball, it will be influenced by the induced charges on the 
conducting plane. From the electric image method the electric force on the ball by the plane 


equals 1 — and is directed downward. Thus in this case the effective acceleration 
4x Eo ( 2h ) 


of the ball 
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4.64 


g'-g- q 


16 x eom h* 
and the corresponding time period 
TV 
T' 22M — - 243 M ——,—_ 
8 ——4 
8+ 2 
16 xe, mh 
From the conditon of the problem 
T _ wm T? 
i= 


So, T? = n T’? or 


+ 2 
16 x £o m h 


q= Ah V xegmg(n?- 1) -2uC 


In a magnetic field of induction B the couple on the magnet is - M B sin 0 = - M B 0 equating 
this to ZO we get 


I0 +MBO =0 
A, D /r 
or n. - AL or T 2 x MV - 
u B I — | ^. O YMB 
Given T, = Tim 


or B, = 1 B, 


TI. 4d 2. le ALa noen ai at a nae*ele 1enteaw ~f ati. fa) wee Le a Aasra a. ~f au! n ` as 
We Have in the Circuit at d COMIN instdit OL UNC (fF j, UOm rardddy S law OF ciccuomagnetuc 


induction : 
LČ - BI or Ldi - Bla 
dt dt 
A A a "P. e Fa NEN > . "vw ?.. _ . Bl far 
AS al Feu,XF® VU, SO Lt Dix or py ^S 
i 
For the rod from the second law of motion F, = m w, 
-ilB = mx 
/ 1242 
Trina Ban /13 ere nat [4B |. 2. p 
Usu IL. (4), WE pct X m mL Jo (4) 
| ene 
where Oy = 1B/VmL 


The solution of-the above differential equation is of the form 


Qo 
© 


x = asin(ogt-* a) 
From the initial condition, att = 0, x = 0, soa = 0 
Hence, x = asin gt (3) 


But from the initial condition of the problem at ¢ = 0, x = Vo 
Thus Vo = 4g Or a = Vy% (4) 
Putting the value of a from Eqn. (4) into Eqn. (3), we obtained 


ID \ 
ti 


x T. sin wot f where o — 
Wo | TmT | 


Va 
Y 


ALt Ane ha mma—umc-e— eee mere Oe ee fF tm wet otf 2e Gh nie eee tt Ld e m4 Fs So | n4 1 
700 AS We CUIDICULOL MOYES, dil CINI 15 SUL Up WIC CHCU anu d CUFIUIL HOWS, 5 uie CHL IS 
dI 
& = -Blx, we must have: -Blx+L— = 0 L 
I= Bix/L uu  80000000000.n 
$0, = Blx x x x x 
provided x is measured from the initial position x XXX 
X Xx X Tix 
We then have X X 
mY = Bix D lame X ^ 
FII A L eM. € TF t5 
for by Lenz’s law the induced current will oppose 
downward sliding. Finally | l 
(Dy É 
^ 3 mL S & 
2 naftino B BI 
on putting w = —7—— 
v mL 
X +X = B 
A solution of this equation is x= = *Ácos(aogt a) 
Wo 
But x = 0 and x = 0 at f = 0. This gives 


4.67 We are given x = ag e P' sinet 


(a) The velocity of the point at £ = 0 is obtained from 


vg = (X). 0 = Way 


7, = YU un 


The term "oscillation amplitude at the moment t = 0" is meaningless. Probably the im- 


plication is the amplitude fori ««—. Ihen x = ag sin of and amplitude 1S ag. 


p 


(b x = (-Paysinwt+waycoswt)e ^ = 0 
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when the displacement is an extremum. Then 


-10 
Or Qf = tan lZ 4na, n=0,1,2,... 


p 
4.68 Given p = qoe P'cosot 
we have p = -Bo- oque P'sinot 
p =- Bp+tBogpe "'sinot-o?qge "' cosot 
= B o«2poqoe P'sinot-o?g 
(a) (OG). = -BO o 
sy NY 7U rt 


^ (Qo Y. = (82 — o Yos 
0» Y J0 VU / YO 


(b) p = -poe” Bre P cos w t + w sin wt) becomes maximum (or minimum) when 


Q = qo (B^ - o? )e" P coswt+2 Bw qo e P'sinot = 0 


2po 
-r 2 a2 7 
an t áfa -10 -P a] » — N 1 ^ 
dailu tn oj 2pBo (] Fg om M, RO, æ; 
4.69 We write x = age P' cos (@r+a). 
x B pe 

(a) x(0)=O> a= z >x = + ae" sinwt 

lOS - íy) . #3 Oa 

ah S d \* t£ -0 T S uo 


Since ag is + ve, we must choose the upper sign if x (0) <0 and the lower sign if 
x(0)>0. Thus 

HON 

= £1 s 


l 


+> 
NIA nja 


[s 
pr 
ta] 
~ 
e 
— 
V 
e 


(b) we write x = Re A e Pt??? A = aye’ 


Then x =v, = Re (-B+iwm)Ae Piri?! 


x 
Thus B = Lol with + signinA if x9 <0 


$ 
= 


So A esi PRO pe (F142! JI 
w w 
Finally ag = 1+ Hn | xo | 
tang = zÊ - tan 1 (— P.) 
w’ |o | 


a is in the 4? quadrant -Z<a<0 | if xy » 0 and a is in the 2nd quadrant 
; NU 
[2494 d if x9 < 0. 


~ 


2 


470 x = age "'cos(ot*a) 


4.71 


TL aa fey —_ a ancaw —ingi.einntweN 
inen (XJ; = 0 = — pP âo COS Q - o osina = u 
or tna = - Ê 
wW 
ao 
Also (x), .9 = dg cos à = — 
" 
2 2 Vn 
seca = n, tana =-Vyrn-l 
2 
Thus B-oVmn -1 


(We have taken the amplitude at t = 0 to be a ). 


We write x = a, e ^ P' cos(ot*a) 


= Re Ae Bitiot 4 = ag e'? 


x = Re A(-Btim)e P'*ior 
Velocity amplitude as a function of time is defined in the following manner. Put t= t9 +T, 


then 


Y = y. A -B(t*1) io(t, 4 t) 
A Fine ACE M € M 
8 w 


nm. A -7 tn 4 trt+i wt Y. A .- Bt, iot 
s35 [XC AE "€ M ss [XC A e "e 
1 , . , , , - 
fort<< B . This means that the displacement amplitude around the time tọ is age Pro and 
we can say that the displacement amplitude at time £ is ap e BF Similarly for the velocity 
amplitude. 
Clearly 


(a) Velocity amplitude at time t = ag V f^ & v? e °° 
Since A(-B*io) = aye? (- Bio) 


fm 
N 


= ji 
= ag V B^ o? e! 
where y is anoiner constant. 


(b x(0)20-» REA=0 or A= tt lay 
where a is real and positive. 


Also v,(0) = x9 = Re + iag(-Bt+iw) 
= + W Go 
x 
Thus a, = | Xo | and we take — (+) sign if x, is negative (positive). Finally the velocity 
U Q X J e U e Ar 7 J v 


amplitude is obtained as 


. 
| x. | Í A A ne 
[| ve 


€ 


4.72 The first oscillation decays faster in time. But if one takes the natural time scale, the period 
T for each oscillation, the second oscillation attenuates faster during that period. 


4.73 By definition of the logarithemic decrement | N= 8 r4 we get for the original decrement 


^o 
Ay = BRE and finally à = — B 
V ap - 8 V o-n p? 
a Ao B Àg/2 X 
Now AL = 5 a 
V wo -p ° v (0) 
1+! = 
\ 2m) 
4. 
n -—. 
so A/2 X On 
V iu v v / hy Y 
"ln mbes 
A n o/2 n 
Hence — = 
2 
"a i-o8-0 [2] 
x 
For critical damping Wyo = n.p 
1 p Ào/2 n v (2x) 
— - — x or nm, V 1«| — 
ne o  ./ Z^ 2 \ Ao | 
MUS 
Ven] 


4.74 The Eqn of the dead weight is 


mx+2Bmx+mwo x = mg 


so Ax = % or o = 
000 AX 
Now no TEE , XB. or e. Ir] 
w- p wo - p 
LT... .2 
Thus T =- ~2_ 48 V (2) 
o. B? Wo 2x 


QM Ax V,.f%)\ WV Ax, , 2,424 _ ae 
2-21 Y — V it+{>—|] = Y — (4r +A‘) = 0.70 sec. 
8 77] 8 
4.75 The displacement amplitude decrease n times every n oscillations. Thus 
1 _p-2%., 
— = eg @ 
n 
2zxnp Inn 
or “4 2lnm or & = l—- 
2an 
a un 
So Q 28 ^ in 499 


476 From x »a,e "'cos(c 
. rom x = aoe cos ( o t * & ), we get using 
(x),.9 = / = agcosa 
0 = (x),.9 = -B acos a - w a sin a 


" p 
Then tana =-*+ of cosa = ————— 


w Vo.g «£g 


IV o^ « p? 
and x - Ivo *p e P! os| or- tan ^ -1 Ê 
w 
x=0 atf= l PETER tan -1 | 
w 2 Q } id 
Total distance travelled in the first lap = Z 
To get the maximum displacement in the second lap we note that 


À 
ON 
N 


/ 
ot- tan -1f | sinl ot- tan 
\ w) 

IV w* +p’ -Br 
to € = 0 


when Qf »-X,27,3x,... cic. 
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-~ x B/W 


Thus X max = — age cosa = — le" for t = x/w 


so, distance traversed in the 274 lap = 21 e "P 


Continuing total distance traversed = /«21e 79 ,2]e-7?^&e, — 


a } „7-a p/w ^1 

] 4 —— = [+ at 
MES 1267 
=Z t Bmo 4 " A2 4 
e -i1 e ^-1 


..., 2nB. . . . . , bette of A 
where A = is the logarithemic decrement. Substitution gives 2 metres. 


4.77 For an undamped oscillator the mechanical energy E 


x » age P'cos(ot*a), œ = V oc - p. 


1 :2.1 
= mx’ +m x’ is conserved. For 
et £n 


a damped oscillator. 


1 - 1 2 
and E(t) = mx ct-moeiY, 
2 2 
1, 2 ~2BEL R2 ane? (en $40 0 n oncímf nv ain (en t à 0 a m ein? fen t a el 
2 Oe” a ws WU E T NAJ T — Pw eve \we T AJA DI we T XVAJ T UJ Wal nd | 
i 2 -2 2 
+ 5M dy wpe BF cos? (wr+a) 


1 ^ ^^ A nm . 
= PII L oR + 


Aan 


ma; e 79 cos (2mt+2a) + 


1 1 
2 2 
If B <<, then the average of the last two terms over many oscillations about the time t 
will vanish and 


ma, Boe? sin(2wt+2a) 


<E(t)> a 5m ap age”? 


and this is the relevant mechanical energy. 


In time t this decreases by a factor 80 


.-28v 1 , my 
e = or Y - ——". 
n p 
p. 
|^ 21 
2x ; 
and I m Lrt __s — 2r since «op = & 
- 2 2 
m-B Wie /— Vg? , 
gl ln? y 
UE 7J ! 
T lyf 4er! 
and Q=_=_ - -1 w 130. 
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4.78 The restoring couple is 


rT = -mgRsing « -mgRq 


"cru 2020 0 6 Od too ato on —rB 
ne moment oi Meria 1S 
3 m R? 
[773 "4 NN 


Thus for undamped oscillations | | | N | | 
3mR? \\ |o ty] 


jo orm ane =O NEP 


PE d. PE. d. 
4 JV ae vw 
Also à = —Ó ox ———— 
m2 _ n2 
v o7 P 
Qe 
—_ 4 Wo v XY 
Hence Varig 72a " qo 5 l+ aa 
Wo - B Wy - p 2 n 
Hence finally the period. T of small oscillation comes to 
2x1 2x Wo 4/ 3R í X >) 
T = = x a nV AL | | 
w Wo 4/2 Q2 2g 2T 
¥ w- p AVE E 
3R 
- 5 (4m +h’) = 0.90 sec 
Let us calculate the moment G} of all the resistive forces on the disc. When the disc rotates 


an element (7 d r d ) with coordinates ( r , 6 ) has a velocity r q, where q is the instantaneous 


angle of rotation from the equilibrium position and r is measured from the centre. Then 
2x R 


G4 = f 40 f drr-(F,x r) 
0 0 


R 
_-_p4 
= fnrordyx2n = 7—7—9 
A 
a.p? 
Also moment of inertia = E 
_ mR n ey R* *ac 
hus 2 P 2 Prapae 
, 5m? . 20 0 
+2——“— p+ = 


2 
Hence Wo = 5 
mR 


1 / 2 
2 
and angular frequency Q = | 2 | kr | 


mR? 7 2m 


Note :- normally by frequency we mean 2 


.. 
4.80 From the law of viscosity, force per unit area = n d 


so when the disc executes torsional oscillations the resistive couple on it is 


R 4 
-fn 2nr rdr x 2 a Itt 
0 
(factor 2 for the two sides of the disc; see the figurexin the book) 
where ọ is torsion. The equation of motion is 
4 
Im 1 uEZ M mirm = ray 
i b d T h b d (Y C b d U 
Comparing with p +2Pp+ucg = 0 we get 


p = naR*/2hI 
Now the logarithmic decrement À is given by A = B T, T = time period 
Thus n = 2XhI/nR*T 


2° 
is induced in the frame in the displaced position and a current k = E flows in it. A 


couple 


then acts on the frame in addition to any elastic restoring couple c q. We write the equation 
of the frame as 


2 4 
oe a . 
Ip + p+cg = 0 
R 
B? a* 
Thus B = ——— where p is defined in the book. 
AIR 
Amplitude nf ancoillatinn dia nut arncarding ta pb en tima vraniiirad fnr tha nenililatinne ta 
panuce Of oscuiiauon dic Oui accoraimnp io c SO unt ICQUECG i071 uic OSCiuiiuauons io 
A—————m oL 1 =f 24. ---2--.. 2. 
UCLICdSC LO ^" OL lis Vdluc IS 
e 


7 


i 


4.82 We shall denote the stiffness constant by x. Suppose the spring is stretched by xg . The bar 
in then subject to two horizontal forces (1) restoring force — x x and (2) friction kmg opposing 


motion. If 
k 
X9» — A A | 
K 
the bar will come back. | r> 
(If x, < A, the bar will stay put. O00060000n00nnnnn | | 


Vv ~U an inā waw ë wusa vv J 


t 

put 

The equation of the bar when it is i 
moving to the left is 


= A*(xg-À) cos k t 


where we have used x = x9,x = 0 at t = 0. This solution is only valid till the bar comes 


t, sa E 


| 4 


to rest. This happens at 


and at that time x = x, = 2A -xg.. if x9» 2A ihe tendency of the rod will now be to move 
to the right .(if A < xp < 2 A the rod will stay put now ) Now the equation for rightward motion 


becomes” 

mx --xx-kmg 
( the friction force has reversed). 
We notice that the rod will move to the right only if 


In this case the solution is 


x = Ac*(xg-3A) cos V E t 


[fk 
nu MC 


Since x-2A-xo;andx-0at t 
The rod will next come to rest at 


(t = 20/¥ = 


and at that instant X = x» = x) ~ 4 A. However the rod will stay put unless x) > 5 A. 
Thus 


(a) time period of one full oscillation = 2x/ V 


(b) There is no oscillation if 0 < x9 < A 
One half oscillation if A«x9«34A 
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2 half oscillation if 3A «x9 «5 A etc. 
We can say that the number of full oscillations is one half of the integer n 


h Xo — A 
where n= 
24^ 
Where [ x ] = smallest non-negative integer greater than x. 
L J o D D 


4.83 The equation of motion of the ball is 
m(x +wx) = Fycosot 
This equation has the solution 


x = Acos(Qgt ta) * Bcosot 
where A and a are arbitrary and B is obtained by substitution in the above equation 


Fo/m 
wo - (4 


m 
D = 
* 
YUP 
Av W 


Fym . 
A cosa € — —; = 0 and -Asina = 0 


Wo — W 
Fy/m Fy/m 

This gives a = 0, Az- = YG 

Wo — € w — Wo 

Fy/m 
Finaliv am {enc nm. f — cnc mf) 
A amen 52 y 3 P ud m P X We VTi wy [4 ei VANS E J 
vU = Wo 


utr? 


4.84 We have to look for solutions of the equation 
mx +kx= F,0«t «c, 


mx+kx=0,t>t 
subject to x (0) = x(0) = O where F is constant. 


The solution of this equation will be sought in the form 


,0stsc 


3 - 0 — 


t+a) 
s 


x = Bcos(@)(t-1t)+B), t>t 
A anda will be determined from the boundary condition at ¢ = 0. 


F 
0 = —+Acosa 


k 
0 = -Asina 
F F 

Thus a -Ü0andA --- and x = 7 (1-cos wot) Os t<t. 
R and A orld ha Aatarminenl he tha ^5eeelll4 af 22 und ou. nt S = rr — 
£ Gis D Wilk Uv UvtttiliiUvU Uy uic Culiuinulty UL X dii A dali = L i nu 

Zi 1 - cos o = B P si 

n ot) = Bcosp and dy '-sinoot = -øo BsinB 
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~ 


F a 
Thus dri (2-2cos o9 1) 
F| . oT 
or j B= 2 k sin 2 
| 1 
x(t) 
| 
i 
| ÁN 
| / i \ f/f \ 
t 
A@& En. whe enrinc mo = r Al 
Tora A WS RAW ud uiuis "rm Vh id 5 
where K is its stifness coefficient. Thus 
2 X 5. 
(Dn zs ~ = , 
° m Al 


The equation of motion of the ball is 


.. . 2 Fg 
x +2BxX+Wox = —cosot 
m 
Here ae 2B wÊ An 
Voil-g 9 wvis(X/2ny 


To find the solution of the above equation we look for the solution of the auxiliary equation 
zZ«2Bpa«o0iz-—.e"' 
m 
Clearly we can take Re z = x . Now we look for a particular integral for z of the form 
22Ae!"! 
Thus, substitution gives A and we get 
(Fy m Jei”! 
"wd 2.5; 
09-0 *21p o 
so taking the real part 
(Fo/m) | (o5 - ^) cos t 2B sino | 


X = o—————— CE, a, a, 
( 6 - € «4g. o 


Wo 
Fo co(ot-o) | | , .12fo 
= — , p= tan 3 
m wo ~ w 


v ( we -0 ) + 4 B? o 
The amplitude of this oscillation is maximum when the denominator is minimum. 


Tthis happens when 


4 2 2 2 2., 4 , N , 
w -2090 *4p^o +> = (@?-wo+2 8") +48? o2 -4f* is minimum. ie for 


o? = 0,-2p. 
2 
Thus ote = aff 1-25 | 
Wo 
2 
2 
(Es) |. tas) 
2. 5|1- “j |a £ i 
2 
Al , ES AL ES 
2x 20 
— ym _ 
and m Fy/m Fym X 


2 


ed 
l*|2— 2 
Fo 2x Tome (tte | 


maz 2K | 4xnmg 


0 
Foy 
4.86 Since a = m 
V (w - w2 + 2 2)? + 4 B? (od - g?) 


we must have ` w - 05 +2 = -(@5-09+2 7) 
2 2 
W, + (05 
or 009 ~ 2B = —,— = «x, 
2 2 . 
4.87 y= fo Wj -W )cosot*2D w sin of 


m V (o ad Y «48 o 
Foo 2B ocos o t* (o - o2 ) sino t 
m (we - 0”)? «48^ o 
Thus the velocity amplitude is 
Fw 
Vo = 


mV (we -aY «4g o 


Then X= 


This is maximum when QO = 


and then Vo res = 


2 


2 
Now at half maximum LA = 12p° 
or W? t 2V3 Bw- = 0 


w =F BV3 +V o3 f° 


where we have rejected a solution with — ve sign before there dical. Writing 


2 2 y / 2 2 mu 
w = Vo$9*30 +BV3 , œ = Voo«3p -BV3 
we get (a) OQ, = Wp = V œ; 2 ( Velocity resonance frequency) 
| w;- 2| EM 
(0 B= and damped oscillation frequency 
2V 
/ f ws 
af.2 02 M... (0; — Wz ) 
v Wo - = y Wy Ww = 12 


4.88 In general for displacement amplitude 
Fo 1 


a = — LLL 
mV (we -o Y + 4B? of 


FE. , 
1 


EUN QE 
mV (o -o2«20 Y «48 (cQ - ^) 


2 
Ares Wo og 


iow V Af (om - B.) 7 28V o- p" 


R à 79 w 
P 


^ 
Is fa JU ^ 
But —-————— , > = = 


Thus 


3 
u 


Hence "n-—5 = 5 —i-/ 2 2.90 


4.89 The work done in one cycle is 
T T 


A = fFdx = fv di = f Fycoswt(-wasin(wt-@)) dt 
0 


T 

= f omal onem fein tf ^ne ma hnnc? mft ein mde 
J ^0 -« UIS VU k SME UJ e CUS V T UUS Wei >N Vp J Ge 
0 

= lp oa L sin o = xa Faasino 
2 0 5) v 0 v 
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4.90 In the formula x = acos(wt-q) 


Fo S See 
we have a = — Z 
mv ( m2 — on \2 R2 m| 
y \ 0 VAGA J ' Ww | ud RAS 
2 po 
tan = — 5 
Wo -() 
Th 6 (e$ - o^ ) tan p 
us = . 
2 0 
~+ \ —-- -- —1 
Hence Wo = VK/m = 20s `. 


and (a) the quality factor 


(b) work done is A = x a Fo sin q 


= nma V (w -0 y «48^ o Y sing = xma x28o 


= nma (o-o )tang = 6mJ 
2 po 
4.91 Here as usual tang = ELLE where q is the phase lag of the displacement 
Wp — O 
p 1 
+ i 
x =acos(wt-@Q), a = — 
» > n 
cre y ( 9$ - W? ) 2 +4 B o 
(a) Mean power developed by the force over one oscillation period 
x Foa sin ọ , 
= —— ~ = —Fgaosinq 
4 "^ 
2 
_ Fo Bo Fo 1 
= — yess = — —— 
m (w -oy +48 w m 


2 
2 
EMET 
—-mo| «4p 
(D 
(b) Mean power < P > is maximum when o = Wg (for the denominator is then minimum 


A 4 


AISO 


4.92 Given p = w)/n. Then from the previous problem 
Fo Wo 


D 1 
<P > = r,s 


At displacement resonance w = V (02 -2 p 


Fy Wp 1 fo Wo 1 
<P Pres = 4 2 m 47.4 
4p 4 a n 4 n 
w-2B8° nf w2( 1-2) 
9(^ 2 | 
5 \ 4 
2 - Fo n? - Fon »-2 
4nmog 1 1 4m q^ -1 
"Y -2 
on 
il = — 
while <P >max 4m oy 
<P > yx — <P > | 
Thus PS a 
C^ “max Tj -1 
N,, COS ot 


493 The equation of the disc is 9 +2PQ+WcQ = 7 


Ọ = g,, cos(wt-a) 


Then as before 


- -f edo where N, = -218o - -f281«^ de - -2nolq; 


= — I p2,[ l-o )* + 4B? w? ]'? sina = -xN,q,sina 


(b) The quality factor 


^" P V ne a? cm, V m. a? 1 A n^ (1 2 
Os a a 9 © „—— o r - j———À— 
|...» PT 2p (w -w )tana X 2tana | (9 - wy" 
4 V2 7 
1 |4a0°@l 9, — 2 | , 2 2. Nm 
= 1 3 - tana since œg = W“ +—— cosa 
2tana | N^cos^a I9, 
1/2 
1 | So" eo!" gn 2 | 
= " D) _ sin a 
2sina | Nz, i | 
1/2 
1 | 39 P er ( , Nm cos o. > 
= a — T. +1 -cos Q 
¿Sma | N., \ I9. ]j | 
(A ped y? / 
1 Al Qn 4 Alo, , 2 1 21 Om 
= — 5 w“ cos Qa + cos” a - 1 = 
2 sin a N Nm 2sina N m 


E 
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4.2 ELECTRIC OSCILLATIONS 


the electron (charge of each electron = -e ) are shifted by a sinau distance x, a net + 
i it area) is induced on the surface. This will result in an electric field 


ww GAS SS Gh usé wu» whe ES bF OES ES Wc ^ 9 wT 


= nex/€p in the direction of x and a restoring force on an electron of 
2. 
ne x 
£9 , 
ex 
Thus mx = -— 
E0 
. ne 
or x+——x=0 
m €p 
n e 16 .-1 
This gives wo, = —— =164 x10 s. 
P m £o 


as the plasma frequency for the problem. 


4.95 Since there are no sources of emf in the circuit, Ohm’s 1 law reads 


dI 
4. |] — 
C dt 
where q = change on the capacitor, 7 = 24 = current through the coil. Then 
dq 1 
5.2 + 904 z0, Wo = ole 
ut M 
The solution fo this equation is 


q = q,cos(mgt*a) 


IVI ule p UAVLALL Vm = C 4 MICE 
I = -oC Vasin (otta) 
any” VU 2 V nanela t — fM \ 
ailu LÁ d dd LA VJ 
P 
2 2 
V t—— = Vm 
Wo C 
LI 
or V^.—— = V2 
2 
By energy conservation 5 irf. Ye = constant 


When the P.D. across the capacitor takes its maximum value V,,, the current 7 must be zero. 


1 42 
Thus "constant" = zC Vin 


After the switch was closed, the circuit satisfies 
l,a 
d C 
or qi C004 = 0 = q = C Vp cosas: 
t| 


< 


Thus (a) I 274 uC m (9 Sin Wo t 


sin Wo f 


) 
in] 


(b) The electrical energy of the capacitor is a cos? Wt and of the inductor is 


E Sh. 


1l, . 
~Li Qa I. 
2 O% 
The two are equal when 
wt == 
0 4 


At that instant the emf of the self-inductance is 
-L= = Vp cos opt = Vp / V2 


Uus 


In the oscillating circuit, let 
q = Gm COS wt 


be the change on the condenser where 


(n en d and ( ic the inctantananne canacitu nf thea condaencar (S = area nf nlatec 
Ww L C anG © i5 WC insiduarniancous Capacity Oi uc COMUCKSEL q2 dita OL pido) 

C = 2 

UC€- C 

y 

y = distance between the plates. Since the oscillation frequency increases n fold, the quantity 

^ = u 

€g S L 


changes n fold and so does y i.e. changes from yọ initially to n? Yo finally. Now the P.D. 
across the condenser is 
V = 9* cos ot - us cos @ t 
and hence the electric field between the plates is 
E= 


Gm 


2) 5 COS MF 


Thus, the charge on the plate being q,, cos w t, the force on the plate is 


F = — cos’ wt 
TS 


Since this force is always positive and the plate is pulled slowly we can use the average force 


aw 


F= 
2 £95 
and wraek dane ic A = Fln? vu) = 2 ayo 
giliu WUIN WEED MJ aa A X * | JU JU J X Le A J 2 eaS 
Fn Yo m TE" 
But ——— = =— = W the initial stored energy. Thus. 
Z £99 Z Co 
AL fet _14\ 
A €-(T"n-—-2i1)wW. 
4.98 The equations of the L - C circuit are 
d CıV-f hdt C,V-[fnd 
L —(Hh +i = - 
dt C C. 
Tiffen eine? , TIT TY 1, l, 
Differentiating again L(L+h) = - >h = - =h 
1 2 
en „C T, C? 
A iii 4j C-C, ? 43 C,+C, 3 
I = I, +l, 


2 1 ^I, d'9w ^o 
where 5 " I(6 6) ( Part a ) ^ lr 1 M 
"T ait 2D 
(Hence T = £2 = 0.7 ms) = 
ae gag | e) | 
Lf i 


At t= 0, J =0soa=0 
I = Igsin wo t 
The peak value of the current is Jọ and it is related to the voltage V by the first equation 
LI =V- f Idt/(C,+C2) 


t 


1 . 
or +L w {o COS wot = V- ———— f Ip sin Wot dt 
MN ] Ci **2 "0 
(The P.D. across the inductance is V at t = 0) 
1 Io 
= V+ -—— (COS Wot - 1) 


94 ME al 
C1 * C3 Wo 


C,+C 
Hence Ip = (Cy + Cy) mV = VV = = 8.05 A. 


Hence I +wzl=0 o- 2 +41 dt4, 
The soloution of this equation subject to d, -q 2 
I-0att-20 Sw 
IS I = isin wt. 
Integrati , 1o 
Integrating qı = Á- — cos wpf 
Wo 


Io 
GQ, = Bt COS Wo f 
Wo 


Finally substituting in (1) 


A-B 2h u i 
moo — cos Wot +L lg Wp COS Og f = U 
v Wo C 


C Vo 
Thus A-B- > and 


9 (1 cos ay £ ) 


C Vo 
q2 = 7 (1 cos aot) 


The flux in the coil is 
@(t) = [9 t <0 
| 9 [ 50 
I 
f 1a 
The equation of the current is -L at = —— 
d?^l 
This mean that LC 5 +f = 0 
at 
2 1 
or with Wo = —— I = losin (1+ a) 


LC 
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(1) 


(1) 


Ou 
Q 


4.101 


4.102 


4 
Putting in (1) -L Io cos (witta) = - — [ cos (Mp t+a)- cosa] 
This implies cosa = 0 .. J = + J) cos Wot . From Faraday’s law 
E=- 2 =- L e 
dt dt 
or integrating from t = — € to — € where e — 0 


® = LJ, with + sign in Z 


d 
SO, [= y COS wot. 


Given V = V, e *' coswt 


(a) The phrase ‘peak values’ is not clear. The answer is obtained on taking [cos o 1| = 1 


* rn 
l.€ f= . 
ao 
(b) For extrema qv - 0 
dt 
- Bcoswi- wsinwt = 0 
or tan (01 = - B/o 
i.e. Of -nzx4tn'! =). 
(9j 

The equation of the circuit is 


dà)g „dR Q 
La ta tc"? 


where Q = charge on the capacitor, 


This has the solution QO = Q,, e P! sin(ot*a) 
where B= >, oV wp - Bob = Tc 
d 
Now I=L 20 att=0 
CL 
SO, On e P (_ Bsin(wrt+ a)+mcos(wt+a))=0 att=0 
Thus wcosa = Asina or a = tan”! = 
j p 
Q Qu . 
Now V. = € and Voy = PD.at£ = 0 = — sina 
2 
Vo nn o o — Ji. 89.2 , RC 
yo CUT U S CKF3 3 oa. | .P'"er to 2 


4103 We write 
“2 rat e^ 9! sin wet 


——— A F ~~ Brit iot 
= EM im E 
Than 
A MVEL 
—-Bt* dwt 
Q = gm I, : 
B+ iw 
-pr* ior 
= em I : 
Q = gm In Bie 
(B+ io )e P'* iot 
= gm i, ae a a 
B“+ w 
B 
=j e`. Bsinot* w cosot 
m 
B + wo 
je Be Sm(@t+ Ò) a. o 
p^ o? p 
TA, CPES ET —Ameateut «ff tntanwenting d.e lene eet mel oe Cue sd 
\ All a1UIuaLy CUI. OL Lt Talivil Has VCC ut Ccqua1i Le. QO.) 
Thus 


v-£-r, V É e^ P sin(wt+ 6) 


V(0) I V = sins =1 £ __ 
m C m C .f 2 32 
Vo +h 
C(1+ B*/w* ) 
A1AA r - t . » 
^19 Iz] e ' sinot 
R a/ 1 2 
B= 57> % = Ic 97 w- p 
T _ p "nm m nheewe mw tha nann netam 
1= ~y, d- Vidi v Val Uv vapavivus 
E T - Bt sin (w f+ ô) c u) 
Then q = ip e ° —=——,, tan6 = —. 
V o 4 p. P 
Thus Wa = ZLI e^ 79! cin? wt 
In e728 sin? LI, 
W, = me. m orita, sin (ortt ð) Zim e?! sin? (wt+ ô) 


£ ^(0 2 n2 
zc w+ p a 


Q 
® 


o 
oe 


Current is maximum when d e^ P sinot-0 
dt 
"TA... [^ wate 4 man ya d A 
Linus - p»uuwr-t w COS Wi = U 
W 
or tan otm B= tand 
i.e. Ot *»nxtó 


Wa | sin? (wt) . sin? ô 1 


and hence — = = > 
We  sin(ort«* 5) sin’ 25  4cos' 6 
1 29). 1 L L |, 
"1a,2" ane TO 582" Lp 
4p'/og 4p Lv R CR 


(Wy is the magnetic energy of the inductance coil and W, is the electric energy of t 


capacitor.) 


4.105 Clearly 


4106 Qs — or B= -Z 
~ PT " QT 
in m 
Now Br - Inm so t= —— QT 
=- Qnn _ gs ms 
uv 
4.107 Current decreases e fold in time 
f = l = 2L sec = 2L oscillations 
p R T 
2L o 
R 2x 
Fd ^ F—À 
= Lyi R > = Ay 4L - 1 = 15.9 oscillations 
RK LC 4L? 2x R^C 
4108 Q = A = =~ 
pi <p 
w 
o-28Q, B--—. 
^M 


Now "ERE Of o s ————— 
4Q* Ma 


SO | 2%- o x 100 % = d. 
| "o | SQ 


x 100 % = 0.5% 


4.109 


At ¢ = 0 current through the coil = 
R+r 


P.D. across the condenser = £ 
R+r 


(a) Att = 0, energy stored = Wo 
2 2 L2 
1 za -igp UT CERO 20 mi. 


(b) The current and the change stored decrease as e ierg 
W= W e~?" = 0.10 mJ 
PERSE LM 
Br p 2 2p 
0 Q 
Or —-Y1«4Q? of p= : 
1+ Q? 
Now W = W e ?P' 


-aA "2 wo 2 X Va 
4.111 In a leaky condenser 
dq jJ. where I' = Y = leak current 
dt R 
Now yeS.-.uLdl. LA (da, V) 
C dt dt\ dt R J 
2 
- -L44 L 44 
dt RC dt 
1 d 1 
or Er =0 


Then 
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4.112 


4.113 


4.114 


4.115 


Given V = V,e P sinot, o « w BT ««1 
Energy loss per cycle 
Power loss = 


T 
1 2 
« 5 C Vm * 26 
(energy decreases as Wye ^ 28 so Joss per cycle is Wo x 2B T) 
Thus <P> =Z CVR xT 
2 <P> L 
Or 5 — 
V C 


R = 
Hence Q--VZ- VT - 


T ^" . "m— 
L 2«P» 


= 100 on putting the vales. 


Energy is lost across the resistance and the mean power lass is 
<P> = R<I?°> = ÈR IŻ = 0.2 mW. 


This power should be fed to the circuit to maintain undamped oscillations. 


RCV; 
<P> = jp 5 in (4.112). We get <P> = 5 mW. 
Given q = q+ Q I D+I2 
7 ° 7 . ee 
d=- q, th=- h | oY | 1 
Lh-RLbs41i. E A dL 
C : R = C 
c | | | 


Thus CL d * (ait a) = 0 
RCq,*4*45,-0 | | 


Putting gq, = Ae”! gq, = Be*!*'! 
(1- w°LC)A+B=0 


(1- Qo LC)(1+ iwRC) = | 
or -_ Df” 2A gp ft 37 D/^2.n 
Hu LUA C = U LG LU LAC = uy 
or LRC’w’-iwLlC-RC =0 
a” io -+ —_— 
R L 
l v 1 1 
W = t Y —- a 168+ w 
2RC LC 4R?C B t» 
Thus qı = (A, COS wot + A; sin Wot) e P! etc 
Wp is the oscillation frequency. Oscillations are possible only if we >0 
1 C 
i.e. «T. 
4R* L 
We have I, I2 


Li l+ Ry, = Ly h+ Roly [  I-^ ] 


C R : CH= 
yl 2 | El L 
I=h+I, ? 2, 2 
Then differentiating we have the dd | | | 


L,C I,+ RCI, + (I4 * L)s 
LC [5+ RCI + (I + h) = 


Look for a solution 


u 
| 
m 
E 
00; 
— 
~. 


I, = A, e*', h = A, e?* 
Then (1+ ao? L,C+ aR, C)A,+ A5 = 0 
A, + (1+ à à L,C+ aR5C) A, =0 
This set of simultaneous equations has a nontrivial solution only if 
(1+ a7°L,C+aR,C)(1+ a°L,C+ aR,C) = 
or dia o? Likot boR | fit tat RKifoC Rt R2 o 
LiL, L,L,C L,L,C 


me c "cum haa 


This cubic equation nas one reai TOOt Wa 
require the condition that this pair of com plex conjugat 


the FLETES: An 


ine vA uat uit 


name 


com nplex conjuga 
is 


tc 
identical with the r 


ra) 


a?7LC+aRC+1=0 
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. If L, =L,=0, then 


This is identical with o^ = 


R=0 and L = 


CO 
as [lo 
Si "S t u 
+ > a 
T N + 
Prat ll . QM 
naai 4 DO 
xg ^ 
5 A 
* Q 
IE F 
"ls 9 + 
bon] - . QS 
+ Q UO 
slo g N 
+ Yu 
in mi 
© | 
aa | 


xw 


? 


£-0g-CV, thus AÁ = CV, 


LIF 


q=I=0 


A 


. Thus 


Gi 


An independent solution is t e 


Also at 


At 


Thus finally I= 74 = Vg V E EDI 
/ | 
- A. cw. HV & tl AT 
VLC \ L 
m Vo, tl VIT 


The current has been defined to increase the charge..Hence the minus sign. 
The current is maximum when 
2r "7 4 ` 
a a -2 QC [1 t 0-0 
c A. U 


d L (LCJ) 
This gives t = VLC and the magnitude of the maximum current is 


Vo ./C 
| ax | = e L` 


From the theory of differential equations 
I = Ip+Ic 

where Jp is a particular integral and Ic is the complementary function (Solution of the 
differential equation with the RHS = 0 ). Now 
Ic = leg €^ tR/L 
and for Jp we write Ip = I,,cos(wt-@) 
Substituting we get 

V. -OÙ 


im ey Y un 
V R?+ oL? 


V, 
Thus In ™ = cos(ot- 9) * lcge 
R? 4 uL? 


Now in an inductive circuit] = 0 att = 0 


tR/L 


because a current cannot change sudd 
Thus lcg 9 — -p cos Q 


and so 


s 1X /F 
5 EU Ls 


[ = —— [ cos(wt- 9)- cospe” 
V R24 oL? 


wv at Li WA 


ae | 
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he 
3 
BA 
© 
m~ 9 
bat ~ 
S > 
2 
o ws 
I x 
s + 
v OO 
g O 
© 
9 
4 


4.119 Here the equation is (Q 


Q = Qm | cos (œt - v)- cos pe^ "^^ | 


a 


= V. COS W t 


(ot- p) - singsin(ot- Q)| 


COS @ cos 


- Vin { 


SO 
Hence 


Q 


Vn 
R 


will not satisfy the equation at £ = 0. Thus J 0, ( Equation will be satisfied with J = 0 
I(t 0) 


only if Q = 0 at t = 0) 


With our J, 


2bn=1 


‘Then 
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4.121 HereV = V,, cos w t 


4.122 


I = [,,cos(wt+ o) 


where I £ ta l 
I -" LLLI, tang = 
4 / / 1 \2 M oRC 
V R? = 
Rt lac] 
2 
. V, 
Now R?+ —_, = —— 
(oC) In 
2 
1 VÍ Ya) : 
oRC Um 
Thus the current is ahead of the voltage by 
2 
= -1 = -1 Vm = ° 
@ = tan DRC tan V| Ya Y 60 
Vom] 
t 
n. 
J iat 
Here V -IRsT— 
or RI + cl" V = - o Vysinot 


Ignoring transients, a solution has the form 


` I, a a ` -9 C 
wR l cos(@t- a) + 24 sin (wt- a) = —- w Vy snwt 
C 


= - o Vo[sin(ot- a )cosa + cos(ot— a) sin a} 


So R Ig = = Vo sin & 
Io -1 
— = - Vcosa a-2zx-tn (wRC) 
wC 
Vo 
l2 — 
0 ; 5 
Vise 
R*+ "TZ 
e 1 
I = hsin(wt- tan oRC-zx)-2- Iysin(ot- tan” oRC) 
t 
j I, 4 
Then Q = j I dt = Qg+ —cos(ot-tan ^" o RC) 
A n 
, d 
It satisfies Vo(1+ cosot) =R 2. 


€ 


if Yo(1+ cosot) = - Ripsin( wt- tan !oRC) 
+ 2, D oos (wt - tan~'wRC) 
C oC \ ) 
Thus Qo = C Vo 
I LLL a 
and "7s v, / V 1+ (WRC | 
» V; o RC checks 
R lọ = ————— | 
V1«(oRCY | 
» v Ql v Vo LY 
rience V == 0 * COS (01 - €) 
e V1+(oRCY 
Vo V, 
(b) — = -i 
" V1«(oRCy 
or n -1-o!(RCy 
or RC =V- 1/o = 22 ms. 
4123 VR Vg Volt VR 
R L oitqqe 
] a 9 M AMR 
DAD, v! / | 
ul S A 4A , 
| | 4 curren 
| / (1 / _— aa 
e | A 
VRo Current » voltage V 
(a) (b) 
oL- -+ 
Y fan m = oC = a VO 
W3) vai yy R re 
2.1 
as e *Ic 
Vin 
4.124 (a) I, = ~ 448 A 
[f FE 
VR dz z) 
1 
wL- "TZ 


(b) tang = — ze PE 60° 
Current lags behind the voltage V by 9 


(c) Vc 


4.125 (a) Ve 


or 


"T « 0°65 kV 
Vip = Inm 
1 V, 
0) 


1 

Q = = > 

LC- 5C?R? i _ 28 

p^ we wa 

4 ; 

Wo o2 
= or o - ———————. 
wae Va- 267 
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4.126. V, = I, V R24 a^ L? 


A 4 
for a given œw, L , R , this is maximum when 
1 FC A B mi 
ao 9L o C = -gr = 2 HE 
| 
VV R74 oL? [. 7. -——2 
For that C, V, = -VV1-cr(oL/R) = 0.540 kV 
R 
1 V VoL 
At this C Ve = — = ——- = ,509 kV 
7 wc K K 
4.127 | | 
+ +l t 
loco ool -£ | | 
|o O O o | ‘4 | | | 
o Poor Condo | — | | b | 
O O O O " | 
|o O O o| AD AA 


We use the complex voltage V = Vm e'*' Then the voltage across the capacitor is 


Tan! 
(I-T) iw C 
and that across the resistance R I’ and both equal V . Thus 


/ Vin iot / . iot 
I =z E „I-I =twCV, e 


Hence 
V . iwt 
TUR (1+ io RC) € 


The actual voltage is obtained by taking the real part. Then 


V, 
I = ri V1*(oRCY cos(wt+ 9) 


Where tan p = oRC 


aw 


Note — A condenser with poorly conducting material (dielectric of high resistance) be 
the plates is equvalent to an an ideal condenser with a high resistance joined in p 
between its plates. 


^An nhnnn 


Thus the current oscillates wi 


Then 


a pee ees 


Qc ^tm, 
my S- 
l 
w 
3 
S” 
S 
A 
^m. 
9- 
N | 
Tar." "A 
AI 3|0 
3 — 3 N 
|! sa| > 
m) a 
t 3 në 
~, — 
S + N 
l N d 
*u f Ped UO 
=, 
s Iles 
8 [| N N 
nw x N 
N 
e 
e d 
2 9 
= = 


4.131 


L = —-— and then Io = pr 
Io V 
Now "^ ” 
R? (n- 1y 
252 
oC 
- P] 4 UZ 
So ne Vi, GAY 
( 4. DN 
vo nc) 
oRC «rt 
a/ 2 4 
vn- i 
Now o- V 


At resonance 


(assuming œ, > €) 


1 
WoL = (WC) Of Wy = , 
° ° °” VLC 
and (I). = 2. 
R 
Now Y» Vm — m“ __ 
n R 4 / / 4 \2 a/ ^4 / 1 \2 
V R? | o L- ——| V R+ | œL- — |] 
| t w, C | \ C | 
\ ar | \ / 
1 
Then w Ll- — = Vn- 1R 
01 C 
wL- = + Val-IR 
Q og R 
or o- —~ = - a+ ‘mVn 
W L 
2 
ne Gh - ` Wo 4. za 3 —a a/ ra 2a 
OI 17 027  . «0, * Q5) > Wo = Y 0410» 
ad be 
/, 5 — R 
and z — Qj = Vn^-1 — 
L 
TEST 
n 2V m- 1 
" 2 2 
and Q = ot = (m"-1)90 1 
ap 4 (w- 0, 4 


26 2B 0 — 
I RI, 
Now — = , I,- current amplitude at resouance 
Y2 |f. Du ° 
R + (oL- ac | 
2 
or o- 2. LRL 5g 
Thus Wm Qo + B 
S Aw = 26 and 2o 
O wm = 26 an l = re 
4.133 At resonance œ = Wp 
m 
V 
en I (mtu = e 
inen fy (TW) J.) hE 
n2.{ , 1 ) 
Y K t[n0O9o92- — ^| 
V 4707] 
Vn Vn 
V 72. f eaten 2 V, l3 I\f 1VL 
"I" al} c "(eta wj c 


4.134 The a.c. current must be 


i=l V2 sinwt 


Then D.C. component of the rectified current is 


4 


/ EI 
«I» T 


T/2 | 
f V2 sinwedt 


Since the charge deposited must be the same 


The answer is incorrect. 


lo to = 


— 
IV 2 


“J 
(2 
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4.135 (a) 


(b) 


I(t) -h7 Ost<T 


Now mean current 


2 
4136 p, . 19 
«4. out. R 


T 
2 
«I»-lL(nta-ni2-mn2 
TJ “1 T^ 
Then I, = 2ly since «I > = h. 
Now mean square current « 7 4s ` 
T 2 
ar Lf Alo 
4 Ig TJ T dt 3 
0 
21 
so effective current = ——. 
v3 
In this case J = J, |sinwt| 
T 
1 . 
and h= =f hlsinot |d 
2x x 
1 I, 21, 
= Lf {sin Oo [dO = + f sino de = Uu 
0 0 
x 1, 
So I - = 
T 
272. 
Then, mean square current = <? > = T o (sin? wt dt 
, k 4T J 
0 
2x 
x^ I 1 "^ 2 72 
= ——x — | sin’ 6d0 = —- 
4 Lud 
0 
. T 1o 
so effective current = ——. 
V8 
Ve R ve/R Pi. 


Th. OL |,—- 
Ihus ^, -Yn-1 
R 
R 
Or w = L Y"n-1 
R 
v= I Vn-1 = 2 kH of on putting the values. 
4.137 Z = VR^«X?; or Ry = V Z?- X? 
X, 
The tan O = 
2? -x? 
M22 v2 / | v2 
s YZ -X y, [X 
o cos @ = Z - 1- Z | 
a ; X; v 
p = cos^! Vai- (7) = 37° 
The current lags by q behind the voltage. 
V^ I n 
also P - VI cosọ = — V Z - X; = .160 kW. 
Z 
2 
413 P V^(R«* r) 
^ (pa pea ney? 
VIS v r J T US As 
This is maximum when R+ r = œL for 
2 2 
P = 4 2 7 2 
| (oLY [.—— oL ] 
R+r+-5 \VR+r- *2o0L 
Rer | VR+r | 
v? 
Thus R = coL - r for maximum power and P., = ———. 
g m LOL 
Substituting the values, we get R = 200 Q and Pmax = .114 kW. 
2 
4139 P» * 


R? + (X,- X. 
Varying the capacitor does not change R so if P increases n times 


Z -VR?« (X, - Xc )* must decreases V n times 
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V?R 


4149 P = ————————3 
R*+ (X,- Xo) 


At resonance X; = Xc => 0$ = VIGC 


o 

= 
= 
i 


Thus o F 2Vn- 1 Bw- wo =0 


{= .f_ — 1 \2 2. f. 41 02 
(m* Vn- 1B) = w+ (n- 1) 


"^ fv——————À T a 
or — = V1 + (n- 1)B'/mp + Vn-1 f/og 
0 


(taking only the positive sign in the first term to ensure positive value for on .) 
0 


Now Q- 2 .iV(%)_, 
\ 8) 


B 
Anus e z V 142—371. .Vn-1/v 1+ 4Q7 
Wo (1+ 4Q?) 


( — Ww | en — €n — 1 
| ———À | = ——— = ———— x 100 96 = 0.5% 
|e |" 29 '" 2Q 
4.141 We have 
V, = VR = V V R?« X? 
F———— 3 fo———X 
V(R* Ry) * X; V(R* RY + Xf 
V,R Y 
SO (R+ R; Y + y? z (VR > R24 y? = ( VaR \ 
enn a Ue 
\ ^2 
Hence R?+ 2RR, = Š; (y?. Vz) 
Vi 
Or R; = R (v?- V? - V?) 
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u anl V^R, Vi V R^. 2 2 
Heat generated in the coil = —————————;5; = ——x R; —-Tx > (V “- V:i- V4") 
(Ri* Ro) + Xi R* |. R^ 2Vy j _ 
y?- Vê- y? 30 W 
- 2R g 
V . 
4.142 Here L = R' V = effective voltage I 
i= 4 | ^ 
R? +X? | 3 | 
frp. pe, v2 V R ~ 
and p= VRRV +A 2 V ? f ALR 


Tr REED 7 
2 I 
Regis the impedance of the coil & the resistance in parallel. 


I°- I} R+2RR, (4) 2RR, 
p ——————— 


Now a| 
i RŽ + x? EJ R? + X? 
y2_y2_ sy SPP 
A 12 11 €; KX £V] 
L R tX, 
Now mean power consumed in the coil 
V? R P-R-RQR 1 
2 1 2 1742 
=li R = -a 2 R. — z GR (P -I-R)= 2.5 W. 
AVQ T AL e 47 n 
4.143 1.1, 1 .1l, ioC = 1* :oRC 
Z R 1 R 7 R 
iw C 
R 
Z |=- -=~ - 400 


Vi+ (oRCY 


4144 (a) For the resistance, the voltage and the current are in phase. For the coil the voltage is 


ahead of the current by less than 90°. The current is obtained by addition because the elemen 


are in parallel. 
Tp P N 
— axis of 
\ v 9 Voltage wy 
O 
V CNN NS 
\ NS \ y . 
f,r\ Cr 
(a) 


Ir | 
P 

| "ul 

eo lo 


J L (c) 


4.145 When the coil and the condenser are in parallel, the equation is 


dl, f na I 
L di +R = C 7 V n COS ot A - 
I = I, + L, | Y 7 4^2 
ò L,RO [ 
Using complex voltages V-Vm Currén rént t 3 a 
Y — Vm e'?' rity „iwat ? | 


Y . 1 
Vi = —— i = [Wu Y € 
! R+ioLl’ ? m | | | 
and 


1 io R- imL+ iwC(R*+ oL”) ] » 
r=(— — «ioc |V,e j | p2. 2:2 Vin e | 
(ST twn ] RK EOL | | 
V | 
Thus, taking real parts [= m cos(ot- Q) | 
, o HK |Z (w )| \ Y 7 
where 1 [R^« (o C(R?« o? L^)- oL ^] 
= — I TE, i, I 
[Z (w)] (Rê +o L?) 
52 2:2 
and tang = LACR toL 


ce we must define what we mean bv resor anc » One 
1 


| 
| 
definition requires rapid change of phase with q passing through zero at resonance. For 
the series circuit. 
1 
In = RE and tang = R 
frz; lor- 
1 \ -j ] 
| 


- LC 
not agree (except when R = O ). The definition that has been adopted in the answer given 
in the book is the vanishing of phase. This requires 
C(R?+ o*L?) - L 
2,1 RE g 


or v = re PE = Oss Ors = 31.6 x 10° rad/s. 
Note that for small R, @ rapidly changes from » — 2 to +5 as œw passes through 


W,-; from < Wes to > Oes- 


„VaR „CR 
L/C 


(b) At resonance Im 


so I = effective value of total current = V A = 3.1 mA. 


PP" 
imilarl I Y_=vVE ~0984 
similarly "n - — m= 0. . 
VL/C L 
/ 242 
C R'C 
I= oCV =V V=- z~ = 0.98A 
L L 
Note :- The vanishing of phase (its passing through zero) is considered a more basic 


definition of resonance. 


"EARN 
C t 
VE" 
vox 
| E 

os 

! 

€ 

Q 

o 

© 

4 
— << O0 
he 


— 


ER . = . —-r m2 222.4 
-i OQC(R^«*o L^) ; 
I= Ic+ Ip = Vy — ron eee ) iwt 
R°+ aL 
Then taking the real part 
——— 
Vo VR*«|oc(R?«o?L?)- oL]? 
= — ——— — — —— cos (o t- «) 
R?^«o?L? 
Tr ag p2, 27 2\ 
oL-«oC( +o LL) 


where tang = 
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4.147 From the previous problem 


- R?^« œo L? 
ViR? o^L?)(1- 20?L C) * Éw C’ (R? + o?L?y? 


VR? w L? VR? + w L? 


. / v 3o33 ^ . / J J z 
V (1- 20^LC)* w°C*(R*+ w°L*) V (1- w°LC)*+ (oRC)* 


£ -— —— = w sinwt = LI+ RI 
dt 
Put I = [,,sin(@t-q). Then 


; ` 


w Pasinwt = w Posin (wt- p)cosp+ cos(wt-@P)sing} 
-Ll,ocos(ot- p)+ RI„sin(wt- ọ) 
SO RI, 


wo@),)cosm and LÍ, = Posing 


w d DL 
or I, = ———— and lang = =, 


VR?«o?L? 


(b) Mean mechanical power required to maintain rotation = energy loss per unit time 


4.149 We consider the force F}, that a circuit 1 exerts on another closed circuit 2 :- 
— h —» — 
Fo =Y hdl x B, 


— — 
Here B4; = magnetic field at the site of the current element d l, due to the current /, flowing 


in 1 
^ rar >P 
_ =] 116 4X 112 
T A m 3 
4 x "15 


—J 
— . 
Where r;5 = ra- r, = vector, from current element di, to the current element d l, 


Now 
Fy = Mf np d hx TE) Mo ff pg 4h: ro)- (dhs dh)re 
^ 4nJJ ^7 ro 4nJJ "^*^ 3 


72 
——» 
In the first term, we carry out the integration over d l, first. Then 
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2 12 12 
— 
because $ dl,- V, + = f as; curl vL) = 0 
J ab) J | F12 | 
V 777 
— 
Ho => {Try 
Thus Fy = - — Lh dl:dl > 
7 eum JF ~ ^" ri 
—» 
The integral involved will depend on the vector a that defines the separation of the (suitably 
chacen Mentre nf the cnile Tet C. and C. he the rentrec af the tyn coil cnitahlu defined 
CUHUAI F Aaaa WR UEIWY COMPARA Lt ~i TULENE ~? Vw LUY VA- hits Wh WE bW U WV Ulita uUi SEW LIILUVUN e 
Write 
— > — > —> — 
M12 = 72-01 = P2- Pita 
1 —> ; Fy. 2.3 ae 4 capri’ e poft x "Bio JA a "n 2t P P ED 
where p, ( p> ) is the distance of dl, (d D) from C, (C5) and a stands for the vector C, C,. 
ri; 1 
12 c 
Then = = - Ver 
3 a Yi? 
v. 
J 
r em c» o] 
i z iol, ff Zah | 
an = — 
12 a | 142 45 J J - | 
PT". 2 Lee Anafiaan tha rxé6nl $2.42. Antanan "Teen at tien Sh. E ib nw. AF x, 
LHL DIdULACE UCLHICS LUC TLUtUd! inductance Lp. lHus5 HOLI UEC UCLIILGUII UL A 
«F. 9L «I, L 
>= > 
where < > denotes time average. Now 
I, = lycos o t = Real part of h e'?' 
d L, dl, 
The current in the coil 2 satisfies R I5 L,—~ dg 7T lag; 
-io Ly t 
or L, = ——— Ig e'?' ( in the complex case ) 
K+ w La 
taking the real part 
w Lpi w Ly 
h=- — KA (oL5cosot-R sinot)- - z x > locos (wt+o) 
R + @ 
2 R+ o L, 
IWIM. Len bae na K Tu beia m biman Mee em II IA 
Wicl lall V -= . lahi I5 time ávCiapc, we get 
w L, 
^r 7 a -2 FY T r2 ^ F 
LB ye O £49 UJ £549 49 i _ UJ £19 442 40 O £212 
Ox R^. oL 2 2(R +0°L3 | Ox 


The repulsive nature of the force is also consistent with Lenz’s law, assuming, of comse, that 
Lz decreases with x. 


T^Y AONYA TTWrAtrra USTI 
A wi 


IC WAVES. ACOU 


4.150 Since the temperature varies linearly we can write the temperature as a function of x, which 


4.151 


is, the distance from the point A towards B. 


- T; 
=x, [0<x<1] 


i.e., T = T. 1 pizi ^1 
hence, dr- 2 Je (1) 
In order to travel an elemental distance of dx which is at a distance of x from A it will take 
a time 
dx 
dt = avT (2) 
From Eqns (1) and (2), expressing dx in terms of dT, we get 
dt l { IldT \ 
aVT | D-7 | 
Which on integration gives 
f RET. 
dt 
J a(72- T, ) J VT 
or, TELE (V; -VT ) 
(7;- 7) 
Al 


Hence the sought time t = 


a (V T, «Y T; ) 
Equation of plane wave is given by 


E(r,t) = acos(ot-K*r ), where F-vmn called the wave vector 


^ 
and 7 is the unit vector normal to the wave surface in the direction of the propagation of 


Wave. u ; A A} 
| BN P (xz) 
| AN * A 


4.152 


4.153 


or, &(x,y,z)-acos(ot-k,x-ky-k,z) 

- a cos (œ t- kx cos a - ky cos B - kz cos y) 
Thus &(x1,Y1,Z1,t) = acos ( œ t - k x cos a - k yı cos B - kz, cosy) 
and $£(x2,y2,2,,t) = acos (Œ t- kx cosa- k yĘcos B -kz cosy) 


Hence the sought wave phase difference 

P2- P1 = k | (x1 2x?) cos a + ( yı - y2 ) cos B + ( z1 - z2 ) cos y | 
or Ag =|p-p]=k | [ (41-42) cos a + (y1 72) cos B + C 722) cos v] | 

w 

= | [ (41-22) 008 On -= y2) cos B + (z1 -22) cosy ] | 
The phase of the oscillation can be written as 
$-o0t-kr 
hen the wave moves along the x-axis 
o = wt-k,x (On putting k, = k, = 0). 


Since the velocity associated with this wave is v, 


o 
We have k, = — 
V4 
os ; W ; e 
Similarly k, = — and k, = — 
i “V2 |. V3 
~> WA @ A Ww ^ 
Thus k = —e,t—e,*t—e. 
vi^ vY?” vs 


The wave equation propagating in the direction of +ve x axis in medium K is give as 
E = acos(wt-kx) 


m To sf P 1 FJ (0 a oe at N 1 LP 
90, & = acosk(vt-x), where k = — and, v ‘is the wave velocity 
v 


In the rafranrea fram me Kk! h 


e 
ARR GED IULLUS REGARRAW DR, CARY v 


( 

X 
+ve x axis and x will be x’. Thus the sought wave equation. 
E = acosk((v-V)t-x' ] 


Or, aes [ [o - ov Je] = aee [oc(1- 7) 
| 
ie fallawe nn actually nutting 
A AARAU AWAAV VV WD WAL GV VVETLAR y rwv 
E - f(t+ax) 
3? E i ave E 


in the wave equation 
ae v ar? 


(We have written the one dimensional form of the wave equation.) Then 


l f"(reax) = a f'(t+ax) 
v . 


so the wave equation is satisfied if 


4.155 The given wave equation 
E = 60 cos(1800r- 5-3x) 
is of the type 


. , 27 2 c 

AS K *- —, SO A= 

and also k= >, so v=“ = 340 m/s 
v k 

. a ak -5 

(a) Sought ratio = ar 5:1 x 10 

(b) Since § = acos(ot- kx) 
ô$ 


So velocity oscillation amplitude 


ti or VQ, = GO = 0-11 m/s 
m 


(1) 


and the sought ratio of velocity oscillation amplitude to the wave propagation velocity 


(c) Relative deformation = 25 = ak sin(wt-kx) 


So, relative deformation amplitude 


- tH = ak = (60x 10~°x5:3)m = 32x107* m 
Y m 


From Eqns (1) and (2) 


Thus tj - - ti , Where v = 340 m/s is the wave velocity. 
m 


4.156 (a) The given equation is, 


(2) 
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So at t=0, 


Now, dŠ 2 _awsin(wt-kx) 
dt 
4 dé . 8 - = P a 
and —* = awsinkx, att = 0. 
dt 
d e 
Also, d$ a Laksin(ot-kx) 
dx 
and at t = 0, 
a= 
—2 = -aksinkx. 
dx 
Hanca all the ogranhe are cimilar having differant amniitidec ac chawn in the ancwer— 
pua t UR d. dE UAE W Ww Epp VER W^ wWAELASCESA 14€. v 441, WMALAYWE WALLY 44223 Ps ACW, aw VARAV VV IE BAR WW GRE VV WE 
sheet of the problem book. 


(b) At the points, where & = 0, the velocity direction is positive, i.e., along + ve x — axis in 
eas eor dE . 
the case of longitudinal and + ve y- axis in the case of transverse waves, where 45 is 


dt 
positive and vice versa. 


For sought plots see the answer-sheet of the problem book. 


4.157 In the given wave equation the particle's displacement amplitude = a e^!" 
Let two points x, and x, , between which the displacement amplitude differ by n = 1% 


So, ae !'^ -ae `”? = nae ™ 
or e ™™(1-n)=e ™ 
PUN t. f4 aa à` L2 Lll 
or in UL) Ya- YY 
or X5—-X In (1-1) (1-7) 
" 27 1 = «= 
Y 
. In( 1-7) 
So path difference = - 
Y 
anda nhaaa Aiffaecan ff — 2x. nath [iffe 
aiu puaove VUILEVIVII 7 X ^ paw VEE EU LULA 


4.158 Let S be the source whose position vector relative to the reference point O is F. 
Since intensities are inversely proportional to the square of distances, 
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But intensity is proportional to the square of amplitude. 


2 
a 
So, Ses or adı = ad, = k (say) 
a, dy 
T ; k ., k N e Q 
hus di q, ot a ns A 


r 


V 
Let 7 be the unit vector along PQ directed from P to Q. [ / Pd 
— A LA ` —P 
— 
T 


Then PS -dn-—n => n 
dı LE a 
— ^ ^ 
and SQ =dn=—n 
a2 
From the triangle law of vector addition O 
OP +PS =OS or nt—n-r 
PT 
— , ^ — /4\ 
or UF t Kn = Ar (1) 
TP — k ^ — — ^ —> 
Similarly renan OF d r,-kn = ar (2) 
2 


Adding (1) and (2), 
— — — 
diri + azr = (a -a)r 
— — 
— Mhàrt ar, 
Hence Pæ E 
d, t a, 
4.159 (a) We know that the equation of a spherical wave in a homogeneous absorbing medium 
of wave damping coefficient y is : 
a'o e -Yr 


5 =~ c ve 


r 


Thus particle's displacement amplitude equals 
a 0 e YT 
r 


According to the conditions of the problem, 


a'ge 1" ; 
at r = fo, âo = (1) 
ro 
yr 
2203 a LL ao ao (Y 
ang wicn y - ry — = \4) 
n r 


[e] 
| 


w 
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Thus from Eqns (1) and (2) 


e' U^ = y2 


r” 
r 


or, Y(r-ro) = In(nro)- Inr 
In" tinro;-in?"  ]n3-«|in5 - In 10 - 
on = or = Bet = 008m t 
a’ e 
As § = —— cos (wt kr) 
, yr 
So, 25 _ oft osin(ot-kr) 
ot r 
( 25) a'g e yr 
ðt | r 
\ r 
WEY Q 
But at point A 2 = 2 
r n 
^ wt. s —-— A HD —— an-A 
dÙ 2N e 
So, (25) = 2S a DET . zx x 2x x 1-45 x 103 = 15 m/s 
ÎE jm n n 3 


Equation of the resultant wave, 


E=6,+& = 2 a os k{ "y Joos fe, 


= a! cos | ot EG] , where a’ = 2acosk' =) 
L H V 7 


Now, the equation of wave pattern is, 
x+y =k, (a Const.) 
or sought plots see the answer-sheet of the probiem book. 


F 
For antinodes, i.c. maximum intensity 


Or, t(x-y)= k zn 
Or, yzxtink,n-0,1,2, 


Hence, the particles of the medium at the points, lying on the solid straight lines 


( y = x+ nì), oscillate with maximum plitude. 


v zu w uf mé A ILAR WR Vr VV Sven ABSA4t4 48 A a amp bus 


For nodes, i.e. minimum intensity, 


or, yzxt(2n*1)A/2, 
and hence the particles at the points, lying on dotted lines do not oscillate. 


(b) When the waves are longitudinal 


-1$ -315 

k(y-x) = cos 13l. cos ox 

= f t.) 

15 a l1 A JT wo a | 


- / -— 
2 | ^7 ` * f ^7 M ^ $2 14% 
= —cosk(y-x)-sink(y-x) Y 1--3 (1) 
a a 
from (1), 
if sink(y-x) = 0 sin(n7) 


&, = E; (- 1) 


DEM 1) 
thus, the particles of the medium at the points lying on the straight lines, y = x = 
will oscillate along those lines (even n), or at right angles to them (odd n). 


Also from (1), 


if cosk(y-x) = 0 = cos(2n«1) 


Thus the particles, at the points, where y = x x (m+ 1/4) , will oscillate along circles. 
In general, all other particles will move along ellipses. 


4.161 The displacement of oscillations is given by E = a cos (wt-kx) 


Without loss of generality, we confine ourselves to x = 0. Then the displacement maxima 


occur at wt = nt. Concentrate at wt = 0. Now the energ y de ensity is given by 


w = pd o sin’ ot at y = 0 
vy vv“ Aar * ar d bod 
* 2X. . *. 
T/6 time later (where T - p B the time period) than ¢ = 0. 
.2% 3 
w= pa a sin’ 3 - gee o = Wo 


te tas 
uo 


^... 

La WY 
P wd rT p" nv" — 0 
a TV Ws 


.1l - 
ar 3' 


V 
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C. ete gs , = - (4 
substitution gives D = 2IT x 30 {1 


Eqn. (1) is a well known result stich is derived as follows; Let SO be the polar axis. Then 
the required solid angle is the area of that part of the surface a sphere of much radius whose 
colatitude is s a. 


Thus a= f 2s sinOdO = 2x (1 - cos a). 
0 
4.163 From the result of 4.162 power flowing out through anyone of the opening 


P h/2 
"2| VERLA 
R^*(h/2) 

= 3 (1-1 

2| en ee .2 

g \ V4R°+h J 
As total power output equals P, so the power reaching the lateral surface must be. 
El} h \-—Ph 8 go. gw 


i) han pee ^ Vago 
| 4R +h | 4R^4h 
4.164 We are given 
&E = acoskxwt 
ð , ð , 
SO 23 -aksinkxcosot and LE — a wW Cos k x sin ot 
ne (£) ,. zz a2nnebv (£) mw =z -aon by 

fas {dé \ , 
[>=] = aksinkx, |->] = -aksinkx 
Lo Jem Vo few T2 


(a) The graphs of (5) and (32) are as shown in Fig. (35) of the book (p.332). 


(b) We can calculate the density as follows : 


Take a parallelopiped of cross section unity and length dx with its edges at x and 


x+dx. 
After the oscillation the edge at x goes to x+E(x) and the edge at x+dx goes to 
© 5 9 7 veo o 
xtdx*&(x*dx) 
at 
=X+dx+E(x)+ FPL Thus the volume of the element (originally dx) becomes 
/ QE \ 
| 1+— |x 
ox 
~ Po 
and hence the density becomes p = JE . 
1. ~“? 
it ax 
| On substituting we get for the density p(x) the curves shown in Fig.(35). referred to 
above 


(c) The velocity v (x )at time t = 7/4 is 


t3 = —awcoskx 
ðt 


On piotting we get the figure (36). 


= oo a u Ly g n uin s mmi a 
is 
wp = | L stress x strain | = lg í os ; | os is the longitudinal strain 
Y Y 
\ / \ / \ / 
1 20.0 . 2 5 
wp = j,E« K sin kx cos’ wt 
M E 2 
But —--— o Ek’ =p 
P. nr 
k P 
Thus wp = T a’ o sin? k x cos? wt 


(b) The kinetic energy density is 


2 
- 3°( 5] = 7 p a a cos! kx sin? or. 


4.166 


4.167 


© 
pul 


On plotting we get Fig. 37 given in the pook (p. 332). For example at t = 0 


2 
w= Wy W, - ane o? sin? kx 


and the displacement nodes are at x = x —— so we do get the figure. 


2 


Let us denote the displacement of the elements of the string by 
E = asinkx cosot 
since the string is 120 cm long we must have 120 = nx 
If x, is the distance at which the displacement amplitude first equals 3-5 mm then 
asinkx, = 35 = asin (kx; * 15k) 


x -15k 
Then kxy*1$5k = x-kx, or kx, - — 5 


One can convince ourself that the string has the form shown below 


| A4 7 A7 | 


-1 


It shows that kx120 = 4x, so k = = om 7 

Thus we are dealing with the third overtone 
X 

Also kx - = so Ga -35V2 mm ~ 4949 mm. 
"7 


eee DIY m 21'*M ^ 
is stretched, total mass of the wire remains constant. For the first wire the new length 
= 1+ 11 and for the record wire, the length is / + nl. Also T; = a (nl) where a is a 
constant and 7, = a (mpl). Substituting in the above formula. 


M 
v y com DGCsmn 
1 "Sead M 
ve 1 V (aml) (i+ne!) 
? 2(l+m1) ` M 
v, l+ Vw 1475 
v i+ j l+ 
v A m(1+m) 4f 004(14 0-02) 
vq m(1*g) V mooo) ^ 1^ 
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4.170 


Let initial length and tension be / and T respectively. 
1 FT 
20, Vv. z — 4/ Ż 
" 2l v Pi 
In accordance with the problem, the new length 
; l x 3S 
l'-1- 100 0-651 
and new tension, Z' = T Tx 70 7T 
, 100 
Thus th requency 


v- VZ- * 2x nig; VEM 


vw 0-65 0-65 


Obviously in this case the velocityof sound propagation 
tt 5 ^? ^), f ] 


v 22v(b-lh) 

where l, and /, are consecutive lengths at which resonance occur 

In our problem, (b. - 1) = I 

So v = 2vl = 2x 2000x8-5 cm/s = 0-34 km/s. 
(a) When the tube is closed at one end 


v = — (2n+1), where n=0,1,2, 


4] ae 2; B i ae 
340 ———-~ (2n+1)= 100(27+1) 
4x0 85 
Thus for n=0,1,2,3,4,5,6,..., we get 


n = 1001H,, n, = 3001H,, n, = S001H,, n, = 7001H,, 
ns = 9001H,, ng = 11001 H,, n; = 13001 H, 
Since v should be « vy = 1250 1 H,, we need not go beyond ng. 
Thus 6 natural oscillations are possible. 
(b) Organ pipe opened from both ends vibrates with all harmonics of the fundamental 


frequency. Now, the fundamental mode frequency is given as 
v= v/A 


Or, vev/2l 


Here, also, end correction has been neglected. So, the frequencies of higher modes of 


vibrations are given by 


v= n(v/21) (1) 


> 
pom 
~J 
jamei 


© 
Q 


Or, v,= V/21, v= 2(v/2]), v= 3(v721) 


It may be checked by putting the values of n in the equation (1) that below 1285 Hz, 
there are a total of six possible natural oscillation frequencies of air column in the open 


e 
nina 


rfirY: 
Since the copper rod is clamped at mid point, it becomes a mode and the two free ends will 
be anitinodes. Thus the fundamental mode formed in the rod is as shown in the Fig. (a). 


NNN NS 


4.172 


4.171 (a) 4.171 (b) 


In this case, l = 


à 
2 
So, yew-i Vive 


where E = Young’s modules and p is the density of the copper 


Similarly the second mode or the first overtone in the rod is as shown above in Fig. (b). 


3 

1.25 

Here 5 
- 3 IE 
Hence v; = = — V = 
2! * p 


-rtl V where n = 0,1,2.. 


Putting the given values of E and p in the general equation 
= 3-8(2n+1)k Hz 
Hence vj = 3-8 kHz, v; = (38x3) kHz v; = (38)x5 = 19 kHz, 
v4 = (38x7) = 266 k Hz, v4 = (38x9) = 342 k Hz, 
vs = (38x11) = 41:8 k Hz, ve = (38) x 13 k Hz = 49-4 k Hz and 
= (3:8 ) x 14 k Hz > 50 k Hz. 


Hence the sought number of frequencies between 20 to 50 k Hz equals 4. 


Let two waves Ej = acos(ot- kx) and E; = a cos ( œt + kx), superpose and as a result, 
we have a standing wave (the resultant wave ) in the string of the form 


E = PM cos Of. 
According to problem 2a = ap 


4.173 


Hence the standing wave excited in the string is 


E = a, cos kx cos w t (1) 
ðE . 
or, "P = -wd,coskx sinwt (2) 
Can tha Lin ntin anne: nmaa nd i. tha str "p element P length de iB mim har o 
YOU tt AIIHCLIU CIAUIE y CUIILUICLUu Luc uli CICIICIHLU OR IC iul aA, 15 BIY I Uy M 
.1 m ix 
dT LÍI— 
-2 | 9 
1 mx 
Or, dT => 14€ a’, w? cos? kx sin? wt 
`~ 7 
2 
:- ma Any w? : 2 2 2x X : 
Of, ai = ——sim wt cos ——xdx 
2l ^ 


Hence the kinetic energy confined in the string corresponding to the fundamental tone 


T- far- = ——— — sin ure foh 2T Y dx 


Because, for the fundamental tone, length of the string / = — 
e 


: „ 1 | 2 .2 
Integrating we get, T= 3m a2 w sin? œt 
, TN 1 
Hence the sought maximum kinetic energy equals, Tmax = qm a2, o, 


because for Tnax > sin? wt = 1 


(ii) Mean kinetic energy averaged over one oscillation period 


f Td f sin? «t dt 
2,2 0 
<T> = fa -4 7005.0 ve 
f 4 
1 2.2 
or, «T»-g4ma,o . 


We have a standing wave given by the equation 
E = asinkx cos wt 


So, $5 = - awsinkx sin w t (1) 


and 25 = akcoskx cos wt (2) 


The kinetic energy confined in an element of length dx of the rod 


2 
dT = 3(esdx)( St) ~ - > psa c? sin? wt sin? kx dx 


So total kinetic energy confined into rod 


n/2 
T - far - 2 Sa? a! sin? oe f sin?2# x dx 
0 
2 Y. 0 sin? 
xS a” o p sin” ot 
or, T = 4k (3) 
The potential energy in the above rod element 


5 
a 
dU - fov - - [A4 where F; = (psd) 23 
0 


or, F; = - (pSdx)o& 
so, dU - o?! psd | &a 
p pw SE? P po a’ cos? wt sin*kx dx 
Or, av = — a — uUa = —7 “49 > 
nof 
Thus the total potential energy stored in the rod U = | d 
A2 
2e 2.2 f 220 
Of, U = pw” Sa' cos ot j sin cd 
“0 
_ npSa' ^ cos? w t 
SO, 4k 


To find the potential energy stored in the rod element we may adopt an easier way. We know 
that the potential energy density confined in a rod under elastic force equals : 


1 , 1 1.2 
Up = pM -30£8-7 xe 


1 2 lpo 
mt i 


2 
-l e er (3 i) -i "LLE w cos? w t cos” kx 
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> 
hu 
- 
R 


4.175 


Hence the total potential energy stored in the rod 
A/2 


U f upav sf 7 pa? o! cos! wt cos^kx S dx 
0 


B tp Sa*w* cos’ ot (4) 
4k 


Hence the sought mechanical energy confined in the rod between the two adjacent nodes 


= 
C 
aU) 
O 
jan a 
or 
=} 
co QS 
O- 
O 
© 
E 
e 
t 
= 
e 
o> 
© 


irectly to it from source and th 
1 
ale 


ian fram tha usa 
IVIL LAWVVLLE WANS vya 


Frequency of sound reaching directly from S to R, 


Vs+r, = Yoo when $ moves towards R, 


Now frequency reaching to AR, after reflection from wall J 


Vw-eR, = You , When S moves towards R, A. o — «op — 4 - 


Vtu M 


and V'w R = Yo , When S moves towards the wall 


Thus the sought beat frequency 


F 
Av = (Vs+2,~ Vw) Or, (Y WR, ^7 Vs) 
y v 2Vo Vu 2 u Vo 
= Vo - Vos = ———3;« —— = 1 Hz 
v-u v+u vt- u* V 


Let the velocity of tuning fork is u. Thus frequency reaching to the observer due to the 
tuning fork that approaches the observer 


T 
^ 


' ~ [v = velocity of sound ] 


v =y 
Vu 


Frequency reaching the observer due to the tunning fork that recedes from the observer 


b 94 


H M 


y = y 
v+u 
c. Doe ea VENE 1 | 
20, DCadt ircquctcy yV- Yvy = y = MIB - 
v-u Vth 
2vgVu 
Of v= — = 
v^-u 


| 
| 
| 
20, vu *t(2vv9)U- V V =O l 


4.176 


4.177 


© 
n" 


Hence u = 


AP 
Hence the sought value of u, on simplifying and noting that u > 0 


Obviously the maximum, frequency will be heard when the source is moving with maximum 
velocity towards the receiver and minimum frequency will be heard when the source recedes 
with maximum velocity. As the source swing harmonically its maximum velocity equals 
sa ff.) Hanra 
U U., LIVI 


*r ‘tr 
v 


Vmax = Vo v ao and Vmin = Vo V+ ac 
So the frequency band width Av = v,,,, — = (240 — 
o q y band wi max ^ Vmin = VoV v? -a?o 
2\ 2 2 
of, (Ava^)o^* (2vgva)o- Avv =0 
-2wvas V 4Aviv?a? « Av av? 
So, a, 
2^va 


On simplifying (and taking + sign as œw — 0 if Av — 0) 


(m — v 14 (Ax) n 


Ava \ \ Yo) / 


It should be noted that the frequency emitted by the source at time ¢ could not be received 
at the same moment by the receiver, becouse till that time the source will cover the distance 


jw t? and the sound wave will take the further time zw 17/v to reach the receiver. Therefore 


the frequency noted by the receiver at time t should be emitted by the source at the time 
t« t . Therefore 


Ind 
te 
t 
undi O’ 
— 
< 
— d 
i 
t 
^ 
ph 
bu 


4.178 (a) When the observer receives the sound, the source is 
Closest to him. It means, that frequency is emitted by 
the source sometimes before (Fig.) Figure shows that 
the source approaches the stationary observer with 


velocity v, cos 0. 4«—— — > 
Hence the frequency noted by the observer S 
/ v \ e 
v= 01 v v, cos 0 | N 
DONDE, N ! 
=y ( AAN _\ = — “o (1) N | 
0| v -mvcos 0 | 1-ncos0 `” N I 
\ Lj / I `~ I 
— zx o = — = 
V v 7 07 VI?.x? v 9 


Hence from Eqns. (1) and (2) the sought frequency 


y = — = 5 KHz 
1-n* 


(b) When the source is right in front of O, the sound emitted by it will not be Doppler shifted 
because 8 = 90°. This sound will be received at O at time t = i after the source has 


passed it. The source will by then have moved ahead by a distance v, ? = n. The distance 
between the source and the observer at this time will be ¢ Vi + n? = 0.32 km. 


4.179 Frequency of sound when it reaches the wall 
Vt 
v 


J 


V =v 


wall will reflect the sound with same frequency v'. Thus frequency noticed by a stationary 


observer after reflection from wall 


yy  - wa yu aiw y 
Viu V V+tu 
Thus, v'=v ‘——_ = y 
y y -ü v~u 
" v-u A  v-u 
Of, À — = 
Vtu IN Vtu 
. V-u 2u 
50, -7 =l- es 
fe WV "T i4 YTH 
Ll nanaAs tha ec oan ol d maenanta ma pa SER an E avralanoth 
ILCON UIC DUUKHL PMES vualusvw AM wva ¥YUIU 1K Mi 
A-Aa 2u " ] 


4.180 Frequency of sound reaching the wall. 
v=v | you | 
= Vo 

V 
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(1) 


Now for the observer the wall becomes a source of frequency v receding from it with velocity u 


Thus, the frequency reaching the observer 


A 2910 Y..4—c:05:; nf a s A 
"FOR ALLL ivy Vl d u 
medium of wave damping coefficient y is given by 
1 5] 5 45 
I = >pa e w v 
2 r 


A ln o. 14 h 
But according to the problem — -y = -y 
"ur 96 
2 2 
- nri. Iyfr =r.) - | 7/5 4 . 
So, z = e“'2 1? or in 5; -2Yy(r,-n) 
Yo ri 
2,2 
In (n 7r77r( ) _ a-3 -1 
Of, y = ——— —— = 6x10 m 
(79711) 


4.182 (a)Loudness icvel in bells = log Z (Io is the theshold of audibility.) 


So, loudness level in decibells, L = 10 log T 
0 
T 


Thus loudness level at x = x, = Ly = 10 log T 
0 


I 
Similarly L, = 10 log — 
*, I. 
Uv 
I 
u L, - L, = 10 log 
1 IL. 


[Using (1)] 


pa 


© 


2 2 -2yx, 
on L, = L, + 101og pa m ve — = L, + 10log e ?' 27) 
° : 1/2 pa‘wove ^'^ : 


L, = Le - 20y(x- x1) loge 
Hence L' = L-20yxloge | since (x,-x,) = x] 
20d B - 20 x 0: 23 x 50 x 0: 4343 dB 
= 60dB-10dB = 50dB 


(b) The point at which the sound is not heard any more, the loudness level should be zero. 
Thus 


0 = L- 20yxloge or x = z = Lana Lan a = 300 m 


4.183 (a) As there is no damping, so 


2 JA 2 2 - 2 
1/2pa Qo v/rg 
L, = 10 log + = 10 log P ° 


— = - 20 logr 
Io 1/2p a^ w v ud 
Similarly L, = - 20logr 
So, L, -L, = 20 log(ro/r) 
{ To \ Z 1n 
ot, L, = L, + 20log| — | = 30 + 20 x log = = 36d B 
T] (0M 
(b) Let r be the sought distance at which the sound is not heard. 


So, L, = L, +20log— - 0 or L, = 201og-- or 30 = 20log — 
0 ro 20 


Thus r = 200V10 = 0-63 Km. 


Thus for r>0:63 km no sound will be heard. 


4.184 We treat the fork as a point source. In the absence of damping the oscillation has the form 


Const. cos (ot - kr) 


Because of the damping of the fork the amplitude of oscillation decreases exponentially with 
the retarded time (i.e. the time at which the wave started from the source.). Thus we write 
for the wave amplitude. | 


-R L) 
e P 7 l l 


í 
NE (e- 2) P P dp 


This means that —————— = 


- 
Un 


Ap = surplus pressure = — p v^ 25, Const. 
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In the absence of a deformation (a wave), the surplus pressure is Ap = 0. So ’Const’ = 
0 and 


Using 


-pov 25 
Ap =-pv 3r 
(b) We have found earlier that 
W = Wy t Ww, = total energy density 
2 2 
D (a8) , .1í(88).1 
Mk = 5°( 52 > tp = zb 2 P 
ww '" see that the space-time average of both densiti 
e of total energy density is then 
2 
<w> = < v?{ 25 | ` 
< xj 
tensity of the wave is | 
2 
f=v<w> =< (Ap) S 
Dv 
2 1 2 
< (Ap) > = x(AP)m we get Is 
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4.186 The intensity of the sound wave is 


4.187 


4.188 


(Ap), | (Ap), > hp» — —- -—- — 
I= yoy "20v YW 
“py & pvr 
Using v = vA, p is the density of air. | AHH; NE 
Thus the mean energy flow reaching the ball is LD, CY 
z ; (Ap), ^ 4 


xR I = xR 2pvA a/n cee mma. DaT, a woe. 


x R? being the effective area (area of cross section) of the ball. 


4 £g 7 arr 


Substitution gives 1U.2 mw. 


ME ^p), 
We have z = intensity = —— —— 
Anr? 2pv 
vP 
Or A = 
(Ap), = V £15 
1 
\/ 1293 kg/m? x 340 m/s x0-80w _ 4 / 1:293 x 340 x 8 ( kgkgm^s ° ms! Y 
v Inx LSx L5 m? Y 2ax15x15 | m? } 
= 4-9877 (kgm~*s~* |= 5Pa. 
CAD )mn -5 
= 5x10 
P 
(b) We have Ap = -pv Š 
V dx 
lAn\ aao bE conv Iwevt 
V 4$ P Jm = vp yY A Om = HY Hawt Vv 5» 
CAD )m 5 
E. = = ———————— Cit Jum 
ud 2XApvv ZI X 1:295 x S4U x OUU 


E 3x10 — 1800. 
X — 340/600 340 — 


Express L in bels. (i.e. L = 5 bels). 
Then the intensity at the relevant point (at a distance r from the source) is : 1104 


Had there been no damping the intensity would have been : e^! Ig 10. 


Aur?’ 
p nee ; 
Thus ——3 ze [10 
4zxr ° 


or P = 4nr%e7"" [10 = 1.39 W. 


jad 
© 
^ 


4.189 The velocity of light in a medium of relative permittivity & is —— . Thus the change in 


Ve 


wavelength of light (from its value in vaccum to its value in the medium) is 
cle c c | 1 


" "VN "d =m 


4.190 From the data of the problem the relative permittivity of the medium varies as 


"A= 


$1 
.-(x/l)In — 
e e 


e 
"~ 
et 
^ 
a 

E 


(x) c 
0 
- i int 
4 Ve, -e ? "2 +1 21Ve,-Ve 
a C 1 £1 C £1 
7; In — In — 
2l E> £5 
. — 
4.191 Conduction current density = o E , IN 
Dent 1 dancity . IP QE . F 
Displacement current density = —— = && —— = [WEEE 
UL Ué 
» j 
. . d J . 
Ratio of magnitudes = - = —— = 2, on puting the values. 
£to  Jdi 
LT 
41922 > > aB aH 
(Vx Et apm Hoag 


At 0 
H è E, 
oH x . 
—- = = 7 sinwt 
ðt Uo 
So integrating (ignoring a constant) and using c = —i 
V & Ho 
—> — 
— Ex E, Eo kx E, 
H - coscktx — = cos c kt 


4.193 As in the previous problem , 
H =- En cos (wt R27} = Z e co(k 
= cos (wt-k'r) = — ecos(kx- ot 
Mo OQ Mo € * 
Eo 


— E, e, cos(kx- ot) 


Thus 
(a) atr=0H=Y 2 m € COS kx 


Uo 
— € A 
(b)at t = t9, H = V " Em & cos(kx- 0 tg) 
0 


4.194 Sing $ E - d= Eml(coswt-cos(wt-kl) 


~ 2E,, 1 sin 2: uL 


Putting the values E,, = 50m V/m, 1 = — metre 
a 


E 


c c 3x108 3 
- ze vl zx) . X) 
Sind "2UmVvj|-sn-j,sm|ori--| 
\ ~ ~ 
- -25sin (r+ 3-2] = 25 cos ot- 3 | mv 
o 4j 2) 
—> ^ 
4.195 E =j E(t,x) s, 
> ðE 9B 27 aB 
and Cul E =k —=-—=-k — 
Ox Qt at 
so ðE 3B 
|^ Ox ðt 
aooo 0.4 ap 
Also Cul B = eo Ho = — i 
t c2 dt 
and Curi B = | 98 o ðB  — 1 9P 
E J X Ox c? ot 
— — BEP 
4196 E = E, cos(ot-k*r) then as before 
-> > 
-> qaf Eo kxE, o Pa 
H= Y — —, cosiot-k'r) 
ro ru 
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— > > € — —» —» 1 
SO S=Ex H = 2 mX (kx „)= coss (ot-Kk*r) 
Ug k 
-¥ “2 E? Kolor- REP 
v Hg m k X J 
<S> = +1 $o Bek 
2 V Lo "k 


4197 E = E,cos(2x vt- kx) 


EE ð D n MEN 
(a) Jai = 3t ^^ 2nxt9vE,sin(ot-kx) 
Thus (Jas rms = «C jas > 


= V2 neyvEq = 0.20 mA/m?. 
1 fe 
(b) < S, > = ; " Ei as in (196). Thus <S,> = 3.3 y W/m? 
0 


4.198 For the Poynting vector we can derive as in (196) 


1 1 / ££ TE 
<S>= 5 us E? along the direction of propagation. 


Hence in time ¢ (which is much longer than the time period T of the wave), the energy 


reaarhing the hall ic 
IcaCcning ule Odi 15 


4.199 Here E = E, cos kx cos of 


From div E = 0 weget E,, - 0 so E, is in the y -z plane. 


Also 
3: ^^ VxE = - VeoskxxE,, cos wt 
—_—> 
= kx E„ sin kx cos wt 
o» >> 
>. AXE, . . >, . 
SO B = —— sinkxsin ot = B,sinkxsinwt 
—> E, — > | 
Where | Ba | = and B, L E, in the y-z plane. 
At t=0,B=0, E = E,coskx 
At t = T/4 E = 0, B = B,sinkx 
? m 


4.200 E = Em cos kx ot 
> EEn | 
H = sinkxsin ct (exactly as in 199) 
Uo W 
— — 
> > > E,Qx(kxE,)1. , 
S = ExH = ————— — sin2kx sin2wt 
Uo W 4 
1 2 . ( 1 | 
Thus S = — £9 c Ej, sin2kxsin2mt | as = £9 € 
x "734 f0€ ^m | "p 0 | 
«$,» 20 
4.201 Inside the condenser the peak electrical energy W, = ; C V2 
1 eo x R? 
_ 1,2 
7 2 Ym d 
2 


(d = separation between the plates, x R^ = area of each plate.). 
V = V, sir 


wt, V is the maximum 


Changing electric field causes a displacement current 


, aD m 
Jas = = £y E, cos wt 
of 
co zn I7 
to wW Vm t 
= COs @ 
d 


This gives rise to a magnetic field B (r ) ( at a radial distance r from the centre of the plate) 


£g w V, 
B(r):'2xr = prr jg, = prr 2 i 7 cos wt 


mn 


2 2 
= fa'r B. lg 2- 2x f rrdrxdxV, cos’ wt 


2 
2m 8 d A 
2 p4 
EDITI V cos? wt 
Thus the maximum magnetic energy 
2 2 
to Ho 2 0R 2 
= =—— V, 
Wr ? - 
Hence — -lau(oRy-l(9R) -5x10P 
W, 8 8| cJ 


The approximation are valid only if w R ««c. 
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4.202 Here J = 1, cos o t, then the peak magnetic energy is 
Ll, 72_1 72, p24 


l,, 4 5 
Wm = Shin = Zon 1, UR d 
Ás Á 


Changing magnetic field induces an electric field which by Faraday’s law is given by 


| d e Radan 
E:2nr ad B:dS = xr ponl,, w sin wt 


Ez SP bp M Iq 0 Sin of 


The associated peak electric energy is 


æ 4 4 54 
à 2 43 1 2 2,2 2.12 TK 
we = | ELLA d r= g okor D, œ sin wtx > d 
Hence We 1 ( RY : 1 (9RY 
Wa somni slc) 
Again we expect the results to be valid if and only if 


4.203 If the charge on the capacitor is Q, the rate of increase of the capacitor's energy 


4(19?| QO, 4 j, 
- i28] C ox 


Q 


x R? eg 


Now electric field between the plates (inside it) is, E = 


So displacement current = ð D zm L 
P or wR 


A fY * 
2xrHg(r) = nrl — or Hg = - 
j xR? 2xR? 
Hence H (DV = Q at the adoa 
LAVALLY 446 MN 2 xR qe WAY UWE 
, . - Q Q 
Thus inward Poynting vector = S >a -RÀ » 
QOd 
Total flow = 2xRdxS = R? Proved 
JU Eo 
4204 Suppose the radius of the conductor is Ry. Then the conduction current density is 
I I ol 
x Ro nRa Ro 


p» 


at the edge 


I 


H:2xX Ry =] or H5 


Inside the conductor there is a magnetic field given by 


6 ww swat 


1S 


* 


d in a secti 


Energy flow 


on of length / 
Thus the energy flowing into the conductor = I“ R . 


ing in per secon 


ol 
But the resistance R = ——À3 


? 
dnt 


TR 


Here n ev = I7 


A ^nm 
4.40. 


F 


This gives rise to an electric field at a distance r given by 


/ 2xr 


gre 


2eU 


V 


£o 
(for r>R) 


E = 


I 
2nur 


The magnetic field is H = 


Thus 


v 


radiallv outward from the axis 


4.206 Within the solenoid B = puo and the rate of change of magnetic energy 


Eg = 5 Honir 


By Faraday’s law, the induced electric field is 


or 


4.207 


4.208 


4.209 
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so at the edge EQ (R) = 5 Ho nIR (circuital) 


Then S, = Eg H, (radially inward) 
and W,, = Son ^ ITRx 2n RI = pyn x R^lII as before. 
Given 9 > Qı 
The electric field is as shown by 
T $77T^ 
the dashed lines (----—>-----). $9, 


The magnetic field is as shown | Q O O | 

(0) emerging out of the paper. | | 

S = E. x Hi is parallel to the wires Pr 
and towards right. 


Hence source must be on the left. 


The electric field (----—->) and the magnetic field ( H — ) are as shown. 
The electric field by Gauss’s theorem is like 


r 
Integrating Q =A In = 


ry He 
Then E = d N J / 
rl 72 NOTA 
n Yo 
Magnetic field is He = IL 


The Poynting vector S is along the Z axis and non zero between the two wires 
(r< r < r5) . The total power flux is 


P 


- | —Y— zarar = 1v 
r2 
2nx7'in— 
ry 
As in the previous problem 
Vi 0t hcos(wt- o. 
g, = TOS OE and Hy = OOTO) 
! Lb) : LAF 


1.. 
rin ų—— 
ry 


Hence time averaged power flux ( along the z axis ) = ly Ig cos @ 
r^ 


110 


and $5, = Ej, Hoy-E2y Hax 
Using the boundary condition E,, = E,, , H1, = Hz, at the boundary (t = x or y) we see 
that 

Sin = So, . 


“4,2 
4211 P-a IP when 


P = Leri = Lo miT; = b mr; 
1 
e: 
if a nÉan fixed 
mj 
72 
But 1D Ym;r;-0 fora closed system 
Hence P-0. 
E 
4 ^12 ~ 1 2(p ) 
4.212 = 
4 x £o 3c 
(052, 2 2.2 
ip | = (ew a) cos wt 
1 2 1 e? wa? 15 
Thus <P>= — (ew aly == 5.1 x 10 W. 
ATE 3c 2 12xe9c 
213 Here 
2 
— e e 1 
p = —x force - 4 . 
m mR“ 4N& 
; \2 
Thus p 31 f(etq\ 2 


7 (4x8)? \ mR?) 3c) 


,214 Most of the radiation occurs when the moving particle is closest to the stationary particle. In 
that region, we can write 
R? = b? 4 y??? 


and apply the previous problem's formula 


1 2 of ge?) dt 
Thus AW ~ —— 
(4xs9) 3c Í m (b? +v?t?)? 
(the integral can be taken between + © with little error.) 
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Now f dt 1 f dx EN 
(b^-v?i?Y VJ (b?.x?y 2vb? 

2 4 

Hence, AW a 1 mge 


(Aney 3c? mvb? 


For the semicircular path on the right 
Pa 


v? BeR i 
R = Bev or v= " | x X X x 
2 B^e?gp? 
Thus KE. = T = 2 mv -— X XXNX 
1 2 2v 
Power radiated LT ——3 ( ex" | X X X X 
"Y JU CO JIC \ S J l 
Hence energy radiated = A W IX X AA 
. 4 /p2.3pV p 53.552 
. 1 2 (B e R\ nR „BER 
A Be? -18 
So —R— = eC 2.06 x x 10 
T 3 £c m" 


(neglecting the change in v due to radiation, correct if AW/T «« 1 ). 


m v 


R = . 
eB 
27 2p. \? 
Then P 1 2 ev 1 2 [e"Bv 
= ——— = ————— — 
4Xt9 3c ^ | R 4M 3c?^| m 
1 B? e* 
- 3 3-|T 
Jxtoc m 
This is the radiated power so 
dT B’ e* 
dt 3zxs9m^c? 
Integrating, T = Ty) e^" * 
3ztym c^ 
j B*e* 


f 4 OS r 43. 


t is (1836) = 10 times less for an electron than for a proton so electrons radiate away 
their cnergy much faster in a magnetic field. 
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4.217 P is a fixed point at a distance / from the equilibrium position of the particle. Because 


l > a, to first order in 7 the distance between P and the instantaneous position of the particle 
is still J. For the first case y = 0 so t = T/4 
The corresponding retarded time is t’ = Z: 
Now y G') =- wacos.o( 4-4) = - o? asin 2* 
\ 7H ~ 
For the second case y = a at t = O so at the retarded time £’ = — as 
Thus F(t") = - w? aco 2 


The radiation fluxes in the two cases are proportional to (y (t') y SO 


S 
A. tan? 94 z 3.06 on substitution. 
S C 


where © = . is ulc parame er in x ) ) ana , 
R , v 
t' is the observer time then OX 
; 1l -x(t) 
t = f+ M | S 
n n 
| CL JJ 
where we have neglected the effect of the y—-cordinate ^ / 
which is of second order. The observed cordinate are ‘A 5 
x'(t') » x(t), y'(t') » y(t) ^ 


Then dy' dy dt dy -oRsin ot „Z0 -v x/R 


Aal? dat da! Va ^. D 
t ui n 1-———cosot 1-—- 1-— 
cR 
2..! 
and d dea e| 
dt' t'dt)}, vy 
|^ cR | 
\ ] ; 
( v? vx( v? Y) KL) 

i | ^g" Rlar?) Ric RJ 
“Tale "b 
“eR | "cR ur | [UTER 

Cc 


This is the observed acceleration. 


2.7 

FAIT | 1 L| -* 2* rn 2 . - / . d y \ 
or the observed acceleration of the particle n dt? | e 
1 


Thus 


mam xir a ] | 1 
4.212 We know that Sọ ( 7 ) € — 
r 
At other angles S(r,0)« sin? 0 ez 7, 
Thus S(r,0) = Sg(r)sin 0 = Sysin’ 0 So 
Average power radiated 


2 2 8x 
3 


= So x4ánxr^x 
4.220 From the previous problem. 


Or 07 327 


Thus <w> = —-———;4 
C 8xcr 


(Poynting flux vector is the energy contained is a box of unit cross section and length c). 


4.221 The rotating dispole has moments 
Px = pcos ot, p, = psinwt 


1 2 42 p^ w* 
Thus P = — — uw p = +—. 
4xt 3 3 
o0 3c 6M Eo C 


4.222 If the electric field of the wave is > >o 
E = Ey coswt 


then this induces a dipole moment whose second derivative is 


Hence radiated mean power <P> = 


114 


4.223 


4.224 


On the other hand the mean Poynting flux of the incident radiation is 
E0 1 2 
«Sa? — x —E 
inc Ho 2 0 
2 
Thus P .Ž (e uo 9? ex y = 
«Su.» 4RNEg 3 m £9 
. to (e^) 
6x (m } 
For the elastically bound electron 
= 279 oF. 
my +MWo r -eEkEgcosot 
This equation has the particular integral 
(i.e. neglecting the part which does not have the frequency of the impressed force) 
- 27» 2 
— eo cosot EUR e Low | 
po-—— —3 75 ? so and p 7-7 P) N cos WE 
m o-o" £ (w-wa )m 
Hence P = mean radiated power 
22 V 
1 2 e^o 1 E2 
A  —————— — d — 0 
40% 3c? m(w-w’)} 2 
The mean incident poynting flux is 
-c aa M to 1,2 
P Mà PON TN 
Thus = |<) : 2 2,2 
< Sinc > xim (wo — w") 
Let r = radius of the ball 
R = distance between the ball & the Sun (r««R) 
M = mass of the Sun 
y = gravitational constant 
R* 3 4nR c 


( the factor - converts the energy received on the right into momentum received. Then the 


right hand side is the momentum received per unit time and must equal tLe negative of the 
impressed force for equilibrium). 


m~ 3 P - 
ihus ræ ————n o7 . 
Y 


eee” 


relative spectral response V (A) shown in Fig. (5.11) of the book is so defined that 
(à) is the energy flux of light of wave length A needed to produce a unit luminous 


at that wavelength. (A is the conversion factor defined in the book.) 


At A = 051 um, we read from the figure 


AE 


la WEN adl a 


V(A) = 0-50 so 


energy flux corresponding to a luminous flux of 1 lumen = 330 " 


At A = 0-64um, we read 
V(A) = 0317 
and energy flux corresponding to a luminous flux of 1 lumen = =o 


®, 
M- M 
since energy is distributed uniformly. Then 
Az Az 


®. 
o - f vmar oA = xx voe 


^i Ai 


Here d $, (A) = 


dX, Mss»; 


since V (A) is assumed to vary linearly in the interval A, < À < A,, we have 


A, 
tf voyax-ivoosvoo 
^" 4.5 -. A (Ay) + 3 N 44 
M-a 2 

ài 
Thus -= 
Using V (0-58 um) = 0-85 

V (0-63 um) = 025 
o, 

Thus oz x 1:1 = 1:55 lumen 
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5.2 We have ®, = TA 
Y AN) 
Bu o, = IX 5 E xAnr or E} =- —24 y" 
e 2Y up ^ " O DARVIN * to 
U area how JV F M VJ v 
mean energy 
flux vector 
For A= 0-59um V(A) = 0-74 Thus 
E, = 114 V/m 
Eo 
Also Hm = m E, = 302m A/m 
0 


5.3 (a) Mean illuminance 
Total luminous flux incident 


CA WW A JA REL LE n wr -— wed eS inc 


Total area illuminated 


Now, to calculate the total luminous flux incident 
A eel nae ante 4h46. a at 


On the Spacie, we note inat uic illuminance al the 
point of normal incidence is E, . Thus the incident 


flux is £, - x R^. Thus 


ul. x. R^ Ep 
Mean illuminance = ———3- 
A2xR 
1 


(b) The sphere subtends a solid angle 


\ 
at the point source and therefore receives a total flux of 


Ver 
2xlI 1-—1 — 


90-a 


, R 
The area irradiated is : aan? f sinodo = 2x R? (1 - sin q) = 2 xR? k -7) 


© 


[. a 

I 1-V1-(R/) 

R? , R 
j-£ 


I 


Thus «E» = 


Substituting we get «E» = 50 lux. 
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5.4 Luminance L is the light energy emitted per unit area of the emitting surface in a given 
direction per unit solid angle divided by cos 0. Luminosity M is simply energy emitted per 


unit area. 
P 
Thus M = {L cos 6-dQ 
where the integration must be in the forward hemisphere of the emitting surface (assuming 
light is being emitted in only one direction say outward direction of the surface.) But 
L = Locos 0 
n/2 
2 2 

Thus M = Í Locos 0-dQ =- 2x f Locos?0sinoa0 = 2x2, 

0 


5.5 (a) Fora Lambert source L = Const 


The flux emitted into the cone is 


-asf 2ucosasinada 
0 


= LAS nx (1 - cos’ 0) = nL AS sin? 0 


(b) The luminosity is obtained from the previous formula for O = 90° 
(0 = 90°) 7 

M €» ————— x 

IM AS ULL 


5.6 The equivalent luminous intensity in the direction OP is 
L S cos 0 


and the illuminance at P is 


(R^ +h J ' ux thA) a N 
LS LS 
o = 2 
R eh KR. vi 2R h 
h Vh + 8 
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5.7 


5.8 


This is maximum when Ræ=h 
and the maximum illuminance is 
LS 16x10 401 
——— = = ux 
4R? 4 
The iliuminance at P is 
" _ I(0 ,  I(0)cos 0 
hp = 73 COSY = — zy 
(x^ + h^) h 
since this is constant at all x, we must have 8 
TAN t 3 l'a a P ad M N 
I (0) cos 6 = const = fh | 
or! (0) = Ip/cos? 0 h 
The luminous flux reaching the table is 
pu aN nA Ig ^4 A 1 
Y= TN x72 = 314 lumen -i 
rt 


The illuminated area acts a 


AA OC — aA EC u tantal vaflantad licht 
AVE aJ — p — st 7 ttlal IVLIVULUYU Ais uat 
Thus, the luminance 
L = pe 
JU 
TL anm cae a miter 2 * 


B" 


Lambert source of luminosity M = xL where 


and the illuminance at the point P is | 
pM cos 0 sin 0/R? cosec^ 0 = pza cos 0 sin’ 0 | 


This illuminance is 
gives the value 


wR 


(cos 8 sin? 0) = — sin“ 0 + 3 sin? 0 cos? 0 = 0 


tan?@ = 3 = tanO = V3 


obtained at a distance R cotO = R/V3 from the ceiling. Substitution 


0-21 lux 


5.9 


5.10 


5.11 


From the definition of luminance, the energy emitted in 
£ nf 
UL 


tha enAial Aisa ntina alaenant AC nf tha erro Pot 
uic faQids airccuon by an cicment dS VU Lit SULIALL 


urface of the A 
dome is xw | oS 


dæ =LdSdQ / N | N 


eee / \@| 
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Here L = constant. The solid angle d Q is given by | \ | | 
_ dAcos 0 
R 


arr Ta adry 


The illuminance at O is then 
x/2 


~ 


p. f22- ( L a a unod0co0 - 2xL Lfxax - aL 
aA VR J 


Consider an element of area dS at point P. h 
It emits light of flux 


do = LdSdQScos 8 
dA » 
zlLdS-————:cos 0 i _ 
h' sec” 0 | a 
= - cos* 0 p 


in the direction of the surface element dA at O. 
The total illuminance at O is then 


F = [LaS an 
J i 
But dS =2nrdr = 2xh tan 0d (h tan 0) 
= 2x h^ sec? 6 tan Od 0 
meet cs ~ »_ lf... aap , 
oubstitution gives E-2nxL J sin 0 cos Ud 0 = NL 
0 JAN 
Consider an angular element of area 
2xxdx = 27h’ tanOsec^Od0 0 ; 
Light emitted from this ring is WA 
> 34.1. V 
do = Q (2x tan 0 sec" 0d 0) - cos O M 


dA 
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Now dQ = 


where dA = an element of area of the table just below the untre of the illuminant. 


Then the illuminance at the element dA will be 


0»a 


Eo = | 2xLsin0cos0d0 


0-0 
R uon eo > 
where sina = T . Finally using luminosity M = xL 
VAI ER? 
Lo 
i = Msin^a = M R? 
+ 
h? 2 x im . " 
or M = Ey}1 t = 7001m/m 1lx = 1—7 dimensionally |. 
m 


un 


figure below. The light emitted by an element of the illuminant towards the point O 


The element d$ has the area 
dS = 2xR^sinada 


The distance 
1/2 
OA = | h° +R* - 2hRcoso] AEN 
we also have | a | 
OA h R R 
sina  sin(a*p) sinf A 
From the diagram \ 
- N 
cos (a + B) = hcosa-R LHBN 
OA N 
B \ 
A h-Rcosa 
cos B = — Hl 
OA |] 

If we imagine a small area d= at O then EE EE 
AV vac R ——————— —————— 
ances et = dQ 

OA 


Hence, the illuminance at O is 


( 22 - [ Lo sna aa 905 9 — ) (h -R cos a) 
az ^J x d a 3———————À—————— 
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The limit of a is a = O to that value for which a «f = 90°, for then light is emitted 
tangentially. Thus 


Thus 
we put y = k 4«R-2hRcosa 
So, dy =2hRsinada 
„2 2 / he + R?_y\ (he 4R*~y \ 
T U- 25 JA 2&R |j 
E = f Lax R? -4L 
J 2hR y 
m 
(^ - R) 
h-R 
— L2nxR! f (h? - R? + y) (f - R2 - y) d 
8 hR? l y? 
(h -R) 
h -R soa 
; 4 h' -R 
xL f [Q-RyY |], xL [ -RY 
2.— | |——HL——-11|d4y = 55]|-9———-y| 
4n J | y ] Ah | y Js - Ry 
(h - R) 
- K RY - (k? - R^) - (k? - R?) + (h RY | 
r rp 
= 2—[2g42R2 -284 42 R2] = I 
4k l l k 
Substitution otves F = 25.1 lux 
Substitution gives E = 25-1 lux 
5.13 We see from the diagram that because of the law 
of reflection, the component of the incident unit 
vector € along: n changes sign on reflection while N -> 
the component | tot the mirror remains unchanged. | ri Sf 
Z8. > N | f. 
Writing e = ej * e, e N | of > 
€ 


where e, =n nien) N 
ej = e-nien) 


we see that the reflected unit vector is 


4404/6464 n pn n v woe "4 


2" ao =o ntonr 
€ -é|j-e€,7e€-2alnienj; 
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5.14 


5.15 


5.16 


We choose the unit vectors perpendicular to the mirror as the x, y,z axes in space. Then after 
reflection from the mirror with normal along x axis 
—! — AGA —^, ^, ^ 
e -e-2i(re) s -ej ice, joe k 
A A A . . . . 
where 1, j, k are the basic unit vectors. After a second reflection from the 2nd mirror say 
along y axis. 


m — A G,A =>. A A A 
e =e -2j(je )=-e, l-e, hħ+e k 
Finaliy after the third reflection 
—»!" A, A A —» 
e --e,i-e,J-e,k--e. 


Let PQ be the surface of water and n be the R.I. of water. Let AO is the shaft of light with 
incident angle 0, and O B and OC are the reflected and refracted light rays at angles 


, . T 
0, and 0, respectively (Fig.). From the figure 0, = 37 0 


From the law of refraction at the interface PQ 


sin 0, sin 0, 
— $sinO, . (m 
2 Sin | 2 — J 
sin 0, tan 0 
or, n = = tan 
f cos 0, l 


-1 
a 


Hence 0, = tan n 


Let two optical mediums of R.I. n, and n, respectively be 


such that n; >n, . In the case when angle of incidence is IN 
0, o (Fig.), from the law of refraction 
n; sin 01 cr 7 Mm (1) n 
2 Q 
In the case , when the angle of incidence is 0,, from the P TN Vas t 
law of refraction at the interface of mediums 1 and 2 Lo 
n; sin 0} = nsin 0, TZ Ufer 


But in accordance with the problem 0, = (1/2 —0,) 
SO, n, sin 0, = n, cos 0, (2) 
Dividing Eqn (1) by (2) 


sin 0, ,. 1 
sin 0, cos 6, 
2 
1 1 | Vn -1 
Or, nH = —, so cos@, = — and sin 0, = (3) 
COs Ui Y) n 
nı cos 0, 


But m sind, 


n: 
Thus lz 
5.17 From the Fig. the sought lateral shift 


x = OM sin(0-ß) 
=dsec p sin (0 - p) 


= d sec p (sin 0 cos B — cos 6 sin p) 


= d(sin0 - cos 6 tan) (1) 


But from the law of refraction 


wh 
$« 
ii 
a 
~ 
in 


5.18 From the Fig. 
MP | MNcosa 
OM  hsec(a*da) 


2 
t MW 2 


From Eqns (1) and (2) 
da | h' cos? a 
d 0 h cos? 0 


From the law of refraction 
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(Using 3) 
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. 2 2 
sina = 8, SO, COSO = n -sin 9 (B) 
n n^ T, 
Differentiating Eqn.(A) 
neosada = cos0OdO or, da _ cos (4) 
0  ncosa 
Using (4) in (3), we get 
h cos? 0 PN 
3 (9) 
ncos a 
"M h cos? 0 nê heos O o 2 A... 
ricnce - — 9/5 - — 37; | Using Eqn.(5) | 
Í n^ - sin^0 | ( n^ — sin" 0) 
n | 2 | / 
n 
5.19 The figure shows the passage of a monoch 
medium 
From the figure, we have 
06-pi*f (A) 
and a = (a; +0,)-(B; + P2) 
a= (a,+a,)-90 (1) 
From the Snell’s law 
sina, = "sin B, 
or a, = n B, (for small angles) 
and sina, = nsin f. 
or a, = n R, (for small angles) (3) 
MAS, v, Ml ree veo — uisi y ws 
From Eqns (1), (2) and (3), we get 
e *vVP1"P27;7 V 
So, a=n(0)-6 = (n-1) 6 [Using Eqn.A] 
5.20 (a) In the general case, for the passage of a monochromatic ray through a prism as shown 
in the figure of the soln. of 5.19, 
a -»(a;*05)-0 (1) 
And from the Snell’s law, 
sina, = nsinB, or a, = sin"! (nsinf,) (2) 
Similarly a sin"! (n sin B2) = sin! [n sin (0 - B,)] (As © = B, + By) | 


Using (2) in (1) 
a= [ sin * (nsin B, ) «sin * (msin( @-B,))]-0 


5.21 


For a to be minimum, da = 0 
d pi 
or, n cos B, E n cos (6 - Bi ) -0 


V 1-n°sin? b, V1- n?sin?(0-B,) 


cos” By cos” (8 - B1) 
OF, "p 2..2pn «X «4 2 27a no 
(1-n^sinB,) 1i-n'sin(0-,) 
Or cos "Bi(1- n* sin? (0 - B1) ) = cos” (0—-8,) (1-n7 sin’ B, ) 
2 , . 
or, (1-sin B) (1-125? (0-81) = (rcs C - B0) (i -m sin Bi) 
or, 1-n?sin?(0- B1)- sin? p, + sin? B, n? sin? (0 -i) 
-1-n * sin? B, - sin’ (0 - B, ) ^ sin? Bi n^ 2 sin? (0 - B1) 
or, sin? (0-8, )-—n7sin?(@-8,) = sin? B, (1-77) 
925^ m MZ 2« 22 / a 24 
or, sn(0-pi)(1-n' )- sinfi(1-n^) 
ot, 6-8, = 6, or fp, = 0/2 
But B.+B,=6, so, PB = 0/2 = Bp, 
which is the case of symmetric passage of ray. ^u K 


In the case of symmétric passage of ray J r £ 
X r 
a, = = a.’ (sa M 4^1 
allie i e » PREZ Ae 
L J : 


ad 


and Dj = Pp = P = 0/2 A) Se g 
A 
Thus the total deviation / "M VM 


a = (a,+a,)-4@ Loo _; LN 


a = 2a'-0 or a'm 


But from the Snell’s law sina = nsin p 


. até 
So, sin 


In this case we have 


So, sinO = nsin(0/2) or 2 sin (0/2) cos (0/2) = n sin (0/2) 
Hence cos (0/2) = > or 6 = 2 cos ^ | (n/2) = 83°, where n = 1:5 


(1) 
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§.22 In the case of minimum deviation 


5.23 


un 
be 


4 


a+0 — . 0 
2 = "SIL, / 


sin 


So, a = 2sin. fas n2 |- 0 = 37°, for n = 1:5 
{ 2j 


Passage of ray for grazing incidence and grazing imergence DOV ^ Ni 
is the condition for maximum deviation (Fig.). From Fig. 

a= x-0-2zx-20, 
(where 0,, is the critical angle) d er 
So, a = ~-2sin(1/n) = 58°, / N 
for n = 15 = R.I. of glass. 


The least deflection angle is given by the formula, / \ 
5 = 2a -0, where a is the angle of incidence at first surface and O is the prism angle. 
Also from Snell's law, n; sina = m sin (0/2) , as the angle of refraction at first surface is 
equal to half the angle of prism for least deflection 


n . 
so, sina = —sin(0/2) = 15 sin 30° = -5639 
i 1:33 
or, a = sin” 1(.5639) = 34-3259° 


Team the GCauchuvrce farmila and alon avnarimantalle the DT afa medium danande unon the 
TIOM We v-auciiy > LUIIIDIUIJÓA, GU dioO0 CAPULMRCILally ule M.i. UL a mecaium VEINS upuin uv 
wavelength of the mochromatic ray ie. n = f(A). In the case of least deviation of à 
monochromatic ray the passage a prism, we have: . 
n sin 9 sin 2* 9 (1) 
The above equation tales us that we have n = n (a), so we may write 
dn 
An = — Aa 2 
da (2) 


From Eqn. (1) 


.0 1. a+0 Pd 
dnsin 7 COS 5 da fI 


s oat UN NN” 


A : 
From Eqns (2) and (3) / N 


na 
N 
“I 


v l-sin^ 4 V 1 — 5n? sin? = 
^ 2D 
or, An = / Ad = Aa ( Using Eqn. 1. ) 
? sin È 2 si 9 
2 n3 
6 
2 sin ~ 
Thus AQ = ——An = 0:44 
/ 
V 2.20 
1-n'sin > 


Fermat’s principle : “ The actual path of propagation of light (trajectory of a light ray ) is 
the path which can be followed by light with in the lest time, in comparison with all other 
hypothetical paths between the same two points. ” 

“Above statement is the original wordings of Fermat ( A famous French scientist of 17th 


AA, =h,, BB, = h,, A,B, = l. We must find the path from A to B which can be covered 
by light faster than it can cover any other hypothetical path. Clearly, this path must consist 
of two straight lines, viz, AO in medium 1 and OB in medium 2; the point O in the plane 
S has to be found. 

First of all, it follows from Fermat's priniciple that the point O must lie on the intersection 
of S and a plane P, which is perpendicular to S and passes through A and B. 


Jd f Eee a 


rp 807 K IA AN NY2ZTAS 


(a) (b) 
Indeed, let us assume that this point does not lie in the plane P; let this be point O, in Fig. (b). 
Drop the perpendicular O, O, from O} onto P. Since A O, < A O, and B O, < BO, it is clear 


aA tn cover the nath A O. R 
os Wa L 


that tha tima requ ed to traverse Af). D ie lac 
D H oc paul 4 v;-z. 


DALIG t CLIU —ARBAV AW MM WLO V 'wVRw si VÀ AG 


Thus, using Ferma t’s pr rinciple, e see that the ust law of refraction is observed : the incident 
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where the ray is refracted. This plane is the plane P in Fig. (b); it is called the plane of 
incidence. 

Now let us consider light rays in the plane of incidence Fig. (c). Designate 

A,O as x and OB, = |l -x. The time it takes a ray to travel from A to O and then from 
O to B is 


AO OB Nh(«x^ Vib £(1-xy 
7-49 ,08 | m (1) 
M V2 V1 V2 
The time depends on the value of x. According to Fermat’s principle, the value of x must 
minimize the time 7. At this value of x the derivative d 7/d x equals zero 
dT _ x l-x n (Y 
dx o 3] 72 2 <; +4 2 2 y a 
Vi¥ Ay +x V2V l5 +(l-x) 
Now, 
x [-x , 
— = = sina, and ————————— = sinf, 
V 2, 2 V 
hx hi *(I-xy 
Consequently, 
sna sip . = sina Vi 
-—— =0, or -z "T 
V1 V2 sin p V5 
sina  c/n č m 
So, = — = — 


by Newton and Leibniz. To deduce the law of the refraction of light, Fermat used his own 
maximum and minimum method of calculus, which, in fact, corresponded to the subsequently 


developed method of finding the minimum (maximum) of a function by differentiating it and 
equating the derivative to zero. 


5.26 (a) Look for a point O' on the axis such that O' P' and O' P make equal angles with O' O. 


This determines the position of the mirror. Draw a ray from P parallel to the axis. This 


must on reflection pass through P’. The intersection of the reflected ray with principal 

axis determines the focus. 

A i ZN 
J PA "à Kv 
7 | 7 A ~ 
7 ^ F F J. . L 
A AEAT AL LA 

“a 
a> = 
c oC SNS 
D 


(a) (b) 
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(b) Suppose P is the object and P' is the image. Then the mirror is convex because the image 
is virtual, crect & diminished. Look for a point X (between P & P") on the axis such that 
PX and P' X make equal angle with the axis. 


(b) p! 


/ 


(a) | (b) 
5.27 (a) From the mirror formula, 
1 1 1 S'S 
— — 3 — = 1 
vt; f weget f "m (1) 
In accordance with the problem s-s’ = l - = p, 


l l 
From these two relations, we get: s = ——, S=- p. 


1-6 1+ 
Substituting it in the Eqn. (1), 
l 
i 
f = - —B -10cm 
i 1-B (1-8 
1-6 
(b) Again we have, = + 1, 7 or, —-41 F 

, l.s 1.35 
7 B f i f 
or, Bi = ET (2) 


Now, it is clear from the above equation, that for smaller B, s must be large, so the 
object is displaced away from the mirror in second position. 


f 


i.e. p. = s+ l-f (3) 
Eliminating s from the Eqn. (2) and (3), we get, 
l 
f= Bi Bo | -25 cm. 


»(&-P2 


, 1 1 1 S 
For a concave mirror as usual — 4 — = = so f = -f 
> > 


c f 
J 57] 
(In coordinate convention s = -s is negative & f = -|f| is also negative.) 
If A is the area of the mirror (assumed small) and the object is on the principal axis, then 
the light incident on the mirror per second is I A 


This follows from the definition of luminous intensity as light emitted per second per unit 


at the source. Of this a fraction p is reflected so if J is the luminous intensity of the image, 

A A 
then 7 -z = p Jo = 
S S 


2 

Hence T=pl (a 
Tfl=s, 

(Because our convention makes f — ve for a concave mirror, we have to write |f|.) 
Substitution gives I = 2.0 x 10’ cd. 
For O, to be the image, the optical paths of all rays 
OAO, must be equal w upto terms of leading order in h. Thus 

nj OA + n; AO, = constant 
But, OP = |s|, O,P = | s'| and so 

Và.n.lia) 2 h 

OA = Vh + ([s[+8) = |s| +5 + 7 


2151 pa 
p2 sf | Ann 


SVR is La isj- oa A , 
oa ESTO aa TR RR 
(neglecting products A” ò). Then 0 Plo M ——— d ; 

n \ - 


o; 3: - - h? (ny 
ny {S| + ";|s| 106 - m0 + 3 slt [s] ^ “ons N 
Now (r - 8) + hr 
2 
or hA -2ró or 6-4 
2r 
Here r = CP. 


Hence m,|s| + m |s| + > - * [sj rJ 


Since this must hold for all h, we have 


h? [j -mMm n f, 


131 


From our sign convention, s' > 0, s < 0 so we get 


n, ni n — ny 
2) "1, 


; 


a a ~ 


| > f 


5.30 All rays focusing at a point must have traversed the same optical path. Thus 


F3 s Ex 


f \ 
\¢) b 
x*nV r^ 4 (f - xy, z nf or (n f - x)? - nr +n? (f - x 
Of, nr= (nf-x)-[n(f-x)] = (nf-x+nf—nx)(nf-x-nf+nx) 
=x(n-1)(2nf-(n+1)x) 
= 2n(n-1)fx-(ne«1)(n- 1x 
Thus, (n«1)n-1)x -2n(n- Dfx« rz 20 
u n(n-1)f x V n^ (n - AY f? - ? P (n+ 1) (n - 1) 
ME un (n * 1) (n - 1) 
- -2L p2Vi-2415 | 
n+1 n—1 f? 


Ray must move forward so x < f, for + sign x >f for small r, so —sign. 
(Also x — 0 as r > 0) 


(x >f means ray turning back in the direction of incidence. (see Fig.) 
n neir 
Hence r= AE | 1-Vi 2th | 
n+i n-lf 
"Y". ati. 1. L2? kk - 1 y ad 
FOr LiDE iadxinum Value ori T, 
2 
n+ir 
1l-— z =0 (A) 


Lf 
J 
because the expression under the radical sign must be non-negative, which gives the maximum 


value of r. 


Hence from Eqn. (A), Tmax = f V (n-1)/(n*1) 


§.31 As the oiven lence hac cionificant thirknacc tha thin lanca farmula rannnta ha noad 
eet ST "AB BET WER AWAY BEG VILLIG MUDIS, UU WEAR IROVU, AVEALEUIG  VORLULUL we WoW. 
. n n n-n 
For refraction at the front surface from the formula — - — = R 
S S 
1:5 1 1-5 -1 
—_—_—_—_—_—>———— »-— 


s -20 5 


On simplifying we get, s’ = 30cm. 


Thus the image I’ produced by the front surface behaves 
as a virtual source for the rear surface at distance 25 cm 
from it, because the thickness of the lense is 5 cm. Again 
from the refraction formula at cerve surface 


5.32 (a) The formation of the image of a source S, placed at 
a distance u from the pole of the convex surface of 
plano-convex lens of thickness d is shown in the fig- 


ure. 
, , , N 
On applying the formula for refraction through spheri- NS 
cal race we get NSN | 
n 
—-—=(n-1)/R, (here n; =n and n, » 1) 
S s 0 al 
n 1 1 n (n-1) >| 
or —-—=(n-1)/R of,-— = —- R 
' d 8 ( ) s d R | 
' | 
Soy | n (n- Di 
oL S 5 |d R J <S — < d — 
But in this case optical path of the light, corresponding to the distance v in the medium 
is v/n, so the magnification produced will be, 
p= a Sje C-D, dfr e-0D]., de-0 
ns nid R. n |d R nR 

Substituting the values, we get magnification B = — 0-20. 

(b) If the transverse area of the object is A (assumed small), the area of the image is BA. 

_ 42 -— 32 LA 
We shall assume that —— > A. Then light falling on the Jens is : LA ——,— 
4 © 5 E 


from the definition of luminance (See Eqn. (5.1c) of the book; here 


cos 0 ~ 1 if D? << s? and dQ = 


x D^/4 


0 ya a 
LA ED/5 | PA = Lindab 
S 


Substitution gives 42 1x. 


5.33 (a) Optical power of a thin lens of R.I. n in a medium with R.I. nj is given by : 


(b) 


Dz-ín- — „ — 
( AM R [» 


From Eqn.(A), when the lens is placed in air : 


o, = DR 


n — ng 
n- 


The second focal length, is given by 


f’ = Z> Where n' is the RI. of the medium in which it is placed. 


fi = 2 = 85cm 
® 


Optical power of a thin lens of RI. n placed in a medium of RI. ng is given by : 


For a biconvex lens placed in air’medium from Eqn. (A) 


y= (n-1)( po ag) - 202 


where R is the radius of each curve surface of the lens 
Optical power of a spherical refractive surface is given by : 


n -n 


P= > 


For the rear surface of the lens which divides air and glass medium 


m n-1 
Wo = R 


; —). Then the illuminance of the image is 


(Here n is the R.I. (2) of glass) 
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(A) 


(1) 


(2) 


(A) 


(1) 


(B) 


134 


Hence the optical power of the given optical system 


n-1 "-N 2n-n-i 


OQ = $, +Ü = ——— +t — 2 (4) 
From Eqns (1) and (4) 
2n-ng-1 2n-n -1 
$oo2n—m-l gg p- Uriel) a, 
Qj 2(n-1) 2(n-1) 


24 fa\ Clearlv the media oan 
m d WJ aJ w ABRBAR"WV WS ASS JA 


object (virtual or real) for which the image is formated at infinity. The rear foc 


S 
e (virtual or real) of the object at 


-— ww w r 


= 


the position of the ima 


ry’ s wati WS the BARE 
- 


mnitv (aM Fi 
A. nube? du uns 4A. A 


infir ( 
(b) This geometrical construction ensines that the second of the equations (5. 
obeved. 
y ny / 


(a) Convex lens 
(b) Figure 5.5 (a) & (b) with lens 


t > 


| wv 


© 
Ti 
Q 


Y 


(a) Convex lens (b) Concave lens 
(P is the object) 


caa w ~o 
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axis, otherwise the figure can be completed by 
reflection in the principal axis. Knowing one path 
we know the path of all rays connecting the two 
points. For a different object. We proceed as 
shown below, we use the fact that a ray incident © 
at a | given height above the optic centre suffers a ^ 


pp" ents PN 
Geviation. 


The concave lens can be discussed similarly. 


5.35 Since the image is formed on the screen, it is real, so for a conversing lens object is in the 
incident side. 
Lets, and s, be the magnitudes of the object distance in the first and second case respectively. 
We have the lens formula 


1 1 
(T C CR (1) 
S S Í 
In the first case from Eqn. (1) 
i 1 1 () 
- =-= of s = = 26-31 cm 
(+1) (-5) f t d-f 
Similarly from Eqn.(1) in the second case 
1 —_ 1 = 1 Or. $5 = if = 26- 36cm 
(I-A) (=m) f °°?" (I-AD)-f 


Thus the sought distance Ax = s-s; = 0-5mm ~ Alf?/(L- f?) 


5.36 The distance between the object and the image is l. Let x = distance between the object and 


the lens. Then, since the image is real, we have in our convention, u = -x, v = l-x 
1 í 1 
SO — 7 = «X 
x i-x j 
/7 ` 12 2 ? 7A Fa! 
Or x(i-x)- iff orx -xl * if 0 


Solving we get the roots 


Xx 


u 
|n 
mI 
H 
S 
l 
= 
(oaan | 


(We must have / > 4f for real roots.) 


(a) If the distance between the two positions of the lens is AJ, then clearly 
201 sert ` [2 ^ 
Al = X5,—X, = diiference between roots = Vi - 4f 


So J 


e in the s t if one gives the object distan 
image distance (in both case s). Thus the maenificati 


ie g agnific 
I| € Vl - Alf l- VÉ- Af ,.. .. 

enlarged) and - ———————— (diminished). 
| -VE -4f (enlarged) lave. ar ' 


The ratio of these magnification being 1j we have 


$ 


]- VP -Af y> u vi - 4f | vy - 3 
l - K — Alf l vn +1 
or 1 - Y. (m -1y 21.4 vn 
BUS! (1 + Vn) 
Hence f = l m = 20 cm. 
(1 + vn) 


5.37 We know from the previous problem that the two magnifications are reciprocals of each other 


(B' B” = 1). If h is the size of the object then À' = B' h and 
hb" — QAL 
Te — | nd ce 


Hence h= vh h". 
5.38 Refer to problem 5.32 (b). If A is the area of the object, then provided the angular diameter 


of the object at the lens is much smaller than other relevant angles like P we calculate the 


f 


/ IN 
* 1 M * [Lj . y 
where u? is the object distance squared. If p is the transverse magnification IP - u) then 


the area of the image is 8^ A. Hence the illuminance of the image (also taking account of 
the light lost in the lens) 


xD 1  (1-o)aD/L 
E = (1 - a) LA — —— » 4 
G- oI a pA 4f? 


since s’ = f for a distant object. Substitution gives E = 15 1x. 


Un 
Go 
M 


TF e -— nl: satan na atraen ra EET T 
AL 


= object distance, s' = average UIDON, L = 
luminance of the sounce, A S = area of the source as- 
sumed to be a plane surface held normal to the prin- 
cipal axis, then we find for the flux A ® incident on 
the lens 


oo 


~ LAS {cos02xsin0d0 = LASnsin'a a LAS XL ; 
S 
0 


xD? 
mm 
& 


5.40 Focal length of the converging lens, when it is submerged in water of RI. 


5.41 
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Here we are assuming D << s, and ignoring the variation of L since a is small 


n2 


U 


Then if L' i 


un 
e 
=J 
e 
c 
= 
- 
A 
- 
O 
(g 
© 
>, 
et 
= 
e 
= 
£2 
No) 
e 
e 
-— 
ou 
> 
K 
“ m 


w 


art p: source 


ot 
Son 
penal 
3 
= 
= 
bmi 
un 
nai 


or Lo ins D? 


since s' depends on f, s but not on D. 


2 (n - no) 


no R 


In. \ /4 4 
= = |i] A. i 


Vo JR RJ 
Simillarly, the focal length of diverging lens in water. 
1) - 2 (m - ng) 


Of, 


C is the centre of curvature of the silvered surface and 
O is the effective centre of the equivalent mirror in the 
sence that an object at O forms a coincident image. From 
the figure, using the formula for refraction at a spherical 
surface, we have 

A~ 

L Ü 

n 1 u 

-z -7 = or 
-R 
(In our convention f is — ve). 
Substitution gives f = — 10 cm. 


QR &. 
~ 2 Qn - 1) 


- [s] AS is the area of the image 


No (say) : 


or, 


it passes through 
as shown below. A v 


ath 
Focal length of all the three lenses, a+ | . 


1 T 
- — m - 10 cm, neglecting their signs. 


16 »| 
Applying lens formula for the first lens, Ve bem > he Sem € Sem A 
considering a ray coming from infinity, 

1 1 1 
"ibd ib or, s = f = 10cm, (a) 
s 9? J 
and so the position of the image is 5 cm to the right of the second lens, when only the 
first one is present, but the ray again gets refract ed while passing through the second, so, 
1 1.1, 1 
S S f -10 
or, s! = 10 cm, which is now 5 cm left to the third lens so for this lens, 
11.1 „ 1,35 
s’ S 10 s" 10 


s" = 10/3 = 3°33 cm. from the last lens. 


(b) This means that if the object is x cm to be 


left of the first lens on the axis OO' then the image 
fo v nn tan the right af the Ard [lact lenc Call the 


id A Wik tU ULE Lips’ UL FREY WAU Mao awir., "ARA 


lenses 1,2,3 from the left and let O be the object, 


O, its image by the first lens, O, the image of 
O, by the 2nd lens and O}, the image of O, by 


the third lens. 
O, and O, must be symmetrically located with 


respect to the lens L, and since this lens is 


concave, O, must be at a distance 2 | f; | to be the Y I d 
right of L; and O, must be 2 |f;| to be the left / 


of Lẹ. One can check that this satisfies lens 


equation for the third lens L; 


1 1 
Hence x t2. 


u = —(2|f,| + 5) = -25 cm. 
S =X, fs; = 10 cm. 


F = fi/fe 


or, 10 = ffe or f, = 10f, 


~~ 
pm 


N” 


5.44 


5.45 
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The length of the telescope in this case. 
l= f,-f. = 45 cm. given, 
So, using (1), we get, A V 
fe = +5 and f, = +50 cm. 


(b) Using lens formula for the objective, 


1 1 1 1 _ Sofo 
rt EF OFS’, = —— = ov cm 
"0 "0 Jo "0 ' Jo 
From the figure, it is clear that, 
S'o =l + fa where I’ is the new tube length. S V 7 
or, l = v -f = 50-5 —5 = 45-5 cm. 
So, the displacement of ocular is 


Al =l -I = 45:5-45 = 0-5 cm 


In the Keplerian telescope, in normal adjustment, the distance between the objective and 
eyepiece is fo + fe. The image of the mounting produced by the eyepiece is formed at a 


PY er teo4hn 23h --rh nen 
aistance v to Wie rigat wiere 
TTT x 
M 2 Je 
Du c = — ff L 
put Ó = UO T Je): 
1 1 fo 


1 
S fh fth kth 


The linear magnification produced by the eyepiece of the mounting is, in magnitude, 


[] 
IBI = |=] 
A) 
Thic annale d anrnarding tr thea nenhlam en 
A ARA vuuwaio n OVALVRAVLARAR VU tiv pv Du 
T fe D 
f, d 


It is clear from the figure that a parallel beam 
of light, originally of intensity Jọ has, on 
emerging from the telescope, an Intensity. 


(Ra) 


CT dr] ON —-— 


because it is concentrated over a section whose | | 2 cM 
diameter is f/f, of the diameter of the cross , 
section of the incident beam. ve 
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5. 


46 


2 
Thus nos fo 
e 
- ~ to 
So D 2—-Yn 
e 
tan yp yp’ 
Now Tz = — 
tan V Yy 


Hence V = W’/Vy = 0.6' on substitution. 


When a glass lens is immersed in water its focal length increases approximately four times. 
We check this as follows as : 


toq@-y(t-} 
a Uu ^2] 


1 /n Vf 1 no 1 n- ng 1 


1 

— = -1| |= - >| = — . = = — = 

Km RR) 2-1 £n - Df, 
Now back to the problem. Originally in air 

fo 
=e = 15 sol=f,+ff=f, T + 1) 
Ny (n - 1) 
In water, f. = ——— f. 
n — ng 


and the focal length of the replaced objective is given by the condition 
hb thls +I) f 


' / 
or fo =T +R -f 
" 
Hence I’ = fo (CT * 1) ” Do 1 
e No (n = 1) 
Substitution oives (n = 15 n. = 133) T" « 309 
wF UB L7 VARY tE Au &** wis re A 3 ified owe y A uw, ols F 


on the objective is 
LxD? 
4 s? 


The area of the image formed by the telescope (assuming that the image coincides with 


A 


the object) is I? A and the area of the final image on the retina is 
2 
- (f I^A 
y 


Where f = focal length of the eye lens. Thus the illuminance of the image on the retin 
(when the object is observed through the telescope) is 


5.48 


5.49 


pul 
i» 
- 


LAV A L 7 
2 2 T2 
4f°T 
Au f\ I^A f 


x do 


Af 


When the object is viewed directly, the illuminance is, similarly, 


LxD* Lnd; 


We want —— z —— 
Af r af? 


So, T < = 20 on substitution of the values. 


Ajo 


Obviously, f, = +1lcm and f, = +5cm 
Now, we know that, magnification of a microscope, 


s! 
D = ea - ] p , for distinct vision 


fo f. 
S's .\25 
OI, 50 = (1 1s or, V, = 11 cm. 


, 


Since distance between objective and ocular has increased by 2 cm, hence it will cause the 
increase of tube length by 2cm. 


so, S'-5,*2-213. 
yo 

and hence, : T = (Se 1) D = 60 
\fo jk 


It is implied in the problem that final image of the object is at infinity (otherwise light coming 
out of the eyepiece will not have a definite diameter). 


Un 

A 
e 
No 
D 

E- -> 


Then, from the figure N Ml a NN 


d=2fB= 240 / T 


But when the final image is at infinity, the magnification [ in a microscope is given by 


Jul 


N 


(b) IfT is the magnification produced by the microscope, then the area of the image produced 
2 
MEZ 
on the retina (when we observe an object through a microscope) is : an 5 A 


Where u = distance of the image produced by the microscope from the eye lens, f = focal 
length of the eye lens and A = area of the object. If P = luminous flux reaching the 


objective from the object and d x dp so that the entire flux is admitted into the eye), 
then the illuminance of the final image on the retina 
= 
r? (£r A 
i V/S) A 


ill uminance becomes 


D doy p do 
^24 Id NE 
A [s] D'' A 5 (21a) 


independent of I. The condition for this is then 
dzd) or T s T, = 15. 


5.50 The primary and secondary focal length of a thick lens are given as, 


f = -(n/®) f1 - (d/n) 9; 
and f’ = + (n"/®) f1 - (d/n') 4j), 


where @® is the lens power n, n' and n” are the refractive indices of first medium, lens 
material and the second medium beyond the lens. d, and ®, are the powers of first and 
second spherical surface of the lens. 


Here, n = 1, for lens, 7’ = n, for air 
and n” = ng , for water. 
So, fo VA ps d $90, (1) 


and f = tno | 


Now, power of a thin lens, 


D = d, + P, ; 
= (n-1) 
where, Q; = — >" 
no-n 
and d, = l : = ) 
^ -K 
So, ® = 2n-ngj-1)/R (2) 
From equations (1) and (2), we get, 
f= z 1 7 7 H-2 cm 


5.51 


5.52 
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d no 1 
an f = (2n—m~1) = +14.9 cm. 


Since the distance between the primary principal point and primary nodal point is given as, 


x = f [((n" - n)/n") 
/@® D) (ng - 1)/ntg - (ng -1)/® 


| ’ 
See the answersheet of problem book. P----04---4-- 


(a) Draw P X parallel to the axis OO’ and let PF interest 


it at X. That determines the principal point H. As the 


-—~—~— M-.-.-ILWPe 
medium on both sides of the system is the same, the x! l ne 


Drincipal point coincides with the nodal noint. Draw. l l 


p^ pws COUP BSAA f I WT ww Stas maw RW Pus l aw awe 


a ray parallel to PH through P'. That determines H’. (o) 
Draw a ray PX’ parallel to the axis and join PX’.  , 


T3 o zw | 
That gives F’. NC qo —à4 i 
N | on Pa 
(b) We let H stand for the principal point (on the axis). H A 
Determine H' by drawing a ray P' H' passing through 


P' and parallel to PH. One ray (conjugate to SH) can L y Np 


be obtained from this. To get the other ray one needs — ? | (b) 


t^ Lan ar r mam F' Th: 1a 30 anou hanoeuca D ana p nra 
LU BILUV 2° UI "« AMiò L5 tady UULLaUSL £ Gils a arv 


known. Finally we get S’. 


(c) From the incident ray we determine Q. A line parailei 
to OO’ through Q determines Q and hence H’: 


to the incident ray through H will emerge parallel to 
itself through H'. That determines F'. Similarly a ray f N. /. N 
parallel to the emergent ray through H determines F. Í | (C) | 


5.53 Here we do not assume that the media on the two sides of the system are the same. 


A—LITIIC00077 ie eae 
= ~z ^ i 
F M | Wi F^" "HT R — Bom o 
[L| [| | 
fIC——————— + a“ 
i i 
H] P? F |H | a | 
R---—-~— iY Ss S T LII 
$! | a Bids na 
[| P' ui H F 
© A | | 
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5.54 (a) 


(b) 


Optical power of the system of combination of two lenses, 
D = p, +P, -dP P, 


on putting the values, 


= 4D 
1 
OI, f= -=25cm 
o 
Now. the position of primary principal plane with respect to the vertex of convereine 
lens, 
d 2 
X= ——- 10cm 
p 


Similarly, the distance of secondary principal plane with respect to the vertex of diverging 
lens. 


The distance between the rear principal focal point F’ and the vertex of converging lens, 


/42 


l= d+(—|(-d®)) = Od [-491) 
Chanan a E 


1)/94 49i 1 
and f/i= 5 bo’ 3 f D 
= l/db-dd, 


= 1/d(®,+®,-d®, D) -dó, = 1/d5,- d? OD, 


Now, if f/l is maximum for certain value of d then //f will be minimum for the same 
value of d. And for minimum //f, 
d (l/f)/d d = $,-2d0,0,- 0 


or, d= 2,0, 


or d= 1/29, = 5cm 


15 7 1 AR 


So, the required maximum ratio of f/l = 4/3. 


5.55 'The optical power of first convex surface is, 


p .PnG-D.;p as R, = 10cm 
Ry 
and the optical power of second concave surface is, 
db, = (1 - n) = -10D 
2 R, 


So, the optical power of the system, 
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d 
@ = Pı + P2- = Di 0, = -4D 


Now, the distance of the primary principal plane from the vertex of convex surface is given 
as, 


and the distance of secondary principal plane from the vertex of second concave surface, 


x = -[1) [f a, - -42 = 25m 
ev on 
wer of the system of two thin lenses placed in air is given as, 


$ = pı + P,-d P È, 


1 1 1 
i A i , * " 
OI, F= F+ EA’ where f is the equivalent focal length 
1 f5* fi - d 
So, "T T ^ f 
J J1J2 
fih 
or. = 1 
‘ f f.+f-—d ( ) 
Jl J£ wt 
This equivalent focal length of the system of two lenses is measured from the primary principal 
“1 "D J rY J. EK r 
plane 
An plane fener. tha fFliriw2ea tha diete. ef tha ———— of nerin ninal miann £v rs tha antinal Paf- EaR E TaN 
Ca ACOR LIVILL Ww L BUIL, LUC UISDIGTIWA UL UIG pruna: y pi tpai piane Al H LL vpuca VL ALL 
of the first is 


O,H=x = +(n/®) (d/n) 4$, 


d d, , , 
= p^ as n=n =1, for air. 
. af 
fh 


Now, if we place the equivalent lens at the primary principal plane of the lens system, it will 
provide the same transverse magnification as the system. So, the distance of equivalent lens 
from the vertex of the first lens is, 

ye —fh 

|^ fitfp-d 
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5.57 The plane mirror forms the image of the lens, and water, 


5.58 


5.59 


filled in the space between the two, behind the mirror, as 
shown in the figure. Li 


So, the whole optical system is equivalent to two similar 
lenses, seperated by a distance 2/ and thus, the power of | 


==} = ~r = MÀ Se a ee Saw ae a -e n n — vas rary sae 


this system, 
d o, © V. 
P =D, + b, -—_+—*, where ©, = ©, - 4, = 


No , 


= optical power of individual lens and nọ = R.I. of water. 


Now, ®’ = optical power of first convex surface + eptical power of second concave surface. 


E (1 - 1) . no-n a ta than ep fen anata jfadave nf aec 
= p T R ; FERS US ICIIdCUIVC IHUCA UL Hids, 
(2 n - ng - 1) 
: (1 


and so, the optical power of whole system, 


y 
p =29'- 2a? = 3-0 D, substituting the values. 
(a) A telescope in normal adjustment is a zero power conbination of lenses. Thus we require 
D= O= Di + D- 0,0, 
n -1 
But ®, = Power of the convex surface = R + AR 
®, = Power of the concave surface = - k 1 
0 
us O- CIAR d (n - 1)' 
nd vs IX0 (Ro + A R) M n Ro (Ro + A R) 
So d = nas = 4.5 cm. on putting the values. 
5 3 d S x.5 
(b) Here, P = -1 = 1^ 075 * 15 A x 075 
 . 20 dx2 5x20 5 , 200d 
07 8 3 "^ 3 3 9 
-t.z or d = (3/100)m = 3 cm. 


(a) The power of the lens is (as in the previous problem) 


_nm-1l n-1 dín-1 n-1 _ dn - 1Y 
et Cg nat 


R R n 


5.60 


147 


The principal planes are located on the side of the convex surface at a distance d from 
each other, with the front principal plane being removed from the convex surface of the 
lens by a distance R/(n- 1). 
n-1,n*1,fR-Ri( -1Y 
Ri R3 n R, R3 


(b) Here D = - 


Both principal planes pass through the common centre 


E at 


of curvature of the surfaces of the lens. 


Let the optical powers of the first and second surfaces of the ball of radius R, be 
dy and $”, then 


, , n-1 
di = (n-1)/R, and 4 =(1-n)/(-R) = €z2 
Ri 

This ball may be treated as a thick spherical lens of thickness 2 R,. So the optical power of 
this sphere is, 

s.a “iAH 4, p »" 

P = d -— —-- 2(n-1YnR, (1) 
Similarly, the optical power of second ball, 

D> = 2 (n - 1)/n R^ 


If the distance between the centres of these balls be d. Then the optical power of whole 
system, 
zd) +, -dÈ D, 
- 2(n-1) 2(0-1) 4d(n-1) 
n R; n R^ n^ R R 


1 1 Rina 


4 
Now, since this system serves as “telescope. the optical power of the system must be equal to 
Zero. 


p.p 2d(n-1) , 2("-1) , 
Ny T IND) = 8 ; dS ZR D = U 
vt Fe AN] 4372 
n(R,+R 
or, q = MR RA = 9cm 
2 (n-1) 


Since the diameter D of the objective is 2 R, and that of the eye-piece is d = 2 R3 
So, the magnification, 


T = D/d 2R, Ri Ry = 5 
x "2R 1 M = . 


CA 


Un 
^ 
ted 


oN 


Or\ynataral nawrarc nf tha tarn anefnnan nf tha lano ava 
Wwpurcal pYweis Wh CLI tw SULIAU UR LC ICI ait 
$, = (n-1)/R and $, = (1-n)/-R = n-i 
1 2 R 


So, the power of the lens of thickness d, 
d, n-1 n-1 d(n-1)/R* m-1 


PD’ = +,- = + 
0772 n R R n? nR 
erl|D N S, E a S S O S nt oslhaeoa fur thial laneac 
anu Oplicd! POWEr O1 uic INDIN UOI OL UCSC IWO UIICK ICIES, 
2 
2(n -1 
P =p +p =2 = 
n R 
2 
- . ooe p 2 (n -1 
50, power of this system in air is, y = — = ( 37D 
n n^ R 


p» p : 


We consider a ray QPR in a medium of gradually varying refractive index n. At P, the 
gradient of n is a vector with the given direction while is nearly the same at neighbouring 
points Q, R. The arc length QR is ds. We apply Snell’s formula nsin 9 = constant 

where 0 is to be measured from the direction Vn. The refractive indices at Q,R whose mid 


2l 1 
point is P are n +z |[Vn|do cos 0 
so (n - Livnido cos 0) (sin 0 + L cos d0) 
[| 2! vvv 7 N 2 / 


= (yn + ` | V n | dO cos 0) (sin 0 - 2 cos 8 d0) or ncos® dð = | Vn|ds cos 0 sinð 


(we have used here sin (Q + 2d 0) = sinO + 1 cos 0 dQ) 


2 
» 1 dð 
Now using the definition of the radius of curvature — = —- 
P as 
1 = i |Vn| sin @ 
e "n — 
The quantity | Vn|sin 0 can be called a i.e. the derivative of n along the normal N to 
1 Ó 
the ray. Then p ^ 3 yn" 
From the above problem 
- L pVn e pVne IVa] 23x1075m^! 


(since p || Vn both being vertical ). So p =33x10’m — C ) N 


For the ray of light to propagate all the way round the 
earth we must have Nr 


=a veas w AG 


p = R = 6400km = 6-4x10°m 
Thus |Vn| = 16x107" m^! 
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5.2 INTERFERENCE OF LIGHT 


5.64 (a) In this case the net vibration is given by 
x = a, cos@t+a,cos(wt+5) 


where 6 is the phase difference between the two vibrations which varies rapidly and 
randomly in the interval (0,22). (This is what is meant by incoherence.) 


Then | = (d, +a, cos Ó ) cos o t + a5 sinó sinc t 


The total energy will be taken to be proportional to the time average of the square of 
the displacement. 


Thus E = < (a, +a cos 6 + a? sin? 62 = dj + d) 


as < cos Ó > = 0 and we have put < cos?ot» = «sin ^ot» = L and has been absorbed 


P 


in the overall constant of proportionality. 


In the same units the energies of the two oscillations are at and a respectively so the 
proposition is proved. 


— ^ ^ 
fh\ ara rP - A mce mf a4 n0.o0ne (ns ft R1 
WYJ ALWAYS F we] wy sec Tt UYY I XX 9 t vg J 
and the mean square displacement is a a? + a 
if 5 is fixed but arbitrary. Then as in (a) we see that E = E, + E2. 
5.65 It is easier to do it analytically 
eu w WwW gaia J AMOR ye 


Ej = acos ot, E; = 2asinot 


JU OX. 
cos S cos w r= sin sina 


Jt 
UJ 
b. 
N [G2 
Q 
X 


Resultant vibration is 
7a (| 3V¥3 

= t — 
E 4 cotta | 2 4 


This has dn amplitude = FV 494(8- 3V3) -189a 


5.66 We use the method of complex amplitudes. Then the amplitudes are 


A " A Q4,i9 A i( N- 1)€ 
A = 4, A4 = 4e ', ... Ay =de 


\ 
E sin wt 


and the resultant complex amplitude is 
A =A, +Ant...tAy = a(1 67 c o2 Pe... V e O7 D) 
1-e/* 


1-e 


The corresponding ordinary amplitude is 


5.67 (a) 


(b) 


1/2 
| [1-09 1-2709] 
|A| = a | — | = a| =r —— 
| 1-e | | 1-e 1-e ] 
Ne 
[5 2cn«N m 1)? sin 7 
da da Ay r4 
=al | = A . 
| 2-2cosq | 9 
L i sin ^ 


With dipole moment L” to plane there is no variation 
with 0 of individual radiation amplitude. Then the in- P 
tensity variation is due to interference only. 


' a f/f 
a dtc es , ; ne ot ace a Sf 
In the direction given by angle 9 the phase difference 
is 1 
2x 
—(dcos8)+qm - 2kx for maxima a 
_ . ^. [l, o), | Sf 
Thus dcosO={|k-=—|A | / 
\ 2^] V 

k= 0,ż 1,2, e 

*Y 2X nal al » t 2l 


[47 


d cn nd. VLA dou ZFÀ hz niin MB as za as aL 
we nave agqacgd p tO 1 Q COS U vecause uice cxua pal wat ui 


LÀ 


8 


in going to P (as compared to 1) makes it lag more than it already is (due to q). 


Maximum for 0 = x gives -d= (x? 


ngre o P n n LERNEN (| dv 9$ 1l), 
Minimum for 0 = 0 gives d = u 722*2]^ 
Adding we get [kee Re^ = 0 
. 7 
This can be true only if k=-k, Q= 2 


since ÜO«q«z 

Then -å = [k-L]s 
\ | 

Here k0,-1,-2, -3 


> ^3 a eet 


(Otherwise R.H.S. will become +ve ). 
Putting k  -k, k = 0,+1,+2,+3,... 


5.69 


5.70 


5.71 
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If A@ is the phase difference between neighbouring radiators then for a maximum in the 


LL 4 K 


AI AAR. SYA)? Y" 


For scanning 0 = wt+6 


— d cos(wt+p)+ 42 | a 
liu» 4 Pl WIPPJT 3 = kK 
d 
or AQ 22x t- Loos (or +B) | 
To get the answer of the book, put $ = a -x/2. 
From the general formula 
Id 
Ax = — 
d 
Ax IA 
we find that " = di2AR 
since d increases tod + 2 Ah when the source is moved away from the mirror plane by AA. 
Thus nd*»d«2Ah or d-2Ah/(n-1) 
Finall 2AhAx = 06 
inally - um. 
" (n-1)! 


We can think of the two coherent plane waves as emitted from two coherent point sources 
very far away. Then 


A I À 

*"'d d/ 
But T. (if 3 «&1) 
SO TEES 

w 
(a) Here S’S"'=d=2ra 
ThenA x = (b+r)X 
2a 


Putting b = 1-3 metre, r = ‘1 metre 


4 Arc » 1 . 
A x 03) um, a= 12 = zzz radian 


we get Ax = 1-1 mm 


Number of possible maxima = 2 ba +1 9834199 


pai 
gi 


(c) 


(2 b a is the length of the spot on the screen which gets light after reflection from both 
mirror. We add 1 above to take account of the fact that in a distance A x there are two 
maxima) 

Wrhan tha allt mnawac hw A J alana tha narn nf sadina » tha I. dant rau an tha mirenr entatac 
VV AEWVAL LEU DLLME LLU VY UD U we GUI Cy Gl Vi IGUIUS F UID LIICIUGCILL aay VAR LEEW ARALIAA'A AVUIGLUD 
t.. ô e ab2., Je S S S S S O O S a _f4 42 3 __. Fe. _ * — a. .. — BD? _fF at. £.2%_. _ 
Dy T ; WIS 15 UIC 4150 UC Taol OL We TCLICC lay. 1 IC 18 Chi d SEU OL © Inge 

of magnitude. 
l 
b — = 13mm 


If the width of the slit is 6 then we can imagine the slit to consist of two narrow slits 


with separation Ó. The fringe pattern due to the wide slit is the superposition of the pattern 
due to thése two narrow slits. The full pattern will not be sharp at all if the pattern due 


v 4 
to the two narrow slits are 54x apart because then the maxima due to one will fill the 
minima due to the other. Thus we demand that 
bus laya (Ptr) 
ao — AX = 
r 2 4ra 
ri X 

or Ôn = | L+—-|—— = 42 um. 


5.72 To get this case we must let r — © in the formula for Ax of the last example. 


So 


- (br) >p ^ 


Ax 2ar 2a 


(^ plane wave is like light emitted from a point source at oo). 


4 2. Fm Av oe ÀLA s m 
Then NF LGUAaKA T 


5.73 


U uv mA lil. 


—D ÁÀ 
O 
T 


a) We show the upper half ot the lens. The emergent light is at an angle — Z from the axis. 


“J 


t^ 
~J 
dò 
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When they interfere the fringes produced have a width 
Ax = à = ir = 0-15 mm. 
jy a 


The patch on the screen illuminated by both light has a width by and this contains 


by ba. 
—- = — fringes = 13 fringes 
OX f ^ 
(i£ we ignore 1 in comparis on to m (if 5.71 (a) ) 
(b) We follow the logic of (5.71 c). From one edge of the slit to the other edge the distance 
is of magnitude 6 [ ie. z to Zi Ó \ 
7 * Jj 
TE , I» "A Ay ô 
If we imagine the edge to shift by this distance, the angle w/2 will increase by 2 7^ 2f 
and the light will shift + 2 
b 
The fringe pattern will therefore shift by — F 
Kquating mis do BE = Le we vet s -ËA asum 
oquating tnis t 5 = >, Wege Omax = 5 7p -2r2pgm 
Ax = I» as N NEN 
d / S 0977 IN —- | 
; f — N — | 


d - 2(n-1)0a dj MOT 
ò= (n-1)0 a 


d= 2 ða 


n= RI. of glass 
Thus x22 n-1)84^x* . O64um. 
atb 


It will be assumed that the space between the biprism and 
the glass plate filled with benzene constitutes 


Then the two prisms being oppositely placed, the net 
deviation produced by them is 

= (n-1)0-(n'-1)0 = (n-n')0 
Hence as in the previous problem 

d -2a02a0(n-n) 


So Ax = 
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5.76 


For plane incident wave we let a— © 


À 
SO AX = 50(n-n) 7 2mm 
Extra phase difference introduced by the glass plate is 
2x( n-1)h 
N \ } 


This will cause a shift equal to (n-1 I fringe widths 
^ lj . f n-1)hl 


LER <> f .. x A — 
1.C. by i n — ^ — — ed 2 AL. 


^" d d 


The fringes move down if the lower slit is covered by the plate to compensate for the extra 
e shi h 


uM ple its 


AT 
so n' “n+ = 1-000377 . 


(a) Suppose the vector E, E’, E" correspond to the incident, reflected and the transmitted 


e A Pees haw 
wave. Due to the continuity of the tangential component of the electric field across the 
interface, it follows that 
E+E% = E", (1) 
where the subscript t means tangential. 


— 


The energy flux density is E xH = $. 


Since HV upo = EV ek 


H = EV e Ve/u =nV "E 


Now S „ n E? and since the light à is incident normally 


2 2 2 
n E: = n Et + n, E," (2) 
ra "A 
Or nı (E; -E^4) - m E, 
so m (E-E) = mE," (3 
2n 
SO E," = 
T n. +n T 
+ e 


Since E," and E, have the same sign, there is no phase change involved in this case. 


B oJ 


(b) From (1) & (3) 
(nm*n)E,*(m-n )E, - 0 


Q2 Mmh 
ny +N 


5.79 
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If n>n, then E, & E, have opposite signs. Thus the reflected wave has an abrupt 
change of phase by x if n, > mi i.e. on reflection from the interface between two media 


when lioht is incident from the rer to dencer medii um 


BA Wan = apas avi bU Wivi ALLWUALIALES 


2 n d sec 0, — 2 d tan 0» sin 0, 
0 


sin? 1 
n æ 
v 2 2 
= 2d = 2d Y n -sin 0, 
v sin? 04 
1- 
n^ 
For bright fringes this must equal ( 4: 1) À where l comes from the phase change of x for 
\ 2) 2 r e 
(1). 
Here k=z0,1,2 
Thus 4d V n? — sin? 0, = (2k*1)AX 
A(1*2k) 
or d = = 0:14(1+2k)um 
A F7 
"V nf - sin* 0, 
Given 


2dV m - 1/4 = (Ee 064 wm (Corin fringe) 


2dV n -1/4- K x 0-40 u m ( dark fringe) 
where k, K are integers. 
1 f 1\ unn ean. aye 
Thus 64 kt. = 40K or 4(2k*1) = 
This means, for the smallest integer solutions 
kKk-2,K -»4 
4 x 0-40 


Hence d= 
2 v n^ — 1/4 


x 0-65 um. 


156 


5.81 When the glass surface is coated with a material of RI. n' = Vn ( n = RI. of glass) of 
appropriate thickness, reflection is zero because of interference between variou: 


DOR seme e MU Imc AV AU M Ue A4 ue — r 


reflected waves. We show this below. 


Let a wave of unit amplitude be normally incident from 
the left. The reflected amplitude is -r where 


Yn-1 


= ————— Incident z 1 
vVn*1 t / 


Its phase is -ve so we write the reflected wave as -r. 
The transmitted wave has amplitude t 


\ ttp3 


There is also a reflected part of emplitude 
is the reflection coefficient for a ra i 


Wy bs aa BWA 


air. After reflection from the second face a wave of amplitude 
ttr ox £(1-r?)r? 
emerges. Let ô be the phase of the wave after traversing the coating both ways. 


e Catino towards 
_ TAR Wa AJ 


wwe "D ow TY wA 


Then the complete reflected wave is 
-r-(1-r?)re?? *(1-r 2j, 36219 


5.82 


We now deduce tf’ = 1 —r? and r'= +r. This follows h 
from the principle of reversibility of light path as shown N 


in the figure below. | 
tť+r°=1 NS 


-rt+rt=0 | — 
~ tt -1-r? 


r= +r. | ot / 
| QU /- 
(- r is the reflection ratio for the wave entering a denser | A / / 
medium ). Ft 
We have the condition for maxima 
2d Y n? - sii? 0, [13] 
This must hold for angle 0 + —— with successive values of k. Thus 


Thus À = 24| Vn? n? - sin? 0 + ò 0 sin 0 cos 0 
- V n? - sin? 0 - 5 Osin 0 cos 0 | 


, 90sin 0 cos 0 
2d ———————— 
V n? — sin? 0 


Thus d 


For small angles 0 we write for dark fringes 


. 2 
2dY m^ -sin?0 = 2a(n— 9 ! Jedem» 


For the first dark fringe O œ O and 


For the i” dark fringe 


f — sin^0;) 
2a|n- 2n | = (zisa 
2 
awe a0 AA s; 4) _ P 
or Silt U; = = 1) 


- 
Q 


t 


t 


Un 
UR 


-ally nh LY ri -Ty 
Finally ~| i- K ) 
d "TE 
2 2 
d(ri -rk ) 
so = — 
4l°n(i-k) 
We have the usual equation for maxima 
2h,a V n^ — sin? 0, - (x«i) ~ j 
' ale to rk 
Here hy = distance of the fringe from top —— 


h&a m d, = thickness of the film BÓ C2 


Thus on the screen placed at right angles to the reflected 


light hk £ 
Ax = (hy - h, 1) cos 0, 


ff. ee S034. nn, Se, a ) ee, nny 2... 
\ J TOI TOMI dI ILIUCIILC WC Have us 5 uic dDUVCc LUTHLUIda 
. À 
Ax = 
2na 
- -— INE FOP o | 44 m do ott. m 
UU U ow = OIL UL E UIC vaiucs 
2n^x 


(b) In a distance / on the wedge there are N = + fringes. 


If the fringes disappear there, it must be due to the fact that the maxima due to the 


Ramnanant nf wadalanasth 1 nninnida wrth tha maanima Ana to tha pamannant nf 
VVALLPWVAEUALE Vi wa Veiciigua Fe Coimnciac Wi iv inainimna WM uM LW VALE UIU WA 


wavelength à + A X. Thus 
= [N- 1) À 
Ni = -> |(à+AÀ) or AX = — 
Z LN 


ov ~- ~ Fe 


The answer given in the book is off by a factor 2. 


5.88 


5.89 


5.90 


bad 
fw 
[re] 


So for k differing by 1 (Ak = 1) 
1 1 


2rAr = 5 4kXR - aR 


Q 
A 
~ 


PM 4 
| i 
— wm —kÀ 
R 2 
when the lens is moved a distance Af the ring radius changes to 7’ and the path length 
becomes 
2 
r' 1 
—+2Ah = —-k 
R 2 
_ _ / .2 NAMEN 
Thus rwVr°-2RAA = 15mm 
2 
-r 


r 
In this case the path difference is for r»rg and zero for rs rg. 


R 
This must equals ( k- 1/2) X ( where k = 6 for the six" bright ring.) 


Thus r = V rds [^ 


From the formula M Newton's rings we derive for dark rings 


1j AR = 38mm 


nie 


5o 4(k-kh)R ^ 
Substituting the values, A = OSp m. 


Path difference between waves reflected by the two convex 
surfaces is 


Taking account of the phase change at the 2™ surface we 


write the condition of bright me as 


2( hed). 2b, J N 


(RJ 2 LY 
gni 


74 


aL 


Af. t. 
k = 4 for the fith bri 


: 
J 
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Thus 1,1,.9,. 23 .18^ 
R R 2 qg? 2 
1 
Now Ż = (n-1)}Ł, a (n-1)} 
h A Jo K2 
so L.lilil.l.l(, 1) 184 AA 


Here n = R.I. of glass = 1-5. 


/2 2 
5.91 Here P = (n-1) NR R, | 
2 

\ ~ | 


so 1 1, 0 — 
u R, R, 2(n-1) 
As in the previous example, for the dark rings we have 


Ld 


R, R, -1) 
k = 0 is dark spot; excluding it, we take k = 10 hre. 
I... 
Then r= YORE - 349mm 
(b) Path difference in water film will be 
nor? 1.1) 
(m £82 ] 
where r = new radius of the ring. Thus 
nor = r? 
or T-r/Yng = 303mm. 


Where nọ = R.I. of water = 1-33. 


5.92 The condition for minima are 
r? TEE 
Rms | k+ 2 | A, 
(There occur phase changes at both surfaces on reflection, hence minima when path difference 
is half integer multiple of A). 


In this case k = 4 for the fifth dark ring 
(Counting from k = O for the first dark ring). 


"T'L 1... aur fer ae evra Fay 
inus, We Can Wriic 


Substituting we get r = 1- 47 mm. 


5.93 Sharpness of the fringe pattern is the worst when the maxima and minima intermingle :- 
1 
n^ = [n-5]^ 


5.94 


5.95 


5.96 
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or putting A, @ À, M ZzAtAA 
we get mAh * 
A Ay 


or " 30.-25 7 199. 


Interference pattern vanishes wnen the maxima due to one wavelength mingle with the minima 
due to the other. Thus 


2Ah 2 ko = (k*1)A 
where A h = displacement of the mirror between the sharpest patterns of rings 


Thus k()5-3,) = M 
à 
or k = 
M- Ay 
So Ane M ML no mm 


for maxima. Here k = half-integer. 


The order of interference decreases as @ increases i.e. as 
e 


of the rings increases. J 
(b) Differentiating AIL. | 


on putting Ok = -1. Thus VA ID NS 
TEE | MD 
sin 0 


ô O decreases as O increases. 


P oM "utr 4 Y Pag 7 


(a) We have Ky, 7 —~* for 0 = 0.» 10. 


(b) We must have 
2dcos0 = kX = (k-1)(X*AX) 
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5.3 DIFFRACTION OF LIGHT 


5.97 The radius of the periphery of the N” Fresnel zone is 


5.99 


5.100 


ry = N b A 
Then by conservation of energy 


lx (V NbÀ y = [2xrári(r) 
0 
Here r is the distance from the point P. 


Thus l = —— 


By definition 


2 ab). 
=k 
7 a+t+0oO 
for the periphery of the k” zone. Then 
ar +br = kabh 
2 2 
a ry ar 
So b = ——— = ——— = 2 metre. 


 kak-r kaX-r 
on putting the values. (It is given that r = r,) for k = 3). 


Suppose maximum intensity is obtained when the aperture contains k zones. Then a minimum 
will be obtained for k + 1 zones. Another maximum will be obtained for k +2 zones. Hence 


r = À a b. 
+ a+b 
B= (k+2)a 2È 
2 a+b 
Thu» a = 24b (32r) = 0598 um 
2ab 


On putting the values. 


(a) When the aperture is equal to the first Fresnel Zone :- 
The amplitude is A, and should be compared with the amplitude $ when the aperture is 
very wide. If Jp is the intensity in the second case the intensity in the first case will be 
4 Ip. 
When the aperture is equal to the internal half of the first zone :- Suppose Aj, and Apy 
are the amplitudes due to the two halves of the first Fresnel zone. Clearly A;, and A,, 


differ in phase by 5 because only half the Fresnel zone in involved. Also in magnitude 


| Aj, | - Aou] - Then 
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2 


A 
= 2|Ain SO |Aa P = > 


Hence following the argument of the first case. J,, = 21g 


(b) The aperture was made equal to the first Fresnel zone and then half of it was closed 
A, 
along a diameter. In this case the amplitude of vibration is EE Thus 
I = Ig. 


5.101 (a) Suppose the disc does not obstruct light at all. Then 


1 
A aA - __ 
4idisc T 44rpemainder ~ ^ 


(because the disc covers the first Fresnel zone only). 
1 
SoA mande = — 5 Adise 


Hence the amplitude when half of the disc is removed along a diameter 


(b) In this case 


A = 7 A ccema + Å remainder 


1 1,2 
A 73 in and I 14 
On the other hand lo = Z (AR + Az) = 744 
1 
SO I = =h. 
2 


5.102 When the screen is fully transparent, the amplitude of vibrations is LA (with intensity 


1 
h = 414i ). 


3(14,) ael. 
(a) (1) In this case A = 4| 24 So squaring | = 76/0 
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1 
(2) In this case 2 of the plane is blacked out so 


A - l(l4]] and r= lj, 
2 \ 2 E 4" 
(3) In this case A = +(A,/2) and J = +1, 
4 16 ` 
, 1/1 . 1 I 
(4) In this case A = 334] again and 7 = 4 ^? so 4 = 2 


where q is the total angle blocked out by the screen. 
3(1,\ 1 

(b) (5) Here A = 32^ t3 
m dier J m i 


À being the contribution of the first Fresnel zone. 


Thus A = 2A; and / = Zh 
1/1 3 9 
(6) A= z^ ]*2^ = 441 and / = z% 
1/1, )\ 3 7 49 
A = -| =A, ļ|+74 = z4; and 7 = 4 
(7) JE J 4 1 8 1 1 0 
(8) A 1(1, PM ŽA and 7 ? J (Ig = Ie) 
(5) 5 | 2 1 241 = 441 4 lo Us = 46 
In 5 to 8 the first term in the expression for the amplitude is the contribution of the plane 
att and the second term gives the expression for the Fresnel zone part. In general in (5) to 
p g P P g 
, 2 


(8) I = Ip | 1+ E] when q is the angle covered by the screen. 


3 We would require the contribution to the amplitude of a 


wave at a point from half a Fresnel zone. For this we P 


proceed directly from the Fresnel Huyghens principle. The | ] 


complex amplitude is written as | / 
GQ ikr 
E-[K(o)—e dS bl / 


Here K(q) is a factor which depends on the angle q 
between a normal 7 to the area d S and the direction from 
dS to the point P and r is the distance from the element 
dS to P. 


We see that for the first Fresnal zone 
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2 
[using ra b + F ( for V p^ «b ) 
\ “om \ /] 


y b 
a Te 
0 
For the first Fresnel zone r = b+A/2 so r° « b^ b. and p = bà. 
bi 
Thus E = Qe 2x f e b dx 
0 
i do, -itb e an 1 
b -ik/b 
a - 
= —2zie !**(-2) = -3Xjqe b w Ay 
k k 
For the next half zone 
3b» 
4 
E = fo -ikba y f .-i ayy 
b J 
bh 
a 3 kh -i 
--22mnie tt’ (e^ 4 -e ud 
k 
dg ;) A,(1+i) 
= —2nie'*? (414i) = - ————— 
k 2 


If we calculate the contribution of the full 2 Fresnel zone we will get — A). If we take 
account of the factors K (v) and which decrease monotonically we expect the contribution 


to change to - A>. Thus we write for the contribution of the half zones in the 2™ Fresnel 
Zone as 
Az(1+i A,(1-1 
LAO) g Ax(1- 1) 
2 2 
The part lying in the recess has an extra phase difference equal to - 6 = - n 
the full amplitude is (note that the correct form is e '*") 


/ A X A 
[a-z0*0]e' - 2 (1-i) «Aj - A, 


- [41-0 et-a- 
\ J 


m 


[Ai À) +i | . 1, A A A x 4 A A A 3 
- | 2 ne + iD (as Az ~ As ~ Aj) and A3- A4 Ag... = y. 


The corresponding intensity is 
42 
r= 3-6 et^. "eae -ið ? Li] 


= lo [3 -2cosd+2sin6] = o3 «2 V2 sn [s - 3] 


(a) For maximum intensity sin ( Ó zi x 41 


or 6-—-.2kxn*- k= 0,1,2 
4 2’. > —9 ? 
3x 2x 
Ó-2kne7 7 = 7 (n-1)h 
A (f, 3) 
SO hm sae a | 
(b) For minimum intensity 
/ x \ 
sinJ 5-7 |= 1 
\ } 
8-5 .2kx423 or 8-2kn« 2 
' 4 2 4 
SO h = A (x4 28) 
n-kt 9] 
(c) For] = 1, cos 8 2 0] or f sind = 0 
sin 6 = -1 cos 6 = +1 
Thus ò= 2kn he SX 
or 8-2kne 2, h= —( p 3) 
2 n—1 | 4) 


p J PeP 
0 
—— P 
^0 aw n í-ikb bi/4 
2 € wuge e | bdx — 
p] | 
0 — | 
bb io- | 
2xage k 2/4 -l L 


p= 
o 
=] 


2niage "^ — R Aur 
ck Ge ted) et y (08i) 


A -, 
With phase factor this becomes = ( 1+1) e'? where ò = ex n —1)h. The contribution of 


A; 
the remaining aperture is 5 ( 1-1) 


(so that the sum of the two parts when 5 = 0 is A, ) 
Thus the complete amplitude is 


and the intensity is 
I= [(1«4i)e'*«(1-i)][(1-i)e ^ «(14i)] 
= h[242*(1-iYe^ e (14iy e? 
= Ij [4-2ie f’ «2ie'* ] = I9 (4- Asinó) 
A? 
Here Ip = 4 is the intensity of the incident light which is the same as the intensity due to 
an aperture of infinite extent (and no recess). Now 


I is maximum when sin ô = -1 


Of ò = 2kn+ 253 
La 

h ^ fk 3) d I, 8 I, 

SO "a-i | +3) and (b) J. = 810- 


5.105 We follow the argument of 5.103. we find that the contribution of the first Fresnel zone is 
4ni — -ikb 
ag € 


A 
For the next half zone it is — -z( 1+i) 


, A» 
(The contribution of the remaining part of the 2" Fresnel zone will be — > (1 - i) 


If the disc has a thickness h, the extra phase difference suffered by the light wave in passin 
through the disc will be 


ô = ET (n-1)h 
Thus the amplitude at P will be 
/ A> \ » » 
Ep = |A,-—(1+i) le? -—(1-i)* A-A,-As* 
p= [Aprile z (1-1) *Ás- A. - As 


[e - ua i4 4 
"| 2 ) *2 ^ 


pmi 
o 
Q 


5.106 


5.107 


5.108 


The corresponding intensity will be 


3x 
OI ot. = 2kxu+ ) 
i.e. Ô PURI 
8 
SO h = k -0,1,2,. 


n- -1 G 8): 
Note :- It is not clear why k = 2 for hmin The normal choice will be k = 0. If we take 
k = 0 we get hoin = 0:59 um. 


Here the focal point acts as a virtual source of light. This 


means that we can take spherical waves converging 


towards F. Let us divide these waves into Fresnel zones 
just after they emerge from the stop. We write 

2 £2 2 2 2 —A / 
r? =f? - (f - hY » (b - mx/2y. - (b - h) | 


| 
Here r is the radius of the m® fresnel zone and A is the Hp 
distance to the left of the foot of the perpendicular. Thus I\ A r 


M i 
r æ 2fh = -bmd+2bh \ / | | 
So h = bmd/2(b-f) 
2 
and r = fbmà/(b-f) 
The intancityy mavima are nhesaryvad xr hon an add number of Frecnel onec are evnacend hv the 
A Hv JULO AUIGAALLIG GAY VUDI YUU WEU GEL VUU EBLUZEEWY 2 VE OR RWOARRWAR GUILLO GAY Vvapyvovuw vJ VARW 
stop. Thus 
v Ln where k = 1,3,5 
k = b f 979) 


For the radius of the periphery of the k? zone we have 


1 


n - V kA. = VERD ifa c. 


If the aperture diameter is reduced y times it will produce a similar deffraction pattern (reduced 
n times) if the radii of the Fresnel zones are also n times less. Thus 


ry = T/N 
This requires b' = bn’. 
(a) If a point source is placecd before an opaque ball, the diffraction pattern consists of a 
bright spot inside a dark disc followed by fringes. The bright spot is on the line joining 
the point source and the centre of the ball. When the object is a finite source of transverse 


160 
Aw 


diamension y, every point of the source has its corresponding image on the line joining 
that point and the centre of the ball. Thus the transverse dimension of the image is given 


the 7 
Uy 


y = 9mm. 


(b) The minimum height of the irregularities covering the surface of the ball at random, at 
which the ball obstructs light is, according to the note at the end of the problem, com- 


parable with the width of the Fresnel zone along which the edge of opaque screen passes. 
So h. s Ar 
hmin * A? 


or 2rAr=DAr=— 


Where D = diameter of the disc (= diameter of the last Fresnel zone) and Ak = 1 
Thus A, = ICES} = 0-099 mm. 


5.109 In a zone plate an undarkened circular disc is followed by a number of alternately undarkened 


Let r} = radius of the central undarkened circle. Then for 
this to be first Fresnel zone in the present case, we must 
have 


V ara bap (ashe " 
Tri X cT wv J 2 L 
A[(i,1].^ Lili... a b 
Or a (ats) 2 97 4*5 EA | I 
It is clear that the plate is acting as a lens of focal length 
2 
r 
FERES ab = -6 metre. 
"T A a +b 


This is the principie focai iength. 


Other maxima are obtained when 


These focai lengths are aiso 
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5.110 Just below the edge the amplitude of the wave is given by | l | À | l 
A = S (Ai Ap tÁs As ss) e wy by 


l L4 ¢ 
1 ] nd e 
*5 (A17 Ao tA - A, +...) Lo d 
Here the quantity in the brackets is the contribution of various Fresnel zunes; the factor — is 
ie 
to take account of the division of the plate into two parts by the ledge; the phase factor 5 is 
given by 


2x 
6 = " h(n-1) 


and takes into account the extra length traversed by the waves on the left. 
A 


Using A) -A)+A3-Agt... t = 
1 P 3 2 
A . 
we get A «4 sel) 
and the corresponding intensity is 
1 cos ô (Ai) 
I= I, = . where hœ | — | 
4 ^] 
(a) This is minimum when 
cos Ó = -i 
So Ô 2 (2k*1)n 
À 
and h =(2k+1)S 0-1)! k = 0,1,2,... 


using n = 15, = 060 um 
h = 060(2k+1) um. 

(b) I = ]y/2 when cosd = 0 
or ò= kn+3 = (2k+1)5 


Thus in this case h = 0:30(2k+1) um. 


5.111 (a) From the Cornu’s spiral, the intensity of the first maximum is given as 


Imax, 1 = 1:37 bo 
and the intensity of the first minimum is given by 
I. = 0-78 J, 


^min — "Tg 


so the required ratio is 
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^ aS bA 
Thus (va-") V 5, = X-X, = Ax 
2 
or N= 2 "D! 
b - Vi 
From the Cornu’s spiral the positions of the maxima are 


V = 122, V5 = 2:34, V3 = 3-08 etc 


Ax 


2 
Ti « 0-63 ym. 


"2 
Thus mH 


5.112 We shall use the equation written down in 5.103, the Fresnel-Huyghens formula. 


Suppose we want to find the intensity at P which is such that the coordinates of the edges 
(x-coordinates) with respect to P are x. and — x,. Then, the amplitude at P is 


E = f K(@) = e "as 


We write dS = dxdy,'y is to integrated from — © + 0:4 oo , We write 


put 
“J 
N 


-X| 


. 2 . 2 
E = Ag( b) f PRIZE. d x 4 IL 
x 


where v= M — X4, 4 - V x, 


"" 2b) 
(a = width of the strip = 0-7 mm, b = 100cm, X = 0-60nm) 
At, say, the lower edge y = 0, vo = 1:28 
Thus 
o , -066 ? 2 2 
| f e dus f ei? du | (1.c(064)) «(1-s(064) 
Feentre x 0-64 M - 4 Z } V^ } 
Ledge da D 2 (1-C (1-28) )°+(1-S(1-28)) 
l e ^ dus j e ^ du 
1-28 - o 
f xu 
where C(v) "festa 
DEN TA 
(Vv) “J sin ~~ du 


Rough evaluation of the integrals using cornu’s spiral gives 


I 
centre ss 2-4 
Lage 
pi 2 i 2 
Tu . xu 1 
(We have used f cos 2 du = f sin 7 du = 5 


C (0-64) = 0-62, S (0-64) = 0-15 
C (128) = 0-65 S (1-28) = 0-67 
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5.113 If the aperture has width h then the parameters (v,- v) 


5.114 


associated with (12, - 2 


7 
v= ŽV zx -h/Y2bX À e^t | 


3 are given by 


The intensity of light at O on the screen is obtained as the b | 
square of the amplitude A of the wave at O which is , | 
A. const f ein du j /2 


ca 


Thus I - 2I ((C(v)Y +(S(v))*) 
where C(v) and S(v) have been defined above and 7, is the intensity at O due to an 
infinitety wide (v = oo) aperture for then 


[= SI ac | | -2nxi- 5. 
\ Z ] P 
By definition v corresponds to the first minium of the intensity. This means 
v = VA as -O() 


when we increase h to h+Ah, the corresponding v, = h*Ah relates to the second 
V2bA 
minimum of intensity. From the cornu’s spiral v; e 2°75 
Thus Ah=V2biA (v-v) = O85V2bA 
A (AhY 1 _ (0-70) 1 0-565 
or [os IE " [oss as | Txo6*™ 7 um 
Let a = width of the recess and 
Su KR lol 06 Log 
“ o"  WV2bX  Y2x0:77x0-65 


be the parameter along Cornu's spiral corresponding to the half-width of the recess. 
The amplitude of the diffracted wave is given by 


const | fe inan f eninin duaf e i771 ay 


where | Ó x 22 Uy -1)h 
XC. pn 
is the extra phase due to the recess. (Actually an extra ru 


phase e" appears outside the recess. When we take it 


A 
out and absorb it in the constant we get the expression +—+— 
written). a 


Thus the amplitude is | V | 


const |(C (v) - i$ (v)) e^* «[ i-cQ) }-1(3-se} 


From the Cornu’s spiral, the coordinates conesjonding to the parameter v = 0-60 are 
C(v) = 057, S(v) = 0-13 
so the intensity at O is proportional to 


t 


t P oe ~.2 
| [ (0:57 - 0:13 i) e^! - 0-07 -i0-371 | 
= (0577 + 0-137 ) + 0:07" + 0:37 
+ (0:57-0:13 7)(- 0-07 + 0:37 i) e'* 
+ (05740313i)(-007-i037i)e "* 


We write 
0-57 40-13 i= 0:585 e*/* a = 12:8? 
-0-07 + 0-37 i= 0:377 e*'? B = 100-7? 
Thus the cross term is 


For maximum intensity 


be -2kn, K =1,2,3,4... 


Or 6 = 2kn+ 


s A 
SO ü = 


5.115 


--—-—4 
Q 
-----— X. 


4 2 
| rs 
Using the method of problem 5.103 we can immediately write down the amplitudes at 1 and 
2. We get : 
[ 9 07 2. «| 
At 1 amplitude A, _ const | f e^/" "2 du «e? f eci7"^ du | 
1l | J J | 
— 0 V 


bd 
J 
a 


f -v 2 oo 2 1 
A^ i a er _ | f -~ixu/2 -ib f -ixu/ , | 
t2 amplitude A, const | je dute je du 
=- 00 0 
L J 


where Vom aW 2 
bA 


is the parameter of Cornu’s spiral and constant factor is common to 1 and 2. 
With the usual notation 


v 2 
C » C(v) = f cos du 
0 


v 2 
S z S(v) = f. sin“ du 
0 


oo 2 oo 2 
and the result f cos “du = f sin 77- au = 5 
0 0 


We find the ratio of intensities as 


1 (1i. -is(1-i) ,? 
[5-¢)-i(3 s)+e 2 


(The constants in A, and A, must be the same by symmetry) 


In our case, a = 0:30mm, A = 06Sum, b= 11m 


C (0-50) = 0-48 S (0-50) = 0-06 
. _ 2 
| 0-02 - 044 i + e 7 UTD | | — 55,18 1° 
L | 2 | | 1+ (002 - 0-44 i) 2e | 
— = a . 
h ' i-i | , -ið+ 50 
t g rei 4002-0441 | — |1«(002-044i) V2 e? * 5 | 
MEN | 
But 0-02 - 0-44 i = 0-44e'*, a = 1:525 rad ( € 87-4?) 
2 
L 14044 x V 2 x e! 70740) 1 +2 (0:44) +2V 2 x 0:44 cos ( 6 - 0-740 
So — = | = 
I, | 1«044x V2 x e O90) | 1«2(044)* « 2 V 2 x 0-44 cos (6 + 0-740 ) 
I, is maximum when ô —0-740 = 0( modulo 27) 
L 1:387 + 1:245 2-632 
Thus in that case — = —— —— m 1-75 


Lh 1-387 + 1:245 cos (1°48 ) 1-5 


The contribution of the full 1" Fresnel zone has been evaluated in 5.103. The contribution of 
the semi-circle is one half of it and is 


090 V bX . co 
a - 
T f HIM ID dx fe iky 72b ay 
0 - o 
oo co 2 
^T f -iky/2b ; f -;——, 
Now je dy-|e ba dy 
pr-' 
1/0 ^ È ,-ixu/21, | M ha s-iv4 
V J c Yun 
2 
~- 00 
Thus the contribution of the slit is 
09x V2 
spp; n bd 
VBR e ikb-in/4 f e i"? Ju A 
(d [ "4 * 4e 


n 
v 


127 
_: 2; 1 Z; 2 
^ ahe ikb-in/4 "zi e inu/2 du 
2 0 


Thus the intensity at the observation point P on the screen is 


2 . : 2 
2R | -i EC) -iS(127))| = 222 | -ip C 00967-0651) | 
| 2 } | 2 | 


| 
(on using C (1:27) = 0:67 and S(1:27) = 0:65) 


2 
= à, X. | -i+0-01 - 0-66 i | 
= aX | 0-01 -1-66i |. 
= 2:76 aan 


Now az ^? is the intensity due to half of 1* Fresnel zone and is therefore equal to Jo. (It can 


—- dua Mun S ars 1. 


also be obtained by doing the x-integral over- oo to + œ% ). 


Thus I = 2-761. 
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5.117 From the statement of the problem we know that the width of the slit = diameter of the first 


Fresnel zone = 2 V bà where b is the distance of the observation point from the slit. 


i IRA LA A 
We calculate the amplitudes by VILE A OO GEG 


7 , tus (vl AAG 
B , 7 ^ 
evaluating the integral of problem 5.103 49 1 02 30)^ 
We get OCI 


5954 


n. .. hi . 2 fr 2 
e -i ON -=i 9a —ixu^/ 
- n e ikb J e ixu *dux] e imu 2du 


Å, = -iadjde ' + 
where the contribution of the 1* half Fresnel zone (in 


the last problem. 


Thus = an (1-1)(0 


53-072i)|[/ 
2 


( on using c(v2) = 053, s(v2) = 072) 
= a2 X? | -0-095 - 0-625 i |^ = 0:3996 a2 22 


I. = AT. 
42 = wily 
2 
I = a X. | - 0-095 - 0-625 i - i | 
2 
= agh | -0:095 - 1625 i | 


SO I - 6:6 I, 
Thus IL :Lb:L ~ 1:4:7 


5.118 The radi t half F 


—— 
ius of the first half Fresnel zone is V bA/2 and 


the amplitude at P is obtained using problem 5.103. 


^""2npdp 
-nV bd/2 
f a2 
We use nn 


Thus 


o Qa 
(a>) 
| 
æ 
9. 
- 
[39] 
o 
t 
g”) 
A 
g”) 
li 


LIT——(l.1-1)2 2 -i)= Àb —i 
k (-1-1i) k (1-1)-» Ab(1-1) 
Thus the intensity is 


r 2 


I = |A P = x x2 2-6? «[$-sQ) | 
L 2 


5.119 


From Cornu’s Spiral, 


C(n) = C(107) = 0-76 


/ « n" 


$(n)2$(107) = 


e 
CA 
e 


nm mare 


[= a; X x 2x (0-74) 


e 


‘0 
As before h= ag? so I~ Ip. 


li 
pami 


If a plane wave is incident normally from the left on a slit 
of width b and the diffracted wave is observed at a large 
distance, the resulting pattern is called Fraunhofer 


diffraction. The condition for this is b «c l1 X where l is 


. A cm 


istance between the slit and the screen. In practice 
be fo cussed on the screen with the help of a 


Consider an element of the slit which is an infinite strip 
of width dx. We use the formula of problem 5.103 with 


the following modifications. 


242 
do 


X N00 
FN 
| X Aman (2 
q 72217 


The factor - characteristic of spherical waves will be omitted. The factor K ( ọ ) will also be 


dropped if we confine overselves to not too large ọ. In the direction defined by the angle 


@ the extra path difference of the wave emitted from the 
emitted from the centre is 


A = —-xsinq 


element at x relative to the wave 


ne the amnlitide af the wave ic otven hv 
A LiU LHW GALL AIL Wh FRE VY EEVY WY AD EY VR v 
+ b/2 
fe . 1 1 . 
| iro... _ { i=kbsing  -izkbsno|l / p 
a Je dx -|e2 -e 2 ]/] txsin@ 
e \ fa 
-b/2 
xb » 
sin FU sin @ 
= 
nb ing 
^ 
u .  . sina 
Thus I = Ig —3 
ad 
ub. 
where a = 7. sing and 


Ip is a constant 
Minima are observed for sina = 0 but aw 0 


Thus we find minima at angles given by 
bsinp = ki, k= + 1,4 2,2 


3,. 
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5.120 Since [(a)is +ve and vanishes for bsing = kà i.e for a = kx, we expect maxima of 
I(a) between a = +” & a = +272, etc. We can get these values by. 


d sina d sina 
ig 000) = 402 a da = 0 


a cosa - sing 
— ~ = 0 or tanan=a 


The first three solutions are 
a, = 1:43 x, a, = 2:46 n, a4 = 3-472 
on the +ve side. (On the negative side the solution are — Q4, - o, — Q3, ... ) 


Thus bsing, = 1:433 
b sin q) = 2-46 A 
bsinq4 = 3-47 À 
Asymptotically the solutions are 
b sin Qp % (M + 
5.121 The relation Dsin® = ki 


for minima (when light is incident normally on the slit ) has a simple interpretation : b sin O is the 
path difference between extreme wave normals emitted at angle 0 


When light is incident at an angle 0, the path difference is 
b (sin 0 - sin 6p ) 
and the condition of minima is 


b ( sin 8 - sin 8&9) =ka 
2 f oœ A e A N a " A . A À 
b(sinQ-sinOg) = +A or sin@ = sin Got 7 
Putting in numbers 0) = 30°, A = 05Oum b = 10um 
, 1 1 
sin 0 = 2* 59" 0-SS or 0-45 
0,, = 33? -20' and 0 , = 26? 44’ 


5.122 (a) This case is analogous to the previous one except that 
the incident wave moves in glass of RI n. Thus the 
expression for the path difference for light diffracted 
at angle O from the normal to the hypotenuse of the 


wedge is 
b (sin 0 - n sin ©) i 
we write 6 =0O+A8 i 


Then for the direction of principal Fraunhofer maximum 


b(sin(©+4A98 )-nsin©) = 0 | 
cs =l; ££ 7 VIR 


— A fA = \ 

or A0-s (nsinOQ)-O | N 

Using © = 15°, n = 15 we get LLLI 
A0 = 7.84? 


(b) The width of the central maximum is obtained from (A = 0-60 u m, b « 10 u m) 
b (sin 0, -nsinO) = * À 


Thus 0,17 sin *(nsine s | = 26-63^ 
01-7 sin^! ( sine * ) = 19-16? 
\ P 


CX NOAN x 
-ATAL PB 
d 


The path difference between waves reflected at A and B is 
d ( cos ag - cosa ) 
and for maxima 
d(cosay-cosa) = kà, k = 0, 1,+ 2,... 


In our case, k = 2 and Gp, a are small in radiaus. Then 


2 À 4[ 2 os | 
= | 5 | 
E . (wd-od .. 
‘Thus - 4 = 06lum 
f a = 2 a M d -107?m 
or 180’ 79 7 180^ ^ ^ 
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.124 The general formula for diffraction from N slits is 


sin? a sin? N B 
I a Io UO 


a? sin? B 
. x asin 0 
where Q = 7 
AN 
x(as«b)sinO 
p = 
^^ 
and N » 3 in the cases here. 
(a) In this case a+b = 2a 
. 2 
SO DB = Za and l-h— (3-4sin/2a 
a 


On plotting we get a curve that qualitatively looks like the one below 


(b) In this case a+b = 3a 
so B = 3a 
a 4 


ez ARMS A 


This has 3 minima between the principal maxima 


Un 
YY 


From the formula dsinO = mA 
we have dsin 45° = 2); = 2x 0-650 m 
d = 2V2 x 0-65 um 


Then for A, = 0:50 in the third order 


2V2 x0-65 sinO = 3x 0-50 

sin8 = —12— = 081602 
13xV¥9 

This gives 0 = 54-68° = 55° 


5.126 


5.128 
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The diffraction formula is 
d sin 8) = ng À 
where 0, = 35° is the angle of diffraction corresponding to order n (which is not yet known). 
no À 


Thus d = —— sn, x0:9327um 
sinOy — ? ' 


on using A = 0:535 u m 
For the n" order we get 


sinO = —sin 0) = —(0-573576 ) 
No No 
If no = 1, then n > ng is at least 2 and sin 0 >1 so n = 1 is the highest order of diffraction. 


If ny = 2 then n = 3,4, but sin O > 1 for n = 4 thus the highest order of diffraction is 3. 


If No = 3, 
then n= 4,5,6. 
For n = 6,sinO = 2x 0-57 > 1, so not allowed while for 


n = 5, sinb = > x 0573576 < 1 


is allowed. Thus in this case the highest order of diffraction is five as given. Hence 


my = 3 
and d = 3 x09327 = 27981 ~ 28 um 
Given that 

d sin 0, = A 
d sin 6, = dsin(6,+A6) z2A 
Thus sin 8, cos A 0 + cos 0 sin AO = 2 sin 0, 
Or sin 0; (2 - cos A0) = cos 0, sin AO 
pa a sin A 6 
u =i 2L-cosAQ 
or sin 0, = o LS8inA0 3! 
V sin A04(2- cos A0 
_ sin A 0 
V S-4cosAO0 
Toon. ` d sin A O 
Finally À-——. 
VS-4cosAO0 


Substitution gives A » 0:534 u m 
(a) Here the simple formula 
dsin 0 = m, à holds. 
m x 0-530 


4 Z 
1'2 


Thus 1:5 sin O = m x 0-530 sin O = 
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Th 


arw m aJ MmMAmetst eri aY,. 244 424 —. DM A L m ho Fm A o4 ee £8 un la :f "E. ^? - am 
h ibl 2 I JF œ 2. i nüs 


~ 1 
Highest permissible rt iS I" = a UCtLausc sin 6 ” iil 


sin O = me for m = 2, This gives O = 45" nearby. 


(b) Here d (sin 0; - sin0) = n / 
n 
d 


= 0-86602 - n x 0-353333. 


For n = 5, sin® = - 0:900645 


for n= 6, sinO<-1. 


N 
Thus the highest order is n = 5 and we get N b 
O = sn |( 0-900645 ) 64° S 
R 


ut 


5.129 For the lens 


For the grating 


a, d a (dA , 
cosec 0; = —, cot®; = V (aji 


tan 0, = ——————— 


d\ 
Vir|-1 
\*) 
Hence the distance between the two symmetrically placed first order maxima 
= Of tan A = 2 R 
= eJ tail M1 = 
/ 2 
(n-1) 2) -1 
\ A / 
On putting R = 20, n = 15, d= 60pm 
à = 0-60u m we get 8-04 cm. 
5.139 The diffraction formula is easily obtained on taking account of the fact that th 
in the glass wedge acquires a factor n (refractive index). D get 
d(nsin O -sin(O0,)) = 
Since n» 0, ©- 05,» O and so 0, must be negative. get, using © = 30? 


5.131 


ud 
o 
ou 


Thus 06 - — 18:6? 
Also for k = 1 
~ ^ ~ p [1 
3 ^ US 1 
4 7 sin (30° -6,,) = 172074 AN 
Thus 8., = 0° óc 


+i 


We calculate 0, for various k by the above formula. Fork = 6. -2— =p- Dk 


sin (6, - 30? ) = i> 6, = 78-6? 


Fork = 7 | N 


sin(0,-30*) = + 1 = 0 = 120° 
This is in admissible. Thus the highest order that can be observed is 
k = 6 
corresponding to O, = 78-6° 
(for k = 7 the diffracted ray will be grazing the wedge). 


The intensity of the central Fraunhofer maximum will be zero if the waves from successive 
grooves (not in the same plane) differ in phase by an odd multiple of x. Then since the phase 
difference is 


"2x 
Ô = > (n-1)h 


to m 
= ~~” 
t 
a 
T 
- 
M 
Y 


or h = 


= asinO-(n-1)a 9 -a 
Thus for a maximum 9 Q 
/ 4 \ 


a5in0-| £5] = m 


A 
= 
a 


: Fa í : 1), 
orasmgo =| mt tA | 
J 


\ 
\ 4 N 
K = 0, 1, 2, eee \ \ \ 


m = 0,+1,22,... 
The first maximum after the central minimum is obtained when m * K' = 0 


ind 
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5.132 When standing ultra sonic waves are sustained in the tank it behaves like a grating whose 
grating element is 


d= - = wavelength of the ultrasonic 


v. z velocity of ultrasonic. Thus for maxima 


ftanO, = MAX 


Assuming 0, to be small | because À << 3 


Pa Ca nr ^ ^ 
J n0 J «dl Ug v 
we get Ax = —— = AVI 
m V. y 
—— sin 9 
VA 
Vf 
Ul y = = 
Ax 


Putting the values A = 05m, v = 47 MHz 


= 0-35 m and Ax = 0:60x 10^? m we easily get 
yg 
1:51 km/sec. 


5.133 Each star produces its own diffraction pattern in the focal 


plane of the objective and these patterns are separated by — , - 
angle w. As the distance d decreases the angle O between | b- 
the neighbouring on in either diffraction pattern i A K. » 


"hs, He ALORS "he We CR esyrwsee 


increases (sin 6 = Md) When 0 becomes equal to o2w the f | / \ j 9 3 
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of one system of fringes « coincide with the minima of the | | = 
| 


other system. Thus from the condition P => 
À L2 
0 = 2p and sinO = 7, we get | | Vi — 
: - 
V 
Y = 5° ms Z (radians) | E» 
Putting the values we get y = 0-06" 


5.134 (a) For normal incidence, the maxima are given by 


dsinOÓ = n 
A 0-530 
SO sin ð = n— = nx —— 
d 1:500 
Clearly n s 2as snQ>1 for n = 3. 


Thus the highest order is n = 2. Then 


pod 
Q 
~] 


Putting k = 2, A = OS3um, d= 15pm = 1500nm 


- x P x60 = 647 ang. min/nm. 


4 ^ Wi. resta than Aifleantinn Ffremala ac 
(UJ WVU WAIIUL. LUC UILLIGULIVUEIL RUIIJIIUId dd 
d (sin Og * sinO) = kà 
= na i 
SO sin Op +sin Ô = k7 
ere 0, = 45° and sin O. = 0-707 
A Owes fw v0 n £94 GIIS DILL v0 Ww FN 
so sin 0, + sin O x 1-707. Since 
Aà 053 
d^ 157 0-353333, we see that 
k «4 
Thus highest order corresponds to k = 4. 
d 0 
Now as before D = dX SO 
k k/d 
D = dcos® — p————— 
k | 2 
V HELL] 
= 12-948 ang. min/n m, 
5.135 We have dsinO = ki 
so dð | D k _ tanO 
dn dcos@ i 


5.136 For the second order principal maximum 
d sin 0, =2XK= kar 
Nx 


Or ——dsin0; = 2Nx 
5. 
minima adjacent to this maximum occur at 
Nx Y . Áo M A FC f "^ ary a WM LL 
> dsin(6;£A48) = (2N £1)n 
2 Fa A a À 
or d cos 0; A 0 = — 
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Finally angular width of the 2° principal maximum is 


DAO = 2^ . 22 . tan 8, 
Ndcos@, yy. T7177 l 
NEV 1-(ki/d) 
On putting the values we get 11-019” of arc 
5.137 Using 
Re À kN = N d sin 0 
6 X À 
lsinO l 
TTA CX 
5.138 For the just resolved waves the frequency difference 
by = A. € c 
A AR AkN 
c 1 
" Ndsin® ^ àt 
since N d sin © is the path difference between waves emitted by the extremities of the grating 
5.139 6 X = -050 nm 
À 600 
R = 5, 7 05 7 12000 (nearly) 
=kN 
On the other hand 
dsinO = kà 
] 
Thus iN sinO = À 
where / = 107? metre is the width of the grating 
Hence sin @ = 12000 x > 
= 12000 x 600 x 107” = 0-72 
or 0 = 46°. 


5.140 (a) We see that 


Now to resolve lines with 6X = 0:015 nm and A = 670-8 nm we must have 
R = 0-015 = 44720 


Since 3N < R < 4N one must go to the fourth order to resolve the said components. 


AN : ; 1 c 
b) we have d = —— mm = Sum 


200 
kà _ kx 0-670 
d 5 


SO sin§ = 


189 


since [sin 0 |s 1 we must have ks 7-46 


d 
Oo = X — 
S kmax = 7 " 
Thus Rus = koax N = 91000 = ŽE = 7 
where / = 6:5 cm is the grating width. 
^ mmn 4 2 
À 670 À 
Finally Ô Amin = R.. 7 91000 ^ 007 nm = 7pm = E 
Here 
R = A = 2823 © KN = SN 
Ó X 0-6 
7 y. 5893 _ 1077 
v " 3 d 
3x107? 
d 5393 7 0509 mm 
(b) To resolve a doublet with A = 460-0 nm and 6A = 0:13 nm in the third order we must 
have 
R 460 
sc —- = "x 7 
N 3 3x013 um 
This means that the grating is 


oen 
e 
N 


(b) 


d = 1179 x 0:0509 = 60:03 mm 


we get 60 = kö Us 
d COS U 
On the other hand x = fsinO 
SO bx = fcos080 = FLax 
For f = 0:80m, 6A = 0:03nm' and 
d = sen mam 
we vet 5 x [6um ifk=1 
“8 | Zum if k 22 
Here N = 25 x 250 = 6250 
À 310-169 
d — = = 10339- 
an SX 0-03 10339- > N 


and so to resolve we need k = 2 For k = 1 gives an R.P. of only 6250. 


Suppose the incident light consists of two wavelengths À and à + ô à which are just resolved 
by the prism. Then by Rayleigh's criterion, the maximum of the line of wavelength X must 
coincide with the first minimum of the line of wavelength A + 5 A. Let us write both conditions 
in terms of the optical path differences for the extreme rays : 

For the light of wavelength A 


-(DC+CE) =0 


the first minimum in a single 


0 = 
Hence b 8 


| 
| 
Fon b=5cem,B=001um* 2, = 0434um - 5x10^um 
R, = 1223 x 10° 
for à = 0-656 u m 
R, = 0:3542 x 10° 


R = 5893 | og 
6 
Thus 9 d 
b = 982 x (05898. m n 1:005 x 10° u m = 1-005 cm 
dE - kN = 2x10,000 


bx0-0um^! = 2x10 
b = 2x10°um = 02m = 20cm. 


pout 
© 
wn 


5.146 Resolving power of the objective 
D 5x107? 
T 122A 122x055 x 107° 
Let (Ay )mn be the minimum distance between two points at a distance of 3:0 km which the 
telescope can resolve. Then 


= 7-45 x 10° 


(Ay )mn 122A 1 
3 x 10? D 7-45 x 10* 
NK 3x10 MENU a 
or (Ay)un = D7 = 0004026 m = 405 cm. 
[^45 x 1U 


5.147 The limit of resolution of a reflecting telescope is determined by diffraction from the mirror 
and obeys a formula similar to that from a refracting telescope. The limit of resolution is 
1 1224 (Ay)un 
R D L 
where L = distance between the earth and the moon = 384000 km 


Then putting the values A = 0-5S5ym, D = 5m 
we get (Ay) un = 516 metre 


5.148 By definition, the magnification 
angle subtended by the image at the eye y 
To= "W 


angle subtended by the object at the eye 


eet 


At the limit of resolution y= 122A à 


where D = diameter of the objective 
122 À 


On the other hand to be visible to the eye y’ 2 — 
do 


the pupi 
Thus to avail of the resolution offered by the telescope we must have 


122A | 1224 D 
0 


2 


d, D do 
Hence Daun = 2 = oan 12:55 
0 


Let A and B be two points in the field of a microscope which is represented by the lens 


D. Let A’, B' be their image points which are at equal distances from the axis of the Jen 


CD. Then all paths from A to A’ are equal and the extreme difference of paths fom 
A to B' is equal to 


P 


( 


ADB'-ACPB' 
AD+DB'-(AC+CB’) 
=AD+DB'-BD-DB 

*BC«*«CB'-AC-CP' 


= 2A Bcos(90°-a) = 2ABsina 
From the theory of diffraction by circular apertures this distance must be equal to 
1:22 X 


when B’ coincides with the minimum of the diffraction due to A and A’ with the minimum 
of the diffraction due to B. Thus 


AB = DA = 0-61 È 


-— 
Pa ! . 


sin « 
Here 2 a is the angle subtended by the objective of the microscope at the object. 
Substituting the values 


0-6 55 


1 x 0:55 
AB = ————pm = 1-40um. 
0-24 ° i 
5.150 Suppose dwn = minimum separation resolved by the microscope 


p = angle subtended at the eye by this object when the object is at the least distanc 
distinct vision lọ (= 25 cm). 


T 1 toad tod 1-22 X 
V' = minimum angular separation resolved by the eye = — 
“ug 
‘rom the previous problem 
| 0-612 
~mn ^ sing 
dun _ 0-61 A 
and v= lh  Igsina 


Now 


angle subtended at the eye by the image 
angle subtended at the eye by the object 


when the object is at the least distance of distinct vision 


DIU = magnifying power = 


25 
\ sin ot = 2 x 22. x 0:24 = 30 


Thus 0-4 


ata 


e 


\ 


5.152 
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Path difference / 
- BC-AD S / / 
= a(cos 60° - cosa) ~ MM D, / 
For diffraction maxima ye L, 
a(cos 60°-cosa) = ki, Wf MAS 
since X = $a, we get A a B 
1 2 
cosa = 5-7k 
1 2 o 
and we get k= -1, cosa= yt. = 09, a = 26 
k= 0, cosa= >= 05,0 = 60° 
1 2 o 
k= 1,cosa= 5-7 = O1,a = 84 
k=2,c 1 41 0:3 107-5? 
= osa = BO 5 ^ ,a = 
1 6 o 
k= 3,cosa= ——— = -0:7,a = 1344 
a J 


Other values of k are not allowed as they lead to |cosa|>1. 


We give here a simple derivation of the condition for diffraction maxima, known as Laue 
equations. It is easy to see form the above figure that the path difference between waves 


erattarad hv naarhky crattaring rantrac D and D ac 
DLUAaALILUICU vy ivairiu y DUALI MIK TAILU O X: 1 Gili Zz 2 io 


P A -P,B =r -rS 
-rF(S-s)-rSs. 


TI >. | T n^ - 

Here r is the radius vector P, P; . For 
maxima this path difference must be an 
integer multiple of A for any two 


neighbouring atoms. In the present case of j 
two dunensional lattice with X- rays ENN 


* . — — * / 
incident normally r-s = 0. Taking Bo N / / 
successively - nearest neighbours in the NJF - 
. . -—P» 
X — & y - directions P B 
1 


We get the equations 

acosa = fin 

bcosp = ki 
Here cos a and cos f) are the direction cosines of the ray with respect to the x & y axes of 
the two dimensional crystal. 


Ax / 1 Ax \ 
cosa = —————— = sin | tan 7 | = 0-28735 
V (Ax)*+41° \ / 
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so using h = k = 2 we get 
40 x 2 
2873s Pm = 0-278 nm 
Similarly cos B. — A) - sin (tan 52 = (19612 
4 / / A ` A 
V(Ay) «AU ` 
| 80 
b = = 0-408 nm 


5.153 Suppose a,ß, and y are the angles between the direction to the diffraction maximum and 
the directions of the array along the periods a, b, and c respectively ( call them x, y, & z 
axes). Then the value of these angles can be found from the following familiar conditions 

a(l-cosa)= kà 


bcosB =k, à and ccosy = kà 
where ki, kz, k are whole numbers (+, -, or0) 


(These formulas are, in effect, Laue equations, see any text book on modern physics). Squaring 
and adding we get on using cos? a + cos? B + cos” Y71 


2 2 2 
(Y fk) (ey ll. 2RhA 
2-2cosau-|l|l—| +| =| +| >| IX = 
(27 V5] NEJ] a 
Thiig = 2k [a 
und "C [tb ia atfbt.iaaftfLt.iav 
| 5/4) tie fay tens [aJ | 


Knowing a, b, c and the integer k, ka, ka we can find a, B, y as well as A. 


5.154 The unit cell of NaCl is shown below. In an 


infinite crystal, there are four N a* and four A p A) 


ni- Qv — 
Cl ions per unit cell. (Each ion on the A 
one cell only and finally each ion on the 
| | 
where M = molecular weight of NaCl in | | | Pd 
gms = 58-5 gms 


| 
middie of the edge is shared by four unit Gg | | 
comer by eight unit cells.) Thus 
A M = o°-@ 
l p'a 
N, = Avogadro number = 6-023 x 10” 


celis; each ion on the face centre by two unit 

N, | | jp. 
"hec 1 EE V, M = 7299 
i iu> -— p^ de 


| | | 
cells, the ion in the middle of the cell by | | | 
AN 
The natural facet of the crystal is one of the faces of the unit cell. The interplanar distance 


EE MM 
d-7a- 2-822 À 


195 
Thus 2dsina = 2A 


Qa — 7 
MIN uu 


5.155 When the crystal is rotated, the incident monochromatic beam is diffracted from a given 
crystal plane of interplanar spacing d whenever in the course-of rotation the value of 0 satisfies 


the Rraga annatinn 
VARAM 171 «- 5 <>) wy ea erwin 


We have the equations 2dsin 0, = K, XA and 2dsin0, = kà 
2 ^ 


D... AN .. -- n ^n 

DUL JU—2U] = U-L2UgTU Ur Ul = UTU 
Ct 

SO 9270 t7. 


Thus 2d Í sin 0, cos C + cos 0, sin S | = bd 
[meee ee os 


6, «e? 
e K2? 
NIA 7 NNk 
Hence 2d sin S cos 0, = [k-k cos +) 2 31-202 P- 
2 2 
also 2 d sin 7 sin 0, = k Xsin 5 
1/2 
. (0 [42 ! a \ 
Squaring and adding 2 dsin ~ - (n +k "2h cos 7 | A 
` d 1/2 
Hence d = A | k? + - 2 k cos | 
2 sin = | | 
2 
Cuhctititingc oy = ^n? L z^ 1 2 17A am 
WUVSULULITIE, LA VU » ^1 4, 150707 25, fI S X I$ p ii 
we get d = 281pm = 281A 


(and not 0-281 p m as given in the book.) 
(Lattice parameters are typically in A’ s and not in fractions of a pm.) 


5.156 In a polycrystalline specimen, microcrystals are oriented at various angles with respect to one 
another. The microcrystals which are oriented at certain special angles with respect to the 
incident beam produce diffraction maxima that appear as rings. 

The radial of these rings are given by 


r = [tan2a | 
where the Bragg’s law gives of l 4 
2dsina = kh > Vm lon |n 
CM ] LA | 
In our case k = 2, d = 155pm, XA = 178pm / 
_ -1178 x £0 anA : ^4 com CU | 
so a = sin -zz = 606 and r = 352 cm. $ 


half-screen for one or th¢ other of these light waves. The 


of two plane notarized ligh of intensity | 2 with i 
mutually perpendicular planes of vibration. The screen > 
consisting of the two polaroid half-planes acts as an opaque =——____» 
resulting diffraction pattern has the alterations in intensity ? 


(in the illuminated region) characteristic of a straight edge —> '!| n 
on both sides of the boundarv IN 
Movet MISTS VE MIY rte Je 0o FEE, 
bounda 
At the boundary the intensity due to either component is y 
(1o/ 2) 
4 


lo a 
and the total intensity is 4 . (Recall that when light of intensity Jọ is incident on a straight 


edge, the illuminance in front of the edge is 75 / 4). 


5.158 '(a) Assume first that there is no polaroid and the 


© 
N 


amplitude due to the entire hole which extends over AB 
the first Fresnel zone is A, 


2 

- A ll 

Then, we know, as usual, I) = —, He =] 

* Wit dt) E——J 

When the polaroid is introduced as shown above, each Xllill ————J 
- ae NIIE 
hal f transmits only the corresponding polarized light. NI | d 

If the full hole were covered by one polaroid the ^ 


P mili sen 4a cms ten «211 f A X 
a upiituuec transmi tted Will UU (441 / Y ó J e 


Therefore the amplitude transmitted in the present case will be through either half. 


Ay 
2V2 
Since these transmitted waves are polarized in mutually perpendicular planes, the total 
intensity will be 


(A \ (AN AZ 

| — | +i — | = a = lọ. 
2V2} 12vV2] 4 

\ A S j 


circumference of the circle limiting the first half of the Fresnel zone. (This however is 
inconsistent with the polaroids being identical in shape; however no other interpretation 
makes sense.) 

From (5.103) and the previous problems we see that the amplitudes of the waves trans- 


mitted through the two parts is 


a 
WALL 


5.161 


jou 
© 
~ 


—- eee n^n ofa _ a ae S a en 


e polarizer rotates with angular velocity w its instantaneous principal direction makes 
t from a reference direction which we choose to be along the direction of vibration 


of the plane polarized incident light. The transmitted flux at this instant is 


Do cos? w t 


and the total energy passing through the polarizer per revolution is 
T 
r 2 
J cos“ wtdt, T = 2x/w 
0 


= o = 06m J. 


Ela 


incident beam 


Then the intensity of the beam transmitted through the first Nicol prism is 


Hence fraction transmitted 


I 
= N anat cos@%- pm O12 for N= 6. 
Ip 2 


and g.= 30° 
When natural light is incident on the first polaroid, the fraction transmitted will be 5 (only 


the component polarized parallel to the principal direction of the polaroid will go). 
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5.162 


5.163 


The emergent light will be plane polarized and on passing through the second polaroid will 
be polarized in a different direction (corresponding to the principal direction of the ane 
polaroid) and the intensity will have decreased further by x cos” p. 

In the third polaroid the direction of polarization will again have to change by @ thus only a 


C£. 


$ raa mer A 2 us eat 22 1 
fraction t cos“ q will go through. 


Finally I=hx 2v cost q 
Thus the intensity will have decreased 
I, = 2 _ = 60-9 times 
I costo 
for t = 081, p = 60°. 


Suppose the partially polarized light consists of natural light of intensity J, and plane polarized 
light of intensity /, with direction of vibration parallel to, say, x — axis. 
Then when a polaroid is used to transmit it, the light transmitted will have a maximum 
intensity 
1 
2 


when the principal direction of the polaroid is parallel to x — axis, and will have a minimum 


"n +I, , 


intensity =, when the principal direction is l1" to x- axis. 


T T 
4 — Ími 12 
Thus p. omma te 


Uu 
O 
| 
i 
i 

| 


If, as above, 
I, = intensity of natural component 


Í. = intancityv of nlane nolarized camnonen 
L intensity of plane polarized component 
then Imax ™ jh +I, 
I, 
and I = = = zh + In cos? 9 
/ 1 \ 2 
SO fr = Imax (17 J ose v 
1 2 Imax | 1 
h = 2L. 1 -f1 1) cosec? o | - — > ENTM 
Lv 8j j sino | 
1 
Th h l- n n-1 
en = = 1 dO 
Hh 4L 2( i-es! g | «1-1 1-yncos2q@ 
ae | 


5.164 


pul 
© 
© 


—-— n PM n Acc 


with inte nsity lọ . Suppose that each | polarizer transmits 


= 


oscillation plane perpendicular t to the principal d direction of the polaizer. Then the intensity o 
light transmitted through the two polarizers is equal to 
h= a4 Ip + 05 Ip 
when their principal direction are parallel and 
Il, = a Q; lo +% Q lo = 20, œ lo 


when they are crossed. But 


Ih we at n 

ll Al T U2 I 

so OQ, — A a n-i 
Q4 + Ay M "-41 


Thus P = V — -=V Z =-0 


(b) When both polarizer are used with their principal directions parallel, the transmitted light, 
when analysed, has 


maximum intensity = "^ and minimim intencity f. = "^ - 
ARACAARAERRRUVSARR  ASARWVW/READ eJ» 4max “i 40 GAL ARRBALRARARUVSARAR ALLUV ALO St Y 42min “7 *0 
2 2 
Q4 — Ay Q;-05 (a,*05) 
aitoa, GTS ay +a 


If the principal direction N of the Nicol is along A or B, 
the intensity of light transmitted is the same whether the 
light incident is one with oscillation plane N, or one with 
N^. If N makes an angle 6 q with A as shown then the 
fractional difference in intensity. transmitted (when the 


amem AUD ue Wem "Wr mA RAS GP e m En ER. W^ HE e EA UE eS Ben 4 We sive wa WAR BEQJes ESO A ee VY BA WAR wae 


light incident is N, or N, ) is 


cos ? (90° 9 59|- cos? [90* + 2-89) 
(a2 MEN / \ 
I A = 2fane o) Al iN 
\ /4* CUS ~ 2] | J 
pi 


sin 7 B------- _—_. | L =~ =... =. sa 

2 sin € 2 cos $5 @ i N 
= 4 cot 55 @ i 
sin? £ l 
hs / | 


If N makes an angle Óg (<<q ) with B then 


2 cos £. 2 sin g/2 ô 
( AT _ cos’ (9/2-869)-cos(q/2*59) | 2 T Ye 4tano/28¢ 
| I J cos? p/2 cos? p/2 
Thus y= ( AI) / ( AI) = cot? q/2 
TAL AT js 
-1 1 
or = 2tan |— 
p Vn 


This gives mg = 11-4° for ņ = 100. 


5.166 Fresnel equations read 
r ag S (0-6) o -p Pio) 
Cx 77 sin? (0, + 6;) ll tan? (0, +02) 
At the boundary between vacuum and a dielectric 0; æ 6, since by Snell's law 
sin 8, = nsin 0, 
Thus 4, / I, cannot be zero. However, if 0, +6, = 90°, Ti; = O and the reflected light is 


polarized in this case. The condition for this is 
sin 8, = nsinO,, = nsin (90° —0,) 


or tan 8, = n ð, is called Brewsta’s angle. 


The angle between reflected light and refracted light is 90° in this case. 


5.167 (a) From Fresnel’s equations 


250 V) 
P al Sn (CU; 7 02) j 
1 7 fi ? 
sin? (0, +  ) $ at Brewste’s angle 
T, = 0 | 
P. = TJ. sní(0.—0,) 
*1 £j wast YI v2 J 


1 4 
= 51 (sin 0, COS 0, - cos 0, sin 0; )° 


. n 
Now tan 0, = n, sin @, = 
Vn +1 
1 
cos 8, = - sin 0, = cos O 


l, 
Thus reflection coefficient = p = T 


on putting n = 1:5 


(b) For the refracted light 


2 
if 2 i\ | 
I", = l -l = =I 1- 
2 n? +1 
1, 4n 
2 (n'«1)y 
1 
fy, = =I 
|| ) 
at the Brewster's angle. 
ne the (decree af nalarigatinn nf tha rafvraotend hicht ic 
Ba UR had ^ beth VJ BR. PEE Be vis^aa VE Min AWS GY EL O86 Galad — mb As 
LAE LE (424.1332 Awe 
P A p74 24 A tij —^5H 


mor 57I NI 
Dutfl, (n° +1) +4n 


i (n?-1) ^p 
2(nmn1y-(m-1)y i-p 
On putting p = 0-074 we get P = 0-080. 
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5.169 


— mom e m ER Tan w ae ee W^ Ww warwa m J’ 


the intensity is affected by the change of the 
cross section of the beam by refraction. Let = 


A;, Á,, Á be the cross sections of the 2 IN 
incident, reflected and transmitted beams T 
Then 
Aj = A, 
cos r N N 
A, = A; R 
COS | 
But at Brewster's angle r = 90 - i 
SO A, = A; tan i = nA; 
(1-p)1o 
Thus I, = — 


The amplitude of the incident component whose oseillation vector is perpendicular to the 
plane of incidence is 


A, = Asin @ 
and similarly Aj) = Ag Cos @ 


. 2 
: 0,- 0 
i, Sin (8i - 2) in 


Then I', 2 Ig 
L50 Sin? (0,40) 
[ sin 6, cos 0, - cos 0, sin 6;] NE 
E -° | sin 8; cos 0; + cos @; sin 6; | D 
2 
E [57-11] - 2 
= b| 37 | sme 
[n *1] 
2 
2 
Hence o a [m-1| cin? m 
Hence Pp dg. m9 
uu! =] 
Putting n = 1:33 for water we get p = 0-0385 


Since natural light is incident at the Brewster’s angle, the 
reflected light 1 is completely polarized and P} = 1. 


Brewster’s angle [n 3 sc 3 is also completely 
polarized. Thus P; = 1 
Now as in 5.167 (b) 


P, = —— = 0-087 if p = 0-080 
A 77 P 
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finally I,=(1-p) J = 


(b) Suppose p’ = coefficient of reflection for the component of light whose electric vector 
oscillates at right angles to the incidence plane. 


2 
From Fresnel’s equations p = [5 = | 


\ fé * 
Then in the transmitted beam we have a partially polarized beam which is a superposition 
of two (|| & L) components with intensities 


1 1 
Flo & Flo(1-p » 


4 / 4 »~2 2.4.4 ac 4 4 Arc 
p,li-ii-p) lke tty -ilon 2 1-V/20 |. (158 
r = U'120 


1«(1-p (n4+1)*+16n* — 140726 © 


~ 
wy 


5.173 (a) 


(b) 


4 e ^ ^ ll-A-m- o4 4^ Élc-e—«—- oxi sb. ane ne Tse A tas 
A is ICI lt UIL d &idss piat al DICWDSLCI > dl it, Wc LIAMsSITLIltcg Hu 
has 
16 nî 
mo Y /^5 444 ]"! n Y /^ _ m4r 7^ 
4|| = Iy a ailu dj 440 a = iy 4 
ET +1 )' 
where Jp is the incident intensity (see 5.171 a) 
d 

After passing through the 2” plate we find 

1 1 

I," - =I, and I nou (a$ y =I, 
2 2 
mas 1 
Thus after N plates I = 5 lo 
pirans = a** 1 A 
ME" = lH 2 V 

1-o** 2n 
Hence P = TN where «& = 5 

1+a +n 


We decompose the natural light into two components with intensity J} = zlo = J, where 


| | has its electric vector oscillating parallel to the plane of incidence and 1 has the same 


p’ <inz (A / A A \2 / 4 42 
n Sii (U; —U5) Vi — 42 n-i 
= = lim = lim = =p 
n 0, 0 sin’ ( 0, + 6; ) 0, —0 0, * 0; n+1 
, 2 
similarl ‘ll = p =- (== 
y qi P n+1 
2 
Thus ep = (23) - l.. 0.04 
[T^P?^|2s| ^55 
The reflected light at the first surface has the intensity 
I, = plo 
en the transmitted lieht has the intensity "- r 
A AAWÓAR VAR AL CAAA AER SUL OS inis <- set AB CA ruw AARVV/RARAD A uh 4 43 
I= (1- p) í I4 
At the second surface where light emerges from glass To Io 
into air, the reflection coefficient is again p because WA 


. . T 1 
p is invariant under the substitution n — —. 
n 


Thus J;=p(1-p)Jp and I, - (1 - p)! Io. 
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For N lenses the loss in luminous flux is then 
> = 1-(1-p)™ = 0335 for N = 5 


5.174 Suppose the incident light can be decomposed into waves 
with intensity J; & I, with oscillations of the electric 
vectors parallel and perpendicular to the plane of 


incidence. I Ar 
For normal incidence we have from Fresnel equations 0 2C UH 


i 11 0, «4 6; ti n+1 <==], == 
where we have used sin O æ O for small 0. ie ie as 
—~ I| —J-- 
/ ! P 2 —— — — IL 3 ~~ 
e; ' n-i — mu Dd — 
Similarly TT * li sa 777777777777777, 7777 
Then the refracted wave will be 
I" Í án and J,” =I 4n 
= 1 = 41 
GTP (n *1) 


At the interface with glass 
wre po (wean) 


"n 


, Similarly for Jj 


we see that 


L’ I!" 
+o. if wl-vy n, similarly for I component. 


I, Ij M 
This shows that the light reflected as a fraction of the incident light is the same on the two 


Rater The ctatenaent nf the nenhlenw given im the hack ie inensrreact Actual amnlitudes ara no 
LVNULL. A Mt SULGtVULLIVvill Vil LUU pivyui il EN vil AL WEY UVUUVUARK AD BEEIV VIELE ZAÀvULUGIA aar pastu Vas aitu ARV 
equal; only the reflectance is equal. 
E 17& Hara A — A«? 
w/o À se LICIU Vi — TJ 
sin 6 1 x l 2 y2 0-4714 
9 = x7 F —— Z = = 
V2 "^" 3V2 3 
0, = sin ` 10-4714 = 28-1° 
2 (0, -90 
H p sin” (0, - 02) 
ence 1 Ci . 2749 n \ 
Sin {Ui + Uy ) 
1.Íí(sinl169 Y 1 
si . 
= -l| ~z | = =o x 0:0923 
2 sin 73-1 2 
\ / 
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5.176 


§.177 


fe Ra eean nt ouwnlae'imatí4es N 2f at, QE an 4° fa 
(4) Legrec OL poiarizauon £ OL uie revecied lignt 
.9 0-0838 


= 01009 7 0931 


(b) By conservation of energy 
I” = >h x 09077 


2 
H a 1, x 01-9015 
ul 270^ V-o2r71LiJ 
0:0838 
Thus P = 1.8982 0:044 


The wave surface of a uniaxial crystal consists of two sheets of which one is a sphere while 
the other is an ellipsoid of revolution. 


The optic axis is the line joining the points of contact. 


«alae tha annenneinta LachanJa nanatenntian 


iO makes tne appropriatc muygnens consuucuon we must draw the relevant ction of th 
wave surface inside the crystal and determine the directions of the ordinary and extraordinary 
rays. The result is as shown in Fig. 42 (a, b & c) of the answers 


In a uniaxial crystal, an unpolarized beam of light (or even 
a polarized one) splits up into O (for ordinary) and E (for 


extraordinary) light waves. The direction of vibration in Ill | | | | | | | I 

the O and E waves are most easily specified in terms of - xO 
Mu ond E nein ned nus Thz nznangl l - HILDA 
the O and E principal planes. The principal plane of the HIE ED em 
ordinary wave is defined as the plane containing the O ray i | | | | | | kc ---] 

and the optic axis. Similarly the principal plane of the E PENNE ee 


wave is the plane containing the E ray and the optic axis. 
In terms of these planes the following is true : The O 
vibrations are perpendicular to the principal plane of the 
O ray while the E vibrations are in the principal plane of 
the E ray. 


When we apply this definition to the wollaston prism we 
find the following : 


Reve ooo Mewes OOF Bt OO 
ee 6o € $30 @ we 
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When unpolarized light enters from the left the O and E waves travel in the same direction 
but with different speeds. The O ray on the left has its vibrations normal to the plane of the 
paper and it becomes E ray on crossing the diagonal boundary of the two prism similarly the 
E ray on the left becomes O ray on the right. In this case Snell’s law is applicable only 
approximately. The two rays are incident on the boundary at an angle 0 and in the right prism 
the ray which we have called O ray on the right emerges at 


sin"! ging = sin ~ !c—— 1-658 x t = 33-91° 
No 1 486 * Zz 


n, = 1:1658, ng = 1:486 and 6 = 30°. 
Similarly the E ray on the right emerges within the prism at 
sin71 sin @ = 26-62° 


This means that the O ray is incident at the boundary between the prism and air at 
33-91 - 30° = 3-91° 


Pe oon 


a erred) nee ee feet niíec:.:24Lh un 
alu Will TCT’ MLO alr with a deviation of 


= sin 1 (1-658 sin 3:91? ) = 6-49? 
The E ray will emerge with an opposite deviation of 
-1 ( p, sin ( 30? — 26:62? )) 
- nc (1486 sin 3:38? ) = 5.03? 
Hence Ô æ 6:49? + S-03? 


Ww iirst OUILIUCI in ( n. — Vig J 


The wave is moving in the direction of z- axis 
(a) Here E, = Ecos(wt-kz), E, = Esin(wt-kz) 


2 2 
ie ae 1 
E? E 


so thc .p of the electric vector moves along a circle. For the right handed coordinate 
system this represents circular anticlockwise polarization when observed towards the in- 
coming wave. 


X 
(b) E, = Ecos(ot-kz), E, = Boos [or-kze 2) 


E, EE aU uU 
so — = — cos(ot-kz)- —— sm(ot-kz) 
E v2 V2 

- rw , m2 
ot (Ey 1 EY if E) 
E J3 E 2 2 


or 
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This is clearly an ellipse. By comparing with the previous case (compare the phase of 
- tha ter aaa’ e: nnn thin anmwnnne-tn -1122.0! 221 PA p ene eee ee oe a) ern UEM | 
Ly 1H tue UU CdotsJ wv DCC ulmi ICpICoCIIi5 CHIPUCE! CIOCAWISC poOldrIZdtiUM WHCH vicwecu 


towards the incoming wave. 


xy 


We write the equations as 


E, + E, = 2 E cos 


yam t 


1 T 
wt-kz+ +5) cos g 


2 2 
E.-E E.-E 
Thus ( ax" Ny |) yf Heo |] on 1 
| 2E cos = | | 2E sin = | 
\ 8) (7 8] 
c T. .X . . . . . 
mra Ane — 9 cin —, ^ marine avice io in than Alen ntennn nF tha cateaninht liana as — ~v 
WHIT. Uys Q ^ Sill Q > uiv Ii JOI GAIS I> ili UC UHTCCLUUOULIL UL UIC ot aiEIt llc Y = X. 
"Pa FE = Fence lavt_itkyr\ 
E, = Ecos(ot-kz*nx) = -Ecos(wt-kz) 
Thus the top of the electric vector traces the curve 
E, = -E, 
which is a straight line (y = -x ). It corresponds to plane polarization. 
For quartz 
n, = 1553) 
for A = 589nm. 
= 1:544 
na muaets alata nit marallal tn ita natin nwan ni a A Tiebhe snnm norma! ler fenem 
In a quai pia VC vVUulti pataiwl w ib opur GA 15, p! is 115 u1 ICIUM Lt neum LEVI 


the left divides itself into O and E waves which m 
speeds and as a result acquire a phase difference. This phase difference is 


where d = thickness of the plate. In general this makes the emergent light elliptically 
polarized. 


(a) For emergent light to experience only rotation of polarization plane 
62(2k*r1)xn,k20,1,2,3.. 


For this d = MES 
- No 


589 2 NI 
= (2k*1)75— 009 m - (2k*1)7 mm 


The maximum value of (2k-1) for which this is Il | | 
less than 0-50 is obtained from | 
0-50 x 18 L 16.92 
TIL 


0-589 
Then we must take k = 7 and d = 15x —5 


5.180 
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(b) For circular polarization 5 = a 
modulo 20 i = (4k*1)2 
À 0- 589 
S d = O AA LL 
o (Akti) Ty = (Ak*1)—— 
0-50 x 36 
NOW Sag" 30:56 
The nearest integer less than this which is of the form 4 k +1 is 29 for k= 7. For this 
d = 0-4749 mm 


As in the previous problem the quartz plate introduces a phase difference 5 between the 
O &E components. When ô = zx/2 (modulo x ) the resultant wave is circularly polarized. 
In this case intensity is independent of the rotation of the rear prism. Now 


2x 
ð = —(n,-ng)d 
^ 


= 2* 0.009 x 05 x 10? m 


e 


On .. 
z——,Akinpyum 
A 


For à = 0:50um. 5 = 18x. The relevant values of 5 have to be chosen in the form 
OH For k = 17,16, 15 we get 
À = 0:5143 pm, 0:5435 | Y r 
These are the values of A which lie between 050 um and 0-60 um. 
As in the previous two problems the quartz plate will introduce a phase difference ò. The light on 
passing through the plate will remain plane polarized only for 6 = 2kx or (2k41). In 
the latter case the plane of polarization of the light incident on the plate will be rotated by 


90° by it so light passing through the analyser (which was originally crossed) will be a 
maximum. Thus dark bands will be observed only for those À for which 


6 = 2kx 

` . 2x ,. 2A ann 2c. 4n-3 
Now Ò = ——(rn,-ng)d = ——x-0U0xloxi1U m 

^ ^ 

27] x 

-— (àin pm) 

À 
For À = 0:55 we get Ó = 49-09 x 
Choosing 5 = 48 x, 46 x, 44 x, 42 x we get A=0:5625 u m, à 2 0.5870 u m, A = 0:6136 u m 
and À = 0-6429 u m . These are the only values between 0-55 um and 0-66 u m. Thus there 


are four bands. 
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Here 
5 = et. 0-009 x 0-25 m 
= na, Xin pm. 
We check that for à = 428-6nm ô = 1052 
A = 529-4nm 6 = 857 


À = 6923nm 6 = 65x 
These are the only values of À for which the plate acts as a quarter wave plate. 


Between crossed Nicols, a quartz plate, whose optic axis makes 45° with the principal 
directions of the Nicols, must introduce a phase difference of (2 k + 1) x so as to transmit the 
incident light ( of that wavelength) with maximum intensity. For in this case the plane of 
polarization of the light emerging from the polarizer will be rotated by 90? and will go through 


41 anah laic Ta ah. LAD wn ere 


tic analyser undiminished. Thus we write for light of wavcicnpinus US) IUU 
A 2 x x 0-009 "5ancvi1n-3 
ô = — — —* d (mm) x 10 
0-643 x 10 
18 x d 
= oem 7 (2k+1)x (1) 
To nearly block light of wavelength 564 nm we require 
18xd  ..,.. ^ 
nega Ak jn (4) 
U'2O0« 
We must have 2k’ » 2k 1. For the smallest value of d we take 2k’ = 2k+2. 
Thus 0-643 (2k+1) = 0564 x (2k 4*2) 
SO 0-079 x 2k = 0-564 x 2 - 0-643 
Or 2k = 6:139 
This is not quite an integer but is close to one. This means that if we take 2k = 6 equations 
(1) can be satisfied exactly while equation (2) will hold approximately. Thus 
d = 7x 0643 = 0-250 mm 
If a ray traverses the wedge at a distance x below the joint, WO, 


then the distance that the ray moves in the wedge is 


2x tan S and this cause a phase difference 


2n o 
ò= X (te - no) 2x tan > | 


general x the resulting light is iptically polarized and is [| 


t letel hed b " l laroid. Th WII 
not completely quenched by e analyser polaroid. e ANN 


condition for complete quenching is 
Ó = 2kx— dark fringe 


5.185 
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That for maximum brightness is 


ð = (2k*1)xn- bright fringe. 
The fringe width is given by 
Ax À 
2(n - no) tan S 
e 0 7 2 
Hence (n,- ng) = ——À— — 
e 9^ 2Axtan 0/2 
using tan( O/2) = tan 175? = 0-03055 , 
À = 0-SSum and Ax = 1mm, we 


ne- ng = 9-001 x 107? 


Light emerging from the first polaroid is plane polarized 
with amplitude A where Nj is the principal direction of the 


polaroid and a vibration of amplitude can be resolved into 
two vibration : E wave with vibration along the optic axis 
of amplitude A cos q and the O wave with vibration 


perpendicular to the optic axis and having an amplitude COX 


A sing. These acquire a phase difference 5 on passing NUM N 
through the plate. The second polaroid transmits the X | N N 
LIND 
components : | 
A cos q cos q' | 
N1 
and A sin q sin qj 
What emerges from the second polaroid is a set of two plane polarized waves in the same 
direction and same plane of polarization but phase difference à. They interfere and produce 
a wave of PIT cn squared 
- 2 , s 2 . 2 ' "^ s . * i e 7 
R° = A’ | cos” cos” Q'- sin’ ọsin” y + 2 cos ọ cos Q' sin ọ sin q cos 6 |, 
, . , 2 
using cos? (p - p’) = (cos q cos q’ + sin p sin q') 
2 2 2. 2 . , 
= cos“ Q cos“ q’ + sin“ ọ sin“ q’ + 2 cos p cos q' sin ọ sin q' 
we easily find 
. , . 20 
R? = A? | cos? (o7!) -sin2 sin2 9 sin? 3 
aT. A 2 y /^ ..3 D2 Fo. ha ennu'e le 
Now A“ = Iy/2 and R' = I so the result 
Iz 1, [| moe \ da2 eda? e ca © | 
A 27|o— UY Y } DIE de Y DIM Sy Y DILL 2 | 
Special cases :- Crossed  polaroids Here p-q’=90° or q«'9-90* and 
2q' =2 9 - 180° 
Thus in this case 
i, . . 20 
I-1,--lIsin29sin?— 
2 2 
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Parallel polaroids : Here p = «' and 


Tei, =+n/1 2 6 | 
I^» o| - sin? 2 sin 3| 
/ 


`~ 


, 2 X » 
With 6 = >A , the conditions for the maximum and minimum are easily found to be that 
Shown in the answer. IN 
Let the circularly polarized light be resolved into plane wave 
polarized components of amplitude Ag with a phase O 


, x 
difference > between then. 


in the direction N are respectively 


Ag cos @ and Ag sin q i | 
They interfere to produce the amplitude squared 
9 5 " / X 
R? = Aj cos? p + Ap sinp + 2AÀg cos p sin o cos | * 2| 
\ / 
= Aj (1+sin2 sind) 
Hence I = Ig9(1+sin2 sind) 


Here Io is the intensity of the light transmitted by the polaroid when there is no crystal plate. 


5.187 (a) The light with right circular polarization (viewed against the oncoming light, this means 


al a4 at. 


that the light vector is moving clock wise.) becomes plane polarized on passing through 
quarter-wave plate. In this case the direction of oscillations of the electric vector of the 


AO Veneer "ER Wu W^ CA WwW VAWAL 


45° with the axis of the crystal OO’ 


eiectromagnetic wave forms an angle of + 
(a) below). In the case of left hand circular polarizations, this angle will be - 45° ( 


o| jo! 


(b) If for any position of the plate the rotation of the 


e po 
not bring about anv variation in the inten sity of the transmitted 


Un A, VE ^J Twa ase UR uf an AR 


£5 
my 
© 
b o 
c. 
~ 
kt 
Q 
ie 
E 
et 
c 
c. 


behind the plate) dors 
ig 


MA t 
ht, the incident ngai 
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is unpolarized (i.e. natural). If the intensity of the transmitted light can drop to zero on 
rotating the analyzer polaroid for some position of the quarter wave plate, the incident 
light is circularly polarized. If it varies but does not drop to zero, it must be a mixture 
of natural and circularly polarized light. 


Ihe light from P is plane polarized with iis 
vibrating at 45? with the plane of [1 mi @ [---- 


a 


rst the sample S is absent. Light 
from P can be resolved into components vibrating 


ft oI | 
from P can be res braig n | 
in and perpendicular to the plane of the paper. | | | | ji | elelete | 
IF HHI | 
IM | 


e$ 
E 
(a) 

~ 
e 

mes 
e 
=i 
? 
zn 


>} 


The former is the E ray in the left half of the | Hira 
Babinet compensator and the latter is the O ray. | | | 2 | 
In the right half the nomenclature is the opposite. LI LIU | | | | | | | 9 
In the compensator the two components acquire p Q D^ 
i w Wey £N 


a pahse difference which depends on the relative 
position of the ray. If the ray is incident at a 
distance x above the central line through the 
compensator then the E ray acquires a phase 


23 n (1-x) +m (1+x)\ tan © N | ) 


nN \ / 

while the O ray acquires ——] N |> 
x 

2% in (1-x)+ng(1+x))tan@ —> N 

^N / 


| A | 
so the phase difference between the two reays is | \ | 
57 (n,-mg)2xtan® = 6 LUN 


we get dark fringes when ever 6 = 2knx 


because then the emergent light is the same as that coming fr from the polarizer and is quenched 


of polarizaton of the emergent hight has rotated by 90° ‘and 1S therefore fully transmitted by 
the analyser a 


d 
mur 
O 
jamar 
2 
£ 
z 
a 
> 
e 
H 
d- 


~ 2|ng- ng | tan © 


(b) If the fringes are displaced upwards by Ó x, then the path difference introduced by the 
sample between the O and the FE rays must be such as to be exactly cancelled by the 
compensator. Thus 


——CIdí(nm'—-nu»c(no-n.28xtan e 1 = n 
X VO mE JTL OF pO ees | ivi 
L 
VW C 7 x L Ws 


r 


ight polarized along the x-direction (i.e. one whose electfic vector has only an x component) 


and propagating along the z-direction can be decomposed into left and right circularly 


polarized light in, accordance with the formula 


E, 


- i( l 
^ 2" 


E, * iE) t3 (E, - i Ey) 


On passing through a distance / of an active medium these acquire the phases Ôg = 2x al 
R*'4 MR 


and à = E ml so we get for the complex amplitude 


E' 


5 (Ex +iE, jerai (Ex-iE, )e'* 
ba +4, 


[jaise 
^ ] 


EL 
ze M cos Č- E, sin 9 | , Ô = & - ÔL. 
L f * | 


Apart from an over all phase ( 5p + 6; )/2 (which is irrelevant) this represents a wave whose 


X 
x —— (rad) 
LSU — Í 


_ 5895 x 2l 72 x 107? 
180 


0-71 x 10 ^ * 


5.190 Plane polarized light on entering the wedge decomposes 


into right and left circularly polarized light which travel À [ 


with different speeds in P and the emergent light gets its Jl \ | 
plane of polarization rotated by an angle which depends 


on the distance travelled 


am Amo Ra, Se NR hh Wo SAWS FY OAL d Ej 


Given that Ax = fringe width 


A x tan 0 = difference in the path length traversed by two 
rays which form successive bright or dark fringes. y 


2x | —————À LL 
Thus [aa -m[Axtan® = 2x P Pol 
mAn 
Thus Q = E = nt/Ax tan 0 
= 20-8 ang deg/m m 
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Let x = distance on the polaroid Pol as measured from a maximum. Then a ray that falls at 
this distance traverses an extra distance equal to 


+ x tan 9 
. UX 
and hence a rotation of + axtanO = + Ax 
w— - z a ? 1 a . i e à = e e i *'2$ S afnx V. 
By Malus’ law the intensity at this point will be cos [Ax | . 
Pd . 


If Zp = intensity of natural light then 
5 lo = intensity of light emerging from the polarizer nicol. 


Suppose the quartz plate rotates this light by ọ , then the 
analyser will transmit 


1. 2 . 
5 49 cos (90-9) 
3*0 
~ 1), sin’ (pol 
29 M Ni 
saae o "E > i. .2 » S 
of this intensity. Hence Hilo = 5 40 sin” @ b 1 
-9 
or Q = sin! V 2T 90 N, (Anal) 
But Q-ad so 
da, = lin^lv 27 
min a l | 


For minimum d we must take the principal. value of inverse sine. Thus using 
a = 17 ang deg/m m. 


J [la P 


d, » 299mm. 


ent = 
On 


xd = kx180° = 2kx90? 
whe 


en the auartz plate rotates the 


Ww Sawa Ine Must revrw av Vs Uw i = P [3 P rat WAL 


a multiple of 180°.) Here d = thickness of quartz plate in mm. 
For natural incident light, half the light will be transmitted when the quartz rotates light by 


an odd multiple of 90°. Thus 


{Tight will he camnletely m 


b Sonia — bl wv ARA Lh d awesome / d od 


31:1°xd = (2k +1 )x 90° 
Now 419 1.3344 = 4 
J1'1 - 
Thus k = 2 and K = 1 and 
d = X99 Z 867mm 


J 


5.193 Two effects are involved here : rotation of plane of 
polarizatin by sugar solution and the effect of that rotation 
on the scattering of light in the transverse direction. The 
latter is shown in the figure given below. It is easy to see 
from the figure that there will be no scattering of light in 
this transverse direction if the incident light has its electric 
vector parallel to the line of sight. In such a situation, we 
expect fringes to occur in the given experiment. 

From the given data we see that in a distance of 50 cm, 
the rotation of plane of polarization must be 180°. Thus 


ihe specific rotation constant of sugar 


( 


rotation constant 
concentration 
_ 180/50 ng/deg/em = — 9 
500 & 5:0 d mx ( -500 gm/cc ) 


72? ang deg/(dm-gm/cc) (1dm = 10cm) 


*.]94 (a) in passing through the Kerr cell the two perpendicular components of the electric field 
will acquire a phase difference. When this phase difference equals 90° the emergent light 
will be circularly polarized because the two perpendicular components O & E have the 
same magnitude since it is given that the direction of electric field E in the capacitor 
forms an angle of 45° with the principal directions of then icois. In this case the intensity 
of light that emerges from this system will be independent of the rotation of the analyser 
prism. 

Now the phase difference introduced is given by 


ò = 2T (nny)! 
A 


In the present case 5 = 2 (for minimum electric field) 
A 
41 

Now n,—-ny = BAE 2 


v -L. 5! 88 = 10 
so Emin = V ZB] ° 10°/ V 88 = 10-66 kV/cm. 


(b) If the applied electric field is 
E = Ep psinwt, w = 2av 


n. — 


than the Kerr cell introduc 


es a 


a 
ag 
zi 
e 
< 
S 
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e 
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In one half-cycle | ie. in time — = 7/2 = a | 
this reaches the value 2k x when 
| 4 
sin’ wt = 0,%. — 6 s 10 

11 11 11 1l 11 

2 4 6 8 10 

11^ 11' 117 117 11 
i.c. 11 times. On each of these occasions light will be interrupted. Thus light will be interrupted 


2vx11 = 22x10? tim es per second 


ted when the Kerr cell {nlared hetxveen crracced 
ete wv SEWwAL miv AbBWAA wwii Ae ewes TYE VY WwW SER Wwe u 


(I 10ht will he intern 


Lb" v Vv SSA Jw BSLGWAA up 


phase difference of 2 k x and in no other case.) 


5.195 From problem 189, we know that 


Thus for the magnetic rotations An x 


5.196 Part of the rotations is due to Faraday effect and part of it is ordinary optical rotation. The 
latter does not change sign when magnetic field is reversed. Thus 


gı = al+VIA 

p, = al-VIH. 
Hence 2VIH = (9,-Q) 
or v- (S52) / 1a 


V = 210 ang min x 107°? perA = 0:015 ang min/A 


5.197 We write 
P = chemical + magnetic 
We look against the transmitted beam and count the positive direction clockwise. The chemical 
part of the rotation is annulled by reversal of wave vector upon reflection. 


Thus chemical = al 


Since in effect there is a single transmission. 
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5.198 


5.199 


On the other hand 

Pmag = ~-NHVI 
To get the signs right recall that dextro rotatory compounds rotate the plane of vibration in 
a clockwise direction on looking against the oncoming beam. The sense of rotation of light 
vibration in Faraday effect is defined in terms of the direction of the field, positive rotation 
being that of a right handed screw advancing in the direction of the field. This is the opposite 
of the definition of quiu for the present case. Finally 


"n 
b d om LUM 7 F 4v 24 J+ 


(Note : If plane polarized light is reflected back & forth through th e same active medium in 


ation increases with each traveres al \ 
WMAVEVWAR ASEWSR WEY? VV JRA OUUU MU V OWA Ae *J 


There must be a Faraday rotation by 45? in the opposite direction so that light could pass 
through the second polaroid. Thus 
VI H nin = 1/4 
x/4 45x60 A 
T Hain = V] 7 259x026 m 
kA 
= 4-01 — 
m 


If the direction of magnetic field is changed then the sense of rotation will also change. Light 
will be completely quenched in the above case. 


Let r = radius of the disc 


. ae . 1 
then its moment of inertia about its axis = -mr 
da 


ter 


2,1 
e 


when circularly polarized light of intensity 7 falls on it. By conservation of angular momentum 
this must equal 


1 mr?- Wo 

2 
where «og = final angular velocity. 

NEM _ MOW 
Equating t = 5 zl 
W c MC Wo 
But an "^ X so t = IX 
Substituting the values of the various quantities we get 
t = 11-9 hours 


1 r2 - af 2I 
L=7C&Lop Or Lop = M —-, 
2 C € 


a) Represent the electric field at any point by E = Egsinwt . Then for the electron we 


XN 7 m 


have the equation. 


mx = eFosinwt 
e Eg . 
SO x=- z Sin of 
m o 


The ampitude of the forced oscillation is 


(b) For the electric force 
F, = amplitude of the electric force 
= e Eo 
For the magnetic force (which we have neglected above), it is 
(ev B) = (evuo H) 


e—_— 


-sevEVtoug = ev— 


c 
writing YV = -V.o mf 
vV aoaaa ES wv wv Ü wwe WA E 
ok. 
€ Co 
where Vo = 


we see that the magnetic force is apart from a sign 
e Vo Eo 
2c 


sin 2 ot 


220 


F m 
Hence F. - Ratio of amplitudes of the two forces 
Yo L2. -11 
lc 2:9 x 10 
This is n 


iegligible and justifies the neglect of magnetic field of the electromagnetic wave 


5.201 (a) It turns out that one can neglect the spatial dependence of the electric field as well as 
the magnetic field. Thus for a typical electron 
— 


mr =» eEgsinot 


> 
Vu T - _ € Lo NM a fennlantinn aee onnansiensnidal na 
SO r 7 sin €) £ (neglecting any nonsinusoidai part) 
m o 
The ions. will be practically unaffected. Then 
2 
— > nge“ —> 
P = ner=- 2 
mw 
/ a 24 \ 
— — — | nge |= 
and MY. c ÇC. D_+} 1 E 
aiu Eo eol TE © toj 47 2|^ 
( To rt WD ) 
2 
. ng € 
Hence the permittivity e=1- . 
£o MO 
fh\ Tha nhace valanity te aan hv 
(UJ A Jv pisaove VVIVVAVY io Bivvil Vv 
c 
v = Q/K = — 
Ve 
(Wp 4 ngoe 
So ck=0 1-- > , Wp = - 
o to m 
o» = c? ke + Wp 
-— 
P 
oes Vy, (me 
Thus v= M 1+ =c 1 —2 |z 
2 42 + 7 
C Ax^ mcg 
5.202 From the previous problem 
2 4. Me 
n =i- 
£g m W 
2 
"ng € 
x]- 
AN te9mv 
~7 —- 
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5.203 For hard x- rays, the electrons in graphite will behave as if nearly free and the formula of 
previous problem can be applied. Thus 


^ 
P^ 


2 no € 
n =]- 5 
Eg M W 
ng € 2 
and nal- ———; 
2 £9 M €) 
on taking square root and neglecting higher order terms. 
2 242 
e. 4 me m no €^ X 
aP fet i e ~. 2 - o 2 5 
2 £9 m Oo 8 x* Eg me 


We calculate ng as follows : There are 6 x 6:023 x 10? electrons in 12 gms of graphite of 


density 1:6 gm/c.c. Thus 
.6x6023x10^? 


12 /1.69 pe 


lm 
e 
e 


Writing 6 = J| wg = — 
a FI rrt 
eE 
ure find y = 0 -ivt fz Lg _ 97RD) 
VV Ww ASSES fe m . / Wo YJ e P J 
Now x = Real part of z 
e E, cos( ot*9) 
- ——————— = qcos(ot* qo) 
m d.23 22 n2 2 
V(o5-o ) *4B^o 
2po 
where tan p = P 
w ~ Wo 
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(b) We calculate the power absorbed as 


P = < Fx> -«eEgcosot(-oasin(ot«*q))9» 
= eE,- eEo1. 2po [EÙ m o* 
m2 (wp - o^)" +4 B70 |m jJ (og-o +4870 


This is clearly maximum when wọ = œw because P can be written as 


\ ers ] 2 
(S-o) «Ap 
W 
m cE) - 
and nU for o = («99 


Bmo^(eEy/m y 


= (yo 2472) = 
(o5-o Y «48^ o* 


5.205 Let us write the solutions of the wave equation in the form 
A= Aye! ett) 


uharn Lb 2 N and 1 tc a surat; 
WHCIC K = ru ang A IS uic Wav 


(Ap is the wavelength in vacuum) and the equation becomes 
A= Ag e* * exp(i(wt,-kx)) 


A =Aje** cos(wt-k x) 
This represents a plane wave whose amplitude diminishes as it propagates to the right 
(Provided x < 0). 


(on putting n = O in the above equation). 


This represents a standing wave whose amplitude diminishes as one goes to the right (if 
x, < 0). The wavelength of the wave is infinite (K' = 0). 


Waves of the former type are realized inside metals as well as inside dielectrics when there 
is total reflection. (penetration of wave). 
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5.206 In the plasma radio waves with wavelengths exceeding A, are not propagated. We interpret 


this to mean that the permittivity becomes negative for such waves. Thus 


2 
No € 
0-21-—295. if o= 27E 
£o M W ^o 
n, e^ M 
Hence 5 5 = 1 
4x tymc 
An’ eom e? 9 
or No 2.2 = 1-984 x 10° per c.c 
e 
5.207 By definition 
y 29 d yk) asw = vk even 
dk " dk ^! dk 
2x 2n wv 


zZ 
Q 
g 
= 
T 


X SO dk =- Pd 


Thus wen, a, 
"EE v) 


! Its interpretation is the following : A < ^ G 5 AN 
e————— ——1 ' 
l v 
E is the slope of the v - A curve at A=)’. V i À | 
wale Sor 


— ee 


Thus | as is obvious from the diagram 


dv 
v'2v(A)-X [£x is the group velocity for A=)’. 
NELLE S 
5.208 la) Y = a/v. a = Cnnctant 
va Y Ve/ Y Fw ; wWwVVILOLUILLL g 
Then ü = V X £X. 
d) 
a 1 - 3 a 3 
= ——-}(-=ad-*? | = =-—= = =v 
(D v = bk = wk, b = constant 
dw 
SO o = bk? and u = -zg = 2bk = dv 
c w 
(c) v = —5, ¢ = constant = —. 
Q k 
SO o =ck or o = cl? kl? 
d o 131,-2 10 1 
Thus u-——-c''—k => =v 
k 3 3 k 3 


Integrating we find 


wow =A «ck, A is a constant. 


V o A 
v ww TA 


SO k = 


a3 

Es 

c 
et 


"ie 


Y 1-5 


writing this as c/Ve(w) we get £(0o) = 1-4 
Q 


(A can he save nr negative 
(A ah Www ive VE A ut wv 


5.210 The phase velocity of light in the vicinity of A = 534n m = à is obtained as 


c 3 x 10° 
VOS = AS) 7 1640 


To get the group velocity we need to calculate 


(ax) . We shall use linear 


). TEM 
interpolation in the two intervals. Thus 

(dn \ 007 40 ane 
(dA) us 02 7 BRIO” 
Jà = 521-5 
( dn) - :01 - 12.9 1n-? 
| LE 7 7 58S x = JOa X 1U 

À = 5615 


= 1-829 x 10? m/s 


dert aan im m yan T 


E =|- «23 x 125 |x 1075 permm = -249x 1075 
| ). 534 L. | | 
Finally 
n dX|nj n | n | À 
At ÀA = 534 j 
a. anSer waa 
3x10 534 -5 8 
u = 1-640 1 - i649 * 249 x 10 1-59 x 10° m/s 


5.212 


5.213 
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We write 
W 
V =— =a+bA 
k 


SO w=k(at+brA) =2nbtak. 


, 2 c . , _ |n 
sinc k = . Suppose a wavetrain at time ¢ = U has the form 


F(x,0) -f f (kei ak 


Then at time ¢ it will have the form 
F (x,t) -f f (k)ei- ivt 


- f f (ky etkx i Orotan f f (k) ei* G7 at) gridabe gy 


a 


1 
2 
of the components has been cut off. On passing through the solution the plane of polarization 
of the light beam will rotate by 


Y7?! YY 


ọ = VIH 


On passing through the first (polarizer) Nicol the intensity of light becomes — J) because one 


and its intensity will also decrease by a factor e X. The plane of vibraton of the light wave 
wll then make an angle 90° — ọ with the principal direction of the analyzer Nicol. Thus by 
Malus' law the intensity of light coming out of the second Nicol will be 


tors of p. Thus the transmitted intensity assuming 
incoheren light is 


(1- p) Ig + (1- py p? Io + (1- py p* Iot ... | 


1 -xX1 2 o 
zose :cos^ (90° -@) A f Slo 
= le" sin? @. 
£ | ff 
(a) The multiple reflections are shown below. Transmis- Io(t3) | | 9(1-9)To 
sion gives a factor ( 1 - p ) while reflections give fac- | | 


2 
- G-p xc - liL. (1-9) Io \ U (1-9) To 


N 
N 
Q) 


Un 
i 
A 
> 
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(b) When there is absorption, we pick up a factor o = e^ *7 in each traversal of the plate. 


inus we ge 
(1-pYaols*(1-pYo^ ply (1-pY o pP h+... 


= (1-pyoh (1 to^ p? «o^ p! ...) 


, o(1-p) 
1-o p^ 
We have 


q =e *4 (1-py 
t =e %% (1-p) 


where p is the reflectivity; see previous problem, multiple reflection have been ignored. 


Thus u = eX (5-4) 
U 
JB 
2 
or = = 0.35 cm'! 
X 7 d-d 


On each surface we pick up a factor (1 — p) from reflection and a factor e *! due to absorption 
in each plate. 


Thus t= (1- py N o XN 
r7 
1, -pY" 4 
Thus x= gi 4 = 0.034 cm . 


Apart from the factor (1 - p) on each end face of the plate, we shall get a factor due to 
absorptions. This factor can be calculated by assuming the plate to consist of a large number 
of very thin slab within each of which the absorption coefficient can be assumed to be constant. 


Thus we shall get a product like 
ao 7h x) dx o-X(x*dx)dx ,-x(x«2dx)dx 


i 
-f x(x)dx 
e o 


Now X (0) = x4, x (1) = X and variation 


D» è 1* df ` X, x 
wiin x 1S linear SO X (x) = Xi + 7 X2-X1) 


1, . A? 
73a * X2)JI 
e = e 
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5.217 The spectral density of the incident beam (i.e. intensity of the components whose wave length 
lies in the interval A & X d À) is 


lo 
M-X A A, s A= Ao 


he absorption factor for this component is 


A +A 
d^* A, - A, L——-(X.- a 
e 
and the transmission factor due to reflection at the surface is (1 — p y. Thus the intensity of 
the transmitted beam is 


de oo - 


I -k| Xit -A 
(1-py D | are [ks 
An — Ay A 


~y i {1 - e~(%-m)! M-A) = (1- PI e A go Xe! 
e 1 a = ———— 
(x;-x) me | * P7 “0 Co -Xx)! 


p 


_ 2 0 
(1-ọp) A. 


5.218 At the wavelength Ao, the absorption coefficient vanishes and loss in transmission is entirely 


due to reflection. This factor is the same at all wavelengths and therefore cancels out in 
calculating the pass band and we need not worry about it. Now 


Ty = (transmissivity at A = Ag) = (1-0)? 
T = transmissivity at à = (1 - p) e X)4 


The edges of the passband are Ao + Ax and at the edge 


2 
— = eat 2 =N 
10 j 
AÀ 1 
Thus a = In — « d 
2 n 
1 1 
or AK=2A,V —;|ln— 
ad n 
5.219 We have to derive the law of decrease of intensity in an bing medium taking in to 


ahenr 
account the natural geometrical fall-off (inverse sequare law) as well as absorption. 
Consider a thin spherical shell of thickness dx and internal radius x. Let 
I(x) and [(x+dx_) be the intersities at the inner and outer surfaces of this shell. 


Then A4nx’ I(x) e a 4Ax(x*dxYlI (x+dx) 


Except for the factor e^ *^* this is the usual equation. We rewrite this as 
Xx(x)*I(x*dx)(xedxy (14xdx) 
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{f, dl ,\,2 . 5... EN 
= |I-——dx|(x «2xdx)(1v«xdx) 
\ dl j 
or x? ——+xx I+2x] = 0 
Hence 4 (21) ex (21) = 0 
dx 
SO xI-2Ce 


where C is a constant of integration. 
In our case we apply this equation for as xs b 


For x < a the usual inverse square law gives 


D 
5 
A 
| 


and I(b)= —36€ 0770 


This does not take into account reflections. When we do that we get 


P (1-pyeX*-9? 
xb 


I(5) = - 


"d and so the intensity will decrease 


e" 7 


5.220 The transmission factor is e ^ 


= gO*ll3x0l _ 58.4 timestimes 
(we have used u =( p/p) x p and used the known value of density of lead). 


5.221 We require pp, dp, = par dal 
or n Op, 
72:0 x 11:3 x dp, = 3-48 x 277 x 26 
dp, = 0-3 mm 


5.222 


or d= M2 L In 2 


H [£]o 
\ 


0-80 cm 


5.223 We require N plates where 


— 
| 
m” 
! 
Yn 
O 
= 
I 
ll 
UA 
= 
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N 
N 
© 


; S tates to bring a tooth in the 
position formerly occupied by a gap in the time taken by light to go from the wheel to the 
mirror and back. Thusdistance travelled = 27 Suppose the m^ tooth after the gap has come 


in place of the latter. Then time taken 


_ 2(m-1)+1 


= sec. in the first case 


2 zn; 
2m+1 . 1 
= ——— sec in the second case = —— ——— 
2zn, z(n-n) 
Then c-2lz(n-nj) = 3-024 x 10? m/sec 


When v << c time dilation effect of relativity can be neglected (i.e. t = t) and we can use 
time in the reference frame fixed to the observer. Suppose the source emits short pulses with 
intervals 79. Then in the reference frame fixed to the receiver the distance between two 


seccessive pulses is à = c To — v, Ty when measured along the observation line. 
Here v, = v cos 0 is thé projection of the source velocity on the observation line. The frequency 
of the pulses received by the observer is 


€, 0 (, yr) A Source 
VETT me Voji +t 
À y: | c) / 
"€ A. 


; VTo/ | ss 


(The formula is accurate to first 


wN 
order only) Ay SY Obserber 
Thus vV-Yo _ Yr  vcosO AL 
weet eT oy y 


The frequency increases when the source 
is moving towards the observer. 


A v V P ~ a a -a E SD 
——- = — cos U trom the previous problem H ~ o l 
M c P P OE 
But vA = c gives an differentiation - 
Av Ax 
MERE" 
Y PA" 
ren 
v^ 
So AX = -A V cos 0 = -aV > cos 8 
1 2 4c 
^n neino T= —mv m = mace nf Ho" ian 
WAL Mui A ? & v 9 [2424 ARA VSLPLD WA JAG aJar 
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5.229 


One end of the solar disc is moving towards us while the other end is moving away from us. 
The angle 0 between the direction in which the edges of the disc are moving and the line of 


—X t PEN ^m 


observation is small ( cos 0 w 1 ). Thus 


Ah  20R 
A c 
2n 
where w = 7 E the angular velocity of the Sun. Thus 
cAA 
UT IRA 
4xRÀ 
So T = — 
cA 
Putting the values (R = 6-95 x 10° m ) 
we get T = 24-85 days 


Maximum splitting of the spectral lines 


coil 2 Aiea 
will occur when both of ine stars are mov ing I he uncce 


We then have the equations 
AM) .2v 
À c 


mv? ym 
s AR \ A 
a BD 
V Nhe 
Vo 


From these we get 


w 


d -2R -|S*| cvs = 297 x 10 km 
VC 7m 


/AAN 3 on. 
m= | | t/27y = 29x10 kg 


We define the frame S (the lab frame) by the condition of the problem. In this frame the 
mirror is moving with velocity v (along say x- axis) towards left and light of frequency w 
is approaching it from the left. We introduce the frame S.’ whose axes are parallel to those 
of S but which is moving with velocity v along x axis towards left (so that the mirror is at 
rest in S ^). In S’ the frequency of the incident light is 


1-4 v/c v2 
O1 = 90| 17 v/c 


icy € but it is now moving towards left. When we 
S 


is reflected light ha 


E 


transform back to S the frequency 


to 
^ 
Ne 


5.230 From the previous problem, the beat frequency is clearly 
Av = vo = 2v/(c/vg) = 2v/Xg 


he invariance of phase under Lorentz transformations we get 
ot-kx »o't'-k x 


, vx 
ey [iX "n pi 
(o €] 4 | |^ 

whee ya [VI IZN" | | 

Y = Vi /& J | | 
Substituting and equating the coefficients of t & x | y.x' 

Q wo +yk v o LAC 
Y V1-vLZc 
1+v/c be 


k = Y eK = Kk 
c 


V1-vc 4 


5.232 From the previous problem using 


k 2x 
~ 
we get À AW 1+v/e 
~ Y 1-v/c 
4 V 
iwtr™ 12 
Thus - © = a 
l-v/e X 
N22? 5647-4347 0. 
or v/c = ~ = — = 020 
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§.233 As in the previous problem 


v "PL 

c 12.32 

~ T Fw 

2 

A 
(>) -1 

_ L2. H V } Fry 4 andas F a 
SO y a C ————— m [IX IU K IUu/ 


5.233 We go to the frame in which the observer is at rest. In this frame the velocity of the source 
of light is, by relativistic velocity addition foumula, 


3 1 
—c—-—c 
4 2 2c 
v= 3 1 75 
3.1 2) 
1 E C 5 c/c 
\ } 
When this source emits light of proper frequency wn., the frequency recorded by observer 
oO Y r p! Pi Uu? » | Jd Jd 
will be 
./1-v/e / 4,123 
Q = O ——+y/c = — W 
o V 1+v/c V 7 9 
AT e. ala - Py > nA — ee eerste ee Otte ff... sb. LL... fears Lt fan 
INOL atl U <S Wp a8 the SOUICC IS I OV His away WOI UEC OUSCIVCI (ICU SNILL) 


5.235 In transverse Doppler effect. 


\ } 
C C 1,2 l2 
S m — = — =. = cal 
o ÀA - (3 7 | ZU 3 
1 2 
Hence Ah= APA 
2 v 2T 
Using B^ = 3 = >, Where T = K.E of H atoms 
C mc 
` T . 1 2. ^ n 
AK = — à = — x 656-3 nm = 0-70 nm 
mec 220 


v 
" 
s 
3 
|: 3 
fb 
z 
2 
e 


when the source is at O, it must t have been “emitted Ser 


l9 
R 
[ 
oo 
e 
Bre d 


If light is received by the observ 


by the source when it was at O' and travelled along — W^ a 
O'P. Then if O' P=ct, O'O=vt N 
and cos 0 = Yp Ct^. i 

c \ | 
In the frame of the observer, the frequency of the NA 


light is œ while its wave vector is 


“Oo 
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= ( cos 6, sin 8, 0) 


we can calculate the value of œ by relating it to proper frequency œw. The relation is 
Wo = m= (1-ßcos8) 
1-8 
— 
0 V 
(To derive the formula is this form it is easiest to note that = - 


1c an imnwaria nh tabac tha valna rz am tha ract frama nf tha cose72al 
AU GEAR SRE V GCEZESUAAL VV EASY AL VORA UW valutu wg SRE BAW AWOL AROGALAWV Wk uv OVUEYY Je 
ala o2 7 
Wo i-p Wo 


- 5 = ———— = 5x 109 sec ^! 
1-6 Vig 


(b) For the light to be received at the instant observer sees the source at O, light must be 
emitted when the observer is at O at 90° = 0 
cos 0 = 0 


- e /. 2 10... -1 
[hen as before wg = ————— or o = wV 1- B^ = 18x10 sec 


v1-£ 


In this case the observer will receive light along OP and he will “see” that the source is 
at O even though the source will have moved ahead at the instant the light is received. 


5.237 An electron moving in front of a metal mirror sees an image charge of equal and opposite 
type. The two together constitute a dipole. Let us look at the problem in the rest frame of 


ro 55 


the electron. In this frame the grating period is Lorenz contracted to 
d «dV 1-v/c 
Because the metal has etchings the dipole moment of electron-image pair is periodically 


disturbed with a period | 


Due to Doppler effect the frequency observed at an angle 6 is 


FL 
,Vl1-(v/cy v/d 


V æy 
V V 
1 -— cos 8 1 —-—cos 0 

C C 


Le qi] 1* 1 at Ld C í 
he corresponding wave length is À = — = d| 
i \ 


À = 0:586 pm 


5.238 (a) Let v, be the projection of the velocity vector of the radiating atom on the observation 
direction. The number of atoms with projections falling within the interval v, and 
Vx + d V, is 


»ív 
"> V 


The frequency of light emitted by the atoms moving with velocity v, is 
' - V \ D ap] a . 2 ed ae 2 ea 2* ae 2 a P ad a 
o = Wo! 1+ - . From the expressions the frequency distribution of atoms can be found 


: n(o)do = n(v,)dv,. Now using 


€) — Wo 
V. = C 
x Wo 
2 
we get n(o)do. ex me 1-2 cd 
B ~ XP) ORT Wo Wo 
Now the spectral radiation density Z, œ% n 
- af 1- LR 2 
Wanna Y T , 99 mc 
rence ly = ioe ` , JET 
(The constant of proportionality is fixed by Jp .) 
Ihi CO wBAkuttisom a ew em 2 1 A nx and Aasmann rien re 
Wj] i ULUI Uu = Wo = 2 LX alid demanding 
I, = ly2 
_,( 42) 
1 2 w, 
we get ~ =e (2%) 
- 2 
2 
^o a, 
SO aj ———| - in2 
(200) 
Aw EE / 2 
Hence —— (21n2)k T/mc 
2 Wo 
Aw 
and us 2V (21n2)k T/m c? 
5.239 In v vacuum inertial í frames are all NAME the velocity of light is c in any frame. This 


the medium is at rest is singled out. It is in this frame that the velocity of light is - where 


n is the refractive in desc of light for that medium. 


The velocity of light in the frame in which the medium is moving is 
addition of velocities 


5.240 


(>) 
Q 
a 


-tV -+V lo \/ v \ 
nm = s = | >4v || 1- —+ » | 
Det 14% Un JA cn J 


This is the velocity of light in the medium in a frame in which the medium is moving with 
velocity v << c. 


Although speed of light is the same in all inertial frames of reference according to the 
principles of relativity, the direction of a light ray can appear different in different frames. 


This phenomenon is called aberration and to first order in =, can be calculated by the 


elementary law of addition of velocities applied to light waves. 
The angle of aberration is N 


" 1 1 
V i iL 
— = tan - 80 ~ ~ òO (ôO radians) \ 
c 2 2 | \ 
8 

c., 3x10 41 1 
or „V æ 700 = acnn X Ton V 

a ys 20UU LOU M 

3x41xxmx 
- x 10* m/s = 29-8 k m/sec 
3-6 x 3:6 

Xa enncider tha inyvarianra nf tha nhaca nf a wave mnuvino in the v — v nlane 
we COn51GCI ule invariance Of uic puds5C Or a Wave invi nl tut X — y pierie 
We write 


wo’ t'-k, X -kyy = wt- kx- kyy 


From Lorcntz transformations, L.H.S. 


= o y[1- XE] EL (x - vt)y- E y 
6) t o! 
so equating w = y(o' *vK,) 
[ 
ke = (kp + 22 | and ky = ky 
\ e 
so inverting w = Y(o-vk,) 
Kk, v[ &, - X2.) 
TELE 
k = k, 
y y 
writing k = k cos 0’, k, = kcosO 


K', = k'sinO', k, = ksinO 


236 


243 


we get on using ck’ =w, ck= o 


cerh ama a | cA 2 P ea = inn <ra oes D 
WHC p = anu te princu Maine Is WOVE With / 
velocity v in the x- direction w.r.t the unprimed frame. - / 
For small B << 1 , the situation is as shown. ` - V 
We see that cos 0’ = - f —IT/o=9 
if 0 = -7/2. 9 
n 
Then 0’ 2-|c-sin !g 
he 
"Tul ie eee tl ula 1m orn fen) nlaÓenmnaetaer unu alat*inle4e lau n a4. UC -.-.1 . 4s! 08 
ii» 15 CAdCUYy Wiat WO EUL UOM CICIICIILaL y NOMCI@UVIsSuc iaw OL dQQluon OL VCIOCILICS, 


The statement of the problem is not quite properly worked and is in fact misleading. The 
correct situation is described below. We consider,for simplicity, stars in the x -z plane. Then 
the previous formula is applicable, 
and we have © 

cos 0 - B cos 0 — 0-99 


QO = —————ÓÉ— ua —————— 
con 1-Bcos0 ^ 1-099 cos 0 


The distribution of 0' is given in the diagram 
below 


The light that appears to come from the 


forward quadrant in the frame 


Fa 


x to ð =~2/2) is compressed into 


t 
wle of magnitude + 8:1? in the forward 


magn Wude AAR hee VT WS AR we 


The three dimensional distribution can also be found out from the three dimensional 
generalization of the formula in the previous problems. 


The field induced by a charged particle moving with 
velocity V excites the atoms of the medium turning them 
into sources of light waves. Let us consider two arbitrary 
points A and B along the path of the particle. The light 


LS 
waves emitted from these points when the particle passes 
them reach the point P simultaneously and reinforce each 
other provided they are in phase which is the case is Ee JN 4 
(v om era al £ tha tema taban hx; tha lawht x , t ta M V 
DUu rai ti inc time i CIL uy Ci AER LIL t 


from the point A to the point C is equa 
the particle to fly over the distance AB. 


P 


—7 
/ 


to 
Hence we obtain 


ned 
COS U = TW 
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where v = E is the phase velocity of light. It is evident that the radiation is possible only if 
ri 


V >v i.e. when the velocity of the particle exceeds the phase velocity of light in the medium. 


We must have 


ve le Fy io8inse op Ve 
Ve n 16°" m/s OI C 1:6 
For electrons this means a KLE. greater than 
2 
m, c 2 2 n 
Tez ——————-m,c = m, c| —— -1 
V.íiY , n-1 | 
h Á l- —_— 7 ~ 
(16) 
r 1 ] 2 
= 0511 | -1 | using m,c^ = 0-511 MeV = 0-144 MeV 
m— 
Vay | 
L" (Te) | 


For protons with m, c? = 938 MeV 


T, > 938 | 1 -1 | = 264 MeV = 0-264 GeV 
1 \2 
[V i (s5) | 
\ / 
Also T... = 206 MeV = mel ———— -1l 
min 


L 


«(s 


Then m c^ = 105-3 MeV. This is very nearly the mass of means. 


V 
From cos O0 = — 
rom cos V 
we get V-vsecO 
D V v a _ c0 _ sec30° 2/VY3_ 4- 
v c c n 1:5 3/2 34/3 
Thus for electorns 
7, - os [Li] - osi | VZ -1| - 0289m 
| f | 
V 16 
~ " T af 1 _ | 
Generally T = mc} -i| 
Vi. 1 
L n? cos? 0 ] 
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5.7 THERMAL RADIATION. QUANTUM NATURE OF LIGHT 
5.246 (a) The most probable radiation frequency w,, is the frequency for which 


EA x 3o! F(o/T) + F (o/T) x0 


The maximum frequency is the root other than œw = 0 of this equation. It is 


3TF(o/T) 
F'(o/T) 
OF Wy, = xo T where Xp is the solution of the transcendental equation 
3F(xo)*xo9F'(x9) = 0 
(b) The maximum spectral density is the density corresponding to most probable frequency. 
It is 
(uy max = X9F (x9) T^ a T? 
where x, is defined above. 


(c) The radiosity is 


1 | 


M, - (v r(2|ao = r^ 
-ifer (F) 


5,247 For the first black body 


Om) = 2 
T, 
Then Anh = +AA 
Ow = m a 
b b T, 
Hence To= -~ =z r 2Ó10)747kK 
Z VT AR] ar 
7, *^^ 


5.248 From the radiosity we get the temperature of the black body. It is 
M 1/4 a Ms 
T = | — = -30x10 = 8529K 
o 5-67 x 10 
Hence the wavelength corresponding to the maximum emissive capacity of the body is 


b 0-29 -4 
T" 8529 ™ 3:4x10 cm = 3-dum 


(Note that 3-0 W/cm” = 3:0 x 10° W/m^.) 
5.249 The black body temperature of the sun may be taken as 


5.250 


5.251 
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Thus the radiosity is 
M. = 5-67 x 107 (6042 )* = 0-7555 x 10° W/m? 


Ruan Tact hi cium ic 

pot oan M IVO vy UAR Io 
A =æ f £ OE \2 . ani6 . NAN TECE ans A cocec 4026... as 
*t JL ( 0772]. X AU X U'/2JO X IJU Œ *F"2OO2O X IU Wal 


a mass loss of 


4-5855 x 107° 
MÀ kg/se 
9 x 1016 


S 


This corresponds 


© 


The sun loses 1 % of its mass in 
1:97 x 10? x 107? A la 
———————— sec a 1:222x10 years. 
5-1x 10’ 


For an ideal gas p = nk T where n = number density of the particles and k = x- is Boltzman 
A 


constant. In a fully ionized hydrogen plasma, both H ions (protons) and electrons contribute 
to pressure but since the mass of electrons is quite small (= m,/1836), only protons 
contribute to mass density. Thus 


mr 


Ihen T 


a lal ~ ar a a . t a ma 2 ^^^ arm -3 * 
where ws = 2N, m, = molecular weight of hydrogen = 2x10 ^ kg. 


Thus T = (=e | ~ 189x107 K 
\ oM / 


In time dt after the instant ? when the temperature of the ball is T, it loses 
x d o T* di 


Joules of energy. As a result its temperature falls by — dT and 


where p = density of copper, C = its sp.heat 


240 


5.252 


Thus dt = -Ced dT 
60 T* 
Ion 
or t Cpd f dT, Cod (n?-1) = 2:94 hours 
° TE T* 1807; l 
0 


dI(Q) -Acos0dQ 
where A is an constant, d Q is an element of solid angle around so 


the symbol £2 . Integrating over the whole forward hemisphere we ge 
n/2 
I-A f cos 02 n sino 40 - XÀ 
J 
8SN 0 


2 
We find A by equating this to the quantity o T; 1 ils o is Stefan-Boltzman constant and d 
is the diameter of th hole. 
Then A= 4c d^T Y 


Now energy reaching 2 from 1 is (cos Ó = 1) 
Lo d*T/ AQ 


( x d?/4) 


where AQ = ] is the solid angle subtended by the hole of 2 at 1. (We are assuming 


d««lso AQ = area of hole / ( distance Y . 


m4 12 J A 
This must equal oT, nxd°/4 
which is the energy emitted by 2. Thus equating 
2 2 
lod Te 34 n ort TE 
4 4]? 4 
ar T. 4 T. A d 
Ul 425 = 41 v 21 


Substituting we get T, = 0-380 kK x 380K. 


Y 
i» 
hmd 


5.253 (a) The total internal energy of the cavity is 


U = 39 T^y 
c 


Hence Cy = (or 
1 


- 16x5-67x10* _ 4 -3 
= ———————— x10 x10 ~ Joule/ °K 


(b) From first law 
TdS = dU+pdV 


= VaU «Sav 


u^ 
Q 


il 
A 
Oe C 
t 


Hence $ = 
5.254 We are given 
EE du f 
(a) Then -= | 
"^ dw | 


S0 


(b) We determine the spectral distribution in wavelength. 


-u(à,T)dà = u(w,T)dw 


Rit |. 2xc |, 2xc C 

But "UM à 

so dù = -Ẹdo, do = -Gdh 
wW À 


(we have put a minus sign before d X to subsume just this fact dA is -ve where d w is 
+ve.) 
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/ / 14 
u(ra,T)=3 eT] - PS en[- 
"Thic b EN mawamiim arhan 
ARAL A0 ILGALLILLULIL VV SEU 
ð ^ XT 

aC’ 2xca 

or Me "eT ST = ]:dAóum 
5.255 From Planek's formula 
ho 1 
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and Uy E ——, € 


5.256 We write 


l 
N 
el 
+ 


Th ! x h(2xvy 1 16 x^^ v? 
en u, = 23 RISITZINP - 3 
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3.257 We write the required power in terms of the radiosity by considering Only the energy radiated 
in the given range. Then from the previous problem 


AP = 24 0, T)AX 


A 2 2: A a 
4x ch Ai 
ms 5 2KCWEAT 4 
Tym Tc = st. 
But AQT-b 


Ax c^h AX 
SO AP - M EIL: An 


Using the data 


2xch . 27x3 x 10° x 1-05 x07 *4 


= 4.9643 
kb 1:38 x 107 x29 x 10^? 


1 -3 
ER. = 703x10 
e -1 
a7 A D n.321^? Ws Joa 2 
alu Of = WVIie We UL 
5.258 


(a) From the curve of the function y (x) we see that y = 0-5 when x = 1-41 


0-29 
Thus A = b41x cm = 1l-d0Sum. 
3700 H 
(b) At 5000 K 

4 0:29. 1n - 6 ... n.&Q .. n 

A = 5 A LU il = Udo VW il 
So the visible range (0-40 to 0-70) um corresponds to a range (0:69 to 1-31) of x 

e A JV r o N / 


From the curve 
y (0:69) = 0-07 
y (1:31) = 0-44 
so the fraction is 0-37 


(c) The value of x corresponding to 0-76 are 


x, = 0-76 / = = 0-786 at 3000 K 
o f 029 .,. anno 
X =U 10 | 05 = j:'91 al SUUUK 
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inc requisite iracuon is wen 
in. prov 
Ixl-iz| * aoe 
wj hj LA 
ratio of ratio of the 


total power fraction of 


L] 
ronanirord xvavoelaenct 
A wy wt LAS” DA wiwilky WAA 


in the radiated power 
(SY 1-044 
=|=] x ——— = 491 
(3) 1-012 


5.259 We use the formula € = hw 
Then the number of photons in the spectral interval (0, o *do)is 


2 v4 u(w, T)do w 1 , 
nlojao= ho = 2 3 JAT] 


using n(o)do = -n(X)dX 


~ 2nxc\2nc 
we get dO) = n| X | 2 di 


. (2ncy 1 


—— d A 
4 7 
WEE gi aq 


8x d 
14 .2xh«e/XkT 4 
mm c —T L 


5,260 (a) The mean density of the flow of photons at a distance r is 

P | 2nhc B Pi -2 57 2 
4nr? À 8mhcr 

10 x -589 x 107° -2.-1 

"$9.2. a nen an-3 ane yy S 

8 x^ x 1:054 x 10 x 10 x4 
= . 0x589 x 10% cm^?s^! 

8x x 1:054 x 12 


5-9 x 10P cm 7s! 


<j> = 


(b) If n (r) is the mean concentration (number per unit volume) of photons at a distance r 
form the source, then, since all photons are moving outwards with a velocity c, there is 


an outward flux of cn which is balanced by the flux from the source. In steady state, the 
two are equal and so 
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SO r=- I— 
zac '* Zhn 


- 1 V 10 x 589 x 10 ^2 
6 


6xx105 ' 2x1054x10^?^ x 10° x 10 


107 5-89 
= 6a 5-108 = 8:87 metre 


Consider the former case. If light is incident at an angle 
O and reflected at the angle 0, then momentum transfered 
by each photon is 


is | 


c. 


I 
(v,v*dv), then total momentum transfere 


24, 
=æ Pre A 
= vo V ^ | 7 
c oa 
Tha mann neacensn ome ic ralatad te tha farna Ravarted hu tha am huy 
AIL Biail AVL DOOURYL “Sf” ADO LIVIA U VV Wh LUIN I UAII UU U VRAM/ VU aai U 
2 
td — 
<p>x 4 ” P 


The force F equals momentum transfered per second. This is (assuming that photons, not 
reflected, are absorbed) 


E 
2p—+(1-p)— = (1+p)— 
p (1-p) - (1*p c 
The first term is the momentum transfered on reflection (see problem (261)); the second -on 
absorption. 


Substituting the values we get 
<p> = 48:3 atmosphere. 
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5.263 The momentum transfered to the plate is 


= E (1. p)[sin0 1- cos0 7] A S 
C | s L 
( momentum transfered + E [-2cos07 | IKO j 
ci d T 


on absorption ) 
( momentum transtered J N 
on reflection ) j i Y 


(1- p)sin8/- -(1«P)cos0] (7) 


Substitution gives 35 n N.s as the answer. 


5.264 Suppose the mirror has a surtace area A. M 
The incident bean then has a cross section of A cos 0 and / 8j 
the incident energy is ZA cos 0: Then the momentum / 8 
transfered per second (= Force ) is from the last problem pus 
IA cos 0 ^ IAcos0 at 
-—. (1*p)ceos 0j + ~~ (1 - p ) sin 81 0 
2 


NC 
( j is the unit vector L to the pla ic nirror.) ON 
Putting in the values 9 ; 
0-20 x 1g" 1 . -2 
p= '6 n N cm V 


3 x 10? 2 


Un 
re 
e. 
Un 


We consider a strip defined by the angular 


range (0,040). From the previous 
problem the normal pressure exerted on this 
strip is 0 


2I 
cos" 0 [ff 
C Á 
| 6 
This pressure gives rise to a force whose 
resultant, by symmetry is in the direction of 


the incident light. Thus 


E TF 
rfe cos’ 0- cos 0-2 x R^sin0Od0 = aR T 
0 
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Putting in the values 


4 
F = mx 25x 1974 970 x 10 55 = 0-183 uN 
3 x 10° 


5.266 Consider a ring of radius x on the plate. The normal pressure on this ring is, by problem (264), 


2 P24 
canr 2..2p2; COS v 
SULA TH AY 
OP R? AS 
i 2xnc(x^ tn R Y / ATN \ 
The total force is then —T18 | xX 


"1 7 
P n^ R 7 dy 
|| 2c 2 
ER y 
PwyR^[ 1 1 ] P 
= 2p2 p2 T a 2 
2c n R R (1+rn’) 2c(1*4n) 

E»cm fa’ Te +h en fae nee nn Fence FEer nA 6r thn eens ne then Fen rssacie nE tha eh ntne ta Lar thn TYrnenntawe 
9) edu U / \a) AH tue ICICICHULL Liditit LIACU UC Il ; WC LICquucincy OL uic PHULUIL 15, Uy uiv 17Uppaca 


S 
5 =o V E |- o ———— |. 
1-8 (^ "1-8 ] 

(see Eqn. (5.6b) of the book.) 


In this frame momentum imparted to the mirrof is 


2ho0 | 25 o 4 / 1+ß 


c c Y1-ß’ 
(b) In the K frame, the incident particle carries a momentum of w/c and returns with 


hol+B 


c 1-8 
(see problem 229). The momentum imparted to the mirror, then, has the magnitude 


Aofi+B ,] 2ho 1 
| —-.-1l- — 
c |1-B | c 1-B 
Here p=. 
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5.268 When light falls on a small mirror and is reflected by it, the mirror recoils. The energy of 
recoil is obtained from the incident beam photon and the frequency of reflected photons is 
less than the frequency of the incident photons. This shift of frequency can however be 
neglected in calculating quantities related to recoil (to a first approximation.) 


Thus, the momentum acquired by the mirror as a result of the laser pulse is 


> — 2E 
-—— = m 
|pr-B| 7 
Or assumino Dp -0 we cet 
— 2E 
Ip; | = — 
lof € 


Pr - 2E' 
m mc 
Suppose the mirror is deflected by an angle 6. Then by conservation of energy 
^ mA 
final RE. = mglí(1-cos0) = Initial K E. = <=. 
mc 
20  2E^ 
or mgl2sin 5 - "d 
or sin 8 = | -E-] 1 
2 | mc ya 
Using the data. sin 9 = 15 = 4371 x 107? 


2. 1077x3x10' v 98x 1 
This gives 8 = 0-502 degrees. 


5.269 We shall only consider stars which are not too compact so that the gravitational field at their 
surface is weak : 


We shail also clarify the problem by making clear the meaning of the (slightly changed) 


mse -— 


Il tatio i. 
Suppose the photon is emitted by some atom whose total relativistic energies (including the 
rest mass) are E, & E, with E(« E;. These energies are defined in the absence of 
gravitational field and we have 
F,-£, 

h 


as the frequency at infinity of the photon that is emitted in 2 —> 1 transition. On the surface 
of the star, the energies have the values 


Oy 7774 — 


5.270 


5.271 
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E', -A[1- 5g] 


Thus, from hw = E’, - E's we get 


/ 1 vM 
wW = Wo _ i. 
| c^R } 
Here w is the frequency of the photon emitted in the transition 2 —> 1 when the atom is on 
the surface of the star. In shows that the frequency of spectral lines emitted by atoms on the 


cnrfare af some star is le ess than the frannuenry nf linea emitted hu atamec here an earth 
WEERACEYY VE JVLILEIY VUE CHIGIL tw Aa vL SEA RN y Wh. SELLA WOARBARBOSwWwMS “J SSEUWZJEARBEW BRWoA w^ WEE WEES CAS 


(where the gravitational effect is quite small). 


Finally Aw “ — yM 
Wo cR 
The answer given in the book is incorrect in general though it agrees with the above result 
for rM «« 1. 
cR 


The general formula is 


DEM ~ eV 
X 2xhc 
Thus = eV 
Now AX = the (4 1) 
eV \ nj 
Hence yV = 2nhe(N-1) _ isokv 
eAX| n } 


We have as in the above problem 


2xhc 


- = eV 
À 


On the other hand, from Bragg’s law 
2dsina = kà = À 
smallest value. 


3a 


Thus V = TAS _ 30.074kV ~ 31kV. 
edsina 
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5.272 The wavelength of X- rays is the least when all the K.E. of the electrons approachi 


mmn A 


5.273 


5.274 


anticathode is converted into the energy of X- rays. 
But the KLE. of electron is 


AJ 4 2st 
/ 


c 


Ta ™ m| —À—— -1 
| 
L 


(SANS 


Y 1—V 


(mc? = rest mass energy of electrons.» 0-511 MeV) 


Thus E - T, 
-1 
2xhc | 2xh 1 | 
Or À = T T nc | ——L—.1 
m V1-v7c | 
= h y = —L~ = 2770 pm. 


mc(v-1) — V1-vZd 


The work function of zinc is 
A = 3-74 romane = 3/74 x 1-602 x 10^ ? Joule 
The threshold wavelength for photoelectric effect is given by 


2xhc  , 
Ao 
or ho = D = 331-6 nm 


È mva = 2xhc[i-l. 
g v 79J 
So Vmax = V 4nne(l 1) = 6:55 x 10° m/s 


(^ ^o 


/ 
From the last equation of the previous problem, we find 


Y= = 1 1 
dy dy 
1 1 1 1 
Thus y|[l--l|-l.l 
V2 “0 } 1 no 
1 2 n 1 
— -1)= —-— 
or waa ) inb» 


the 


N 
ou 
ons 


2 
and l. (15.1) / qg. 1) 
ào (M MJ! 
Ay 
A242 22.27 73. 
So Aw aoe, SEE — = 1-88 eV 


5.275 When light of sufficiently short wavelength falls on the ball, photoelectrons are ejected and 
the copper ball gains positive change. The charged ball tends to resist further emission of 
electrons by attracting them. When the copper ball has enough charge even the most energetic 
electrons are unable to leave it. We can calculate this final maximum potential of the copper 
ball. It is obviously equal in magnitude (in volt) to the maximum K.E of electrons (in electron 
volts) initially emitted. Hence 

_ 2nhe 


Pmax Ae 
= 8:86 — 447 = 4-39 volts 


(A,, is the work function of copper.) 


T Acu 


5.276 We write 
E =a(1l+cosmt)cos wt 


= a cos ax t + 5 [ cos (toy - 0) re cos (ooto) t] 
It is obvious that light has three frequencies and the maximum K.E. of photo electrons ejected 


is 
h(@+ Wo) - Ari 


where A,; = 2:39 eV. Substituting we get 0-37eV. 


5.277 Suppose N photons fall on the photocell per sec. Then the power incident is 
2xhc 
A 
N 2xhc J 
À 
2xhc 
en 
electrons have been emitted. Thus the number of photoelectrons produced by each photon is 


w = mhe | 00198 ~ 0-02 
ex 


This will give rise to a photocurrent of 


J 


which means that N 


5.278 A simple application of Einstein’s equation 


5M Vias = hv -hv = rane 


-A.,, 
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gives incorrect result in this case because the photoelectrons emitted by the Cesium electrode 


aam Én a p A Le ry n c — a | P. 1. ~4! 41. .. 4 Zh unge um e 4- LAs ern mon -—— mm pe pp" p asari aL. IN pep" 
arc rcuaraca Dy wc small CICCU IC field uldt CXISULS DCUWCCI the CCo1UIIL CICCUOUC aiii uic Uppcas 


electrode even in the absence of external emf. This small electric field is caused by the contact 
potential difference whose magnitude equals the difference of work functions 


i (Acu - Ac, ) volts . 


Its physical origin is explained below. 
The maximum velocity of the photoelectrons reaching the copper electrode is then 


Here vg is the maximum velocity of the photoelectrons immediately after emission. Putting 
the values we get, on using A, = 4-47eV, X = 0-220 m, 

Va = 6°41 x 10° m/s 
The origin of contact potential difference is the following. Inside the metals free electrons 


can be thought of as a Fermi gas which occupy energy levels upto a maximum called the 
Fermi energy Ep . The work function A measures the depth of the Fermi level. 


LIH TCI LEN A A-Å 
(A "m s 2 
umm vU 


between the two metals externally. 


b - —-— 


The maximum K.E. of the photoelectrons emitted by the Zn cathode is 
Axhc 
) 
On calculating this comes out to be 0-993 eV = 1-0 eV 


Since an external decelerating voltage of 1-5 V is required to cancel this current, we infer that 
a contact potential difference of 1:5 — 1-0 = 0-5 V exists in the circuit whose polarity is 


ha^ Wo om ee h^ We rye wate es "aep GB EA. SO oe Tinnu war ann — À ad nd vac 


Emax = 


-Ån 


opposite of the decelerating voltage. 
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5 280 A 
5.280 The unit ofh is Joule-sec. Since m c? is the rest mass energy, ——; has the dimension of time 
m c? 


whose dimension is length. This quantity is called reduced compton wavelength. 

2 xh \ 

me j 

5.281 We consider the collision in the rest frame of the initial electron. Then the reaction 
is 


(The name compton wavelength is traditionally reserved for 


- 7 2.) — f e ` 
y +e (rest) ^ e( moving ) 


Energy momentum conservation gives 


hw moc p 
C dM. 2 
Vi-p 


where @ is the angular frequency of the photon. 


Eliminating h w we get 


2 2 
moc“ = MgC 


This gives B = 0 which implies hw = 0. 


But a zero energy photon means no photon. 


5.282 (a) Compton scattering is the scattering of light by free electrons. (The free electrons are the 
electrons whose binding is much smaller than the typical energy transfer to the electrons). 
For this reason the increase in wavelength A A is independent of the nature of the scattered 
substance. 


(b) This is because the effective number of free electrons increases in both cases. With in- 


. . 
nveancinm anala nf erattarina the anarcy trancfaread tn alartran or Uu 
creasing angie Oi scattering, luc energy uansiereg io eiecirons increases. With dim ninishing 


atomic number of the substance the binding energy of the electrons decreases. 


(c) The presence of a non-displaced component in the scattered radiation is due to scattering 
from strongy bound (inner) electrons as well as nuclei. For scattering by these the atom 
essentially recoils as a whole and there is very little energy transfer. 
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5.283 Let Ag = wavelength of the incident radiation. 


P^ 
= Àj = Ào t2 X,(1- cos 0) where %, = — —- 


and similarly 
An = Ag t 2X, (1 -cos 8, ) 
From the data 0, = 60°, 6, = 120° and 
M = nM 


Thus (n-1)ħo = 223, f1- cos 8-1 (1 - cos 8; ) | 


= 2 Te | 1- +n cos 0; - cos 6;] 


cos 0, - cos 8 
Hence Ay = 20% ES 2 1] 
L 


n-1 | 


sin? 06/2 - y sin? 6,/2 
"-1 
The expression Ay given in the book contains misprints. 


= áa% | = 121 pm. 


5.284 The wave lengths of the photon has increased by a fraction ņ so its final wavelength 
is 


and its energy is 


T = hol 1- "1 ho —— 


5.285 (a) From the Compton formula 
A = 2xX,(1-cos90)4 


2NC 2NC h 
PE where 2x X, = —. 
mc 


Thus 0 TM — X*2nX, 


Substituting the values. we get œ’ = 224x 10? rad/sec 


(b) The kinetic energy of the scattered electron (in the frame in which the initial electron 
was stationary) is simply 


T -ho-hwo 


2nxhc 2nhe 
-e K— 
A At2x. 


Ax hc, 2 xh c/X 
A(A+20A,) 1-*X/2x*,. 


= 59-5 k 


5.286 The wave length of the incident photon is 
ZC 
Ao = 
Then the wavelength of the final photon is 
2KC 


f^ 
uu 


*t2x*.(1-cos0) 


and the energy of the final photon is 


; 2xhc ho 
how = = 
Axc A A fa nu fir 4 ho / A1 ann Or 
+2HA,(1-cos6) 1*——7;(1-cos0) 
MU mc 
- ; ho = 14422 kV 
re2[ 255 sin?(0/2) 
m f 
h 2xh 
5.287 We use the equation A = — = 
P P 
Than fram Camntan farmynln 
d LECIE LAVAL WS VUALPLUiL LVILLIVIG 
2x. 2X o n-1-(1- cos 0) 
p P mc 
SO l.l1,1 2 sin’ 0/2 
p p mc 
Hence sin? 2 = mc(1 1) 
2 2 \ P pj 
— mc(p-p') 
2pp 
.. 0 / mc(p-p') 
Or sinz = V 2pp' 


Substituting from the data 


«8 M mêlep-cp') _ 4/056 (102-0255) 
^52 ' Qepecp’ Y 2x 1-02 x 0-255 


This gives 8 = 120-2 degrees. 


255 
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5.288 From the Compton formula 
À =} 4235 (1 cos 0 ` 
^o mc $0) 
From conservation of energy 


2mnRC „enhe . 2mXhc 


2sin£8/2 — T ( 1 , 2 20) 
mc? hag |B op mc 2 | 


4 \ 
Hence | - | +2 
W 


sin [ 2 ] 
d. MT 1 


m c^ /sin? 0/2 
Or ^o = 
V 14 2mc -1 
Tsin? 2 


Substituting we get RAW. = 0-677 MeV 


n the previous problem that the electron gains 


5.289 We see from 
is scattered backwards O = 180°. Then 
m c^/h 
o = —————————— 
2 
2mc 
V sa -1 
1+ T. 
2 2 ^l Ime’ | 
Hence hy = ZZE n AER V 1 mE 4 | 
Wo mc Tmax 


Substituting the values we get ào = 3:695 pm. 


5.290 Refer to the diagram. Energy momentum conservation gives 


^o ho’ SIO ms 
~—— cos 0 = pcos o £ GC) 
c Cc S 
22 sino = psing A 9 
ho*smc? s hw «E hu 9 
where E? = cp t m^ c* . we see 
1. ho! V. 
w’ sin O j Sin 8 
tang = ——5—4 = > 
o-o'cs0 1 1, 
nN Koor 
|.  ^sinO sin 8 
|». M-^cos0 AA 5,0 
x +258 2 
where AX» N-A = 21 (1-c050) = Ax X sin! 2 
.. 0 0 
Hence tan _ 75783 
F= AN, AA 
AK 2na 
But ano VAAS AR. _ Ad Qf A2, 
v | fV 4 x X, Mn 4n, 2 X, V AX 
p—M p——M 
4/ Ax 1 4/ 4x -1 
mcAxr mcA 41.3? 
Thus an? = ah 2x5 ho = 
inch M c? 
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5.291 By head on collision we understand that the electron moves on in the direction of the incident 


photon after the collision and the photon is scaltered backwards. Then, let us write 


hoswnmc 


ho «omc 
(E,p) = (emc’,umc )of the electron. 
Then by energy momentum conservation (cancelling factors of m c? and mc ) 
1+yH = O+E 


"*g-o 

e? = 144 
lm 

So eliminating o & € len = -yntpt+V¥ pti 


or (1*2m- u) =V p+1 


Squaring (1+2y)°-2yH(1+2n) =1 


or u = 22(0*) 


P == vie = 1 + 2 N 
Now in a magnetic field p=Bep 
Thus p= 2n(1+n) / 0 *290)75-. 
Substituting the values p = 3412cm. 


5.292 This is the inverse of usual compton scattering. 
When we write down the energy-momentum conservation 
equation for this process we find that they are the same 
for the inverse process as they arc for the usual process. 


If follows that the formula for compton shift is applicable N , 


excent that the enerov (freque:. cy) of the photon is \ / 
vawvup * ARAUVE v WAR S warwa: by J V v“ svia EE Ww rv ev AL \ o y 
increased on scattering and the wavelength is shifted ~ Æ 
N 
downward. With this understanding, we write 60, \ 
h 
Aw = 2x——(1-cos8) -— 
me 60° 
/ E | \ a! 
= 4nx| — |sin?— = 121 pm » 
(me } 2 E R 


ATOMIC AND NUCLEAR PHYSICS 


In this chapter the formulas in the book are given in the CGS units. Since most students are 
familar only with MKS units, we shall do the problems i in MKS units. However, where needed, 


we shall also write the formulas in the Gaussian un 


FV Ww LULI GRU Ww ER AU B4E4W AWARE Ua - BER  CEREW/A — e U WUT ECE ni 


te 
save 


6.1 SCATTERING OF PARTICLES. RUTHERFORD-BOHR ATOM 


omson model consists of a uniformly charged nucleus in which the electrons are at 
rest at certain equilibrium points (the plum in the pudding model). For the hydrogen nucleus 
the charge on the nucleus is +e while the charge on the electron is -e. The electron by symmetry 
must be at the centre of the nuclear charge where the potential (from problem (3.38a)) is 


1 3e 
Qo = ALL ^D 


E, NENNEN A9 a 8. a? on ax!" ulna at. 


where R is the radius of the nucieur charge distribution. The potential energy of the electron 
is - e qg and since the electron is at rest, this is also the total energy. To ionize such an 
electron will require an energy of E = eq 


. 1 3e 
From this we find R= (Fea 25 
In Gaussian system the factor -—— is missing. 
*t JV C0 
Putting the values we get R = 0-159 nm. 


Light is emitted when the electron vibrates. If we displace the electron slightly inside the 
nucleus by giving it a push r in some radial direction and an energy 9 E of oscillation then 
since the potential at a distance 7 in the nucleus is 


lar? 1 GES r \ =-~—~eqg +d5E 
2 l Axe, | RÍ2 > R2 | c poqon 
\ JN / 
2 
or SE = Lm r 
2 | 41 5o J 2 R? 
\ / 
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The vibrating electron emits radiation of frequency œw whose wavelength is 


2c PACAS 535,4... Y 
m = 2 VMN 57v £9J 


à — 
P = 


In Gaussian units the factor ( 4x &g y^? is missing. 


Putting the values we get A = 0-237 um. 


Pd P | =. ara o a 


Equation (6. 1a) of the book reads in MKS units 


tan 6/2 = - [$5 ]/ 207 


e 
be 


^** JV CQ ] i 
4142 | cot 0/2 
Thus b tl 4 x £o | 2T 
For a particle = 2e,for gold q) = 79e 
1 |\ 
(In Gaussian units there is no factor l- 7j | 
Substituting we get b = 0-731 pm. 


e 
PS 


(a) In the Pb case we shail ignore the recoil of the nucleus both because Pb is quite heavy 
(Ap, = 208 = 52 x Aq, ) as well as because Pb in not free. Then for a head on collision, 
at the distance of closest approach, the K.E. of the a — particle must become zero (because 
a — particle will turn back at this point). Then 

22 e? =T 
(47 £9 ) Tmin 
(No ( 4 £o) in Gaussian units.). Thus putting the values 
min = 0591 pm. 


(b) Here we have to take account of the fact that part of the energy is spent in the recoil of 
Li nucleus. Suppose x, = coordinate of the a — particle from some arbitrary point on the 
line joining it to the Li nucleus, x; = coordinate of the Li nucleus with respect to the 


same noint. Then we have the energy momentum equations 


asiw rere JA 24WAR v w^ Du Fw GEE SESY/ARZWALDUO EES wy aS OS YB 


ln Z.lm d. -—2X3€ = T 
2 11'2 272^ (4m eq) |x, -x;| 


m, X, + m2X; zm V 2m,T 


Here m, = mass of He** nucleus, m, = mass of Li nucleus. Eliminating x, 


1 -2 1 ; 2 6€ 
T = am t5 (V 2m T - mix, | 4 


2 (4xt9)(x1- x7) 


6.4 


|e) 
eo 
bud 


We complete the square on the right hand side and rewrite the above equation as 


= | V mı (my + my) x, - V ——— V2m,T z| 


m +m t " Xu 0m, + My 
: 6 e? 
4 —————————— 
(4x £) | x ^ x2 | 


For the least distance of apporach, the second term on the right must be greatest which implies 


—- A. 


that the first term must vanish. 


2 m 
Thus | x1 -x2 |min = TEA 


(In Gaussian units the factor 4 x £g is absent). 


We shall ignore the recoil of Hg nucleus. 


TY 4 A L L4 | pP aum. 47 


(a) Let A be the point of closest approach to the centre 
C,AC = rq, . At A the motion is instantaneously 


circular because the radial velocity vanishes. Then if i 
vo is the speed of the particle at A, the following equa- 
tions hold 


A 
2 A 
d 2 Z, £e PUN 
re MN (1) 


——— 
MVolmin = V2mMT Db (2) n N 
m v2 z ze | ? min 
£ A A N 


Pmin -— CELE C 
(This is Newton's law. Here p = Phin is the radius of curvature of the path at A and p is 
minimum at A by symmetry.) Finally we have Eqn. (6.1 a) in the form 


Z Z e 9 


= (ame,)2T 7 x (4) 
2Tb? 4 £ e 
From (2) and (3) un (Ameo) 
or ae eee coe 
Pmin = (4ne))2T ^ 2" 
with Zi = 2, Z = 80 we get 


Prin * 0231 pm 


/t_\ /n f 


(b) From (2) and (4) we write 
„2e 0/2 
t (4xe9)V2mT vo 
Substituting in (1) T= Ly ve *V2mT vtan 0/2 


rerv—e ^ A 
Solving for vy we get Vo = y - see ; - tan 3 
0 
Th L] *2) € Z 
e mn (4xe))2T 0 . 8 
sec —-tanc 
2 2 
7 Z7 2 n / n a MA 
£1 *€2 € U u u 
(4ng) 2T tp [seep + tan | 
Zi x» e 0 
= —————— — | = 0.557 
Tana) BF (1 +03 pm 
6.5 By momentum conservation 
P+ P = P +P, | , 
( proton) (Au) ( proton) (Au) 
Thus the momentum transfered tó the gold nucleus is clearly 
— — -—P —À 
AP = P-P; = p-p S / 


Although the momentum transfered to the Au nucleus is B / 

* an at .- . - a [EE | "uu oa . . m 1 An 
not smali, the energy associated with this recoil is quite 7] / U A 
small and its effect back on the motion of the proton can ; i 


be neglected to a first approximation. Then 
— ^ 
AP a V2mT (1-cos0)i V2mT sin0j 
Here 7 is the unit vector in the direction of the incident proton and j is normal to it on the 
side on which it is scattered. Thus 


|AP| ~2V2mT sin > 


Z e 


Or using tan 0/2 = (4n€,)26T 


for the proton we get 


/ . : ; UEM 
2bT(4 " 
zi ( 7 | | 

/ 


lAP|-2V 2mT | 


Z e 


A 


\ 
ccelerates and then de 


6.6 The proton moving by the electron first acc then decelerates and it not easy to 
calculate the energy lost by the proton so energy conservation does not do the trick. Rather 


6.7 


where Ẹ is the component along OA of the force on electron. Thus 
co 
fe ^ 
P | e" b 1 
d t _ —— a | - 2 
-% b^ «vit 
co 
vt A 
eb f' dx NN EN [ ^» 
"axev J (B. 
AREV J (b +x) | 
~% 1D 
Evaluate the integral by substituting | 
x = btan@ NA 
2 Ld 
Then P. = 2e 
€  (Anxtg)vb 
cmi p m, e 
Then T, —— = — 
2m, (4x8) Tbm, 


In Gaussian units there is no factor (4 x ey y. Substituting the values we get 
T = 3.29 eV 


e = # ~~ Væ wv o 


See the diagram on the next page. In the region where potential is nonzero, the kinetic energy 
of the particle is, by energy conservation, 

T + Up and the momentum of the particle has the magnitude V 2 m ( T + Uy ) . On the boundary 
the force is radial, so the tangential component of the momentum does not change : 


»" h Y Uy 
where t = V 1+ T We also have 


0 -2(a-9) 


Therefore 


in & COS  - cos & sin 9 


á 
j=) 
NID 
i 
e. 
v= 
aa 
e 
l 
<] 
‘w 
a 
Aw 
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n sin 0/2 a .2 
or , = V m -sin?a -cosa 
sin Q 
. 2 
( 1 sin 9/2 \ 2 .2 
Or - + COS X = n -sin a 
\ sin a J 
or n sin? Ê co! a & 2 nsin 9. cota «1 = n? cos? È 
2 2 2 
0 
ncos—-1 
nr nto — z 
Ui TULU M 
9 
n sin — 
Z 
.. 0 
n sin — 
2 
Hence sina = ————————————— 
v 0 
1«n -2ncos 
2 
Finally, the impact parameter is 
. 0 
nRs 2 
b = Rsina = 
V tan?-2nc0s 9 
2 Q A 
6.8 Itis implied that the ball is toc heavy to recoil 9 | 6 — 

(a) The trajectory of the particle is symmetrical about the AN \ 
radius vector through the point of impact. It is clear / | 2. \ 
from the diagram that — | 

O- 0m a mo l Z \ | 
Ww Jv dat Y Vi i g p) ? . 


Also b = (R+r)sing = (R+r)cos >. No 4 


(b) With b defined above, the fraction of particles scattered between 6 and 6 +d O (or the 


probability of the me is 
2nbdb| Zi inodo 
n(R+ry (2 


0 
pP 
| d(-cos0) = 


rd ~ VT 
n 
U — 


ole 


1 


e^ 
e 


N 
D 
a 


2 
dN  ( Ze’) dQ 
N — ((4xnq)2T] 5,497 


We have put qı = 2e, q; = Z e here. Also n = no. of Pt nuclei in the foil per unit area 


N N t 
= (Atp) © l= 7A 
v | 
mass of v 
"EM no. of 
the foil , 
nuclei per 
unit mass 
Using the values Ap, = 195, p = 21-5 x 10? kg/m? 
D t 4745, F ^ ^ b 
N; = 6:023 x 1075 /kilo mole 
22 2 
we get n= 6:641 x 10" perm 
dS, 22 
Also dQ = —--10 “Sr 
Y 
ae dN 2.22 -5 
Substituting we get WV = 3°50 x IU 
A A flay donc FT’ 1 AY 1 r/ 1 27 sal 
A scattered flux density of J (perticles per unit area per second) equals J | 3^ r^ J particles 
r 


scattered per unit time per steradian in the given direction. Let n = concentration of the gold 
nuclei in the foil. Then 


Na P 


A 
471Au 


n = 


and the number of Au nuclei per unit area of the foil is nd where d = thickness of the foil 
Then from Eqn. (6.1 b) (note that n nd here) 


i 2 
rJ=dN= ndi| — Ze | cosec* Ë 
(600 89721) 4 
Here 7 is the number of a - particles falling on the foil per second 
AT^r^J . 4 
Hence d = —— —— — ——7; sin 0/2 
2 
arl Ze ) 
ELI 


using Z = 79, Ay, = 197, p = 19:3x 10 kg/m? N, = 6:023 x 1075 / kilo mole and other 
data from the problem we get 
d=1-47u 
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6.11 From the formula (6.1 b) of the book, we find 
dNp _ te Zh 
dNag "ag Z. 


Substituting Z4, = 47, Aag = 108, Ap, = 195 and y = 1:52 we get 


6.12 (a) From Eqn. (6.1 b) we get 


2 
IN «1.72 GNa(__Ze__| 2xsinode 
EE" | (4 xe 2T | sin 0/2 
(we have used dQ = 2xsin0d 0 and N = hI) 
From the data 
2 
9 d 
d0 = 2 $7.5 dian 
Also Z,, = 79, Ag, = 197. Putting the values we get 
dN = 1:63 x 10° 
(b) This number is 
x 
2 -dO 
N(&) = «| 22%) | — 2e | a [ —— 
or A Au J C40) 2T) S it 
95 2 
The integral is 
1 
2 f dx 1 -17 cot? 22 
J x 2 |2 | o 2 
. o ~ "2 
an 2 


Thus N(0 


Where n is the concentration of nuclei in the foil. (n = p N,/A,,) 
Substitution gives 


6.13 The requisite n 
2:197 nt FEGUISHE proo “J 
It is 
x 
p = NG). „a| ze ax | 559/240 
[ot [asas] ^ "Js sin? & 
2 


The integral is unity. Thus 


P = nnd 5 
(4a &))mv 


Substitution gives using 
. 3 
n m PAgNA _ 105 x 10 x 6023 x 10” p - 006 
Aag 108 
0 
6.14 Because of the cosec — dependence of the scattering, the number of particles (or fraction) 


scattered through 0 < 0, cannot be calculated directly. But we can write this fraction as 
P(90))-1-Q(99) 
. This fraction has been 


where Q (05) is the fraction of particles scattered through 0 = 0, 


n 


calculated before and is (see the results of 6.12 (b)) 
y 2% 
2 


/ e 
Q (8o) = *"| Cameo) T 


where n here is number of nuclei/cm'. Using the data we get 
Q = 04 


Thus P(0,) = 0-6 
6.15 The relevant fraction can be immediately written down (see 6.12 (b)) (Note that the projectiles 


are protons) 
2 
2 ar / ? X n 
AN e |. 2 Vo f , 
It COU PE \ 7 41, T 


N` | (4xe9)2T } ^ 
Here n, (75) is the number of Z, ( Cu ) nuclei per cm? of the foil and Z, ( Z; ) is the atomic 


number of Z, ( Cu ). Now 


Here M, , M, are the mass numbers of Z, and Cu 
Then, substituting the values Z} = 30, Z, = 29, M, = 65:4, M, = 6355, we get 
AS 1:43 x 107? 


6.16 From the Rutherford scattering formula 
2 
do Ze 1 
—— am 
d (4x:9)2T . 49 
sin — 
2 
( Ze  Y2nsin0dO 
or do = | (axe 327 | 0 
\ 0 } sint > 


2 
- ze X, cos 0/2 d 0 
((4*s2) T] — sin'0/2 


Then integrating from 6 = 6) to Ô = x we get the required cross section 


x 
2 
( ze cos 0/2 d 0 
Ao = / A E, n 
| EREI] ` sin” > 


~ (4xe),)2T 


rave | 4 a 


For U nucieus Z = 92 and we get on putting the values 


2 0 
Ze | cot 


(1b = 1 bam = 10” m?) 


6.17 (a) From the previous formula 


((415)2T 
s~ aa "Toa Ze | 004 j * 
v ^ 4ne 2 V Ao 


Substituting the values with Z = 79 we get (8) = 90°) 
T = 0:903 MeV 


(b) The differential scattering cross section is 


Oo 49 
~~ = Ccosec = 
U aa eo 


9o 
where A3(0»0,) = 4xC cot > 


6.18 
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P 
Q 


So 


(0 = 60°) = 39-79 x 16 b/sr = 0:637 kb/sr. 


A. 
Fe) 


The formula in MKS units is 
2 
dE Ho € We 
dt 6xc 
For an electron performing (linear) harmonic vibrations w is in some definite directions with 


W, = - ox say. 


dE Hoe W 
Thus —— = - x 
dt 6xc 
If the radiation loss is small (i.e. if w is not too large), then the motion of the electron is 
always close to simple harmonic with slowly decreasing amplitude. Then we can write 
H 2 2 
E=- moa 
and X = acos oft 


and average the above equation ignoring the variation of a in any cycle. Thus we get the 


2 1 2 
equation, on using <x > = 54 


dE uoc o 1, uo el a? 


— we o a — 
dt 6xc 2 6 xmc 
1 2 2 . 
since E = 5 mo à" for a harmonic oscillator. 
"T'é6.12-. n. bem Leet went te 
A MIS equal L AU Braves tO 
E = E,e^ 
i T 2 2 
where I-6xmc/e o ug. 


It is then seen that energy decreases v) times in 


ly = Tiny = TC Inn = 14-7ns. 


Moving around the nucleus, the electron radiates and its energy decreases. This means that 
the electron gets nearer the nucleus. By the statement of the problem we can assume that the 


electron is always moving in a circular orbit and the radial acceleration by Newton’s law is 
2 


e 
a (Axteg) mr. 


dE E 
dt 6xc (48) mr’ 
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On the other hand in a circular orbit 


so låne o dt 4na ZEL. Z3 


or 


Integrating 


and the radius falls to zero in 


A 
bo 
——) 
- 
= 
a 
e 
C 
zc 
m 
w 
= 
e 
(= 
er 


H 

m~, 
Ja 
a 
cn 
© 
— 
= 
~ 


On the other hand the frequency w of the light emitted when the electron makes a transition 


n-rl-—nis 


6.21 


will result if 


n "20 (ne1y) (ntl) 


Or multiplying by n^ (n 1? we have to prove 


; 4X 4 2 
(nti) i (2n41)> n 
n 2 n+1 


1 1/14 _1 \ 1 
kJ] 


This can be written as 


1 1 
This is obvious because - 1 + <-> since n 2 1 
n+1 2 
For large n 
3 
Q, /n41 3 
= | | = l+— 
0, w 
SO —> ] and we may say — —1 
On+1 oO, 


We have the following equation (we ignore reduced mass effects) 


W 
© 
3 
< 
y 
« 
3 
x 
i 


and r= V nh, 


and V=Vnnanvmk im 
The energy levels are E, =” jmvezkr 
| 1mhvmk 1, nh 
2 m 2 Wz 
Vmk 
= nh E 
Ym 
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27. 
6.22 The basic equations have been derived in the problem (6.20). We rewrite them here and 
determine the the required values. 
42 
(a) or, = —— >——_. Z=1 for H,Z=2 for He 
m ( Ze /4an Eo ) 


Thus rı = 528pm, for H atom 
ri = 26-4pm, for He" ion 


Ze 


“1 = (4Axsg)h 


v4 = 2-191 x 10° m/s for H atom 


i 
5 
td 
0O 
$ 


a / PF 24.2 
(b T = mv? = it. 


2 (Axso) 2" 
T = 13:65 eV for H atom 
T = 546eV for He’ ion 
In both cases Ej, 2 T because FE, = -E and E= -T (Recall that for coulomb force 
V=-2T) 


(c) The ionization potential o; is given by 
eq; = E, 
= 13:65 volts for H atom 


so 9 
p; = 546 volts for He” ion 
E, = 


13-65 
The energy levels are - —7;5- eV for H atom 
n 
1: Y^ 54-6 wure tr t.. 
and Ej7-—-- 5 €V ior ne ion 
n 


Thus pı = 13-65] 1 -i volts = 10-23 volts for H atom 


pı = 4x1023 = 40-9 volts for He” ion 
The wavelength of the resonance line 


(n' = 2—>n = 1) is given by 


2nhc 13-6 + = = 10-23 eV for H atom 


= am eee 
^ A 
& 


À 
SO A = 1212 nm for H atom 


For He* ion p= A. 3030 nm. 
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2-08 x 101 rad/sec 


~ 


m(Ze'/Ansg) 


Ww = 


3 3 
4? n 


on using v = 2xr/T. Thus 


orbit. (In Gaussian units 


th 


for the 5 


x 


~ 
Q 
E < 
N — 
> = 
T- QI 
Y N 
S l 
it r 
z =. 
=. 


m v r is the angular momentum 


where M, = nh 


We see that 


Thus 


= ug = 9:27 x 107” Am’? 


l 


m 


+ 


e 
2 


at 


uM = 


6.25 The revolving electron is equivalent to a circular current 


The magnetic induction 


7 


^4 


Ho m e 
256 x gf? 


12:56 T at the ce 


ntre. 


ey 


Substitution vives B 


(In Gaussian units 


6.27 


From the general formula for the transition n, —» n, 
ho = E,{ 4-4) 
vi n] 
where Ey = 13:65 eV. Then 
(1) Lyman, n = 1, n, = 2,3. Th 
hoz = Ey = 10-238 eV 
This corresponds to 2nch = 0-121 um 


and Lyman lines have à < 0:121 p m with the series limit at -0909 u m 


(2) Balmer: n; = 2, n, = 3,4, 


. . [1 1 5 
howz Ey) -~-=| = Ey = 1:876 eV 
^14 9j] 36 

This corresponds to 


and Balmer series has à < 0-65 u m with the series limit at A = 0-363 ym. 
(3) Paschen : m = 3, n = 45,. 


a 1 \ 7 
hoz Ey| ~-— | = Ey = 06635 eV 
9 16 144 
4 f 
This corresponds to À = 1-869 u m 
with the series limitat A = 0-818 um 


p B 
N fil f | | | 


oum tum WM j 


as Ll. a Anfim 
Viszbie | 1U ALE 


The Balmer line of wavelength 486-1 nm is due to the transition 4 — 2 while the Balmer 
line of wavelingth 410-2 nm is due to the transition 6 — 2. The line whose wave number 
corresponds to the difference in wave numbers of these two lines is due to the transition 
6 —* 4. That line belongs to the Brackett series. The wavelength of this line is 
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6.28 The energies are 


They correspond to wavelengths 
6542nm, 484-6 n m and 433 nm 
The n” line of the Balmer series has the energy 


E,| =- — 


"|4 (Q2) 
For n = 19, we get the wavelength 366-7450 nm 
For n = 20 we get the wavelength 366-4470 nm 


To resolve these lines we require a resoiving power of 


À 366-6 3 
R*3x^029g = 12x10 
6.29 For the Balmer series 
/q 2 
ha, Uis nz 3, 
where 7”K = Ey = 13:65 eV. Thus 
2nhc - anl i. L) 
dn (4 " 
2xhc 2xnhc '1d 1 
OI - = AR| — 
An+1 À E Gri | 
= h ntl > = => for n»»1 
n (n+1) n 
TL 2nhc .. 2Rh 
i LUD 12 ()/V = 3 


An nhen | xcn 
5A ARh MR 
On the other hand for just resolution in a diffraction grating 


KN | l l l . 
sp «Neko ug ^ = uq Sn = y sino 
3 
Acn 
Hence sin ĝ = TR 


Substitution gives 0 = 59-4". 
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6.30 If all wavelengths are four times shorter but otherwise similar to the hydrogen atom spectrum 
then the energy levels of the given atom must be four times greater. 


4E 
This means F = -A 
A. LE DAF ABRA*t/WwE ARRA A» 2 


M 
LA d 


E 
compared to E, = - a for hydrogen atom. Therefore the spectrum is that of He' 
n? 


(Z = 2) 
1w 7 

6.31 Because of cascading all possible transitions are seen. Thus we look for the number of ways 
in which we can select upper and lower levels. The number of ways we can do this is 


where the factor l takes account of the fact that the photon emission always arises from 


2 


upper —* lower transition. 


6.32 These are the Lyman lines 


hw = zer) n = 2,3,4,... 
l n 
For n= 2 we get A = 121:1 nm 
For n= 3 we get A = 102:2 nm 
For n= 4 we get A = 96-9 nm 
For n S we get A = 94-64 nm 
For n=6 we get A = 93-45 nm 


Thus at the level of accuracy of our calculation, there are four lines 
121-1nm, 1022nm, 969nm and 94-64nm. 


6.33 If the wavelengths are A, , A, then the total energy of the excited start must be 
Irch O2mch 
E, = E, + ——— + ——— 
n 1 N dy 
But E, 
4E; 2xch 2xch 

Then 4E, = -y tx * X 
QC ohn ete tte. ha y alasan teem sent 4 — S52 
ÞUUSULU mg uic Vaiucs we Bet fe = LJ 
which we take to mean n = 5. (The result is sensitive to the values of the various quantities 


and small differences get multiplied because difference of two large quantities is involved : 
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6.34 For the longest wavelength (first) line of the Balmer series we have on using the 
generalized Balmer formula 


1 
Q = zR({4 -5--31 
Li m^ 
2Xc 8Tc 
the result À = 
1 Lyman z RÍ 1) 3 ZR 
(077 
. l/6zc 
Th AK =i -À 
- 176 x c ^^ a 516 -1 
SO 5 = 2:07x10 sec 
115Z AA 
6.35 From the formula of the previous problem 
1765 aw n 
Ax ———— 
15Z°R 


or zu 1 / 176 X c 

15 RAX 
Substitution of AA = 59-3 nm and R and the previous problem gives Z = 3 
This identifies the ion as Li” 


6.36 We start from the generalized Balmer formula 
o = R| -L 
m 
Here m=n+i1n4+2 ora) 


1 1 af 1 1 2 2 
Aw = R| >- RZ /(n+1 
e ey] E at (ned) 
j R 
Hence n=ZV 2- -] 
Then the angular frequency of the first line of this series (series n). is 
2 
o, = RZ L. l 5 -sa| n+l -1 
n (n+1) n 
r 2 4 
M Tr) | RO 
zV 55 2z V = -1 
W Aw 
= Aw —— -1 zx Aw 2 
ZV R -1 E R | 
IV ae J 1 NAY G3} 
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6.37 


6.38 


6.39 


Then the wavelength will be 


l lo \ 
IZV — -1} 
x 2xc 2ze\ Aw j 
Ay = - — —————— 
1 A 0 
2zV .R.- 
Aw 


Substitution (with the value of R from problem 6.34 which is also the correct value determined 


A, = 0-468 um. 
For the third line of of Balmer series 
2(1 1) 227 
BEGIE- sj 100 7 
2xc  200xc 
Hence À = ———3 
o 21 RZ 
pan 4. / 200xc 
Or £9 V Ani 
- GAIN I. 


Substitution gives Z = 2. Hence the binding energy of the electron in the ground state of this 
ion is 

E, = 4Ey = 4x 13-65 = 546eV 
The ion is He’. 
To remove one electron requires 24-6 eV. 
The ion that is left is He” which in its ground start has a binding energy of 4E, = 422. 
The complete binding energy of both electrons is then 

E = Ey - Ah R 

Substitution gives E = 79-1eV 
By conservation of energy 


1 2 2xhc . 
5 mv = — Lp 


4 
Pi 
where E, = 4%R is the binding energy of the electron in the ground state of He’. (Recoil 
of He** nucleus is neglected). Then 


6.40 Photon can be emitted in H -H collision only if one of the H is excited to an n = 2 state 


which then dexcites to n = 1 state by emitting a photon. Let v; and v, be the velocities of 
the two Hydrogen atoms after the collision n and M their masses. Then, energy momentum 


conservation 
M V1 + M V2 = 2M T 
(in the frame of the stationary H atom) 


f 
1.1.2 4 
or 4M12V1-2 Y 
^ i| 


ed 


For minimum T, the square on the left should vanish. Thus T = SAR = 20-4 eV 


6.41 In the rest frame of the original excited nucleus we have the equations O = p, + Py 


3. — a ois p EDEN 
4^K = c| p,|*t pu/2.M 


(5n is the energy available in n = 2 —> = 1 transition corresponding to the first Lyman line.) 
| 4 eJ r O a Pd 
\ 
ARM 
Then Pat 2'M c py- 2 7 0 
3 
or (py+Mc)? - MC YyhRM 
^ f Ai Fa , 1/2 At m 
3 3nR 3hR 
Pu = -Mc« V MÊ+ÈARM --Mc«Mc|1*2——| =u 
2 2Mc 4c 
FAI. a Écran 10452 shige Alen eles beer jdn haee 2 JA A4 . ..—— Vx a 
(Ye CUULU Hdvc TWH U uueccuy Uy HOUIKS Ulat Hn lM QC Y J LUC 
Vp = SRR = 3:3 m/s 


6.42 We have 
3 | 3 1 (3 ^ 
€ = A^R and € a GAR zu 4e) 
Then EzE | ŽAR | VH | 555x107? = 0-55 x 1075 % 


t  8Mc& 2c 
6.43 We neglect recoil effects. The energy of the first Lyman line photon emitted by He’ is 
enn(1-1] = AR 
The velocity v of the photoelectron that this photon liberates is given by 


ZAR = mv? ^R 


where h R on the right is the binding energy of the n = 1 electron in H atom. Thus 


v= VE -2 ae = 3-1 x 10° m/s 


m 


Here m is the mass of the electron. 


6.44 Since AX (= 020nm) <<A(= 121 nm) of the first Lyman line of H atom, we need not 
worry about v^/c^ effects. Then 


"E w B v 
1 -ß cos 0’ c 
Hence 1 Bcosg = 2 =X 
wo A 
/ 
or Bcos0 = 1-~% = A^ 
À À 
n. 35 a 2xc  8mc 
DUL WE TA SON = = 
4 o 3R 
3RAX 
Hence vw. cp =- = 
6 T cos U 
Substitution gives | cos O = A.) 


v = 70 x 10 m/s 
6.45 (a) If we measure energy from the bottom of the well, then V(x) = O inside the walls. Then 
the quantization conditon reads pax = 2lp - 2xmh 


or p = xnh/l 


2 22 22 
P x nh 
Hence E, - am oa Sm? . 
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$ pdx= 2lp because we have to consider the integral form -2 to L and then back 


d 


to 


i 
10 - >) 


(b) Here È pax- 2urp=2nnh 


eo 
or p.n 
r 
Hence E, = nh 
n 
2mr’ 
2 M . p? 1 2 
(c) By energy conservation ~—+-ax = E 
2m 2 
SO p=V 2mE-max 
ha "n 
hen (D ndr «(D VomE_mardr 
aan | F'"^ J fe FUE Mad ITE AA Ue. 


a 

° x/2 
The integral is f V a? x? dx = a f cos’ 0d 0 

-a -2x/2 

,"? 

- 5 f (1+cos20)d0 = 27. 

Th C /zg.2E a [m 
us 9 pdx=nx ma: 2V = 2anh 

u po aa fa 
Hence E,-nhW —. 


(b) It is requined to find the energy levels of the circular orbait for the rotential 
! a 
U ( y )) = — T 


to 


6. 


4 


enan ria P" EPS 9 we o — Dw ot, 
ivtawu PU c MV aN = LÉJ € ft 
SO mvr =M=nh 
The energy of the particle is 
242 
nh a 
E = — -7 
2mr r 
Equilibrium requires that the energy as a function of r be minimum. Thus 
nh a nh 
375 0r- . 
mr r m o 
2 
m a 
Hence E, 2-5 
2n'h 
The total energy of the H-atom in an arbitrary frame is 
: ^ : ^ p 
1 "4 l,, e 
= = = — 
E ,m 1 *t5MV; (Amel r.—rl 
Lr Lr X mal cp J | f 1 f | 
LI nen v — — v — => -> D. -> ara tha Annediaatan nf tha alantenssa ond nentanc 
LAVIUL V1 = ri 3 Y2 = £25 ly co 7? dit UML LuuUIULIdlU.5 UL LIUC CICCLUUIL dilu pivti . 
We define 
— — 
D mr|-* Mr, 
| M+m 
-> —-> — 
r= r-r 
—> —> 
— m Vi +MV, 
Then V = — 
m tM 
> > > 
Vom Vi - V, 
-> -> M 5 
or Vi = + V 
m+M 
27-7 M 
m+M 
and we get E | (m M)Vi 41 mM 2 4 
2 2m+M A T Eor 


_ mM 
"7m +M 
u is called the reduced mass. 
4 4 
| e 
Then E, = pe and R-E 
2 2d, 
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motion. (M = 1837 m) 
ld m i AAW VILICI UWVULVY VUER UV, UEIBINM IAE Vii IVO iS 


,. m e m e* 
> 1 m 24342 M 1 m ae 
T T T 2M 
,me (m 
23: | 2M | 
Substitution gives AE, = 3-7 meV. 
For the first line of the Lyman series 
: 2nhc _4pf1_1)\_3,, 
X 4M 4j 4 
8xc 8xhc 
or À = 
R 3E, 
Hence 
8 x Tic 1 1 
Ay — Àp = 4 E frr\ or — 
J (mba) Meh) | 
- She (me B [4 1” | 
3 2 h M 2M 
\ A J 
= ahem 
_{me*\ 2M 
uw] 
m 
= IM X fv] 
(where A, is the wavelength of the first line of Lyman series without considering nuclear 
motion). 
Substitution gives (see 6.21 for à) using A, = 121 nm 
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6.48 (a) In the mesonic system, the reduced mass of the system is related to the masses of the 


meson ( m, ) and proton ( m, ) by 


m, m, 
u = — —— = 186-04 m, 
m, * M, 


2 
separation between the particles in the ground state = a 
r r o ue 
1 h? 
m 402€ 
100 m e 
= (0:284 pm 
4 
E, (meson) = F£- = 186 x 13-65 eV 
2h? 
= 2-54 keV 
A, ( Hydrogen 
M = Behe | ı (Hydrogen) acs am 
3 E, ( meson ) 186 


(on using A, (Hydrogen ) = 121 nm). 


me 


aan) 


Me 
- —. 
m, 2 


Thus separation between the particles is the ground state 


h? 
= 2— i" 105-8 pm 
m, e 
Me e* l. ,L. X7 


E, (positronium ) = — 


) Pry = zol ) = 68 eV 


à; (positronium ) = 2A, (Hydrogen ) = 0:243 nm 


285 
6.2 WAVE PROPERTIES OF PARTICLES. 


SCHRODINGER EQUATION 
6.49 The kinetic energy is nonrelativistic in all three cases. Now 
2 Th ` 2 Th 
P 2mT 


using T = 1602x107!” Joules, we get 
àe = 122-6 pm 


À =» 


we find T = —— = —3Ó- 


| 2X 
Thus T,-T, = nm 


Substitution gives A T = 451 eV = 0-451 keV. 


6.51 We shall use M; ~ 2M,. The CM is moving with velocity 


3 M, " 9M, 
with respect to the Lab frame. In the CM frame the velocity of neutron is 
2T 2T 2T 2 
Va = VU-V = as = nar = if "3 
v Min ` n w Moya 3 
and Y x 2 xh 3 xh 
n "|o 7 
MiVn V2M,.T 
Substitution gives ÀA', = 8-6 pm 


2xh(1* M,/M,) 
2M,T 


Xy-.—2xXh Anh (because p; Lpz) 


i, »n.mi af2. 23 

ai F17FP21 V P tp 

B 2 2 hy M 

2.42 

Vir VME 
42 * 12 
^j M 

6.53 In thermodynamic equilibrium, Maxwell's velocity distribution law holds : 


ae | [ 
A 
< 


dN(v) = ®(v)dv = Av SN 


d ( v) is maximum when 


®'(v) = (v) Es d = 0. 


The difines the most probable velocity. 


x 
wu 
< 

N 
Ijz 


The de Broglie wavelength of H molecules with the most probable velocity is 
.2 xh  2xh 


.* v X 


m = my = 2m,, T = 300K, we get 


A= 126 pm 


z 


6.54 To find the mo st pr robable ce Broglie avelength o of a gas in thermodynamic equilibrium we 


Vy(X)dX = -®(v)dv 


(where - sign takes account of the fact that À decreaes as v increases). Now 


20th | 2m«h 
= V=- 


r 
mv mi 


Thus WA) 


i 
4 
> 
< 
% 

oom 

a 
P d 


6.55 


p (2) (ama eem 
m 


m 12 

2 

= Const: À ^ e^ "^ 
where a 20 
mkT 


This is maximum when 


V (X) «0 - von] S $$ 


Or ho = Va/2 = xh/ Y mkT 
Using the result of the previous problem it is 
126 
Nor = —— pm = 89-1 pm. 
2 


For a relativistic particle 
T+mc* = total energy = V c p.m c 
Squaring 
V T(T+2mc’) = cp 
2xhc 


V T(T+2mc’) 


2x 


V 2mT(15 T | 


Hence m 


2 


If we use nonrelativistic formula, 


SO — = — «a 


If T/2mc!««1, we can write f + 


2 
Thus T s ime ah if the error is less than AA 


For electron the error is not more than 1 % if 
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N 
Q 
@ 


oN 
CN 
e 


6.57 


T s 4x0:511 x 01 MeV 
€ 20-4 keV 


For a proton, the error is not more than 1 % if 


P -> A., 020 .,n.n1 AAV 
Lm TFTA JJOAUUILIYICY 
i.e. T s 375 MeV. 
The de Broglie wavelength is 
2 xh 
. Mo V 2nnh ./ 2.2 
Aag ™ — Y1-v'/c 
V 1 272 mov 
" Av 4& 
and the Compton wavelength is 
2xh 
A, = 
mo c 


Vie -me = (¥2-1) mpc’ 


Here mọ is th rest mass of the particle (here an electron). 


For relativistic electrons, the formula for the short wavelength limit of X — rays will be 


2xhc - 


n 


or 


or 


or 


Hence 


1 V 
moe’ ——-1 mc p «mc -me 
^ n2 j 


v vVi-p 


o 
Un 
we 


6.60 
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The first minimum in a Fraunhofer diffraction is given by (b is the width of the slit) 
bsinO = À 
z7 a Ax/2 „ÊX 
Here sin Ó = ———_ 
> ~ 2l 
1? Ax 
2 
Thus og n DAX _ 2mh 
21 mv 
4xhl 
so = AIAL 2.02 105 m/s 
mb^x 
From the Young slit formula 
VE SET 
—^ dd d Sarr 
V Imm € Vv 
Substitution gives 
Ax = 490 um. 
From Bragg’s law, for the first case 
, 2 xh 
2dsinO = ng À = ng 
2me Vo 
where nọ is an unknown integer. For the next higher voltage 
2dsin@ = (ny41) —2 2^ 
^5. aa, WV 
Y 42m €T) Vo 
no *1 
Thus Hg = —— 
vn 
Vn) Vn vV»-l 
Going back we get 
y xh : 0-150 keV 
0 = - 2 - 2 = * 
2med'sin? 0 (Vn _ 1) 
Note :- In the Bragg’s formula. 9 is the olancino angle and not the angle of incidence. We 
POR d s o Veep “ BWEALLUEU g wit tary GA taverns kadais -— iet VS ARP ALAWY DEAY Vala Wh SSEW SO WwW’ w 
have obtained correct result by taking 0 to be the glancing angle. If O is the angle of incidence, 


1 
ill be smaller by a factor 


g 


then the glancing angle will be 90 — 6. Then the final answer 


Ud | mmt 
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61 Path difference is 
d+dcos o= 2dcos? 3. 
Thus for reflection maximum of the K^ order 
2 xh 


2 d cos? 2 kk CERT = 


e 


Ld 


nN 
be 


m 
Hence d = kah Sec? 9 
2mT 2 


Substitution with k = 4 gives 
d = 0:232nm 
6.62 See the analogous problem vi - ~ mys (5.156) 
The glancing angle is obtained 
tan26 = D 
2l 
from the foil to the screen. 


where D = diameter of the ring, / = distance 
Then for the third order Bragg reflection 
2dsin = kh = kK, (k = 3) 
2mT 


Thus 

Inside the metal, there is a negative potential energy of - e V; . (This potential energy prevents 

electrons from leaking out and can be measured in photoelectric effect etc.) An electron whose 
Y ya thea matal Than 


6.63 
KE. is eV outside the metal will find its K.E. increased to e (V + V; ) in the metal. inen 


(a) de Broglie wavelength in the metal 
2i = 2 xh 
V2me(V+V;) 
Also de Broglie wavelength in vacuum 
=M% = 2 xh 
V2mVe 
ence refractive index 7 = x - V i + 


Substituting we get 
1 ~ 
n= V 14 TS 1-05 


V 
V; 
then Dey s(1+n) 
or V; n(2+n)V 
or V. 1 . 
V; n(2+n) 
For «2142 = 001 
V 
we get V; 2 50 
6.64 The energy inside the well is all kinetic if energy is measured from the value inside. 
We require 
l= ni/2-n x 
2mE 
2 
or E, = 1,2, 
2ml 


6.65 


6.66 


(D n-1 = V pe -1i sy 


The Bohr condition 


$ pax -$ = dx =2nnh 


For the case when A is constant (for example in circular orbits) this means 
2xrsn 


Here r is the radius of the circular orbit. 


From the uncertainty principle (Eqn. (6.2b)) 


AxAp, >h 
Thus Ap, = MAV > A 
Py = x ^ Ax 

h 

or Avy > Ax 
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For an electron this means an uncertainty in velocity of 116 m/s if Ax = 105m = 1 um 


For a proton 
Av, = 6:3 cm/s 
For a ball 
Av, = 1x107% cm/s 
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6.67 


$^ 
A 
ec 


6.69 


6.70 


6.71 


As in the previous problem 
h 


= 1- 


v - = 
mil 


^ 


6. 


The actual velocity v, has been calculated in problem 
v = 221 x 105 m/s 
Thus Av _ v, (They are of the same order of magnitude) 


1. It is 


2xh i h ^h 
If Ax = A/2x = "— = — = — 
p 2x p mv 
Thus Av» —— = v 
Thine A ap ac af tha camnaA ardar ac ut 
A AMjUD CA V BO UL ULI. odAllilw VEU Go V 
» , ~ h 
Initial uncertainty Av > —. 
mi 
y | long in time 
| nml? 16 
fj e n1] — æ sec. = 86 x 10" sec 
M 4 mi h ~ 
h 
Clearly Ax s | so Apje2 7 
Now p, 2 Ap, and so 
T p Ww 
= m — 
2m  2ml 
h^ x 
Thus Tun = Ty 095eV. 
2m 
The momentum the electron is Ap, = V 2mT 


Uncertainty in its momentum is 


Ap, z h/ Ax e vl 


Hence relative uncertainty 


AP, _hħh Ls /r-4¥ 
Px lV2mT 2ml M 


Substitution gives 
Ap 


M p 


= 975x107? = 1074 


With this incertainty the wave train will spread out to a distance 
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y uncertainty principle, the uncertainty in momentum 


"m 


Ry 


a 


For the ground state, we expect A 


6.73 We write 


and then 


Quantum mechanics gives 


Mr 


r Ar, p_Ap 


Then 
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6.75 Suppose the width of the slit (its extension along the y- axis) is ô. Then each electron has 


6.76 


an uncertainty Ay _ ô. This translates to an uncertainty Ap, _%/5. We must therefore have 


Py > h/. 


For the image, brodening has two sources. 
We write 
A(5 ) = +A (ò) 
where A’ is the width caused by the spreading of electrons due to their transverse momentum. 
We have 


we write w (x,t) = o (x) x(t). Then 


ihdy Wide 


x dt” 2mo ae? 


Then X (t) _ exp -T 


E must be real and positive if ọ (x) is to be bounded everywhere. Then 


w(x,t) = Const (x (¥ 2mE 0) 


This particular solution describes plane waves. 
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6.77 We look for the solution of Schrodinger eqn. with 


mg 
-im aT Ew,Osxsl (1) 


The boundary condition of impenetrable walls means 
ia) = 0 fe xz e 0 md xo] 


The solution of (1) is 


, V2mE V2mE 
w(x) = Asin x+ B cos -xX 
h 7 h 
Then y(0)= 0 B=0 
v (1) = 0 = Asin- im mO 
A a 0 so 
V2mE 
——l=nn 
h 
2 242 
Hence a Li ,n-1,2,3, 
2ml 
Thus the ground state wave function is 
w(x) - Asin. 
We evaluate A by nomalization 
r x 
1 = A’ TX ay =AL f snodo = ALL. 
J si y °* nJ ` nxn 2 


Thus a- VŽ 


o 0l L2 Ll uu .. 4 21. 
Finally, the probability P for the particle to lie in 2 srs 3 1S 
21/3 
(1 21\ 20 axx 
PsPiÍl-sxs—|is-—[ sin —dx 
\ 3 3) IJ i 
i 
3 


2x/3 
- 2 f sin^0d0 = 1 f (1-cos20)d0 
JU JU 
x/3 


x/3 
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(9-382) (SF pegs 
x v3 x 
V3 1V3 
.i[z,2Y3,1Y2].1, Y 0609 
x1 ^ £ o ] J 7) 
l l . 
6.78 Here “7 SX 55. Again we have 
] ] v2mEx V2mEx 
w(x) = Boos + +A sin J 
Then the boundary condition v| 2 | = 0 
ves B V2mEl A QVAnEI 
give co, # Asi 25 


T 
(1) A » 0, 23 ^" ""t5 


gives even solution. Here 
V2mE - (2n*1) zh 


x 


and E, = (2n*1y —— 
mE 
[> TX 
wye(x) = V = cos (2n+1) = 
n? v l X 7 l 
n = 0,1,2,3, 
This solution is even under x > - x. 
(2 B=0, 
v2mEI 
— —— = na, n =1,2,... 
2h 
, * 
E, = (2nn yY — 
nm | ! Smi 
_, 0 a/2 _, 2Nnx L 4 A Pm: . d.atf-. 
Un = V T m E P" = 1, £ eee LOIS S01U UUI 


6.79 The wave function is given in 6.77. We see that 
l l 


nax n'xx 


fo» Vy (x)dx = =f sin l sin — 7 
0 0 
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l 
1 
= 1f [cos(n- n') Z cos(n« n ) 7 
iJ | 
0 L 
[ cx 
a lee (en wv. Sin(nmtm)7- 
-.lL | SEEN -— JJ Alt t 
od X ux 
| (n-w)= (nent) 2E 
| t £ 


"m" 


0 


Let N(E) = number of states upto E. This number is n. The number of states upto 


E«dEisN(E*dE) - N(E)«dN(E). Then dN(E) = 1 and 
dN(E) 1 


dE | AE 


where A E = difference in energies between the n" & (n+1 )^ level 


H= 
Imi" 


Thag 
snus 


A 
= E 
[~ 
2 
e 
È 


mo. veo. N(E) LL. ante. v 
For the given case this gives dN(E) = 0:816 x 10’ levels per eV 


dE 


6.81 (a) Here the schrodinger equation is 


"b 
S 
d 
(> 
= 
I 
e 
le! 
Le | 
id 

ge 
5 
i 
= 
l| 
= 

D 
© 
^ 
> 
e 
e 

d 
oo 
m 
un 
i! 
^ 
E 
e 
bet 
e 
e 
(mut 


e. 
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or y=0 orye=bh. 
we look for a solution in the form 


ay = Asin k, x k. v 
Y 4 A wanz vj SIr "~“it 


cosines are not permitted by the boundary c condition. Then 


k = i —, =n ~~ 
1 l ka 2 L 
2 2 2 
" METER 
2m 2miPr pg 
vo 4] 
Here nı, M are nonzero integers 
(b) If 4 = L - i then 
2 
E n, tm 
2 2 2 x 
hé/m | 
1* level : n = m = 1 >x = 9-87 
nd ° = = 
2" level : n-1me-2)]. 5 2 -247 
Or nm, = 2, n = 1f 2 
3" level 1 =2, =m =2 —4m = 395 
d 
4^ level : Wm = 1, m = 3 


6.82 The wave function for the ground state is 
Wu (x, y) = Asin sin => 


we find A by normalization 


a d 
242 xx noT? 42 ah 
1 A? f dx f dy sin? 5 sin b 4 
0 0 
Thus A= 2 


2 2 UX , . 
= — f dx sin? — on doing the y integral 
ad a 
0 


e 


tod) 


a/3 sin 24 
-if 2nx\ 1|a — 3 
^a ^ a(t cos a |  aa|3 2x/a 


1 V3 o asy 
= >=- = U'196 = 17:6 7o 
3 X 
We proceed axactly as in (6.81). The wave function is chosen in the form 
(x,y,z) =A sink, xsin k ysin kz 
(The origin is at one corner of the box and the axes of coordinates are along 
boundary conditions are that y = O for 
x=0,x=4a4y=0, y=a,z= 0, zsa 
This gives 
ni X n n; X 
k, = 1 k= m ky = 3 
a a a 
The energy eigenvalues are 
2 
E(ny, m, n) = ——z (My +m +n) 
2ma 
The first level is (1, 1, 1). The second has (1, 1, 2), (1, 2, 1) & (2, 1, 1). The 
(1, 2, 2) or (2, 1, 2) or (2, 2, 1). Its energy is 
9 x^^ 
& 
2ma 
The fourth energy level is (1, 1, 3) or (1, 3, 1) or (3, 1, 1) 
Its energy is E Hx 
= e 
2m a 
(b) Thus 


/o M PT fifth 1 1 Ye Ff AK PPM a a ee | _ £4 ^ Ar. £1 ^4 AN 7A 41 AN A 
(C) ine NI ievel IS (2, 2, 2). Lme sıx ievel IS (1, 2, 2), (4, 2, 25, (Hy 1, 2), Le 
1, 2), (3, 2, 1) 
Its energy is 
2 
TW x 
m a* 


and its degree of degeneracy is 6 (six). 
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6.84 We can for definiteness assume that the discontinuity occurs at the point x = 0. Now the 
schrodinger equation is 


We integrate this equation around x = 0 i.e., from x 2 — €, to x= +£, where €,, €, are small 
positive numbers. Then 


+e 
+& 
X (£9, fig prout 
72m J ag 4*7 J (E-U(x)wí(x)dx 
-& -s 
or (dw) (dw) - -2% f (E-U) y(x) 
x 
| dx Jee | dx hee h “a 
Since the potential and the energy E are finite and w(x) is bounded by assumption, the 
integral on the right exists and —* 0 as €41, €&€ > 0 
Thus ( 2 | .[4*) as £j, & O0 
ve^ «s, ve^ ]-* 


6.85 


(a) Starting from the Schrodinger equation in the regions Z & II 


dy,2mE, _ 4 x in I (1) 
dx h 
2 2mE(U,-E 
dy 2mE(US P). 20 xinll (2) 
dx h 
where Up > E»0, we easily derive the solutions in J & II 
Vr(x) = Asinkx * Bcoskx (3) 


W(x) = Ce“*+De “ (4) 


o 
© 
just 


re = ,Q = 

^ ^ 
The boundary conditions are 

V(o)-0 (5) 
ow. fdw \ i . 

and P & (dx | are continuous at x = /, and ¥ must vanish at x = + ©, 
Then w, = Asin kx 
and V, = D e ?* 
SO Asinkl = De~*! 


kAcoskl = -aDe~*! 
From this we get 


tank! = E: 
a 
or sinkl = + kl/ V P «o? 


2 
PITE 2r 0È 
h 
= + kIV H /2mU l? (6) 


Plotting the left and right sides of this equation we can find the points at which the straight 
lines cross the sine curve. The roots of the equation corresponding to the eigen values of 
encrgy E; and found from the inter section points (k/);, for which tan (k/); < 0 (i.e. 2" & 
4^ and other even quadrants). It is seen that bound states do not always exist. For the first 
bound state to appear (refer to the line (b) above) 


JU 
(KL), mn = 2 
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fod CI ML 2: P 7/12 
(b) Substituting, we get ( Up); min = 


x^ R? 
8m 


rr 


as the condition for the appearance of the first bound state. The second bound state will 
appear when K/ is in the fourth quadrant. The magnitude of the slope of the straight line 


must then be less than 
1 


32/2 


Corresponding to (k/)2 min = > = G7 = Qx2- 05 


(D, sis = (20-1) 5 


(2n - 1)? x? 


Then (PU), min * 8m 


Do not forget to note that for large n both + and - signs in the Eq. (6) contribute to 


solutions. 


It is easy to check that the condition of the boud state is satisfied. Also 


V V U, 
al = 2m ou -E)I? = T = >n 
h 


uM 
n 


Aju 


3x/4 


D - Ae?! sinkl » AÉ 


v2 


| | 


|: ; 
[= A?| f si? kx dx fe e Oml dx 
| J 


ee | 
8 
m 


| | 
. 42|i f 1. -7 
A fa- cos2kx)dx+l 2* d 
0 0 
L 7 J 
4]. Tf 4) L 
1 sin2 kl 1 3x 2,11 3x 1 3x 
= A?| 2|- i.2X|. i 2x3] 127 
;| 2k |*3 2 | 74! jn 2 E | 
_ -12 
2 a2, [1,2 To a21(41 4). , L2 (4.5 
A titz A altt OF A 7 |**34&l 
L J \ / \ / 
The probability of the particle to be located in the region x > / is 
r 2 "Rud E 
2 - 
Pa fy dx==(1+—]| | 5 € 2 ldx 
l CN ME "I ~ 
à Y! v 2 3m 
(3e) (6602 dy = ——x———; = 149%. 
\ Im) ` 3x 3N+4 


6.87 The Schrodinger equation is 
») 2m EN 
V y+ B-U(rV =0 


A 1 A fl waar \ 
$4) z ——| p iT 
when *y depends on r only, Vey ru ar | 
=X) dw.x x 
If we put V "D "ini 
and Vp = 2. Thus we get 
d 
TX AO (E-U(r))x-0 
ar 
The solution is x = Asinkr, r<ro 
2mE 
K = L—— 
n 
and x-0r»rg 


(For r « rg we have rejected a term B cos'kr as it does not vanish at r = 0). Continuity of 


Hence 
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6.88 (a) The nomalized wave functions are obtained from the normalization 


t= fivlav= flwlaxrar 


To Fg 
= f A? 4n? ar = 4na? sin’ ent dr 
0 0 7o 
Rx 
r 
= 4x f six dr = Ax A? TTT Lua A? 
0 
nar 
sin 
TI a 1 ’ . 1 Vo 
Hence A = —— and wy = 


(b) The radial probability distribution function is 


P(r) = 4n (yy = 2 sin? 227 
ro ro 


For the ground state n=1 
2 270r 
5o P,(r) = = sin — 
ro ro 
By inspection this is maximum for r = 3 Thus r, = > 


The probability for the particle to be found in the region r « r,, is clearly 50 % as one 
can immediately see from a graph of sin’ x. 


6.89 If we put y = C) 


the equation for y (r ) has the form 


" 2m p rren sn 
R LA U AFTJIANTJ => U 
which can be written as X + X =0,0<rc<r 
" 2 
and y -awx-20 rg«r«oc 
4 Im F » 2m( U,- E) 
2 ae ITE RS 2 M U 7 
where k = 5 a” = 5 
h 7 
The boundary condition is 
x(0)20 ] 


and x, x are continuous at r = ro 
These are exactly same as in the one dimensional problem in problem (6.85) 


We therefore omit further details 
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, , d'W 2m 
6.90 The Schrodinger equation is ——5- + —5- (E - lw = 0 
dx n e 
. -«x/2 
We are given W=zAe”™ 
2 
Then V = -«xxAe "*7 
y” = -QÅ ax /2 + oc? y* Ae %*/2 
Substituting we find that following equation must hold 
2m 
Gi - æ) + SE - a) Y= 0 
L k 2 J 
since V æ 0, the bracket must vanish identicall. This means that the coefficient of x^ as well 
the term independent of x must vanish. We get 
Ne |. 2mE 
oO. 


mk, — 
= w and X = ——— 
m 


Putting k/m - c, this leads to « = 


we A f J Ü A 
x C) , 2m| e” | 
we put y = . Then x +—7|E+— |x = 0 (1) 
r K| "| 
We are given that y=ryýy=Ar(i+ar)e ^" 
so X =A(1+2ar)e ""-aAr(1-«ar)e "" 
v! oL w2 A »í1nlnrio *" L yn (149 avr)\o F an o oF 
A NA 4b F YR Tw J 4x WA LAN RT wur jy | d V 4M Ww 


Substitution in (1) gives the condition 


? m 
At F 


or (Er+e)x(1+ar) = 0 


a (r+ar’)-2a(1+2ar)+2a+ 


Equating thc coefficients of r^, r , and constant term to zero we get 


e o 

2a-2047 7 = 0 (2) 

m 
ac «——Ea-0 (3) 
oe daa et (Fsea)=0 (A) 
t =w 2 V / VJ 

W o? 
From (3) either a = 0, or E=- 
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2 2 4 
In the first case ae ME pe D u "E 
h? 2m 2k 
"51.2. .a S 4l. O S Y O 
ihis state is the ground stat 
MEN : me ime 
in the second case a = 4- ——, Q = >z 
n em 
rrt c AL mec 
E z= o Pep and a = = ari 
8h 21 


This state is one with n = 2 (2s). 


6.92 We first find A by normalization 


oO o 
2 
- tA - 3 
1 = f 4xA7e 27% Pdr = hfe * Y dx = xA?rj 
0 0 


2 
cinco the integral hac tha valna 9 
OILY Ule BLUR IGs MGS uiv vaiuv c 
M 2 1 1 
hus A" = — or A = ————. 
Nri 4/ 3. 
Y Fa Jt 


(a) The most probable distance r,, is that value of r for which 


pr 


4 - 
P(r) = 4nr’|w(r)| 2 z + re?" 
ri 
is maximum. This requires 


2 

P(r)ye $|2r-2Z | e? 2 0 
3 

ry ri 


or r= = Vy - 


(b) The coulomb force being given by - ?/r. the mean value of its modulus is 


n X ri r 
oo oo 
2 > 2 p 2 
= f 4e 2-Àr/Ir, dg. 2e ( -x,. = 2e 
J 3 c ur 2 ] c GA 2 
0 "1 ri 0 ri 
T.. ATZO n.. tan cor nit 2.4 fs 2 fA ana M PC. 2 
in MK» units we shouid read (€ /4 x eg ) for e 
oo 00 
2 2 2 
1 -2r/r, ~€ e - e 
(c) <U> = fan? e rn ——drs -— X e *dx s - — 
A X r ri 0 ry 


In MKS units we should read (e 4 x £o ) for e. 


6.93 We find A by normalization as above. We get 


1 
A= 
V xr 
V xr, 
Then the electronic charge density is 
1 -2r/r, | 
p=-eļy|” =- e —z; =p(r) 
ur 


The potential (7) due to this charge density is 


US A7 Ue T 


1 p(7”) , 
o(7) = Ane f Ir-r j^" 


a 1 pir) Qa -e f 
so at the origin ọ (0) -+f 7 4nur“dr an €; E 
e 0 


which we write as Y; + rw, =9,x<0 


E 
p.2m 
Wn 


and WwW, +a Fy = 0 x»0 


aà!e2"(E.U)20 


4,2 
Fr 


It is convenient to look for solutions in the form 


y=e -*Re  x«O0 
avs sax n sax n 
p "Ae +De x>U 


tkx L 


In region Z(x «0), the amplitude of e "" is written as unity by c 
expect only a transmitted wave to the right, B = 0 then. So 
Yy = Aet x>0 
The boundary conditions follow from the continuity of Y & a atx = 0. 
1+R=A 
iK(1-R) -» iaA 
1-R a k-a 


— or R = 
Ja 


1+R k - k*a 
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The reflection coefficient is the absolute square of R : 
2 
2 k-a 
r= [nf = || 
| KTU | 
(b) In this case E < Ug, a = - B? < 0. Then V, is unchanged in form but 
Wy = Ae P". Be'P* 
we must have B = OQ since otherwise sp (x ) will become unbounded as x > ©. 
Finally 
UV, = A e P* 
Inside the barrier, the particle then has a probability dénsity equal to 
2 2 -28x 
| Par | = |A| e i 


. 1 . 
This decreases to z of its value in 


| f Is :UI.N FX | 

NA ean al ^ Lf YF/£ ..* rmy 3 

D = exp -4 J Y2nOGO-E)4:| 
x, J 


Here V(x;) = V(x1) = E and V(x)>E in the region x, > x> x. 


(a) For the problem, the integral is trivial 


D ~ exp |- 2 Y2m s -E) | 


(b) We can without loss of generality take x = O at the point the potential begins to climb. 


Then 
Í 0 x «0 
-- -. X |. » 
(x)= 4 o? 9 «x«t 
| 0 x»l 
^". o; .. ] 
Th D ~ exp = f V 2m[U,E-E| dx 
en su -æ — 07- 
aJ 2m %7-*) 
A 
I 
EN \/ 2 m Uo EN Nu Y. QE. 
L ^o J 


Then 


Thus 


24 2 m Ug 2, 
“xP E N 7 3 (x70) | 
L ^ 
] M — 3/2 ] 
= exp -2 — -I7 
3h l Uo 
d 


— 


il 
o 
» 
"2 
p——————MÁ 
| 
| 


3t 


^ [>> 2 
| Vee dx=a x 
0 


n/2 


f es? 040 = 2x3 


0 
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6.97 From the Rydberg formula we write 


aw th 
" (n + Q) y 
we use hR = 13:6 eV. Then for n = 2 state 
&.40 15:6 1 nIc) 
SOS = = A 2» = Ut») State 
atao) 
Oo * - 0-41 
for p state 
354 = - S 
| Oray 
O1 S — 0-039 
6.98 The energy of the 3 p state must be - ( Ep- eq) where - Ep is the energy of the 3 S state. 
Then 
AR 
Eg- e ọpọ) = ———Às 
0 91 (34a; y 
aR 
SO Oy -3 = — 0-885 


Eg- eq, 


6.99 For the first line of the sharp series (3 S — 2 P) in a Li atom 


2xhc AR l aR 
Ay (3+4) (2+0) 
For the short wave cut-off wave-length of the same series 
2xhc | ^hR 
(2404 y 


From these two equations we get on subtraction 


V ^R f 2xhc(X1-24) 
Ay hy 
V Rae AX» 
= 2xcAX' "M-A 
Thus in the ground state, the binding energy of the electron is 


3 a == 
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6.100 The energy of the 3 S state is 


6.101 


6.102 


EGS) = - —**_ = _ 203 ev 
(3 - 0-41) 
The energy of a 2 S state is 
^R 
E (2S) = - ————5 = - 539eV 
(2 - 0:41) 
The energy of a 2 P state is 
E(2P) = - —R = _ 355 eV 
(2 - 04) 


Substitution gives 
à = 0'816 um(3S—>2P) 
and à = 0674u m (2P —>285) 
The splitting of the Na lines is due to the fine structure splitting of 3 p lines (The 3 s state 


is nearly single except for possible hyperfine effects.) The splitting of the 3 p level then equals 
the energy difference 


AE 2xnhc  2xhc 2xXhc(o-M) | 2X hcAX 


Ee å ë =e ë O e — Ha PÓ€—— ———————— 


^ ^ 4A 4 42 
^j ^) ^1 ^) A 
Here Aà = wavelength difference & X = average wavelength. Substitution gives 
AE = 2:0 meV 
The sharp series arise from the transitions n s —> m p. The s lines are unsplit so the splitting 
T, iral h 1 1 Tha f (1; ff, hath mt ] i AF... 
iS due entirely to the p level. ihe frequency difference between sequent lines is 4, alia is 
the same for all lines of the sharp series. It is 
1 ( 2xhc 2 xhc) 2XcAÀ 
— - = 
I| M M j^ M 


Evaluation gives 
1:645 x 10 !* rad/s 
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6.103 We shall ignore hyperfine interaction. The state with principal quantum number n = 3 has 
orbital angular momentum quantum number 
l = 0,1,2 


The levels with these terms are 3 S, 3 P, 3 D. The total angular momentum is obtained by 
combining spin and angular momentum. For a single electron this leads to 


1 
J=5' if L = 0 


We then get the final designations 
381, 3P,, 3P45, 3 D32, 3 Dsn. 


t3 [* 
t3 [> 


> > > 
6.104 The rule is that if J = L +S then J takes the values 
IL-S| to L+S 


in step of 1. Thus : 


la) The valuec are 1 
(oJ aay aaa aiv A 


(b) The values are 0, 1, 2, 3, 4, 5,6 
13 579 
(c) The values are 5, D rTY 


6.105 For the state 4p, L 21, S = > (since 2s+1 = 4). For the state Sd, L = 2,5 =2, 


The possible values of J are 


J: 4,3,2,1,0 for 5d 
The value of the magnitude of angular momentum is ^ V J(J+1) . Substitution gives the 


values 
4P: 
aV 1.3 ,^V3 ,4f/3.5 4735 
22° 2^" 22 2 
; NEVA-: 7 hv 35 
and n yY ° = 


5D:0,n2V2,nV6,nV12,n#V 20 


6.108 


6.109 
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i^ 


pm 


a) For the Na atoms the valence electron has principal quantem number n = 4, and the 
possible values of orbital angular momentum are / = 0, 1, 2, 3 so lna = 3. The state 


. L] e 7 
is ?F, maximum value of J is =. 
et 


Thus the state with maximum angular momentum will be 


Fin 

T 
NEN E -4/79 ^v63 
For this state Max = V 727% 9 


(b) For the atom with electronic configuration 1 s2 p 3d . There are two inequivalent valence 
electrons. The total orbital angular moments will be 1, 2, 3 so we pick / = 3. The total 
spin angular momentum will be s = 0,1 so we pick up s = 1. Finally J will be 2, 3, 4 
so we pick up 4. Thus maximum angular momentum state is 


yj 
re 4" * a a Ig -i a A æ” "h udi le 
For this state Max =AV4xS 22hv5. 
For the f state L = 3, For the d state L = 2. Now if the state has spin s the possible angular 


The number of J angular momentum values is 2 $41 if L2 Sand 2L «1 if L «S. Since 
the number of states is 5, we must have S2 L «2 for D state while Ss 3 and 25+1 = 5 
in ply S = 2 for F state. Thus for the F state total spin angular momentum 

As Lo chi 9.2 Loch & 

IW. " TEV GF "9 Hv v 
wrhile far N ctata Af >» VK 
WEHEL KUI A7 OLGLY AVE 5 E VV à 


Multiplicity is 2$ +1 so S = 1. 

Total angular momentum is ^hYJ(J*1) so J = 4, Then 
L must equal 3, 4, 5 

in order that J = 4 may be included in 
IL-S| to L+S. 


(a) Here J = 2, L = 2. Then S = 0,1,2, 3, 4 
and the multiplicities( 2 S — 1 ) are 
1, 3, 5, 7, 9. 
3531 
(D Here J = 3/2, L = 1 Then $5533 
and the mulitiplicities are 6,4,2 
(c) Here J = 1, L = 3. Then S = 2,3,4 


and the multiplicities are 5, 7, 9 
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6.110 The total angular momentum is greatest when L, S are both greatest and add to form J. Now 


af S -— d al py n 
for a triple UL 3, P; ICCUOI 


Maximum spin —> $ = 2 corresponding to 


AA — 
M,=n y 


22 2 
Maximum orbital angular momentum —> 
L3 
. Vi hv 15 
corresponding to M, =h 35. 
22 2 
9 
Maximum total angular momentum J = 7] 
$ p 
corresponding to M = PM 99 
1 1.1 P > = 
1n vector mode! L-J-—3 
or in magnitude squared 
rer 13 T6704 \42 4 TEREE EEE 6 
LILIJA =I I tl yt SDL) LJD 
Thus cos (e 7, S) = PUSS 1) LOL 41) 
2VI(J+1)VS(S4+1) 
ae > —» o 
Substitution gives «(J, 5) = 311. 


6.111 Total angular momentum 7: V 6 means J = 2. It is gives that S » 1. 
This means that L = 1,2, or 3. From vector model relation 


Y/T .4 VÀ cpt.” asaf zaan ance I 
LALTIJN x Onn tenean V6 Y2 COS / 


= 59987? e 6H 
Thus L = 2 and the spectral symbol of the statę is, 
3 
Do. 


6.112 In a system containing a p electron and a d electron 
S = 0,1 
L = 1,2,3 


Ip, , 1D}, IF, 


*Py, ?P,, ?P5, °D,, "Dy, ^D, , Fa, °F3, F, 


6.113 The atom has f, = 1/2, 1, = 1,j, = 


6.114 


6.115 


6.116 


[Ut 


The electron has $, = L, l, = 2 so the total angular momentum quantum number must be 


5-2 o - 
=? 2 


o 
bd 
CA 


In L -S compling we get S = 0,1. L = 1,2,3 and the terms that can be formed are the 
Same as written in the problem above. The possible values of angular momentum are consistant 


. » . 3 . 3 5 
with the addition Jj, = 5 to Jo = 7] Or 2 
The latter gives us J=0,1,2,3; 1,2,3,4 
All these values are reached above. 
Selection rules are AS = 0 
AL =zxz1i1 

AJ =0,21(no 00). 

Thus ^D, —> °P, is allowed 
`P, — ?$ 12 not allowed 
3F, — ?P, is not allowed (AL = 2) 
* Fi — *Ds is allowed 

For a 3 d state of a Li atom, S = ; because there is only one electron and L = 2. 


The total degeneracy is 
g=(2L+1)(2S+1) 2 5x2 = 10. 
The states are ?D, and ^ Ds and we check that 


o 
ð 


The state with greatest possible total angular momentum are 


ate Tergta ie 1^372 
2 2 


- - . 2, 
For a ~D state J=1+2= 3 ie. “D3 
Ttc dagenerary ie 2211.1 = 7 
iw We VAIN EGU y AD 4 V4. Y AR UC F 
4 3 9. 4 
Fora F state J25*53-25ie F,. 
7 2 


Its degeneracy is 2x21 = 10. 
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6.117 The degeneracy is 2J +1. So we must have J = 3. From L = 35, we see that S must be 


an integer since L is integral and S can be either integral or half integral. If 


S = 0 then L = 0 but this is consistent with J = 3. For 
S2z2,L 26 and then J» 3. Thus the state is 
°F 
3 
"Tl. mardine af 010 FT 
ib UAUVLI UL LINIE 


1572522 p$635?3 pf 43d! 4 p? 
(There must be three 4p electrons) 


The number of electrons is Z = 33 and the element is As. (The 3d subshell must be filled 
before 4p fills up.) 


(a) when the partially filled shell contains three p electrons, the total spin S must equal 
a 1 3 ls a) - 3. a2 . K 
$7 or 5. The state $ = 7] has maximum spin and is totally symmetric under ex- 


change of spin lables. By Pauli's exclusion principle this implies that the angular part of 
the wavefunction must be totally anti symmetric. Since the angular part of the wave 
function a p electron is vector 7, the total wavefunction of three p electrons is the totally 
antisymmetric combination of rj, 72, and 73. The only such combination is 


| xy x2 x3 | 
n (02x95) -l»y ys | 
| %4% z,| 
This combination is a scalar and hence has L = 0. The spectral term of the ground state 
is then 
45, sine J = > 
3 2 


X : . 
) we can mink Oi iour p ciecuons as consis ting of a a full P shell with two p P h ole S. I he 


state of maximum spin S is then S = 1. By Pauli's principle the orbital angular momen- 
tum part must be antisymmetric and can only have the form 


^en 


Fix T2 
—> — e . . 
where 74, 7; are the coordinates of holes. The result is harder to see if we do not use 
the concept of holes. Four p electrons can have S = 0, 1, 2 but the S = 2 state is totally 


symmetric. The corresponding angular wavefunction must be totally antisymmetric. But 
this is impossible : there is no quantity which is amtisymmetric in four vectors. Thus the 


as es alla CO : 4 Wie nan anne 
naximum allowed § is S = 1. We can const 


tn 
S = 1 and of electrons 3 & 4 to 5 = 1 and then coupling the resultant 


petet d edar tha eaxwehaese nf amana af 1 p. Aad 


= PT mane sen 


cft garh af 
ct Sucn a State by coupling the spins OL 


spin states to S = 1. Such a state ^ symmetric under the exchange of spins of 1 & 2nd 
3 and 4 but antisymmetric under the simultaneous exchange of (1, 2) & (3, 4). the con- 


6.120 (a) 


T 
— 


a1 
Jif 


jugate angular wavefunction must be antisymmetric under the exchange of (1, 2) and 
under the exchange of (3, 4) by Pauli principle. It must also be antisymmetric under the 


Simultaneous exchange of (1, 2) and (3, 4). (This is because two exchanges of electrons 
are involved.) The required pu wavefunction then has the form 


(Rem) 
th tha 


LÀ] e. 3 " * 
The maximum spin angular momentum of three electrons can be $ = = . This state is 
en 


totally symmetric and hence the conjugate angular wavefunction must be antisymmetric 


Re Danili?^ s awnlucian neinninia tha tatalle anticumematrin ctata nct hava Aiffasvant mannaticr 
AJ y A aul ò LAVAIUDIUIIL pinsteapie tUL twtalily GAIUS y HAREILU IU oua tu JLEUOL LIGdVU Giricicnti IGRI 


quantum numbers. It is easy to see that for d electrons the maximum value of the magnetic 
quantum number for orbital angular momentum | M; | = 3 (from 2 + 1 + 0). Higher 


values violate Pauli's principle. Thus the state of highest orbital angular momentum con- 
sistent with Pauli's principle is L = 3. 


The state of the atom is then ‘F yj where J = L -S by Hund's rule. Thus we get 


4 
Fs 


The magnitude of the angular momentum is 


J=L+S = 2 by Hund's rule for more than half filled shell. Thus the state is 
Fon 
Total angular momentum has the magnitude 
4V 2.11.3 Ay 
hy yr V 11 


6.121 (a) °F, : The maximum value of spin is S = 1 here. This means there are 2 electrons. 


(b) ?P, 5 Here L 21, S = > and J = 


L = 3 so s and p electrons are ruled out. Thus the simplest possibility is d electrons. 
This is the correct choice for if we were considering f electrons, the maximum value of 


nitude of magnetic 


T allawed hv Danli neincinie willhe f = 5 (maximu um value of the ma agnetic 


it CRURA VV UU wy A @uia prssiwspsw WV ABA UY Sd - MERO S RE EUE (AS a 
quantum number will be 3+2 = 5.) 
Thus the atom has two d electrons in the unfilled shell. 


iu 


o 
jud 
Qo 


6.122 


6.123 


6.124 


Since J = L +S, Hund's rule implies the shell is more than half full. This means one 
electron less than a full shell. On the basis of hole picture it is easy to see that we have 
p electrons. Thus the atom has 5 p electrons 


2. 6e u . 95 , Auro nto. -. ) -— 11 : 
(c) Ssn Here S = 2: L = 0. We either have five electrons or five holes. The angular 


part is antisymmetric. For five d electrons, the maximum value of the quantum number 
consistent with Pauli exclusion principle is (2+1+0-1-2) = 0 so L = 0. For f or 
g electrons L » 0 whether the shell has five electrons or five holes. Thus the atom has 
five d electrons. 


(a) If S = 1 is the maximum spin then there must be two electrons (If there are two holes 
then the shell will be more than half full.). This means that there are 6 electrons in the 


fall chall cn it ic a n «hell Rey DaunUPc nrincinie the anlu antisymmetric combin ation nf 
LUL ā VUV: AD AV BO UU F Web RÀ mud | A Uui o r* uMi piv VAR vrag uzo ALLLLIV ULA VAS EEAUJSAECEGCAWAL VA 
two electrons has L = 1 AlsoJ = L - S as the shell is less than half full. Thus th term 
ae 3p 
Is £0 


2 
(b) S= > means either 3 electrons or 3 holes. As the shell is more than half full the former 


possibility is ruled out. Thus we must have seven d electrons. Then as in problem 6.120 


we get the term ^F, ^" 
/ 4 


With three electrons S = > and the spin part is totally symmetric. It is given that the basic 


term has L = 3 soL = 3 is the state of highest orbital angular momentum. This is not possible 
with p electron so we must have d electrons for which L = 3 for 3 electrons. For three 


f, g electrons L > 3. Thus we have 3 d electrons. Then as in (6.120) the ground state is 
4 
F, 


2 


We have 5d electrons in the only unfilled shell. Then S = — . Maximum value of L consistent 


3 [CA 


0 Then J 


i s principle is L = U. incen 


5 
> 


So by Lande’s formula 


2\ 2} 212] 
g=1+ 577) = 2 
°2\2 | 
V35 
Thus w= gVJ(J+1) ps = 2 2 Hp = 2V 35 up. 


The ground state is "Ss . 
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6.125 By Boltzmann formula 


6.127 


N2 82 L-AE/KT 
—— E ——— e 
M & 
Here A E = energy difference between n = 1 and n = 2 states 


N = - - 
8. ho/kT - rp 2xhc/kkT 
No 80 80 


Here g = degeneracy ofthe 3P sate = 6, gg = degeneracy of the 3S state = 2 and 


2xhc 


A = wavelength of the 3 P —> 385S line | = energy difference between 3P & 3S 


levels. 


Substitution gives x- 143 x 107* 
0 


bed 


Let T = mean life time of the excited atoms. Then the number of excited atoms will decrease 


e * -æ . . l 
with time as e T In time ¢ the atom travels a distance vt so t = —. Thus the number of 
v 


excited atoms in a beam that has traversed a distance / has decreased by 


- 1 - 
e * - — or t = 1:20 x 10 7? second 
n v Inm 
Ac a rocult nf tha lighting hwy tha maenmru lamn n numbhar nf atame ara nimnad ta tha avnitad 
fad d AVOWIL VL LUIL LARM vy tuU LAWALL y iaip à IHLUIHIUI UL VARRO div pup VU LUU wVAWVILLA 
state. In equilibrium the number of such i 


atoms is N. Since the mean life time of the atom is 
2Znhec 
À 


results from 


T, the number decaying per unit time is = . Since a photon of energy 
2nhe N 
A Y 


Aaxhc Ptrn | 9 
N= Px/ —X. "2x = 6-7 x 10 


each decay, the total radiated power will be This must equal P. Thus 
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6.129 The number of excited atoms per unit volume of the gas in 2P state is 


P 


6.130 


6.131 


N = neve 2X heA kT 


S 


Here g, = degeneracy of the 2p state = 6, g, = degeneacy of the 2s state = 2 and 
à = wavelength of the resonant line 2 p —> 2 s. The rate of decay of these atoms is = per 


sec. per unit volume. Since each such atom emits light of wavelength A, we must have 


12xhc,fp(-2€heAkT | p 


T À B, 
12xhc &p - 
Thus Xx TE OP g-2HHCAET 2 654 x 107? s = 65-4 ns 
P À g; 
(a) We know that 
DSP _ 
£7) = A23 
ind 
Po, = Boy Uas 
zc ho 1 Ar, 
=z 21 T UE =T 
nind t 
m. 120 1 
oo PP ehokT_ 


2l ~ e "ot 


when c^ okt = 2 
or T = (hw/kin2) = 1-71x10°K 


Because of the resonant nature of the processes we can ignore nonresonant processes. We 
also ignore spontaneous emission since it does not contribute to the absorption coefficient and 


is a small term if the beam is intense enough. 
Suppose I is the intensity of the beam at some point. The decrease in the value of this intensity 


eh Vase 248 ow w^ m m de vase - 
PE 


f 


n passing through the layer of the substance of thickness d x is equai to 


-dI = XIdx = (N; Bi, - N, Ba) (pje dx 


Here N, = No. of atoms in lower level 


6.132 


6.133 
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A factor # w arises because each transition result in a loss or gain of energy 71 w 


hw N By, 
Hence X = 1 B12 | 1 "M B, 
But gı By = g Bz so 
ho, n f &mN) 
x . 44, B12, it-7 7 | 
c \ 21] 
y an factor — = Że 
N £85] 


When h œw >>k T we can put N, = Nj the total number of atoms per unit volume. 


A LULL A^ AQ \ A C 
YV MCA ^0 = 1*0 4212 id UI GavUuoUIDptu | VULCILILIVICAILUAR A ~ We 


A short lived state of mean life T has an uncertainty in energy of AE _ z which is transmitted 
to the photon it emits as natural broadening. Then 

"C 
2xct* 


TEE so Ai,,, = 


The Dóppler broadening on the other hand arises from the thermal motion of radiating atoms. 
The effect is non-relativistic and the maximum broadening can be written as 


A pop -2 p 2 Vpr 
À c 
Thus A )popp a 4 x Vor T 
A Anat À 
c X ete. at . . a/2RT -= 
Substitution gives using v,, = M x 15/ m/s, 
A ADopp = 12x10 
A Anat 


Note :- Our formula is an order of magnitude estimate. 


From Moseley’s law 


Q 
"T 
o 
E 

| 


Thus 


6.136 


Substitution gives 
Ak (Cu) = 153-9 pm 


Ox 3R (Z-oy 
We shall take o = 1. For Aluminium (Z = B) 
Àx (A 1y = 843-2 p 


a’ <> 


and for cobalt (Z = 27) 
AK, (Co) = 179-6 pm 


(b) This difference is nearly equal to the energy of the K, line which by Moseley’s law is 
equal to (Z = 23 for vanadium) 
AE «hay = "E 13-62 x 22 x 22 = 4-94 keV 


Wa calcul ate t 


a 
TY Vasu EY 


problem (134). 
Substitution gives that 


wy 
i 
JJ 
a2 
P} 
P] 
i 
n 


n 
“~ Y 
and Z = 27 corresp 


e whose wavelengths of K,, lines are 


s 
g 
z 
e 
E 


There are thus three elements i 
equal to 250 pm and 179 pm. 


From Moseley's law 


where Z - 28 for Ni . Substitution gives 
x. ( Ni ) = 166:5 pm 


Now the short wave cut of off the continuous spectrum must be more energetic (smaller 
wavelength) otherwise K, lines will not emerge. Then since AA = Ax -ño = 84 pm we get 


ào = 82-5 pm 
This corresponds to a voltage of 


V = 2 mh c 
€ ^o 
Substitution gives V = 15-0k V 


6.137 


6.138 


s 
"w e m 


6.140 
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Since the short wavelength cut off of the continuous spectrum is 
Ào E 0 50 nm 


-— WF apace 


^?Thc 
the voltage applied must be V = — = 248kV. 
e ^o 
since this is greater than the excitation potential of the K series of the characteristic spectrum 


(which is only 1:56 k V ) the latter will be observed. 


Suppose Ay = wavelength of the characteristic X-ray line. Then using the formula for short 
wavelength limit of continuous radiation 


2xhc 
ho - e Vi 1 
` 2xhc n 
e V, 
/ V. 
n-z | 
V2 
o . 2xhc* / 
Hence Ao = eV, 1-1 


Using also Moseley's law, we get 


—— 
Z-14V S25 -142V 2 LeV 5. 


" 3RA 3h R vi 


The difference in frequencies of the K and L Continium 
absorption edges is equal, according to the Bohr ~ Ki Le de n 
picture, to the frequency of the K, line (see the edge nz 4 
diagram below). Thus by Moseley's formule nz4 


3 2 K 
UL edge nz2 


Or Z-14 


= 22 Kg line 


The metal is titanium. S S nz 1 


na 


From the diagram above we see that the binding energy E, of a K electron is the sum of the 
energy of a K, line and the energy corresponding to the L edge of absorption spectrum 


2xhc 3 2 


For vanadium Z = 23 and the energy of K, line of vanadium has been calculated in problem 
134 (b). Using 


2xhc 


we get E, = 5-46 keV 


= 0-51 keV for Àz, = 2-4 nr 


ur a — ry > T —— = 
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6.141 By Moseley’s law 
hw = SLT: Ey - E, = JAR(Z-1 y 
where — Ey is the energy of the K electron and - E, of the L electron. Also the energy of the 


line corresponding to the short wave cut off of the K series is 
—2x*hc 


ubstitution gives f Y 
18 -1 
w = 685x10 s 


and hence E; = 0-47 keV 


6.142 The energy of the K, radiation of Z n is 
ho = qAR(Z-1) 


where Z = atomic number of Zinc = 30. The binding energy of the K electrons in iron is 


obtained from the wavelength of K absorption edge as Ex = 2 xh c/^y 


Hence by Einstein equation 


Substitution gives 
T = 1-463 keV 


This corresponds to a velocity of the photo electrons of 
v = 227 x 10° m/s 


6.143 From the Lande formula 
` 1,720.51) 8 5(5 01) -L(L 1) 
5 2J(J*4) 


(a) For S states L = 0. This implies J = S. Then, if S æ 0 
g=2 


(For singlet states g is not defined if L = 0) 


6.145 


T 
N” 


(a) 


"> 
etl 


(c) 


(d) 


(e) 


(b) 


Y 


re. Cf V4 niamc4amn Y 
TOI Singict Slates, J =L 


3,35 4 
(423 53 38-8 _ 2 
° mE 6 3 
74 
'Dj4: Here S=2,L=2, J=} 
2 2. 2 
3,19 6 
2144 4 21,1822 4.9 
5 3 6 
2x— 
4 
FF, Here S=2,L=3,J=2 
g «14920715 ., 
a X0 
P, Here S=2,L=1,J=1 
5 iw 2x 2 


yo . For states with J = 0, L =S the g gactor is indeterminate. 


For the İF state S = 0, L = 3 =J 


14,2X4-3x4 1 
8 ' 2x3x4 
Hence p= V3x4 up = 2V3 ws 
For the "D,,stteS = L,L-22,J-2 
or tne 3/2 $ 75» = Z2; "5 
3, 
4 4 18-24 4 
g-1* -z an "E 
» X 13. 30 5 
4 


E l rs 2 4 
Hence u= zV 15/4 ug = s 15 pg= 2 V s Me: 
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4 J(J+1)+2-6 
z= 1+ 


3 2J(J*1) 
or SJ e1) 2 JU 81)-4 
Or J(J+1)= 12 >J=3 
4 8 
Hence u = -yV 12 Hp = —— Hp. 
? Y 3 
6.146 The expression for the projection of the magnetic moment is 
uz = & my Ug 


where mm, is the projection of Te on the Z-axis. 
Maximum value of the m; is J. Thus 
gJ=4 
Since J = 2, we get g = 2. Now 
1470 21) tS(S+1)-L(L+1) 


^ 2J(J*1) 
= 1+ 6+ S(S+1)-6 as L = 2 
2x0 
S(S+1) 

12 

Hence S(5+1)=12 or S #3 
ore aw 
Thus Ms; hV3x4 22V 3 
6.147 The angle between the angular momentum vector and the field directi 

angular mommentum projection is maximum i.e. Jh 
Thus Jh = VJI(J+1) hcos 30° 

VL o.Y3 
of J*1 2 
Hence J=3 

3x4+1x2-2x3 4 

Then g=1+ a5 3d = 1+50 = 3 
and u = 37V3x4 ug = ——us 
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5 7 1 3 2x3 
—X—-t-—7X—c—-2Xx 
Then g-14 2222 
d 5 7 
2X—x— 
2 2 
1 35 +3 - 24 ` 141 .$ 
{VU m, J 
6 S5 7 7 
Hence m — V =x = 3 = 
u 5 2 2 Hp S Us 
6.149 To get the greatest possible angular momentum we must have S = Smax = 1 
L = Lux = i+2 = 3 andJ=L+S = 4 
4x54+1x2-3x4 10 5 
Then g=1+ 2x4x$ -1t10 4 
— 5V5 
and w= 4x5 Hs = —5 MB 


6.150 Since u = 0 we must have either J = 0 or g = 0. But J = 0 is incompatible with 


L = 2and $ = >. Hence g = 0. Thus 
T/ T 4,3. A 2 
J(J+1)42x%27-2x5 
02124 2 2 
2J(J+1) 
or -3J0«1) = 2-6 =-= 
17 , 1 
Hence J-- 
TENE TE 
Thus M - 8M 5*3 = 2 


6.151 From M =hVJ+1 - V2'h 
we find J = 1. From the zero value of the magnetic moment we find 


7 fi 
&-7"V 


474.7 Fr /Y .12 V.,^"712..^72 
1,2552: VAP5 T Te KY 
2x1x2 


-L(L*1)48 
+ 


or 12  L(L*1) 
Hence L = 3. The state is 


= 0 


le] 
z 


1 0 


oF. 


+ i: 
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6.152 


6.153 


— 
If M is the total angular momentum vector of the atom then there is a magnetic moment 
-—» 


Hm = § Ue M/h 
—> 
associated with it; here g is the Lande factor. In a magnetic field of induction B, an energy 
; > — 
H = - 8 ups M: B/h 
is associated with it. This interaction term corresponds to a presession of the angular 


momentum vector because if leads to an equation of motion of the angular momentum vector 
of the form 


M 
g ug B 


dM = 
dt = Qx 
Q 
Tl 


where 


Using Gaussian unit expression of pg Hp = 0:927 x 10 ~ 20 erg/gauss, B = 10° gauss 


3 E | 


fri” A 4»-27 1 lw af 2^ A A 

Tt pLu»54 x IU erg sec and lor ine 322 State 
3 5 1 3 

2°2°2°2 

g = 145-4 = 1+ 


179 
LAG 


x 
| 


and Q = 1:17 x 10 rad/s 
The same formula is valid in MKS units also But pg = 0-927 x 10^ 2 A-m?, B = 10^! T and 
h = 1:054 x 10~ * Joule sec. The answer is the same. 


—» 
The force on an atom with magnetic moment p in a magnetic field of induction B is given 
bv 
TJ 


TL — > vc 
F -(u:V)B 
T 21 . e P A at M Py L 1 —>, 1 a arin ^ 1. tn ta 
in the present Case, the maximum iorce arise when H 1S along the axis or close to it. 
ð B 


Here (uz )max = 8 gJ. The Lande factor g is for Pi 


A313 1542 
g-142 2 2 2 .1-12.2 
71,3 3/2 3 
2 2 
1 1 
and J = > so (uy). = Zup. 
2 93 
The magnetic field is given by 
Uo 2Inr’ 
Bz AN (pa Zep 


6.154 


6.155 
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or 3 B; = - P9 eIxr. £ 
oz 4 X (r° "Te y^? 
YT (ð Bz) -- Mo 31% 
mm E 2 
| ðZ L =? 4 JU V8 r 

Thus the maximum force is 

F = 1 Ho 3x I 

||. 8'?4nx g r? 
Cuhotititinan anrac fircinga Aata in LA aama 
w UUUDLULULUIIL Iyo (Mor ip xau Lil LVAL EM uiu J 


F = 41x1072’N 


The magnetic field at a distance r from a long current carrying wire is mostly tangential and 
given by 
Ho] — Mo 2I 


v*"2nznr 4nxr' 


The force on a magnetic dipole of moment p due to this magnetic field is also tangential and 
has a magnitude 


B 


(u^ V) B, 


This force is nonvanishing only when the component of p along r non zero. Then 


Now the maximum value of p, = + pg. Thus the force is 


Mo 2I -26 

Fmax "aqu OC 29710 N 

In the homogeneous magnetic field the atom experinces a force 
ð B 


F = gJ ug — 
Depending on the sign of J, this can be either upward or downward. Suppose the latter is 
true. The atom then traverses first along a parabola inside the field and, once outside, in a 
straight line. The total distance between extreme lines on the screen will be 


Here my is the mass of the vanadium atom. (The first term is the displacement within the 
field and the second term is the displacement due to the transverse velocity acquired in the 
magnetic field) oOo J i 
Thus using = myV" = T 7X ETT 
-p --—------ 
CM IN 
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^ 
push 
A 


6.157 


n . 278 
ðZ  gMgJh (1,+2h) 


* -a WEL SIE MEN tee w^ <2 3/2 
3x 3x5 
MM t4 -24 30-48 1882 
s 3x5 30 30^ 5 
2x 
f 4 
J = 2 using other data, and substituting 
we get a2 = 1:45 x 10? G/cm 


This value differs from the answer given in the book by almost a factor of 10°. For neutral 
atoms in stern Gerlach experiments, the value T = 22 MeV is much too large. A more 


far "Tha tae 2D Aman ant 
(aJ paite IHI J£ 0 UVC LIVE 


(b) The term 2F, will split into 2 x - 1 - 6 sublevels. The shift in each sublevel is given 


he, 
vy 
AE = -gug M; B 
where M; = -J(J-1), ..., J and g is the Landi factor 


5x7 1x3 
——— € 


uu 4 4 -3x4 38-48 6 
o 7 5x7 | mW 7 
x A 
4 
(c) In this case for the ^D 172 term 
1x3 3x5 
4*4 23 3 4 15 - 24 
z] 1 21-12-20 
1x 3 6 
2x — 
e$ 


(a) For the `D, term 


2x3+0-2x3 
g= 1+ 32x3 “7! 
and AE = - ug M;B 
M; = - 2,-1,0,+1,+2. Thus the splitting is 
SE = Aug B 


Substitution gives Ó E = 57.9 u eV 


W 
jai 


4A rr 3, 4x5+1x2-3x4 10 5 

(b) For the `F, term g = 1+ 2x4x$5 =1+70 = 4 
and A = - 2 up B M; 

where M; = -4 to +4. Thus 


SE = 7 be B x8 = lO0ugB(- 2gJ uz) 


Hee of 2. RE 14A44.7 i. 5X7 
wuuun Rives OL = IST/ CV 


6.158 (a) The term +P} splits into 3 lines with Mz = + 1, O in accordance with the formula 


AE = -g up BMz 


1x2+0-1x2 
where g=1+ 2x1x2 = | 


Prva = le 2: < ae, œ * 6 ~ 22 Pe -t = LM * » 
ihe term 59 does not split in weak magnetic held. Lhus the transitions between 


1p, & ‘So will result in 3 lines i.c. a normal Zeeman triplet. 


(b) The term ^D, will split ot in 6 terms in 


accordance with the formula es 
AE = -gugMz | | 
M; = + > + 3 +t and | MEM 
E 2 , 2 , 2 , | | | 
1 Sx74*41x3-4x2x3 6 i i i 
ge it 2x5x7 "5 


Ther term *P, 72, Will also split into 4 lines in accordance 
with the above formula with 
3 1 3x5+1x3-4x1x2 4 
Mz = + >z, + ~ and g = 1 + ———— => 
"4 c 4xX2xX25 J 
It is seen that the Z eeman splitting is auomalous as g 
factors are different. 


(c) ^D,—'P, 


The term ?Pg does not split. Thus the Zeeman 


spectrum is normal. 

(d) For the SI; term 

5x642x3-6x7 
2x5x6 

36 — 42 . 1 - 9 


60 10. 10 


g=1+ 


= 1+ 
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6.160 


6.162 


For the `H, term 


. 14,2X5*$2x3-5x6 . 14 26-30 . 9. 

d 2x4x5 40; 10 
We see that the splitting in the two levels given by AE = -g up B Mz is the same though 
e number of levels is different (11 and 9). It is then easy to see that only the lines with 


following energies occur 


hoy, hwo + gugB. 
The Z eeman pattern is normal 


For a singlet term $ 20, L =J, g= 

en the total «nlittino ic AF 2271u.nD 
Subctititian :?UACc T = 3 í = ARF/?2 n RY 
P OS LF OLATU ULL av MAD Ld a7 X WJ J4F/ 4, vr A fd 


As the spectral line is caused by transition between singlet terms, the Z eeman effect will be 


normal (cince o = 1 far hath termcY The enerov difference between e 


SEWPSAER GEE (sain & A LVE UW eva rO Jo A lw bataia fy J WBAAABWAWALYEr WWE WY 


S 
= 
s 
[47 
ie 
: 


the line will be 2 ug B .This must equal 
Jae |. 2X hc AX 


A M 
B» 
Thus AÀ Pp - = 35 pm 
chc 
From the previous problem, if the components are A, A + AA, then 
À 2nhe 
For resolution À <R= À of the instrument. 
Ax ÒN 
2nhec 2xhc 
Thus —— « R Or Be —— 
lg B A Hg AK 
Hence the minimum megnetic induction is 
B 2xhc AKG = OAT 
min ^ Up XR = 


The y2 term does not split. The y» term splits into 3 lines corresponding to the shift. 
AE = -gugBM; 
with Mz; = + 1,0. The interval between neighbouring components is then given by 


hAw = g ug B 


Hence B = 


333 
Now for the `D, term 


Qr,ÍixX2*51x2-2x5 144.1 
g= 2x1x2 = 4 2° 


Substitution gives B = 3.00 kG. = 0.3 T. 


6.163 (a) For the 92» term 


and the energy of the 92 sublevels will be 
E (Mz) = E -$ us B Mz 


3 1 
where M; = ty t 2 Thus, between neighbouring sublevels. 
4 
&E(IP45) = ~ugB 
wl he ^ 3°° 
For the ^p, 72 terms 
1 3 1 3 
| 2*3*2*3-]1*? 
g=i+ 1 3 
2X43Xy 
z1 6-8 = 0111. 2 
| 7 6 3 3 


and the separation between the two sublevels into which the 2P a term will split is 


ô E (“Py) = HT 
The ratio of the two splittings is 2 : 1. 


V | 2 4 
(b) The interval between neighbouring Zeeman sublevels of the “P37 term is 3 ug B . The 


energy separation between D, and D. lines is 2 xh - AX (this is the natural separation 


of the °P them) 
Thus í iB = 2nhe Ak 
u p. JXhcAX 
Or B-——3— 
2ugXn 
Substitution gives 
B=546kG 


334 


6.164 For the ?p, /2 level g = 4/3 (see above) and the energies of sublevels are 


E' - E'j- 38g BM'g 
, 3 1 
where Mz = + > t5 for the four sublevels 


For the 7S ; level, g = 2 (since L = 0) and 


2 
E = Ey-2p3BM, 
1 
where Mz = + 2 
Permitted transitions must have 
AM, = 0, +1 


Thus only the following transitions occur 


| 
Aw = + up B/h = 3-96 x 10” rad/s 
J 


1 1 
Z- Ll 
2 2 | 1 Dn ^L 1.29 o 10108 La, 
AW = it-7lpgD/Hl = 122X1U IaG/S 
iy i[^97*3 
2 72] 
1 1 
27-3 5 KBB 10 
1 1 Aw = +> = 66x 10° rad/s 
l,l1l 3 ^ 
2 2 
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6.165 The difference arises because of different selection rules in the two cases. In (1) the line is 
emitted perpendicular to the field. The selection rules are then 


AM; =0,2+1 


In (2) the light is emitted along the direction of the field. Then the selection rules are 


(a) 


(b) 


A 


AM, = +1 


A Mz = 0 is forbidden. 


In the transition 2P, 27> *5, n 
This has been considered above. In (1) we get ali the six lines shown in the problem 
above 


Y P4 a 2* ae ae a = 1 a 1 1 Ld T a * a a 
In (2) the line corresponding to > > > and - 7 —> - 7 is forbidden. 
do do r^ 


Pn 


Then we get four lines 

eo 
P, — °S; 

3 2x3+1x2-1x2 3 
For the ~P, level, g-l*t———3X42x3 7 
so the energies of the sublevels are 

2 
E' (Miz) = Es- 5 Wp BM 

where Mz2-z22,21,0 


For the Ay line, g = 2 and the energies of the sublevels are 
E (Mz) = Ey-2 g B Mz 
where Mz = + 1, 0. The lines are 
AM, = M;-M;-*1 : -2—>-1,-1—0 and 0—1 

A Mz = 0 - 1—>-1, 0—0,1 —>1 

AM; = 1,2—1, 1—0, 0—>-i1 
All energy differences are unequal because the two g values are unequal. There are then 
nine lines if viewed along (1) and Six lines if viewed along (2). 


6.166 For the two levels 


"X mo g-'u'as n 
Co = Log MpgiMzbP 


m rm a 17 Pm 
Lo = DLo9—7 8 Bg Mz D 


and hence the shift of the component is the value of 


Ao = PA [g M -gM;] 


subject to the selection rule AM, = 0, + 1. For ^D, 
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21 3x4*1x2-2x3 _ i+ = 4 
d 2x 3x4 7T^*T24 7 3 
For `P, 
1 2x341x2-1x2 3 
87 5* 2x2x3 72 
WpBl 4. 3 i 
Thus Aw = ^ 3 Mi Me | 
For the different transition we have the following table 
M'z8'-Mz8 
Ug B 0 — 1 3 n 
-3 Mee 
1 0 
~ 3 eB 0-0 
7/6 ug B 0—-1 3/2 ug B 
- 5/3 ug B -1 > 0 -4/3 ug 
— 1/6 ua B -1 —> -1 1/6 ug B 
4/3 ug B -1—-2-— 5/3 ug B 
-2—-]1-— - 7/6 ug B 
-2 —> -2 —> 1/3 ug B 
-3 — 2 — -uB 
There are 15 lines in all. 
The lines farthest out are 1 > 2 and - 1 > - 2. 
The splitting between them is the total splitting. It is 
Aw = T Ue B/h 
Substitution gives Aw = 7-8 x 10°° rad/sec 


6.168 


6.169 


arcet averted ratatianal laval T = 1 
AL "CAR ALLAY VAVI VU AVWUALIVVALGSE SAW Y WA [" d A 
2 1.3 
SO E;-1i1x2—sz- 5,10 classically 
r= h 
Thus wo=vV2— 
I 
Now beSmp a PE me | d 


whére m is the mass of the mole cub and 7; is the distance of the atom from the axis. 


Av 2* 


—— —. = 1:56 x 10" rad/s 
m d 


Thus Q = 


The axis of rotation passes through the centre of mass of the HC/ molecule. The distances of 


the two atoms from the centre of mass are 


Pic - PHüyci 


my mc, 
- > ny dy + ma dei - d 
t Mci 
The energy difference ‘between two neighbouring levels whose quantum numbers 
J&J-1is 
2 2 
h Jh 
—--2J = —— = 786 meV 
2I I 
Hence J = 3 and the levels have quantum numbers 2 & 3. 
The angular momentum is V d Bd = M 
m d — 39 2 
Now I = —— (m = mass of O, molecule) = 1:9584 x 10 ~ gmc 
4 
-27 
So M = 368x10 ^ ergsec. = 3-49) 
(This corresponds to J = 3) 
32 
From E; = 27—;J(J*1) 
J^ 5p * 
and the selection rule AJ = 1 or J — J — 1 for a pure rotational spectrum we get 
hJ 
w(J,J-1) = 


Thus transition lines are equispaced in frequency A w = a 


In the case of CH molecule 


h - 40 2 
I AG 1:93 x 10° gm cm 


m.m 
Also I = — H d 
m, + my 
so d = 1117 x 107) cm = 11177 pm 
& 171 c4 "RM 2r . ; "M - . . D . ! 
v.^^* Jf the vibrational frequency is « the excitation energy of the first vibrational level will be % a. 
Thus if there are J rotational levels contained in the band between the ground state and the 
first vibrational excitation, then 
ho, 0*1 h? 
0 2I 
where as stated in the problem we have ignored any coupling between the two. For HF 
molecule 
MyMp 25 gang oan 4 2 
I = ———d = 1:336x10 gmcm 
My t Hp 
Ar. 
Zi Wg 
Than TfT. 141\ — 107.A 
gii! YV\({v Trij= h = 17/9 


For J =14,J(J+1) = 210. For J = 13,J(J+1) = 182. Thus there lie 13 levels 
between the ground state and the first vibrational excitation. 


2I «qw. 
6.172 We proceed as above. Calculating — 2 we get 
2 I à 
> * 1118 
1 2 
Now this must equal J/(J +1) = p. 3 
Taking the square root we get J œ~ 33. 
6.173 From the formula 
$^ > 
J(J*1)51 = E we get J(J+1) = 2TE/h' 
or J+ l » 1 = 21E 
2] 4 X 
1 1 2IE 
Hence J=-3+V op 


wtiting J+1 -L4V i+ ZZ (EAE) 
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| [el | ae 
1 ZI Zi 1 2Z2IE 
we find I-Vie mE. AE - 4* X 
1/2 
A IE [1+ AE. -1 


8I 
V2 AE 
nh / 2 
2 V E+E 


P 


The quantity SE is ve For large E it is 
aN I 
dE 2 E 


I = mjd/2 = 1571x 107 ?* gm cm? 


For an iodine molecule 


sar TS 7 
IN . v | . 1 
dE a-ga WODY 
21 ^ |^ 
Substitution gives 
TE = 1:04 x 10^ levels per eV 
6.174 For the first rotational level 
2 2 
E. 2 = La and 
iu 2 I 
for the first vibrational level E p =- f œw 
Th Ey,» Io 
us E = E, - 
Here w = frequency of vibration. Now 
I = pd «1 
" m, +m, 
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6.175 


(a) For H, molecule I = 4-58 x 10^ * gm cm? and E = 36 
I = 4247x107 gm cm? and E = 175 


I = 757x109 gm cm? and E = 2872 


2 
The energy of the molecule in the first rotational level will be £ The ratio of the number 


of molecules at the first excited vibrational level to the number of molecules at the first 
excited rotational level is 
g P wT 


———————— 
(2J+1)e J(J«1y2IkT 


QlQ-xekr, 2-RAZUATO- 


1 l,-5(e-2BykT 
3 3 


where B=t/2/ 


wy Se ee ves 


For the hydrogen molecule 7 = 5 My d 


= 458 x 107 * gm cm? 
Substitution gives 3-04 x 10 ^ ^ 


v E,e PIT a8 
<E> = hla Oo - ——9 
* exp( - E, /k T) Y e BE, 
v20 


2 -B(v+1/2)he 1l 
28 In » e , B 


kT 
Val 
ð -Y285o 1 
=» — —— ine 
op 1-e Pr"? 
ð | 1 - ESI 
2B 2^op In (1 e ) 
= —hw + Aw 


3 


6.178 


Thus for one gm mole of diatomic gas 


“Viv an T 7 / Ba/tT v 
uu i -1 ) 
where R = N k is the gas constant. 
how 
In th Tm = 2 
n the present case KT 2:7088 
and Cva" 0-56 R 


number v — v — 1. Together with this rotational quantum number may chang 


1->0 or 0 — 1 in the rotational a number. Now 


E = E, «2 s JQs1) 


^ 
PA 


Thus ho -ho*T-(2 2) 


LAO 
Substitution gives d = 0-128 nm. 
If àg = wavelength of the red satellite 
and A, = wavelength of the violet satellite 
then 2nhc | 2mhc , 
Ar ho 
2xhc  2xhc 
and ——— = ~~ +ho 
Ay Ao 
Substitution gives 
Àg = 42433 nm 
Ay = 386-8 nm 


The two formulas can be combined to give 


2mc | Ào 
^ io 


nan 
ARA 


e. The *Zeroe 
0—*0 is forbidden in this case so the neighbouring lines arise due to 
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[- aN 


- 


Ás in the previous problem 
W = "ea > | - TERT = 1:368 x 10 1^ rad/s 
The force constant x is defined by 
x= po 
where u = reduced mass of the S, molecule. 


Substitution gives x = 5-01 N/cm 


The violet satellite arises from the transition 1 —> O in the vibrational state of the scattering 
molecule while the red satellite arises from the transition 0 —> 1. The intensities of these two 


transitions are in the ratio of initial populations of the two states i.e. in the ratio 
e hak 


Thus = e AWET = 0.067 


4n | < 


If the temperature is doubled, the rato increases to 0-259, an increase of 3-9 times 


6.181 (a) CO,(O0-C-O) 


The molecule has 9 degrees of freedom 3 for each atom. This means that it can have up 
to nine frequencies. 3 degrees of freedom correspond to rigid translation, the frequency 
associated with this is zero as the potential energy of the system can not change under 
rigid translation. The P.E. will not change under rotations about axes passing through the 
C-atom and perpendicular to the O —- C - O line. Thus there can be at most four non zero 


frequencies. We must look for modes different from the above. 


—— «— 
One mode is O————Q-——O :U 


a = ^ . = — : — 
VY CI P dba ^ 


These are the only collinear modes. 


A third mode is doubly degenerate: (33 


í 


(b) C;H;(H-C-C-H) 
There are 4x 3-3-2 = 7 different vibrations. There are three collinear modes. 


Q 
n 
Ww 


Two other doubly degenerate frequencies are 


Wa Cr ZA ZZ N 


“Oa a —0 


W5 
together with their counterparts in the plane L” to the paper. 


6.182 Suppose the string is stretched along the x axis from x = 0 to x = l with the end points 
fixed. Suppose y (x,t) is the transverse displacement of the element at x at time t. Then 
y (x, t) obeys 


2 42 
gy 562 
"EVI PE 
ot Ox 
QI. teal fae = ntti ne ac iram amilut ma nE shi amen 
VYE IUUR LOI d Sld IUIidi y WdáVC SUOUJULION OL UIS Cquauui 
Q 
y(x.t) =Asin—xsin(wt+8) 
9 N ? F V v F 


where A & 6 are constants.. In this from y = 0 at x = 0. The further condition 
y=0 atx-l 


es 
* *. Ww £ 
implies TNX, N»0 
AT l 
Or N = —0 
TV 
N is the number of modes of frequency x œw. 
PPL. ... AAT — l A ra 
Anus aiy = ew 
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6.183 Let E(x, y, 1) be the displacement of the element at (x,y) at time t. Then it obeys the 


equation 
FE _ (Hk, 98) 
.2"V|72*t72| 
ðt \ ax ay | 

where &£ 20 atx=0,x=/, y=0 and y=! 


We look for a solution in the form 


Then o? = v^ (KI) 


we write this as 


Here n, m» 0. Each pair (n,m ) determines a mode. The total mumber of modes whose 


frequency is s w is the area of the quadrant of a circle of radius Lo ie. 


Then dN = 


where S = 1? is the area of the membrane. 


6.184 For transverse vibrations of a 3-dimensional continuum (in the form of a cube say) we have 
the equation 


2-* 
95. PE div = =0 


ar? 

uz > Sg Quas ae’ 
Here S = S(x,y,z,t). We look for solutions in the form 

> — 

E = Asink,x,sink,y,sink,z,sin(wt+d) 
This requires w? =av'(K+kKh+hK) 
From the boundary condition that E= 0 for x= 0,x= l,y= 0,y= 1,2- 0, = l, we get 

n; X x n3 X 

khe- hke hT 
where ni; 75, n, are nonzero positive integers. 


We then get ni + n, + n; = [xv 
X 


Bach teinlot / » 2» ». Y datamminac a nnocecihla manada and tha nnmbhae nf ancrh mndec ur hnco 
LJANI agp vea ey] ;] "23 , m3 J VEUWAMLEILS a pYyoeoivil ILVULtU GAIW LUI ARUAIRUVR VE SULCHI LILVUUOO W UUW 
LÀ LÀ . e l (oO 6 * 
frequency < o is the volume of the all positive octant of a sphere of radius —— . Considering 
] I av | 


also the fact that the subsidiary condition div E « 0 implies two independent values of A for 
each choice of the wave vector (k,, ka, k4) 


we find 
3 
1 4x/(I Vo? 
N(o) = 8 EXE 3m v 
2 
Thus dN = os dw 


6.185 To determine the Debye temperature we cut off the high frequency modes in such a way as 
to get the total number of modes correctly. 


The cut off frequency oy is related to the Debye temperature € by 


h Wo = koe 
_ ~  fh\ 
Thus Ox (z) T No V 
k 
(b) In a square lattice, the number of modes of transverse oscillations cannot exceed mS. 
Thus 
Wo 
fr S 5 
nS = z | wdw = z Mp 
2xv s 4nv 
-£ Z3. N 
or O = = p = |>] (V 4am \v 
enn aaa, 


(c) In a cubic crystal, the maximum number of transverse waves must he 2 nọ V (two for 
each atom). Thus 


| 47 


20 
3 
anv -Z f odo = 2% 
xv? J 3x55 
Thus © = z|v (630 ny) ^. 
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6.186 We proceed as in the previous example. The total 
transverse and one longitudinal per atom). On the other hand the number of 
per unit frequency interval is given by 
2 
w 
dnt - {do 
JU V 
-7 AL 
uencv tnterval is giyen bv 
VEM vive ves ee Eee VJ 


while the number of longitudinal modes ner u 
. V o^ 
dN' » —7—ido 
2x VI 
The total number per unit frequency interval is 
dN Vo^/2 1) d 
- ~Z + dow 
2 [vij vi 
1 “fl 
k O 
=F the total number of modes will be 


1\/k@\° 


If the high frequency cut off is at Wo = 
(2 ke 
E 


4 y V 
3% V = t 
" "exi wj 


Here no is the number of iron atoms per unit volume. Thus 
| 


For iron 
Avogadro number). 


(p = density, M = atomic weight of iron N, 
Ny = 8:389 x 10” per cc 


he data we get 
OQ = 469:1K 


6.187 We apply the same formula but assume vj = v,. Then 
o = ^v (6x! ny)? 


7 


- ke / KELD 3 


or 
= 6-023 x 10” per c.c 


oN 
FAA 


For Al 
No = 
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Thus v = 3:39 k m/s. 
The tabulated values are M = 6:3 km/s 
and v, = 31 km/s. 


In the Debye approximation the number of modes per unit frequency interval is given by 


dN = —do 0s "Lid 


n h 
ke 
But pud. 
u 3 Jt no V 
"I" an Far l pd la! . 
hu áN = —do, 0s os ANV 
The energy per mode is «E» = um 
Then the total interval energy of the chain is 
X Hs V 
u- -L f inodo 
VJ 2 
0 
X n,v e/íT 
I | ho l 2 2|] xdx 
+ | zor 740 = 1x (x ng v)' + ;«n | " = lnk q nov) 4 
0 0 
e/T 
T ( xàx 
tno k RES | a 1 
(x ng vh/k) J &-1 


We put / nok = R for 1 mole of the chain. 


Hence the molar heat capacity is by differentiation 


e/T 
c, - (2) - az) f za. ©/T 
v dT}, o A e-1 22/74 


when T»»0,C,»R. 
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6.189 If the chain has N atoms, we can assume atom number 0 and N +1 held ficed. Then the 
displacement of the n™ atom has the form 


L 


. mx 
u, = A (sin ona) sin of 


wW = Winx sin £2 
2 
In our form only +ve k values are allowed. 
The number of modes in a wave number range dk is 


yLdk Ldk, 


yid -= 244,79 
But do = Z man 008 “2 dk 
Hanna dw -— a \/ "ne EV 
AÀAAvVARM dk 2 v Wmax Vw 
so ay = 2L do 
wa We ax — O° 
(b) The total number of modes is 
@___ 
y- ( 2240 (2h 2 Lk 
| J Ma p> Zz Na 2 a 
0 Omax 7 CO 


is the atomic weight of the copper. 
Substitution gives 48-6 J/gm. 
6.191 (a) By Dulong and Petit's law, the classical heat capacity is 3 R = 24-94 J/K - mole. Thus 
£ - 06014 
“cl 
From the graph we see that this 


C T 
value of Cz corresponds to a" 0-29 


65 
Hence O = 0:29 ~ 224K 


22:4 


(b) 22-4 J/mole-K corresponds to 3x8314" 0-898. From the graph this corresponds to 
T T 250 
e" 0-65 . This gives O = 06s " 385 K 


Then 80 K corresponds to A = 0:208 


The corresponding value of a is 0-42. Hence C = 10:5 J/mole-K. 


wr 
Vr 


mn dii. A 


The x-coordinate corresponding to 0-75 is 0-40. Hence 
K 


Ox 125 = 3125 K 
0-4 
Now kO =h Onax 
13 
So Dmax = 409 x 10° rad/sec 


6.192 We use the formula (6.4d) 


[ e/T ] 
4 n 3 
U= ROl EAM IEXES 
16 19] J e-1]| 
L NX r 0 | 
r f æ 3 eo 1 
3 4 4 3 
-oro|i f 22 T| (IT f èe 
8 &-1/19 © é&-1 
0 e/T 
In the limit T «« O, the third term in the bracket is exponentially small together with its 
derivatives. 
Then we can drop the last term 
U = Const + 2 74 f 22 
- —13 4 
e J 4-1 
aU aU T\3 [ dx 
Thus cy- (22) ~ (22) ~ s6n(Z) f 
É t ] (57), (e) A e -1 
Now from the table in the book 


I 
© 
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4 3 
12x (T 
Thus Cy = — 
V 5 (e 
nta « Call the 4rd tarm in the hrarbet ahnue — U.. on 
A VYwow e wi MIY wo TELLE LLE MEY VEGEVAYE OUUU Y Y 3 4. Siw 


T Ty x .5- 24 
U3 ($) J 2 sin h (x/2) e dx 


e/T 
3 
Tha mawiman enla af x $c m Fan lta ern nuantitury fI fre Cà æ y n Thuc 
IC ALIGALLLIULILL Vdiutc UL lò d LHIW TYC uua lily Vg IUL U 2 A * ^. LIAUD 
2 sin h = 
4 
- _anlT\ -oar 
U4,s 2Co le | e 
© 
, , _ dU; 
we see that U, is exponentially small as T —* 0. So is dT 
6.193 At low temperatures C « T 5 This is also a test. of the “lowness” of the temperature 
We see that 
(C 7, 30 
|—| = 1:4982 = 15 = — = — 
\C2} > 2 


Thus T° law is obeyed and T; , T, can we regarded low. 


6.194 


a 1 nu ea: nn we eg uni au 
The total zero point energy of 1 mole of the solid 1s g^ ©. Dividing this by the number of 
modes 3N we get the average zero point energy per mode. It is 


$9 


6.195 In the Debye model 


r Aw 
Then 3N = J dN, = a . (Total no. of modes is 3N) 
0 


Thus A= IN 
On 


6.196 


6.197 


^ 
je 


N o^ -h w , . . 
we get U => J — — — —do ignoring zero point energy 
» e o/kT-1 


= INhw ( x dx x w 
m JO Ponk] OD, 
0 
1 
-oro f Ydx 9 hok 
z , = m 
e/T 
S Olt 4 
4 y YY £/..V 3 
i dU(x) x 
Thus LLL “+ = ————— for Osxsl 
9RO dx 
g9/7., 
E 
For T - O/2, this is ——— ; for 
e -li 
Oo .. rx , : i 
T 2 —, itis —-— . Plotting then we get the figures given in the answer. 
M e -i 


The maximum energy of the phonon is 
hw, = kO = 28:4 meV 
On substituting © = 330K. 


To get the corresponding value of the maximum momentum we must know the dispersion 
d 


relation @ = @ ( Eò . For small ( EY we know o = v! El where v is velocity of so 


1271 
A. WR — (ERRRUBAAR Ld / WV Gr ARSE VY v | P i VV L wii w v v wave R JJ ws. oun 


crystal. For an order of magnitude estimate we continue to use this result for high | 
we estimate v from the values of the modulus of elasticity and density 


F- 
HL 
V m — 
re) 
r 


We write E 100GPa, p = 89x 10° kg/m" 
Then V _ 3x 10° m/s 

E h o,, 19 4 
Hence A |k hnax ~ ~~ 15x10 "gmcms 


(a) From the formula 


the maximum value Emax of E is determined in terms of n by 


þad 
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- E? 
3 \3/2 
or E = (2 (3 x3 n) 
vem) 
2 
E. = 2 xà n^? 
m 
(b) Mean KE. «E»is - 
E ax E ix 
«E» [ean / fan 
0 ar 
E max E mz 


2 2 
- feas] feux - s Emax f 3 Emax - 
0 0 


6.198 The fraction is 
E 


1 
2. 


6.199 We calculate the concentration n of electron in the Na metal from 


T 2/3 
E _ = E, = —— (3n^ n) 
max m x l 
we get from Ep = 3-07 eV 


n = 2:447 x 107 per c.c. 


From this we get the number of electrons per one Na atom as 


n M 

^ N 

P 4A 
where n = dencitv of Na M = molar weicht in om of Na N. = Avo 
we get 
U-702 Ciecrons per one iva atom. 


5 E max 


E ax 
n - [eae] | ear -1-2 77 2 0-646 or 646% 
0 


6.200 The mean K.E. of electrons in a Fermi gas is A . This must equal 
2 Er 
T = Sk 
We calculate E, first. For Cu 
N N 
n x A x P DA z($-442 x 107 per c.c. 
M/p M 
Then Er = T01eV 
and T = 3-225 x 10K 


6.201 


6.202 


We write the expression for the number of electrons as 


dN = V V2 m? pak 
x 


= kT. Thus 
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Hence if AE is the spacing between neighbouring levels near the Fermi level we must have 


V V2 m’? 
xo 


(2 on the RHS is to take care of both spins f electrons). Thus 


2 = — EV AE 


But EZ" zx m5 ( 3 n? n)? 


So AE = 


Substituting the data we get 
AE = 179x107 7 eV 


(a) From 
2 


dn(E) = ees E" dE 


Jen 


we get on using E - ls, dn(E) - dn(v) 


This holds for O«v «vp where jm ve = Er 


and dn(v) =0 forv»vyp. 
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(b) Mean velocity is 


F F 
«v» fo] fon = —Vp 
0 0 
<v> 3 
VF 4° 


6.203 Using the formula of the previous section 


m — 2 
dn(v)- "243 V dv 

vu FE 
We nit P»? Y = 2 xh whara = de Renglie wavelength 
Y pr rit Y X > Wests’ fv UY SFEURIIY WV VAVAlAS tal 

2 xh 
mdv = -———d 
At 


Taking account of the fact that A decreases when v increases we write 


dn(h) = -dn(v) = Q9 d* | 8x ay 
XA A 


6.204 From the kinetic theory of gasses we know 


_2¥ 
PY" 3V 
Here U is the total interval energy of the gas. This result is applicable to Fermi gas also 
Now at T = 0 
U=U,=N<E>=nvV «E» 
2 or 
SO p^zn«E» 
3 
2 3 2 
= —-NAX—Lr = —nbr 
3 57 5 ^ 
2 & /2 
= reis T ) n 


p = 492 x 10* atmos 


6.205 From Richardson’s equation 
I2aT?^e ^*7 


where A is the work function in eV. When T increases by AT, I increases to (1 + v) J. Then 
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2 A{ T 2 A AT 
ban = (LEAD) VI). (1 ary vu 
| T | | T | 
\ / m \ / 
Ilonendins an A onmenmliaetiesm hiehaeeeenen aC A 1 -- NE 
1LApanuinu ana ncpicCung nigucr powers or T WC BC 
AT A 
= 2 = 4 
n T + LT? AT 
Thus A= gr (22_2| 
AT 
\ } 
Substituting we get A =4-48 eV 
outside 


A out l 
E —H —— ————— 
= inside À 


inside Uo 


The potential energy inside the metal is — Ug for the electron and it related to the work 


Uy = EptA 
If T is the K.E. of electrons outside the metal, its K.E. inside the metal will be (E + Up). On 
cntering the metal electron connot experience any tangential force so the tangential component 
of momentum is unchanged. Then 


V2mT sina = V2m(T + U,) sin B 


Hence 
sna  1/ Uo 
= V l4 — =n by definition of refractive index 
sin p T 


In sodium with one free electron per Na atom 
= 2:54 x 10” per c.c. 
3:15 eV 
A = 227eV (from table) 


wy 
3 
li 
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6.207 In a pure (intrinsic) semiconductor the conductivity is related to the temperature by the 


following formula very closely : 


—~-Ae/2ZkT 
g = Og€ 


where Ae is the energy gap between the top of valence band and the bottom of conduction 
band; it is also the minimum energy required for the formation of electron-hole pair. The 
conductivity increases with temperature and we have 


© 
- 


Hence Ag = — ting 


Substitution gives 


— ea eee tet Bane oe dee 


AW. " PEN NEN Al. .. —L —-- x3 mami dJiiaeun A € 5 24 n ana oa -a f pP i4 e; f n : 4’ e 
On the other hand the temperature coefficient of resistance is defined by (p is resistivity) 


idp d d 
a= Sar qr? = 7-379 
where o is the conductivity. But 
Ino = Mnp- Ae 
"^ 2kT 
Then a= -2E ahe a -0047K 


6.209 At high temperatures (small values of T- h most of the conductivity is infrinsic i.e. it is due 
to the transition of electrons from the upper levels of the valance band into the lower levels 
of conduction vands. 


For thic we can ann 
A WA CARED WW Ww REESE nd «d «i 


but 
ir 
m 


Or Ino = In og- 


From this we get the band gap 


6.210 
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T. 4 : 241.4 al ono. Al nnn a 
The slope must be calculated at small T Evaluation gives — ETIN = /000K 
A — 
Hence E, = 121eV 
l1 4:154 - lY. ME 4 T0 B 
At low temperatures (high values of T) the conductance is mostly due to impurities. If £o 


is the ionization energy of donor levels then we can write the approximate formula (valid at 


low temperature) 


0 2k7 
\ } 
i Alno’ 


fr 


The slope must be calculated at low temperafures. Evaluation gives the slope 


- mx - EX 1000 K 
NA 
PA 
\ 7 
Then Eg __ 0:057 eV 


We write the conductivity of the sample as o = 0; * O, 


where o; = intrinsic conductivity and o, is the photo conductivity. At t = 0, assuming 


1 1 1 1 
= —*0, Yo — 
p P Pi P 
Time t after light source is switched off 
we have because of recombination of electron and holes in the sample 


s IT 
md Es 1 


o = 0;+0, € 
i o 


where T s mean lifetime of electrons and holes. 


Thus il. l, l.l ett 
p2 D ip P 
or l.1.(L.L,4 
02 P (P1 P) 
1 1 
sr P P PM(P-P) 
or e = = 
i 1 p(p-p2) 
po P 
r1 mo .1l1 [pz (p - p1)] 
Hence T =t] in į} 
|j P1XP 7 P2JJ 


Substitution gives T = 9-87 ms _ 0-01 sec 
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6.211 +V (X) B 0 


<—___/---—=> 


We shall ignore minority carriers. 


Drifting holes experience a sideways force in the magnetic field and react by setting up a 
Hall electric field E, to counterbalance it 


A A— 11 WA A A UL GE UB LAE we A. AA we 


Jh” nev, 
Jx 
J, e Vy jeh B 
Hence n=- =p" e V; 
, . V 
Also using h” OE, = E,/p = "p 
VhB 
we get n = epl V; 


r” 


(note that in MKS units B = 50k 


ww» = ar Taa AT sa ae wona n wir -— sa 


pz25x10^ ? ohm-m 


G = 05 T) 


we get n = 4-99 x 10? m^? 
= 4-99 x 10” per cm? 
at at a ege, . Vy Vu l Vy l 
Also the mobility is Hg = Z = xT = 
d TE, nB V hBV 
c ullus . ane 2 nr 
substitution gives Uy = 005 m/V -s 
6.212 
—* t 
Q | Ex” Va 
c. 
A M 
Me 
If an electric field £, is present i in a sample containing equal amounts of both electrons and 


6.213 


Go 
oq 
© 


The net Hall electric field is given by 
roa £20 n 
E, = (v; - v) B 
+ - 
= (Up ug) E, B 
E, 1 
But — = — Hence 
E, n 
1 
uj -ul = 4 
nB 


. x 
Ey Ve "Vx IB 
g | Ex 


When the sample contains unequal number of carriers of both types whose mobilities are 
different, static equilibrium (i.e. no transverse movement of either electron or holes) is 
impossible in a magnetic field. The transverse electric field acts differently on electrons and 
holes. If the E, that is set up is as shown, the net Lorentz force per unit charge (effective 


transverse electric field) or electrons is 

E,-v, B 
and on holes 

E, * v; B 
(we are assuming B = B,). There is then a transverse drift of electrons and holes and the net 
transverse current must vanish in equilibrium. Using mobility 

ug N,e(E,-uyE,B) + N, e ug (E, + ug Ex B ) = 0 
N, e Ug ? -N Uy ? rn 


f j A m 
L» = UT 7 M 
9r y AT ..7 . AY + yD 
IN e lig + IN, Ug 


+2 
E, 1 Ne uo 2 N, ug 
Ry = -> = > 
x” F (Neo + Ny uo) 
We see that K, = 0 when 
2 
N. (ui 1 
e 0 EN 


ann 
JOU 


6.5 RADIOACTIVITY 


6.214 (a) The probability of survival (i.e. not decaying) in time t is e`’! Hence the probability of 


araw 
Ua 


(b) The probability that the particle decays in time dt around time t is the difference 


e ?' E e ^ 0*9 = e"^'n -e *^d!] = Xe ' dt 


Therefore the mean life time is 


N= = 9722 x 10 7? per day 
Ty; 
Hence 
fraction decaying in a month = 1-e^'a0253 


6.216 Here Ny = me > x 6:023 x 10” = 2:51 x 10 


Also À = In2 = ()-04621 per hour 
Ty? 


So the number of f rays emitted in one hour is 


No (1-e^^) = 113 x 10% 


where n = 2:66 and t) = 31,. Then 
1-e^** 
n - 1 e ^" 
Or n-ne” = 1-e *" 


Substituting the values 


Put e`?" = x. Then 


x! -266x+166 = 0 
(x* ~ 1) x - 1-66 (x-1) = 0 


> | 


6.218 


- QUE Ar 


6.220 


6.221 
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or (x - 1) (x7 +x- 1-66) = 0 
Now xe1sox «x-166 = 0 
~-1+V1+4x 1-66 
2 
Negative sign has to be rejected as x >0. 
Thus x = 0-882 
-2 
This gi = = 15- . 
is gives T= 1 0-882 15-9 sec 
If the half-life is T days 
oy "T . 1l. 
v, 2-S 
Hence Z „m25 
T In 2 
or T = Tin 2 = 5-30 days 
In 2:5 - 
The activity is nronortional to the number of narent nuclei (assumino that the daughter is not 
me vw ce aa a aaa nr olor uo b oT T 
radioactive). In half its half-life period, the number of parent nucli decreases by a factor 
m 1 
T2 = — 
o ta 
So activity decreases to $20 = 460 particles per minute. 
v2 


If the decay constant (in (hour) } is 4 , then the activity after one hour will decrease by a 


factor e ^^. Hence 


0:96 = e~’ 
or A = 1-11 x 10 7? s^! = 0-0408 per hour 
The mean life time is 24-5 hour 
1 51 
Here No = x=~ x 6-023 x 10^ 
238 i 
la 24 4 21 
= 2531x10 
The activity is A = 124 x 104 dis/sec 
Then A = A = 4-90 x 107 P per sec 
Hence the half life is 
T, = 152 = 449 x 10° years 
i 


rm 


6.224 


6.225 


4 


aa 1 P FE! * a" —14 a * 2 ata a a P ed aa -e a 
in oid wooden atoms the number of C nuclei steadily decreases because of radioactive decay. 


(In live trees biological processes keep replenishing C'* nuclei maintaining a balance. This 
balance starts getting disrupted as soon as the tree is felled.) 


-tx 22 3 
Tf 4 ie the half Lfe af C!4 then T. = 
aa 41/2 49 LUHY ARUBA iiv WR CALV- AL 5 
In 5/3 
Hence t = Tia —— = 4105 years ~ 4-1 x 10° years 
MEPL .s abt. f: $. al.4 fo. sh. a2. 2... sh. nacen £..... A Tj y r238 APPLET I | 
WHat uiis HDD pics 15 LBAL In Uic UMC SINCE uc orc Was LOMIC, 114 U NUCIC] Have ICihd leca 
undecayed. Thus 
In 2 
"n . e * » 
itn 
i+ 
In ++ 
or t = T 
1 In2 
. 9 
Substituting 7 17 45 x 10' years, n = 2:8 
2 
we get t = 1-98 x 10? years. 
The specific activity of Na ^ is 
— = ——— = 32x is /(gm.sec 
M MT, 
2 
Here M - molar weight of NZ = 24gm , N, is Avogadro number & T, is the half-life of 
2 
Na 
Similarly the specific activity of U is 
J rY J 
6-023 x 10” x In 2 
235 x 10° x 365 x 86400 


= 0-793 x 10° dis/(gm-s) 


Let V = volume of blood in the body of the human being. Then the total activity of the blood 
is A’ V. Assuming all this activity is due to the injected Na and taking account of the decay 
of this radionuclide, we get 


T7 2f A -Àf 
A = Ae 
In 2 
Now À = 1s Per hour, t = S hour 
A  -In2/3 2:0 x 10? -In 2/3 


= ————— — e cc = 5:95 litre 


Thus V= qe = (16/60) 


6.226 


6.227 
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We see that 
Specific activity of the sample 


= —1_ {Activity of M gm of Co? in the sample} 
M tM 


Here M and M' are the masses of Co? and Co? in the sample. Now activity of M gm of 
Co* 
in 


^ 
M 25. nz 
gg (0023 x 10" x 53 x 86400 


= 1-168 x 107 M 


dis/sec 


Thus from the problem 


M 


= 22 x 102 
MM 22x1 


1-168 x 10” 


or ——— = 188x107? ie. 0-188 % 


Suppose N,, N, are the initial number of component nuclei whose decay constants are 
 Í (i in (hour) ) 

Then the activity at any instant is 

A= A, Ni e ^ eA Ns e ^! 
The activity so defined is in units dis/hour. We assume that data In A given is of its natural 
logarithm. The daughter nuclei are assumed nonradioactive. 
We see from the data that at large t the change in In A per hour of elapsed time is constant 
and equal to — 0-07. Thus 

A, = 0:07 per hour 
We can then see that the best fit to data is obtained by 
A(t) = 51316 995! , 19.90 47997 


[To get the fit we calculate A (t) e 99" ! We see that it reaches the constant value 10-0 at 


= 7, 10, 14, 20 very nearly. This fixes the second term. The first term is then obtained by 


0.07: . 


subtracting out the constant value 10-0 from each value of A (t) e in the data for small 


t.] 
MP | 
Thus we get à; = 0-66 per hour 


T, = 1:05 hour | 
A Lai | half-lives 
T, = 9-9 hours | 
l N, 511 Ay 
t = ——x— = 0: 
Ratio N, 100 X x, 0:54 


The answer given in the book is misleading. 
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6.228 Production of the nucleus is governed by the equation 


GN Z g-AN 
dt lL 
f decay 
supply 

We see that N will approach a constant value È . This can also be proved directly. Multiply 
by e*' and write 

aN e^ ene IN = ge*! 
Th d N Af At 

en p e )=ge 

or Ne*! = £e*'+ const 


At t = 0 when the production is starteed, N = 0 


0 = a constant 


From the problem 


"red 4 a | - a 4 F Ata 
ihiS gives AL = U:405 


- - = 95d 
SO t " 0-693 ays 
Aigebraicaily t=- Lom k - H 
In 2 g 


dN, 

a = -MN (1) 
d N» m 
P = h, Ni - MN? (2) 


From (1) 
Ni = Nio e Mf 
where Ng is the initial number of nuclides A, at time ¢ = 0 


From (2) 
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(dN, .4 M NT: ^ ar — (A ~à) t 
| de t^ 2^ = Aj11Y19€ 

_ sar Mtr - Ai N19 — lÀ. Ade 
or (N2e ? ) = const ———e ~“! 

NTM 
since Na = 0 at t=0 

Ai Nio 
Constant N, = ——— 

Ay - Ag 

Ai Nio t ^ 
Thus = ———(e% -e€ i‘) 
MM-M. 
(b) The activity of nuclide A, is A2 N3 . This is maximum when N, is maximum. That hap- 
d 
pens when —— = 0 
This requires Ay e ^^ = A,e ^n 
i In (44/25) 
or 3E ———————— 
m 
Ai -A 


6.230 (a) This case can be obtained from the previous one on putting 
à); = M-E 
where £ is very small and letting € —> 0 at the end. Then 


Ai Nio 
€ 


N^» = (e*'-1)e^'- A, te Nio 


or dropping the subscript 1 as the two values are equal 


n = Nite ^* 


(b) This is maximum when 


dN, 1 
—— = t= — 
g ^" X 
6.231 Here we have the equations 
dN. 
L 2 -A N, 
dt 1 
dN .. . dN, a ,, 
— = Ay IN, — MQ N2 and — * Ay Na 
Ce ai 
From problem 229 
N, = N19 e ^ 
N, M Nip (g-Iat_ e-t) 
^ ^ h-» 
dN; Ài A» — 7 -À y O an 
Then a = 7T Nole ^-e `) 
dt A — ^2 


Q 
le» 


MA (ew! echt), 


Or N3 = Const - 4——;—-|^4--- a4 [0 
"vi n ve \ YZ liad i 
since N3 = 0 initially 
2 f1 1) 
Const = i- Mio|z-- >| 
17/92 \A2 ^J 
So N3 MMNwol i aert la en] 
M-M |M M | 
-A,¢ 
= Nio 1,42 2 Me 
À,- Ay 
We have the chain 
a 206 
B20 p _» p210 > P 
i M Po M b 
A; A2 A3 
of the previous problem initially 
107? 


Ni = x 6:023 x 10” = 2-87 x 107® 


210 
A month after preparation 


N, = 454 x 10° 
N> = 2:52 x 10 
using the results of the previous problem. 


Then Ag = MN; = 0725 x 10" dis/sec 


B (electron) emission 
A = 206 
Z = 88+4-5x2 = 82 


(b) We require 
-~-AZ=10 =2n-m 
-AÁ = 32 =nx4 
Here n = no. of a emissions 


m= no. of B emissions 
Thus n=8, m= 6 
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6.234 The momentum of the a-particle is 
V2M,T . This is also the recoil momentum of the daughter nuclear in opposite direction. 
The recoil velocity of the daughter nucleus is 
V2M,T | 2 AAT, 339 cim 
M, " 196 M, 


M, 
The energy of the daughter nucleus is —— M —* T and this represents a fraction 
l d 


M,/M, Ma 4 L 
—— =~ = 0-02 


"M.*M, 200 50 


Ma 
of total energy. Here M, is the mass of the daughter nucleus 
6.235 The number of nuclei initially present is 
-3 
10 & 4v a ^23 95.27 a ^18 
2;57-X6:023 x 10° = 287x10 
4LU 


6.236 We neglect all recoil effects. Then the following diagram gives the energy of the gamma ray 
P5210 


A c^ » 
Wit Excited. state 


IT 0.80 MeV 


| ——— 
V 2x" 1:602x10 " 
- «can -24 


4 x 1-672 x 10 


= 1-83 x 10? cm/sec 
Thus R = 6:02 cm 
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x Jar ewhale nath tha num har nf inn naire ic 
VJ WU, Y SR VANS VV LIVED pou LAW numoctr OK AVLE peso AO 
6 
7 x 10 
aq = 206x10 


Over the first half of the path :- We write the formula for the mean path as Ra E^? 


22a? ~f at 


where E is the initial energy. Thus if the energy’ or unc a—particle after traversing the 


first half of the path is E, then 


Hence number of ion pairs formed in the first half of the path length is 
E- E _ 
V = (1-277?) x 2-06 x 10° = 0-76 x 10° 


6.238 In B` decay 
ZX >, Y^ «e«Q 
Q = (M,-M,-m,)c 


= [(M,+Zm,) - (M, «Zm, « m,)]c 


= (M,-M,)c 
since M, , M; are the masses of thc atoms. The binding energy of the electrons in ignored. 
In K capture 
ext 2X" > z Y^ +Q 
Q = (My-Mpc «mc 
- (Mi «Zm,c)- (Mye +(Z- 1) m, c?) 
-c (M, - Ma) 
In B^ decay "X^ — ; Y^ ++ 
Then Q = (M,-M,-m)c 
= [M,+Zm,]c’ -[M,+(Z-1)m,]c’-2m,c’ 
= (M,- M,-2m,)c 
6.239 The reaction is Be? — BY 4 e 4v, 


A wus 


For maximum K.E. of electrons we can put the energy of v, to be zero. The atomic masses 
are 


So the K.E. of electrons is (see previous problem) 
597 x 107 * amu x c? = 0-56 MeV 


P 
he 
È 


6.241 
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The momentum of electrons with this K.E. is 0-941 Mer 


and the recoil energy of the daughter is 


941 
= —=— — — MeV = 472 eV 


(a mal 


he masses are 
Na” = 24 - 0-00903 amu and Mg” = 24 -0-01496 amu 


The reaction is 


Na” — Mg“ «e «v, 


Average K.E. according to the problem is then 25 2 1:84 MeV 
a 
The initial number of Na” is 
-3 k. 23 
10 ~ x 6:023 x 10 = 2-51 x 102 


24 


The fraction decaying in a day is 


Hence the heat produced in a day is 
0-67 x 2-51 x 10)? x 1-84 x 1:602 x 107 P Joul = 4:95 MJ 


We assume that the parent nucleus is at rest. Then since the daughter nucleus does not recoil, 
we have 


~ o ceni 


a 
Vc*p'* mic *cp = Q = total energy released. (Here we have used the fact that energy 
of the neutrino is c|p,| = cp) 


Now Q = [( Mass of c! nucleus) - (Mass of B nucleus) ] c? 
= [ Mass of C atom - Mass of B! atom - m. | c 
— 1.00912 amen v 50^? m 7 
— U VA eo A P aiu ^v ibe Uv 
zx (04020101 .» O21 O0. 11V MAAV — 1.47 MaSV 
— QUUUGAJ A JJL ""V.JAÀAàJjRÜivivV = A "I 1VAV V 
Than 229.2 . (N.E11\2 (1.47... 4 (1.472. AOA a net 
inen C p tiU»511) = (r4/-cp) -i(rb4/) -7743cptc p 


Thus cp = 0:646 MeV - energy of neutrino 
Also K.E. of electron = 1-47 - 0-646 - 0-511 = 0:313 MeV 


6.243 


6.244 


The KE. of the positron is maximum when the energy of neutrino is zero. Since the recoil 
energy of the nucleus is quite small, it can be calculated by successive approximation 
Th , inn oi 


13 .^3, +, 
NC te +v.. 


- 


e maximum energy available to the positron (including its rest energy) is 
c^ (Mass of NPnucleus - Mass of CP? nucleus) 

c? (Mass of N”? atom - Mass of CP atom - m, ) 
0-00239 c? - m, c? 

(0:00239 x 931 - 0-511) MeV 


1-71 MeV 
The momentum corresponding to this energy is 1:636 MeV/c. 


The recoil energy of the nucleus is then 


p (1636y 


2M ^ 2x13x93 ^0 7 6 


Ez 


-p Iar, 
e +t Be —Li +v 


The energy available in the process is 


Q = c^ (Mass of Be’ atom - Mass of Li’ atom) 


r Pr of n m ts 


= 0:00092 x 931 MeV = 0:86 MeV 
The momentum of a K electron is negligible. So in the rest frame of the Be’ atom, most of 
the energy is taken by neutrino whose momentum is very nearly 0-86 MeV/c 
The momentum of the recoiling nucleus is equal and opposite. The velocity of recoil is 


0-86 MeV/c 0-86 


. 6 
M;; CX 7x 931 3-96 x 10. cm/s 


In internal conversion, the total energy is used to knock out K electrons. The K.E. of these 


electrons is energy available-B.E. of K electrons 
= (87 —26) = 61 keV 


The total energy including rest mass of electrons is 0-511 + 0-061 = 0-572 MeV 
The momentum corresponding to this total energy is 


V 2 2 
(0-572)" ~ (0-511)" / c = 


= ZT MeaWV /^ 
v X — View § AVE Y / Wwe 
o, cp 0-257 
The velocity is then CE = exp = 09e 
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6.245 With recoil neglected, the y-quan will have 129 keV energy. To a first approximation, 
its momentrum will be 129 keV m and the energy of recoil will be 
—(0129Y — MeV = 4:18 x 10-8 MeV 
2x1901x931 ^ S j 
In the next approximation we therefore write E,— -129 - 8-2 x 10^ MeV 
dE, 
Therefore —— = 363x107’ 
E, 


6.246 For maximum (resonant) absorption, the absorbing nucleus must be moving with enough speed 
to cancel the momentum of the oncoming photon and have just right energy 
(e = 129 keV ) available for transition to the excited state. 


ub uio 


energy= dEy 


2 
e Lond £ a £ ._ e ry e 
Since 6 E, --——z and momentum of the photon is " these condition can be satisfied if 
Mc 


the velocity of the nucleus is 


6.247 Because of the gravitational shift the frequency of the gamma ray at the location of the 
absorber is increased by 


00 gh 
oo 


For this to be compensated by the Doppler shift (assuming that resonant absorption is possible 
in the absence of gravitational field) we must have 


gh v or v = EË a 065 pm/s 


6.248 The natural life time is 


[T = E = 47x10 P ev 


Thus the condition SE, 2 [ implies E. " = I 
2 i 

or hz = 4-64 metre 
TE 


(h here is height of the place, not planck’s constant.) 
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6.6 NUCLEAR REACTIONS 


6.249 


6.250 


o,¢ *. > A, A, + e . * *. 
Initial momentum of the a particle is V2 T, i (where i is a unit vector in the incident 
m 


direction). Final momenta are respectivelv 2" and D»... Conservation of momentum reads 
— RR w w was gg a a WAS An vus us w Awe pewter jJ ra "VS ARS EI L4 . "ua ABO Wr A VÅLE AL VE BUARSAFARRSCARVVSBAR "t VA OS 
— — A, 
Da t Pii = 2m Ta I 
. 2. 2 
Squaring Pat Pi; +2Papı;cos© = 2mT, (1) 
1 ~ o ue $01 —» _—> 
where © is the angle between p, and p;;. 
2 2 
s. Pa PL, 
Also by energy conservation ——+— = T, 
7 2m 2M j 


(m & M are respectively the masses of a particle and Li .) So 
Pat Pi = 2mT, (2) 


Substracting (2) from (1) we see that 


\ 
Since Pa, Pui are both positive number (being magnitudes of vectors) we must have 


This being understood, we write 


2M l* am 


Hence the recoil energy of the L; nucleus is 


Phi imn 


2 
PLi E T, 
~ 2 
2M 1 Mam Lega o 
4mM 


As we pointed out above © = 60°. If we take © = 120°, we get 
recoil energy of Li - 6 MeV 


(a) In a head on collision 


Where p, and p, are the momenta of deuteron and neutron after thc collision. Squaring 


pi*p,*2pa4p,- 2mT 


m 
Dat ar Pa = 2mT 


or since p, » O in a head on collisions 


p « l(1.), 
n » | M! d 
\ } 
Going back to energy conservation 
2 2 
Pi jig M 1-5% T 
2M 4m M 
2 
Pa 4mM 
So —— = T 
2M love a. AN2 
Vra Y 1v4 J 
This is the energy lost by neutron. So the fraction of energy lost is 
DJ J DJ 
n= "M I8 
(m+My 9 


(b) In this case neutron is scattered by 90°. Then 
we have from the diagram 


Pa = Pn jtV2mT i +> 
Then by energy conservation k d 
^ = 9 
p.*2mT p, 
2M 2m | 
À 
2 
Ps (am m) 
Or zs dc M] 
n^ A 
or in - IVE 7 FE 
2m M+m 
The energy lost by neutron in then 
T- Pa - 2m 
2m M+m 
, . 2m 2 
fracti f lost = = > 
or fraction of energy lost is 1 Mem 3 


From energy conservation 
ra Pi Pe 
2M 2m 


W 
Q 
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6.252 


6.253 


(M = mass of denteron, m = mass of proton) 


Qn nz Oe T m 2 
wt U Pp fo CHE A | M'4 
Hence z1«2Z)-2vz0T p,cos0*4 2(M-m)T 30 
Ia 
For real roots 4QM Tews’ 0-4x2(M-m)T(1+ g)> 0 
2 
cos? 6 2 [1 - 7. 
| Mj 
5 2 
Hence sin“ 0 s — 
ie A< cin" 1 7. 
i.e Os sin 4, 


For deuteron-proton scaltering Omar = 30°. 


This problem has a misprint. Actually the radius R of a nucleus is given by 
R =13 VA fm 


where fm = 10° m. 
Then the number of nucleous per unit volume is 
—— - x (1-3)? x 10* 9 cm? = 1-09 x 10? per cc 


The corresponding mass density is 
(1:09 x 107? x mass of a nucleon) per cc = 1-82 x 10" kg/ce 
(a) The particle x must carry two nucleons and a unit of positive charge. 
The reaction is 
B" (d,a) Be 


(b) The particle x must contain a proton in addition to the constituents of OU". Thus the 
reaction is 


The particle x must carry nucleon number 4 and two units of +ve charge. Thus the particle 
must be x = a and the reaction is 
Na? (p , a) Ne? 


(d) The particle x must carry mass number 37 and have one unit less of positive charge. 


Thus x = Cl 37 and the reaction is 
cl?’ (p, n) Ar” 


6.254 From the basic formula 


A, = m,-—1amu 
A = M-Aamu 
Then clearly Ej, = ZA,+(A-Z)A,-A 


6.255 The mass number of the given nucleus must be 


27 | B) - 8 


Thus the nucleus is Be*. Then the binding energy is 
E, = 4x 0-00867 + 4 + x 0-00783 — 0-00531 amu 


a 


= 0-06069 amu = 56-5 MeV 
On using 1 amu = 931 MeV. 


e QS nucleus is 


45 5B e^ we. ALT 


a] 
a 
t 
n3 
Nu 
2 
[y 
(> ai 

pnd 

n$ 
fa 

pnb 

D 

zj 
19 
© 
mh 
5 


SN 
bo 


m « a Wd 


(b) B.E. of neutron in B "nucleus 
= BE. of B''- BE. of Bi? 
(since on removing a neutron from Bl! we get B” ) 
= A,- Ag, + Ap „= 00867 — -00930 + -01294 
x 0-01231 amu = 11:46 MeV 
B.E. of ( an a-particle in B!! ) 


= B.E. of B' - BE. of Li’ - BE. of a 


(c) This energy is 
IRE of 0.%4 4(RE of e narticlecM 
=z —~A,A6+4A 
-7 
= 4 x 0-00260 + 0-00509 


= 0:01549 amu = 14-42 MeV 
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6.257 B.E. of a neutron in B™ - B.E. of a proton in B" 
= (A,- Ag! + Ag’) - (A, - Ag! + Ag") 
= A,- A, t Ag" - Ag? = 0-00867 - 0-00783 
+ 0-01294 — 0-01354 = 0-00024 amu = 0-223 MeV 


The difference in binding energy is essentially due to the coulomb repulsion between the 


proton and the residual nucleus Be which together constitute B". 
6.258 Required energy is simply the difference in total binding energies- 
= B.E. of Ne” - 2( E. of He*) - B.E. of C? 
= 20 ey,-88, - 12 €c 


(e is binding energy per unit nucleon.) 


Substitution gives 11:88 MeV. 
6.259 (a) We have for LÈ 
A1.2 AALT — D.1A A051 uu: oL A C A A 
tl 2 IVIC V VU'VTTJO01 du = J AYT J Oy 7 LÀ 
YY-..a A ^ .. f^ rAr0omn E .. AMAaALHY NA nip Aoc N NAA AO .-...- 
AII1CIICC A = OXUWU/OO T 2 X U'UUOO / —U'"UZ*IDOOU = U'UZZ"tO dill 
(b) For C” 10 x 6-04 = 60-4 MeV 


= 0-06488 amu 
= 6A,+4A,-—A 
Hence A = 6x0-00783 + 4 x 0:00867 — 0-06488 = 0-01678 amu 
Hence the mass of C! is 10-01678 amu 


6.260 Suppose M,, Ma, M;, M, are the rest masses of the nuclei A, , A,, A3 and A, perticipating 
in the reaction 


A, + A> —> A, +A, + Q 

TWla.-- 1) io tha anaes: eAl2eca: Than h xn mr dares af annamme 
riere | iS Wie energy reicasea. inen oy Conservation oi energy 

Pa 2 fir . ar AA arr 

L =C Mit M2 — M3 ~ M4) 

A A . 
Now M, C^ = c| (Zi my t (A, - Z) m) - E, etc. and 
Z, + Z, = Z, + Zi(conservation of change) 
A +A, = Á, + A, (conservation of heavy particles) 

Hence Q = (E; + E4) - (Ej, + E>) 


6.261 (a) the energy liberated in the fission of 1 kg of U^" 


= x 6-023 x 10? x 200 MeV = 821 x 10 KJ 


The mass of coal with equivalent calorific value is 


o> fra 4 ^10 


&zlx1U ,. 


= 


6.262 


6.263 


6.264 


(b) The required mass’ is 
____30 x 10 x 4-1 x 10° , 235 
200 x 1-602 x 10° Ë x 6-023 x10? 1000 


The reaction is (in effect). 
HF +H’ — He +Q 
Then Q = 2A; -Ayé t 
= 0-02820 - 0-00260 


Hence the energy released in 1 gm of He’ is 
6:023 x 10” 
4 
This energy can be derived from 
5:75 x 10° kg = 1:9 x 10* kg of Coal. 
30000 
The energy released in the reaction 
Li* +H’ — 2 He’ 
is A, § + Aj? — 2 Ay! 
= 0-:01513 + 0-01410 — 2 x 0-00 260 amu 
= 0-02403 amu = 2237 MeV 


x23:8x16:02 x 107 P Joule = 5-75 x 10° kJ 
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(This result for change in B.E. is correct because the contribution of A, & Aj; cancels out by 


conservation law for protons & neutrons.)- 


Energy per nucleon is then 


2237 = 2-796 MeV /nucleon . 
o 


This should be compared with the value E = 0-85 MeV /nucleon 


The energy of reaction 


2x B.E. of He - BE. of Li’ 
z8£,—-7£,2 8x 706-7x5:60 = 17-3 MeV 


unb e 
fA 


ere Uy, vo? 
The reaction is N (a,p)O . 


2m,T, i = V2n, mg T, i 
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— — A —À >>- am 6 nO aaa =>> 2 
^17 
and mo is the mass of O `. 


The momentum of O” is oer 


(V2 na mo Ta -V2n,mMoT, cos 0 } i 
- V2 mon, T, sin 0 J 


By energy conservation (conservation of energy including rest mass energy and kinetic energy) 


f — 2 m 5.1] 
| (Vn, Ta - Vn, T, cos J + n, T, sin’ 6 + n, T, sin” d 


Qo 
Q-Muc*M,c-M,c-Mgac 


AT 4 mike *! “rep aie 


= T,+Nalat+npl,- 2 Yn, Na Ta T, x cos 0 - T, 
= (1 * ny) T, + Ta - Na) 
-_.f mu p 2 anas x? 
- 2 VNp n lal, COSY = - E19 MeV 
6.266 (a) The reaction is Li” (p,n) Be’ and the energy of reaction is 
O = (M.2.M. ME L(M Mec 
x (M pe’ + Iri J v n (M P SVE n J T 


= (Ai, - Ane’) c + Ap- A, 


= [0-01601 + 0-00783 — 0-01693 — 0-00867] amu x c? 
= — 1-64 MeV 


(b) The reaction is B e (n y y) Be? 
Mass of y is taken zero. Then 


O = (M.94M M. £7 
x» 1" Be LS SVS yy 4°4 He J T- 


- (Age +A, - Ape” ) c 


= (0-01219 + 0-00867 — 0-01354 ) | amu $ c? 
= 6:81 MeV 


6.267 


6.268 
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Q = (A,;7+ A,— A, — Ag") c? 
= (0-01601 + 0-00260 — 0-00867 — -01294 ) amu x c? 
= -279 MeV 
(d) The reaction is OS (d, a ) N”. The energy of reaction is 
Q = (Ag** Ag- Aa- Ay ) c 
= (- 0-00509 + 0-01410 — 0-00260 — 0-00307) amu x c? 


= 3-11 MeV 

The reaction is B? (n,a ) Li’. The energy of the reaction is 
Q = (Ap! + A, — A, - Aj?) c 

= (0-01294 + 0-00867 — 0-00260 — 0-01601) amu x c? 

= 2°79 MeV 
Qin the innidant nawutran deo vuar claus ana p10 ic ectatinnaru tha final tantal mamantiim muict 
wince the ALLWIVULIL AIVUUWUEE iD VV, J DIUW Gili £L is ota uuiidi y, LV LILIGI WItGl RIEUARIVAILULUIAR LHLUDIL 
also be zero. So the reaction products must emerge in opposite directions. If their speeds are, 


repectively, v, and vj; 


then 4 va = 7 Vii 
and Ligyra7y2.)x 1672 x 10° = 2.79 x 1-602 x 1076 
c 1 , 2h 4\ | jan. 4018.2,2 
So ~x4v,/1+=} = 270x10" cm‘/s 
2 4 T 
Or Va = 927 x 10° m/s 
Then Vij = 53x 10° m/s 
Q of this reaction ui? , n) Be! ) was calculated in problem 266 (a). If is — 1:64 MeV. 
We have by conservation of momentum and energy p, = pg, (since initial Li and final neutron 


w™ 2807 ERA A OSS wm SERN SSE ao ee SEs Ln F. =.: -- P 4 rp A De W = w - 


are both at rest) 


p 4 Mii 
Then — 1- = 1-64 
2m,| Me 
2 4 

Hence T, = 2—— = =x 1:64 MeV = 1:91 MeV 

2m, 6 
Tt ic nnderct A that Be? is initiallv at eoct Tha mameant nf the antaning nantenn ic 
ABV t Vu A5) ©. M aL ALOU. BA RAW AERWALEWALE Wh LEEW VuVu ARW AB RA UAL BAD 
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V2m,T i-V2m, T, J 


- 1 , An Jom. T. 1) 
Then by energy conservation | Th (v2s"ninJ j 
2m,T«2m, T, vezmd J 9i 
T+Q - T, * Im AN ` — 
< eree 
a 12 e? N 


f *_ al . --€ a£ rmm 
(te IS WIC Mass OLL 


m.(T-Q 
Thus T, = — x 
m, + m, N 
s 
m.-m,,) T+m Me 
M: t My "n 
1-4-—— 
m, 


6.270 The Q value of the reaction Li’ (p , a) He’ is 
Q = (A? + Ay- 2 Aye!) c? 


= (0-01601 + 0-00783 — 0-00520) amu x c? 


Since the direction of He* nuclei is symmetrical, their momenta must also be equal. Let T 


be the K.E. of each He*. Then 
P "= 2V2 my T cos 9 
P He 2 
(p, is the momentum of proton). Also CY 
Po a 
—£+Q9=2T=T7,+Q u ^ 
2m, A A 6/2 


p» A 0 
= T sec — 
P? ny. 2 
Hence cos 9 = V —- 1p 
2 2 mye T, +Q 
Substitution gives 
0 = 170:53° 
Also Ta liT +0) = 9-18 MeV. 
£MOV 4 )Vp*x) 
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6.271 Energy required is minimum when the reaction products all move in the direction of the 


6.272 


6.275 


incident particle with the same velocity (so that the combination is at rest in the centre of 


mass frame). We then have 
V2mT, = (m+M)v 


(Total mass is constant in the nonrelativistic limit). 


1 2 m T, 

T,-|Q| = 35(m« M)v = — 
Or © T M lOi 
*m+M (el 
Hence T - [147 )9| 


The result of the previous problem applies and we find that energy required to split a deuteron 


M, 
is Tz e TE) E, = 33 MeV 
Since the reaction Li’ (p,n) e! (Q = -165 MeV) is initiated, the incident proton energy 
must be 
f, M, \ 4. cc 4 On & f. x7 
2)i+7*|x165 = 1:39 Me 
\ Li] 


since the reaction Be" (p ,n) p (Q = - 1-85 MeV) is not initiated, 


T. (, a 1.9¢ ANCAM Thee 1.00 MAV T 2 IONE MALU 
ina 1i Tt K LOJ = ZUU IVIC V i Hus i°o? IVIC Y m fip? a VU AVAL V 
| My] 
an " m, \, m~ Í 
We have 4U b + Mp" Ig | 
11 
or Q = 712" 4MeV = - 3-67 MeV 


The Q of the reaction Li” (p,n) Be’ was calculated in problem 266 (a). It is — 1-64 MeV 
Hence, the threshold K.E. of protons for initiating this reaction is 


4 m t 
T4 = p+ elle ~ D 164 = 187 MeV 
My; 7 


re 2" 29 Y -7 ff nh F -6 
For the reaction Lt (p,d)Lt. 


we find Q = (Aj + Ay- ôa- Af) C 
= (0-01601 + 0-00783 — 0-01410 - 0-01513) amu x c? 
= — 5-02 MeV 


The threshold proton energy for initiating this reaction is 


om 
T, = sete = 5-73 MeV 
Li 
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6.276 The Q of Li’ (a , n) B? was calculated in problem 266 (c). It is Q = 2-79 MeV 
Then the threshold energy of a-particle is 


/ m. / 4 
Ta 2l1«4—]lig| =[1+5|279 = 438MeV 
I * m, [1+7] 
\ / \ / 
The velocity af p10 in thic naca ic ciamnlu tha unlanitu nf nentra nf mace s. 
verOciny Oi 2 in ulis CaS iS 5impiy wit VOsOCity Oi CONUS Oi mass 
V2 Maz T, 1 4 / 2 T, 
= V 
Ma m; my; Ma 
1+ —- 
m 


This is because both B and n are at rest in the CM frame at theshold. 


Substituting the values of various quantities 


A 


is V2 m, T i, that of a particle is V2m, T, j and of 


EE" U 


6.277 The momentum of incident neutro 
Be? is 
FI 0^ K^ 
-Vam,T, jeV2m,T i 


| 

^ 
- AD “Ap ^ 
By conservation of energy NY 


ref Ma Tat M, T let 
= + ————————— + - 
a M n ^ 
EN 


(M is the mass of Be? ). Thus 


C12 
Ta = | T|1 -74-101 A 
° M M+m, 
m, Beg x, 
Using T, = PERAMI 
\ M) 
oe nat an M [ f, m, .. Tih ] 
we Bet tla 6M.m lilt alt - 
oe OTN wm | 14—.| 
| M | 
L J 
M' is the mass of C* nucleus. 
1 MM 
Or T. o pus, | 07m) T- p To = 2:21 MeV 


6.278 The formula of problem 6.271 does not apply here because the photon is always reletivistic. 
E 
At threshold, the energy of the photon E, implies a momentum c. The velocity of centre of 


mass with respect to the rest frame of initial H? is 
E 
(m, * mc 
`~ P? 


Since both n & p are at rest in CM frame at threshold, we write 
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E Ey E 
m ———————R + b 
* 2(m,* m,) c 


by conservation of energy. Since the first term is a small correction, we have 


E 
E, = E, + — —5 
2 (M, + Mp) Cc 
_ ô E E, 2:2 za ia-4 
thus = = —— "za Laag 7 KX LU 
Ep 2 (m, + m,) c^ 4X 4X 220 


or nearly 0-06 %. 


The reaction is 
p*d-—*He 3 


Excitation energy of He? is just the energy available in centre of mass. The velocity of the 
centre of mass is l 


where Q = c? (A,, + Ag - Aire ) 


= c? x (000783 + 0-01410 — 0-01603) amu 
= 5-49 MeV 
Finally E = 649 MeV. 


Maxima of yields determine t 


4. 3A WB SERA ~~ 


excitation energy is 
rm ou. EE 
Lec = M tbK 
where Ey = available kinetic energy. This is found is as in the previous problem. The velocity 


of the centre of mass is 


m, t m. m, * M: na 


V2 m, T; mg y 2 Ti 


Q 
® 
i 


6.281 


6.282 


x 2 2 
So E .l, 1 -— 27; aim Ma 2T; e 
K d c m, 2 € m, +t M, mq ma +m, 


Q is the Q value for the ground state of N 15 : We have 
Q = c^ x (Ay Ac? - Ay?) 
= c^ x (0-01410 + 000335 — 0-00011) amu 
= 16:14 MeV 
The excitation energies then are 


16-66 MeV , 16-92 MeV 
17-49 MeV and 17:70 MeV. 


We have the relation 


1 -nod 
— WE e 
n 
_ 1 ae 
Here — = attenuation factor 
n 
n = no. of Cd nuclei per unit volume 
O = effective cross section 
d = thickness of the plate 
N 
Now n= PA 


(p = density, M = Molar weight of Cd, N, = Avogadro number.) 


M 
Thus o = ———lnm = 253kb 
pad 
Here 
1 - e "292+ 9)d 
n 
where 1 refers to O! and 2 to D nuclei 


Using nm = 2n, n, = n = concentration of O nuclei in heavy water we get 


1. e7 (2a, +0,)nd 


E 
Now using the data for heavy water 


„a llx 6:023 x 10” 


7 = 3:313 x 10? per cc 


Thus substituting the values 


204 = 2 
n I 


385 


by the usual definition of the attenuation factor. Of this, the fraction scattered is (by definition 
of scattering and absorption cross section) 


-n(o,*o)d|. Cs 
o, 0, 


wW = i-e 


xN 
In iron n=? x4 = 8:39 x 10” per cc 


Substitution gives w = 0-352 
6.284 (a) Assuming of course, that each reaction produces a radio nuclide of the same type, the 


decay constant a of the radionuclide is k/w. Hence T = ne = ~in2 


k 
. . . dt 
(b) number of bombarding particles is : 2 
7 . It 
(e = charge on proton). Then the number of Be’ produced is : Pu 
Tf 1 .. danaru, nanctant nf Dn, — In < than tha antetrater ic A — Lt . in £ 
AL f. = UULLGA VVLIDIGEAIL VI JE - 9 tu I LUTU q tivity [1 = Vv 
T e T 
eAT - 
Hence = 1-98x 10^? 
Itin 2 
6.285 (a) Suppose Ns = no. of Ai 197 nuclei in the foil. Then the number of Au?” nuclei trans- 


(b) Rate of formation of the Au 198 nuclei is No: J: per sec 


and rata nf danau ic À s wrhara s» tc tha numbhar af Aw 198 at anu imctant 

Gig AGW UL uva A3 fw Ft 9 VV AMAA Vv, fF ID WI ALUALLUY VA ZA av Gil ILLO UO AL V. 
dn 

Thus dq ^^? J'o-Àn 


The maximum number of Au '? is clearly 
N, oJ 'O N, oTo T 


Nmax 4 1.” 
mm ^ ms 
because if n is smaller, = 50 and n will increase further and if n is larger 


a 0 and n will decrease. (Actually nmax is approached steadily as £ —> o) 


Substitution gives using Nọ 3:057 x 10, nmax = 1:01 x 10 


Q 
D 


6.286 Rate of formation of the radionuclide is nJ-o per unit area per-sec. Rate of decay is AN. 


Thus 

dN . 

dr" nJ-o — X. N per unit area per second 

d 
Then CER = nJ3oe^' or Ne) = nJoe^' 
Hence Ne* = Const 4 79 eM 
The number of radionuclide at £ = O when the process starts is zero. So constant = - ze 
n. Fery ^ 

Then N E Ew (1 -e^^!) 


6.287 We apply the formula of the previous problem except that have 
N = no. of radio nuclide and no. of host nuclei originally. 


Here n» m 6-023 x 10? = 6-115 x 10% 
Then after time t N = oT le T | 


T - half life of the radionuclide. 
After the source of neutrons is cut off the activity after time T will be 


Jig: In 2 
A= mJOT qe ™?T) -a UTR a pJ- (L—e 7) ett 


—3 Je T 
In 2 
Thus J = A e* VT [ng(1- e 7) = 5-92 x 10? part/cm? -s 
L OOO WT af ...—lal te the Gest man nuntinn — MB nf mannila: inicie] LAT 
O400 INU. UL IIULICI E UT MI> ICILCLIGVIUIL — INU. UR ILUCICA uualiy ~ 2*0 
No in the second generation = No x multiplication factor = No: k 
M in the the 2rd generatinn = N. -L.L 2 N L? 
-J À SS 


10 A [7 — Av () Ead 
. * -1 
No in the nth generation = No k” 


Substitution gives 1:25 x 10° neutrons 


6.289 No. of fissions per unit time is clearly P/E. Hence no. of neutrons produced per unit time to 


vP [eR Pe hy Seay RUNE nS non. 1n18 Geman Jone 
E » )OQOUOSULULIOII E VES /'OU XLV ULIUTS/ SCU 
6.290 fa ic nimbar ic pn-i where n = nn of generatinne in fime t = t/T 
(a7 A AMA BRUCARARAUL/wA RE FU W¥ALWAW FE ARV Ww RA. SVE LG va IRIS SRR "CAARAWV 6 &/ A 
Substitution gives 388 
: (F- 1) Ink 
. A ~ 
(b) We write k =e =e 


or 


Qo 
QD 
~ 


6.7 ELEMENTARY PARTICLES 
6.291 The formula is 
af ? 4 ^? A 4 
T -WVc'p *myc -mc 


GeV | 53x10? GeV 


Thus T = 5-3MeV for p = 0:10 


GeV 
T = 0-433GeV for p = 10—— 


T lI A.1NKk GCaV far n = 10 GeV 
AL UU J IVV VVK vV LVI F - Ww C 
Here we have used mo c^ = 0-938 GeV 
6.292 Energy of pions is (1 +) mo c? so 
2 
moc 
(1 + n) Moc = 
a / P OL 
1-p 
H 1 1 a. Yn(2+n) 
rience ———— =-L+n or rn 
a/ 4 02 + "n 
Yl-p 
Here B = — - of pion. Hence time dilation factor is 1+7 and the distance traversed by the 


pion in its lifetime will be 


" » 1 
on substituting the values of various quantities. (Note. The factor NE can be looked at 
1-8 
Toc T 
as a time dilation effect in the laboratory frame or as length contraction factor brought to the 
r 


s 
a mea Aa La one Pas 


oida tha fra ame nf e 
DIULU in tne proper amc Ol tne pion). 
6.293 From the previous problem | = cto Vr (n +2) 


T . 
where n = ——5, m, is the rest mass of pions. 
m.c 


substitution gives To = 


where we have used n = 
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6.294 Here n = :- = 1 so the life time of the pion in the laboratory frame is 
mc 


The law of radioactive decay implies that the flux decrease by the factor. 


But 


Hence 


SO 


Or 


Or 


because (1) implies 


Hence 


S~ 


n = (1+n)To = 2% 


=t 
= € = 


= exp 


m,c’ = E+E, 


-ivt | -enn +n) 
e = e 9 t ° 


mcl 


'oVT(T*2mc) 


E, = c|p,| = c|p, |. Thus 


—» 
c |p,.] = 


V 2. 2,24 2 
= Vcp,*mu,c -m,c 


m2", » 
————- C 


2 m; 


? n» 
pe, pets) 


O = p, * Px 


my - m, 


< 
= 


c? 


m; c? = E, + Ex 


(m;c -E,)° = E} 


re 


Ly, = 


mz. c*- 2m;c E, - E-E? 


4 2 


= 0:221 


2 
or m,c -E, = E, 


c? 


4 


c' -2m,c c lp, | * c^ p, = E? = c pe +m 


°c -MaC 


2 


= c M,-c m, 
2 p2 2.4 24 
E-E, = m,c -m,c 


2. 2 42 
my +t m,-my, 2 


2 my 


(1) 
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6.297 The reaction is 

pet Vet Vy 
The neutrinoes are massless. The positron will carry largest momentum if both neutriones 
(v, & v, ) move in the same direction in the rest frame of the nuon. Then the final product 


is effectively a two body system and we get from problem (295) 


2 
(m, — m.) c 


( I. )max = om 
a My 
Substitution gives ( Té max = 92:35 MeV 
6.298 By conservation of energy-momentum 
Mc’ = E, +E, 
Neen an 
O = p, + Dz 
Then mci = E -pe = (Mc ~E, )° -°p 


This is a quadratic equation in M 


c x 
or using E, = m, c^ « T and solving 
/ E v 7A 
[M -22 = -2 _ msm 
2| ^ 4 x 
( o0] d "* 
1 / 2 
rience, im = = + oT Ep = m + m2 
c cî P 


Substitution gives 

Ls. 

IVIC V 
à 


v 


M = 1115-4 


From the table of masses we identify the particle as a a particle 


See the diagram. By conservation of energy 


Vm c+. c7 p2 = CD, + Vm c* + pz c^ p 


[2 4-922 Y OE PU NER 
Or Mau +c Pa ~©Py } = MC tc px*c p, 
Or mic*-2cp, Vmic'«c ^p, = mc" 
{Į 
Hence the energy of the neutrino is 
m2 c* - ml c^ 


on writing V m2 c* «c D = m, cT 


Substitution gives E, = 21:93 MeV 


6.300 


By energy conservation 


Vaid dip tc pi - Vind ch + 2p? c'* cp Vm c'e c!) pl +c? ps 
Or CENE -Vnic'«c p i) -rié = m. c^ «c ? p2 +c" ps 
Or mic'«c pismlct.c pi -2 Vnd c 2 ph c* tc^ pe 2 Valg.gp +c" pi 


-mice-cpe-cp 


6.301 


6.302 


or using the K.E. of X 


e 


mania. a EN 4 ux) 
m, = Mg + M- ¿|m +t- nt 
(60A € 
Vv 2 2 f T, / Ta) GeV 
and m, = ms +m, —2| ms +> m,+—z| = 0949 E 
\ ~ FN “7 ~ 


E, 0 XE 
Px = 2X47X0055 Ao 7/2 
85 


= 0 ^) 14 
Or Cp, = £,C0S ~ ES soe — 
2 E 0, 
S a COS 27^ PLE M. N E2 
~N 
m, c^ 
Or E, = a 
sin — 
2 
and T, = m,c' (cosec 2 - 1) 
TX X | 2 } 


substitution gives T, = m, c^ = 135 MeV for 0 = 60°. 


m,c^* T, msc 
Also — 


With particle masses standing for the names of the particles, the reaction is 


m+M—>m,+m +... 
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On R.H.S. let the energy momenta be c E , cpi), (Eo, € D> ) etc. Ọn the left the energy 


P CE o£ «al N C an. fay 4 2 


ah nt S FPA hanes 
momentum or ine particie m is (E, cp) and that of the other particle 1S uMC , U ) ; Waoerc, 


ofcourse, the usual relations 


hold. From the conservation of energy momentum we see that 
(E* Mc y-c p -(XEy-(Ecpy 
Left hand side is 
m^ c^ +M? c «2McE 


We evaluate the R.H.S. in the frame where Z p; = 0 (CM frame of the decay product). 


Then RAS. = (E z (X mj c?y 


Qo 
© 
N 


6.303 


e 
G2 
E 


6.305 


because all energies are +ve. Therefore we have the result 


E 
2M 
Or since E = mc^ «T , we see that T = T y, where 
2 2 
T . (= m) — (m+ M) y 
A — vc 
" 2M 


By momentum conservation 


^ LS l € 
E *m,c^ TMcC' 
Pomc = 2E eE e JE c 


pa 
8 E-m,c' 
or cos, = V ——— 
2 E+m,.c’ 


Substitution gives 


2 a2 
- (E m) -M E 


m 2M 
when the projectile is a photon 
(a) Fory+e —e «e +e 
9 m2 - m? 7 ) 
E, = —m- € = 4m,c^ = 2:04 MeV 
(b) For y+p >p n 
E af [ae an2 / 2 
E. = (M, + 2 my) Mp 2 _ 4m, M, + 4m, 2 21m Ne - 320-8 MeV 
p = MR c^ x = - 
2 M, 2 M, "* Mp) 
(a) Forp+p—>p+p+p+p 
16 m? - 4m. 
T = Ty, = —2— ^c = 6m,c? = 5:63 GeV 
e iy ` 
(b) For p+p>pt+tpn? 
^ 42 P 2 
2m,tms)-4m, 
Tx Tp = ptm) Dp 2 


2m, 


2 
nma 2 
= E m,, + me | c" = 0-280 GeV 
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6.306 (a) Here 


6.307 


— AY 
* 
) 
] 
) 


6.309 


2 2 
(my + my) — (n, + Mp) E 


^ = 
4s mep 
Substitution gives T,, = 0-904 GeV 
(mg + ma? — ( txe + m,) 2 
T, = 
(b) th 2 m, c 
Substitution gives 7,, = 0-77 GeV. 
From the Gell-Mann Nishijima formula 
Y 
Q = 2+3 
1 Y 
we get O = 5+3 or Y=-1 
Also Y= B+S= S = -2. Thus the particle is =° 0. 


(1) The process n — p +e +v, cannot occur as there are 2 more leptons (e , v,) on the 
right comopared to zero on the left. 


(3) The process x —> u +v, is forbidden because u , v, being both leptons AL = 2 hre 
j Uo "M o r 
(4), (5), (6) are allowed (except that one must distinguish between muon neutrinoes and 


( 
(e: t 
electron neutrinoes). The correct names would be 


(4) pte >n+tv: 
(5) we've, 
(6) K >p+y,. 


(1) +p >X +K 


0 0 -1 1 
SO AS = 0. allowed 
(2) +p >X +K 

0. 0 -1 1 
SO AS = -2. forbidden 
(V "An-»kK i an 
\~) wv * gH AL z Ah t se 


0 0 —> -i 1 0 
SO AS = O , allowed. 
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(4) n«p— A? «X* 
0 0 -1 -1 
SO AS = —2. forbidden 
(5) w +n >x +K +K 
0 0-—»-2 1 -1 
SO AS = -2. forbidden. 


(6) K +p >X «K'K? 


ya 

9 

C 
l 


6.310 (1) X —A?*«x 
is forbidden by energy conservation. The mass difference 


My - Mae = 82 eL « nm. 
C 


(The process 1 — 2 +3 will be allowed only if m, > m; + m3.) 
(2) vr +p—>K'+K 
is disallowed by conservation of baryon number. 
(3) K «n-*Q -K'«K? 
is forbidden by conservation of charge 
(4 n«p—Z'-A? 
is forbidden by strangeness conservation. 
(5) x >u +e +e 
is forbidden by conservation of muon number (or lepton number). 


)u-e-c-v,-V 
JW e u 


is forbidden by the separate conservation of muon number as well as lepton number. 


ye ak oi 


